Eigenfunction Expansions 2

1. Notation: The Kronecker delta is

P 0 fori+#jy
Y11 fori=j.

2. Definition: Let H be a Hilbert space with inner product (u,v) and norm
[w]] = v {w,w).
A set {vi} of vectors in H is orthogonal if

(vi,vj) =0 fori#j.

3. Definition: A set {uy} in H is orthonormal if
<ui ,Uj> = 51]
Thus {uy} is orthonormal if it is orthogonal and the uj are unit vectors.

4. Note that if {vg} is an othogonal set of nonzero vectors, then {vy/||vg||} is orthonormal.

5. Definition: The set {ex} in H is an orthonormal basis of H if
a. it is orthonormal and

b. every vector v € H can be represented as a linear combination of the eg:
v = Z Ckek, (1)
k

for scalars cg.

6. Example: The set {i,7, E} is a an orthormal basis of R3. The set {i,7} in R3 is
orthonormal, but is not a basis.

7. If the sum in (1) is infinite, then equality is understood to be in the sense of norm

convergence:
N

v — E CLCL

k=1

—0 as N — oo.

8. Let v lie in H, and O = {e;} be an orthonormal basis of H. Then for scalars ¢,

V= E CLEL.
k



By taking inner products, we see that

Cm = (U, em).

Thus,
v = Z(v , €k )€ (2)
k

The sum (2) is called the Fourier series of v with respect to @. The numbers

b = (v, ex)
are the Fourier coefficients.
9. Proposition: Let O = {e;} be an orthonormal basis of H. Then for vectors v and w
in H,
(v,w) =) (v, ex)(w,ex). (3)

k

If v = w, this becomes

ol = (v, ex)?. (4)

k

Formulae (3) and (4) are versions of Parseval’s identity; (4) is a generalization of the
Pythagorean theorem.

10. Let [a,b] be a finite interval. Define the second-oder, linear differential operator
L = ay(x)D? + a1 (2)D + a,

where the a; are smooth and real-valued and az(x) # 0 on [a,b]. Let By and Bs be linear
boundary operators of at most the first order. If

Blv = 0,

Lv=Mv, fora<ax<hb,
(Fo) {
BQU = 0,

is self-adjoint, it is called a regular Sturm-Liouville problem. We can use such a problem
to generate an orthonormal basis for L?[a,b]. The recipe is

a. Find the eigenvalues {\,,}.
b. For each eigenvalue, determine the eigenspace Ey . (Note that dim Fy, < 2.)
c. Find an orthonormal basis O,, of E} .

d. Since the problem is self-adjoint, the sets O,, are mutually orthogonal. Hence,

0=|J0n,



is itself an orthonormal set. For a regular Sturm-Liouville problem like (F), one can show

that O is actually an orthonormal basis of L?[a,b]. Thus, if
O ={en},

and f is in L?[a,b] then
f= Z<f76n>en7

n

where equality is in the sense of L2.

11. For fixed A, let v1(x, \) and va(z, A) be linearly independent solutions to the ODE

Lv— =0,
on (a,b). Then every solution v(z,\) to (5) has the form

v(z, A) = crvi(x, A) + cava(x, A),

c
c= 1,
€2

B() = (Biv; (V).

for constants ¢; and co. Let

and B(A) the 2 x 2 matrix

We apply the boundary operators to v. Since they are linear,
Blv()\) = 61311]1()\) + CQBﬂJQ()\),

and
BQU(/\) = ClBgvl()\) + CQBQUQ (/\)

Thus,

ety | = B0

12. Proposition: The scalar A is an eigenvalue if and only if

det B(A) = 0.

(9)

13. The above proposition gives us a simple algebric procedure for finding the eigenvalues
of (Py). Note that the problem need not be self-adjoint. If the problem is self-adjoint, we
can confine our search for eigenvalues to the real line. It is sometimes possible to simplify
the search still further. Suppose, for example, that the problem is self-adjoint, and that



L = —D?. Let )\ be an eigenvalue with the nontrivial eigenfunction v. Integration by parts
shows that )

[0l 22

]l 2

N\ —
Thus the eigenvalues are nonnegative.
14. Example: Consider the self-adjoint problem
= v, for0 <z <1,
e (1) =0
v'(0) —'(1) =

By the preceeding paragraph, we know that the eigenvalues are real and nonpositive. We
thus set

A= —k?,
for k£ > 0. The equation becomes
v + k% =0,
with general solution
v — c1 + cox for k =0,
" | ¢gcoskx + cosinkx  for k> 0.

It is convenient to think of B as a function of k. When k = 0, we take as independent
solutions v;1 = 1 and vy = x. Then

with
det B(0) = 0.

Thus Ag = 0 is an eigenvalue. Any eigenfunction of Ay must have the form v = ¢; + cox.
In order to satisfy the first boundary condition we must set co = 0. Hence the eigenspace
E,, is one-dimensional and has the function

as an orthonormal basis. For k # 0, we take as independent solutions v; = coskz and
vy = sin kx. In this case,

1 —cosk —sink
B(k) = ksink k(1 —cosk)
with
det B(k) = 2k(1 — cos k).



Thus the nonzero eigenvalues are
A\ = —4n7%, n=1,2,3,....

The corresponding eigenfunctions must be of the form v = ¢; cos (2mnx) + o sin (27nz). So
for n > 0, the eigenspace E), is two-dimensional with orthonormal basis {¢,(z), s,(z)},
where

cn(2) = V2cos (2mnz),

and

sp(2) = V2sin (2mnz).

Thus,
O = {C()aclv $1,C€2,82,...,Cn, Sn, }

is an orthonormal basis for L2[0,1].



