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Definition: Let R be a commutative ring with identity. Then R is a field provided every nonzero
element of R is a unit.
Definition: R is a domain if whenver ab = 0, then a =0 or b = 0.

Definition: If R is a domain then the quotient field or field of fractions of R is Q(R) := {{ | a,b €
R,b # 0}. Note that Q(R) is a field and is the smallest field containing R.

Definition: R[zy,...,z,] := the polynomial ring in n variables with coefficients from R. Note that we
may think of R[z1,...,x,] as R[z1,...,Tn_1][Tx].

Notation/Definition: Suppose R C S, where R, S are commutative rings with 1. Let as,...,a, € S.
Then Rlay,...,a,] := ()T where RC T C S and ay,...,a, € T. In other words, it is the smallest ring
containing R and a7, ..., a,. Another way to describe it is as follows:

Rlaa,...,an) = {ploq,...,an) | p(z1,...,2n) € Rlx1,..., 2]}

Definition: Let F' C E be fields. We say that E/F is a field extension. Let a1,...,a, € E. With the
above notation, we note that Flay,...,a,] is the smallest ring containing F and the «; and is in fact a
domain. We also make the following definition:

Flag,...,ap) ::ﬂL

where F' C L C F is a field and «; € L for all i. This is the quotient field of L and we may also describe
F(aa,...,a,) as follows:

plag, ..., an)
Flag,...,an) = ¢ —F—"—= | p,qg € Flz1,...,2,], yees ) #0

(o on) {q(ah...,an) P o o], alon @) # }
Note that the above is the smallest field containing F' and the «;.

Definition: Let E/F be a field extension. Then E can be considered a vector space over F'. The degree
(E/F) is defined to be the dimension of E as an F-vector space. Notation: [E : F| = dimpE.

Lemma: Let E/F and F/L be field extensions. Then [E : L] = [E : F|[F : E].
Proof: Suppose {a1,...,an} is an F-basis for E and {1, .., 0} is an L-basis for F'. Then {«a;3;} where
1<i<mand1<j<lisan L-basis for E.

Definition: Let E/F be a field extension and let o« € E. Then « is algebraic over F' if « is a root of a
nonzero polynomial in F[z]. Otherwise, « is transcendental over F'. In fact, we may choose the above
polynomial to be monic by dividing by the leading coefficient.

Theorem: Let E/F be a field extension and o € E. Then TFAE:

1. « is algebraic over F.



3. [F(«) : F] is finite.
Proof:

e 1) = 2): Note that F[a] = spanp{1,a,a?,...}. Consider the ring homomorphism: ¢ : F[z] — F|q]
given by f(z) — f(a). Note by our remarks above, ¢ is surjective. As « is algebraic, we know that
ker¢ # 0. As ker ¢ is an ideal, and F[z] is a PID, we get that ker ¢ = (h(x)) for some h € F|x]
where we may take h to be monic. Therefore, we have that F[a] = F[z]/(h(z)). Note that F[a]
has no zerodivisors as it is a subring of a field. Therefore, F[z]/(h(z)) has no ZD so that h is
irreducible. Therefore, (h(x)) is a maximal ideal of F[x] so Fa] is a field, hence Fla] = F(«).

©2)=3): AsleF(a)=Flo], L =cy+cia+- +cyay for some n with ¢, # 0. Therefore, we

have that

1
a

had™ t oo+t + g —1=0

n— mn— — 1
an-l-l:(_c 1)an+<_c 2>an 1_’__’_7
Cn Cn Cn

I claim that Fla] = spang{1,...,a"}. Indeed, it is enough to show that o € spanp{1,,...,a"}
for all i. We proceed by induction on i. If ¢ < n then the result follows. So, suppose we know
that a; € spanp{l,a,...,a™}. Then a?*! is just o times the expression for o/ in terms of our
basis so using the above formula for o”t! we get the desired result. Therefore, we have that
[F() : F] =dimpF(a) =dimpFla] <n+1so that [F(«a): F] < co as desired.

and hence

e 3) = 1): Suppose that [F(a) : F] =n. Consider S = {1, q,...,a™}. Then S is linearly dependent
over F'. Then there exists cg,...,c, not all zero such that
cot+ca+--+cpa”=0
Thus « is a root of d(z) = ¢ + c1z + - -+ + ¢,a™ which is nonzero because c, ..., ¢, were not all

zero. So « is algebraic.

Definition: Let F/F be a field extension, o € F algebraic over F'. Consider the surjective ring homo-
morphism: ¢ : F[z] — Fla] defined f(z) — f(«). Let ker ¢ = (h(x)) where h(x) is a monic irreducible
polynomial in F[z] such that h(a) = 0. h(z) is called the minimal polynomial of « over F, and is denoted
Irr(a, F).

Remarks:
e 1 is uniquely defined, since if (h1) = (hs) then hy | he and hs | by so hy = hs since they are monic.
o Fla] = Flz]/(h(z))

e /i is a nonzero polynomial of smallest degree of which « is a root.



Theorem: Let a be algebraic over F. Then [F(«) : F] = deg Irr(a, F).

Proof: Let h(z) = 2™ 4+ ¢p_12" 1 + -+ +¢o = Irr(a, F). T claim that {1,c,...,a" 1} is an F-basis for
F(a). Indeed, let us show linear independence first. Suppose that do - 1 + dia + -+ + dp,— 10"~ = 0.
Then « is a root of g(z) = dy + diz + -+ +d,—12" ! € Flz]. But degg(z) < deg(h(x)), hence g(x) = 0.

Sody =dy =--- =d,—1 = 0. To show spanning, note that as « is algebraic, F(a) = F[a]. So, it is
enough to show that o' € spanp{1,q,...,a" 1}. Induct on i with the cases i < n— 1 being obvious. So,
supposing that o' € span{1,q,...,a,} and writing down the expression for o’ then multiplying by a/*!

give you the result.

Definition: Let E/F bve a field extension. E/F is finite if [E : F| < oo and E/F is finitely generated
if E is finitely generated as a field over F' (i.e. E = F(ay,...,ay)). E/F is algebraic provided « is
algebraic over F for all o € E.

Theorem: Let E/F be a field extension. Then E/F is finite <& E/F is finitely generated and algebraic.
Proof: 7=7: Let ay,...,a, be an F-basis for E. Then F = Fa;+Fas+---+Fa, C F(ay,...,a,) C E.
Therefore, E = F(aq,...,ay), hence we have that E/F is finitely generated. To show that E/F is
algebraic, let & € E. Then F C F(«) C E. So we have that [E : F] = [E : F(a)][F(«) : F] where [E : F]
is finite. Therefore [F'(«) : F| < 0o, therefore by a previous theorem, « is algebraic over F'.

7<": Let E = F(a,...,qy), and in general, set L; = F(aq,...,«;). Then we have a tower of fields and
we can use the fact about multiplicativity of field extensions to get that [E : F] < oo.

Corollary: Suppose that ai,...,a, are algebraic over F' and let p(z1,...,2,) € F[z1,...,2,]. Then

1 . . .
plaq,...,a,) and Slar o are algebraic, since both are in F(ay,...,an,).

Theorem (recall from 817-818): Eisenstein’s Criterion for Irreducibility: Let f(z) = apz™+a,_12" 1+
-+-+a1x +ag be a polynomial in Z[z]. Suppose that there exists a prime p such that p | a’ fori <n—1,
p1{an, p*ag. Then f(z) is irreducible over Q.

Gauss’s Lemma: Let f(x) € Z[z]. Suppose that f(z) = h(z)g(x) where h(z),g(z) € Q[z], where
degh > 0 and degg > 0. Then 3hy(z), g1(x) € Z[z] such that f(z) = hi(x)g1(x), hy = ah and g1 = B¢
for some «, 8 € Q.

Corollary: Let E/F be a field extension. Set L := {a € E|« is algebraic over F'}. Then L is a field by
our previous work. L is often called the algebraic closure of F' in F.

Example: Q = {a € C | a is algebraic over Q}. Show that Q is algebraic but not finite. Indeed, suppose
that [Q : Q] = n and consider "/2. We know that Irr( nyffQ) = 2"t — 2 since that polynomial is
irreducible over Q by Eisenstein. So the degree of the field extension is n+ 1 which we know has to divide
n, a contradiction.

Proposition: Let f(z) € F[z] with degree f 2 or 3. Then f(x) is reducible < f(z) has a root in F|x].

The Mod p technique: Let f € Z[z], and suppose 3 a prime p such that p doesn’t divide the leading

coefficient of f and f(z) € Zp[z] is irreducible. Then f is irreducible in Q.

Example: Let f(r) = 32* — 723 + 622 + 102 — 9 € Q[z]. Show that f(z) is irreducible. Let f(z) be the
image of f in Z[z]. Then barf(z) = * 4+ 23 + 1. f has no roots in Zy so it has no linear factors. The
only irreducible quadratic in Zs is 22 + 2 + 1 and it does not divide f. Therefore f is irreducible in Zs|[x]
and hence f is irreducible in Q[x].



Theorem: Let E/F and F/L be field extensions. Then F/L is algebraic if and only if E/F and F/L
are algebraic.

Proof: For the forward direction, let a € E. Then « satisfies a polynomial over L, and hence over F.
Similarly for o € F. Consider the reverse direction now. So, let @ € E. Then there exists a monic
polynomial f(z) € F|z] such that f(a) = 0. Write f(z) = 2™ + ¢,—12" ! + .-+ + c12 + ¢o where the
¢i € F. Let K = L(cp—1,...,¢0). Then K is a finite algebraic extension of L. Also, f(z) € Klx].
Since f(a) = 0, we see that « is algebraic over K. Therefore [K(«) : K] < co. Therefore, we have that
[K(a): L] = [K(o) : K][K : L] < c0. As K(a)/L is finite, it is algebraic, hence « is algebraic over L.
Therefore, E/L is algebraic.

Definition: Let F be a field and f € F[z] € Flz] \ F. A field L D F is called a splitting field for f(z)
over F' if f(x) factors into linear polynomials over L[z], but not in any proper subfiend of L containing
F. We say that f(z) “splits completely” in L[x].

Remarks:

1. If f(z) € F[x] splits completely in a field E containing F', then a splitting field for f(z) is F' adjoin
the roots of f(x) in E. For example, if f(z) = c¢(x — a1) - (¢ — o) in E[z] then a splitting field
for F'is F(ag,...,ap).

2. If deg f = n and L is a splitting field for f then [L: F] < nl.

Proof: Let f(x) =c(x —aq) - (x — an), so that L = F(aq,...,ay). We proceed by induction on
n. If n =1 then F is already the splitting field for f. If n > 1, let « € L be a root of f(z). Then,
in Llz], f(z) = (z — a)g(z). We first prove a claim:

Claim: Let E/F be a field extension, and let g,h € F[z]. If g | h in E[z] then g | b in F|x].

Proof: Set h = gq where ¢ € E[x]. Then use the division algoritm in F[x] to get h = gq1 + r where
q1,7 € Flz] and deg f < degg. But this same equation holds in Ex], so by the uniqueness of the
division algorithm, we have that ¢ = ¢; and hence ¢ € F|x].

So, by the clain we have that f(z) = (z — @)g(z) in F(«)[z]. Now degg = n — 1. Now we know
that [F(a) : F] <n as «ais a root of f(x) and deg f = n. Also, L is the splitting field of g(x) over
F(a)[z]. By induction, we have that [L : F(«)] <n — 1!, so that [L: F] <nl.

Examples:
1. Find the splitting field for 22 — 5 over Q. This is clearly Q(v/5).

2. Find the splitting field for 22 — 5 over Q(+/5). Set L = Q(¥/5)(v5) = Q(+/5,v/5), and set
F = Q(¥/5). We wish to find out [L : F] = [F(v/5) : F] = degree of minimal polynomial =
deg Irr(v/5,Q(4/5)). Certainly if f(z) = 22 — 5 € Flz] and f(v/5) = 0. Therefore we have that
Irr(v/5,Q(V/5)) | f(x). So, Irr(v/5, Q(¥/5)) is either 22 —5 or z—+/5. So the question now becomes is
V5 € Q(v/5? Note that [Q(v/5 : Q] = 2 as 22 —5 is irreducible over Q by Eisenstein and similary, we
have that [Q(+/5 : Q] = 3. Therefore, if v/5 € Q(v/5), we would have that [Q(v/5) : Q] | [Q(¥/5, Q]
and thus 2 | 3, a contradiction. Therefore, we have that [L : Q(¥/5)] = 2.

3. Let f(r) = 2> — 1 € Q[z]. The roots of f(x) are called the nth roots of unity : e*7*/" for
0 < k < n—1. The splitting field for f(z) over Qis L = Q({e*™™*/™ | 0 <k <n—1}) = Q(e*™/™).



Note also that U,, = {>™*/" | k € {0,1,...,n—1}} is a cyclic multiplicative group of order n. Any
cyclic generator of U, is called a primitive nth root of unity. Le. €27/ is primitive if and only if
(k,n) =1. So L = Q(w) where w is a primitive nth root of unity. What is [Q(w) : Q]? We will see
later that this is precisely ¢(n).

Proposition: Let p be a prime and w be a primitive pth root of unity over Q. Then the irreducible
polynomial of w is as follows:

Ir(w,Q) =aP ' 2P 2 ... fx+1

and therefore, we have that [Q(w) : Q] =p — 1.

Proof: wis aroot of zP —1 = (z — 1)(aP~' + 2?72 + - + z + 1) (let the second factor be f(z)). Hence
w is a root of f(x). It is enough to show that f(x) is irreducible over Q. First we mention an important
remark:

Remark: Let f(x) be a polynomial in F[x] where F is a field and let a € F. Then f(z) is irreducible
over F' if and only if f(x + a) is irreducible over F'.

So, consider z? — 1 = (x — 1) f(z). Then (x +1)? — 1 =z f(z + 1). Expanding gives

mzq_(?)xp1+...+<§)xi+~-~+(pfl>$=$f($+1)

xp1+(117>xp2+..._|_<];)xi1+~--—|—<p§1> = flz+1)

Now by Eisenstein(take p = p) we have that f(x + 1) is irreducible over Q. Hence by the remark f(x) is
irreducible over Q.

Cancelling x gives

Example: Find the splitting field and its degree of 2® — 2 over Q.
Solution: The roots of z° — 2 are w*v/2 for i = 0,1,2,3,4 and where w is a primitive 5th root of unity.
Let L be the splitting field of 2° — 2 over Q. Then L = Q(v/2,wvV/?2,...,w*V2) = Q(¥/2,w). We have

the following tower of fields:

Where the numbers on the extensions denote either the degree or a bound on the degree. We know
the bottom two degrees are what they are by a previous proposition or by Eisenstein. The others are
bounded by that because we have a polynomial that is satisfied by the element we are adjoining. (I am
not certain why the extensions also have to be at least that amount, perhaps the same trick from above
applies as 415 and 514.) So the degree of [Q(v/2,w) : Q] = 20.



Example: Find the splitting field and its degree of 25 4 3 over Q.
Solution: Let z = re'? be a root of z8 + 3. Then r%¢%% = —3 = 3¢i". Sor = /3 and 60 = 7 + 27k or
0 = & + §k. Therefore, we have that

o~ 3eiE+ER)
_ i . (cF )
Hence, L = Q(+/3¢"™/6,¢™/3). Thus, we have the following tower of fields:

Q(\G/gei‘n'/ﬁ’ eiﬂ/3)

@(\6/361'#/6) Q(eiﬂ'/S)
\ /
Q
Where we know that [Q(v/3e'™/¢) : Q] = 6 since 2% + 3 is irreducible by Eisenstein. Aslo, note that
e™/3 = ™ = —1, so that it is a root of 23 +1 = (z+1)(2% —z +1). Therefore, ¢’™/? is a root of 22 —x +1

which is irreducible over Q. Hence the question becomes is ¢™/3 in Q(\G/gei”/ 6). First, note that

i/ 1 3

e™/3 = cos(m/3) + isin(r/3) = 3 + Z%

but, (v/3e¢™/6)3 = /32 = i\/3 € Q(v/3¢'7/). Therefore we see that ¢™/3 € Q(¥/3¢'™/6, hence
L = Q(/3¢7/6), so that [L:Q]=6.

Theorem: Let F be a field and f(z) € F[x] be a non-constant polynomial. Then there exists a splitting
field for f(zx) over F.

Proof: Induction of n, the degree of f. Let g(x) be an irreducible factor of f(x). So ¢(t) is irreducible in
F[t]. Therefore, F[t]/(g(t)) is a field, as (g(¢)) is a maximal ideal in F'[t]. Consider the field homomorphism
¢: F — F[t] — F[t]/(g(t)). Since ¢(a) # 0 in F[t]/(g(t)) for all a # 0, it is clear that ¢ is injective. Let
L=F[t]/(g(t)) = {h(t)+ (g(t)) | h € F[t]}. Then ¢ : FF — L sends a to a + (g(z)) = a. Since F = ¢(F),
we can identify F' with its image in L, and assume that F' C L. Let a =t + (g(t)) = t. Then

L=Aag+art+ - +ayt"+ (g(t)) | a; € F}

={(ao +(9)) + (a1 + (9))(t + (9)) + -+ + (an + (9))(t + (9))" | a; € F'}
={ap+aa+---+a,a" | a; € F}

Note that g(a) = g(f) = g(t) = 0, since g(t) € (g(t)). Therefore, a is a root of g(x). So g(x) has a
root in L, so f(x) has a root also. Therefore, f(z) = (x — a)h(z) for some h(x) € L[z]. Note that
deg h(z) = n — 1. By induction, h(z) € L[x] has a splitting field E containing L. Therefore f(z) splits
completely in E. So, let a1, ...,ay) be the roots of f(x) in E. Then F(aq,...,ay,) is a splitting field for
f(x) over F.

Example: Find a splitting field and its degree of f(z) = 23 + x + 1 in Za[z].



Solution: As deg f = 3 and has no roots in Z, it is irreducible in Zs[z]. We let L = Zs[t]/(#3 +t+ 1) =
Zo(a) where a =t + (3 +t+1),ie. &>+ a+1=0. In L, 23+ 2+ 1 = (z — a)h(x) for some h(z) € L|z]
with degh = 2. Does h factor in L or is it irreducible? Lets try and find h. Using long division and the
relation o® + o+ 1 = 0, you get that h(z) = 22 + az + (1 + o?). Also, note that h(a?) = 0 so that h
splits in L. Therefore L is the splitting field for 3 + 2z + 1 and [L : Zy] = 3.

Definition: Let E/F and E’/F’ be field extensions. Suppose that o : F — F” is an injective field hom.
Then a field map 7 : E — E’ is said to extend o if 7|r = 0. For the following important special case,
take F'= F’ and 0 = Idp. Then 7 extends Idp if and only if 7 fixes F' (i.e. 7(a) = a for all a € F).

Remark: Suppose o : F — F” is a field isomorphism. Define
7 : Flx] — F'[x]

G0+ 013+ -+ ag2” > a(ag) + 0(a1) + -+ + o (an)a”
f(x) = f7(z)
Then ¢ is a ring isomorphism, which is clear since o is a field isomorphism.
Let f(z) € Flz]. Then f is irreducible in Flz] < f¢ is irreducible in F'[z]. Also, 6((f(x))) = (f7(x)).
Therefore, we have that B
o Fla]/(f(z)) — F'[2]/(f7(x))
g9(x) + (f(2)) — g7 + (f7(2))
is a field isomorphism and furthermore, & extends o, as is clear by the definition of &.

Theorem: Let o : F' — F’ be a field isomorphism, and let f(z) € F[z] be a nonconstant polynomial.
Let E and E’ be splitting fields for f and f?. Then there exists a 7 : E — E’ which is an isomorphism
of fields extending o.

Proof: Let n =deg f. If n =1 then E = F and E' = F’ so let 7 = 0. Suppose that n > 1. If f(z) splits
in F, then as above, 7 = . Let p(z) be a monic nonlinear irreducible factor of f(x). Then p° is a monic
nonlinear irreducible factor of f7(x). So, as f splits in E, p splits in E, so let « be a root of p(z) in F
and let 8 € E’ be a root of p?(x). Therefore, we have that p(x) = Irr(«, F') and p° (z) = Irr(8, F”). So,
Fla) = Fla)/(p(x)) and F'(8) = F'[z]/(p° (x)).

¢ : Flz]/(p(x)) — F'[z]/(p7(x))

g+ () —g°+ )

be the field isomporphism of the remark. Let m be the composition of the following maps(w is an
isomporphism as each piece is):

F(a) — F[z]/(p(x)) — F'[z]/(p°(z)) — F'(B)
Then for a € F', we have
ara+(p)—o(a)+ (p7) — ofa)

so that 7 extends 0. Now we have an isomorphism 7 : F(«) — F'() which extends . Now we have the
following diagram:



Write f(x) = (x — @)h(x), h(z) € F(a)[z]. Note that degh = n — 1. Notice that E is the splitting
field for h(z) over F(«) so by induction, we have that there exists a 7 : E — E’ extending 7, and hence
extending o also.

Corollary: Let E, E’ be splitting fields for f(z) in F[z]. Then there exists an isomorphism 7 : E — E’
fixing F. For the proof, take 0 = Idy and extend it to 7 : £ — E'.

Definition: Let S be a set. A relation < is called a partial order if for all r,s,t € S we have

1. r <r (reflexive)
2. r < s and s <t implies that r <t (transitive)
3. r < sand s < r implies that r = s (antisymmetric)

We say that < is a total order on S if it is a partial order and for all s,¢ € S we have that s < tort < s.
For example, < in the usual sense is a total ordering on R. As another example, let S be a nonempty set
and P(S) be the powerset of S. Then inclusion is a partial order on P(S).

Definition: Let S be a poset and let A C S. Then an element b € S is said to be an upper bound for A
if a <bforall a € A. An element m € S is called maximal if whenever m < s for s € S, we have that
m=Ss.

Zorn’s Lemma: Let S # () be a poset and suppose every totally ordered subset of S has an upper bound
in S. Then S has a maximal element. Note that this statement is equivalent to the axiom of choice. As
an example of how to use this lemma, consider the following:

Proposition: Let V be a vector space over a field F' and let S be a linearly independent subset of V.
Then there exists a basis 3 of V' containing S.

Proof: Let A={T|S CT CV andT is linearly independent}. Note that A # ) since S € A, and
A is a poset when ordered by inclusion. Let C' be a totally ordered subset of A, and let Ty = e 7
Clearly T' C Ty for all T € C, so we clain that Ty € A, i.e. T is linearly independent. Suppose that
c1v1 + -+ cpv, = 0 where vq,...,v, € Ty and then ¢; come from F. As C is totally ordered, there exist
a T, such that all the v; are in T,,. So, since T, is linearly independent, we have that ¢; = 0 for all i.
Therefore Ty € A. Thus by Zorn’s Lemma, A has a maximal element, say 3. Since 8 € A, (§ is linearly
independent, and S C 8. Now we must show that § spans V. If not, choose v € V \ spanp(3. Then
B U {v} is linearly independent and containing S, contradicting the maximality of 8. Hence [ spans and
is therefore a basis of V.

Corollary: Every vector space has a basis. To prove this, apply the above proposition to S = ().



Proposition: Let R be a commutative ring with identity. Assume that 1 # 0. Let I be an ideal of R,
with I # R. Then there exists a maximal ideal of R containing I.

Proof: Let A={J | I CJ C R where J is a proper ideal of R}. Note that A # () as I € A. Let C be a
totally ordered subset of A. Now, let Jo = sec J- Note that Jy is not usually an ideal but it is if and
only if we have a increasing chain of ideals, which is the case here. So, Jjy is an ideal containing I. If
Jo = R, then 1 € Jy, thus 1 € J for some J € C, and thus J = R, a contradiction. Therefore Jy € A and
is an upper bound for C. Thus, by Zorn’s Lemma, A has a maximal element, say m. So m is a maximal
ideal of R containing I.

Corollary: Every commutative ring with identity has a maximal ideal (by applying the above to (0)).
Theorem/Definition: Let F be a field. Then TFAE:

1. If E/F is an algebraic field extension, then F = F.
2. Every nonconstant polynomial in F' splits completely in F'[z].

3. Every nonconstant polynomial in F[z] has a root in F.

If F satisfies any of the three equivalent definitions above, then F' is said to be algebraically closed.
Proof: (1) = (2): Let f(x) € F|z] and let E be the splitting field of f(x) over F'. Then E/F is algebraic,
so by (1), E = F hence f(x) splits completely in F[z].

(2) = (3) is trivial.

(3) = (1) Let E/F be an algebraic field extension. Let o € E. Let f(z) = Irr(o, F'). By (3), f(z)
has a root in F, so deg f = 1 and therefore f(z) =  — o. Therefore, o € F' and so F = F.

Definition: Let F be a field. A field F containing F is an algebraic closure of F if E/F is algebraic and
E is algebraically closed.

Proposition: Suppose L/F is a field extension and L is algebraically closed. Let F = {a € L | a is
algebraic over F'}. Then F is an algebraic closure of F' in L.

Proof: We have show that E is a field and that E/F is algebraic. It is hence enough to show that E is
algebraically closed. Suppose f(z) in E[z] is a nonconstant polynomial. Then f(z) € L[z], so f(x) has a
root o € L. Threfore « is algebraic over F, as f(a) = 0. So, E(a)/FE is an algebraic extension, but E/F
is algebraic, so that E(a)/F is algebraic. Thus « is algebraic over F, so a € E, by definition of E. So F
is algebraically closed since we proved condition (3) of the above definition.

Lemma: Let K be a field. Then 3 a field L containing K such that every nonconstant polynomial in
K|[x] as a root in L.

Proof: For each nonconstant polynomial f(z) € KJ[z] let y be a new variable. Let R = K[{z; | f €
K[z]\ K}]. Let I be the ideal generated by {f(zs)}.

Claim: [ # R. If [ = R, then 1 € I which means 1 = Y " r;f;(zy,) for some r; € R. So, the r;’s
involve only finitely many of the variables. Let x; = xy,, and let &y41,..., % be all the other variables
appearing in the r;. Threfore, we have that

n

1= Zri(xl, e ,I'm)fz(fliz)

i=1
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Now, let F' be a splitting field for fi(x)fa(x)--- fu(z) over K, ie. in F, every f;(z) has a root «;.
Certainly the above equation still holds in F[{z¢}]. Now, let 2; = a; for i = 1,...,n. ; Then the above
equation after substituting reads 1 = 0, a contradiction. So, I is a proper ideal. Then by the previous
proposition, there exists a maximal ideal m of R that contains I. Let L = R/m, which is a field. Note
that the composition of maps, call it §, below:

K — K[{zs}] = K[{zf}]/m

is 1-1 as m has no units. So, we identify K with §(K) in L and consider K C L. Let f(z) € K[z] \ K.

Let ay = x5 +m. Then f(af) = f(xy+m) = f(zy)+m. But f(zy) € I Cmso f(ay) =0, as desired.
Theorem: Let F' be a field. Then there exists an algebraic closure of F'.
Proof: We can construct by the previous lemma a chain of fields:

F=LyCLiCLyC---

where every nonconstant polynomial in Ly [x] has a root in L. Let L = J,,~, Ln. Note that L is a
field. T claim that L is algebraically closed. Indeed, let f(x) € L]x]\ L. Then there exists an n such that
f(z) € L,[x]. Then f has a root in L, with is also in L. So, by the theorem, {« € L | « is algebraic
over F'} is an algebraic closure of F' and this completes the proof.

Theorem: Let E/F be an algebraic extension and L/K an extension in which L is an algebraic closure
of K. Let 0 : FF — K be a nonzero field homomorphism. Then there exists a field map 7 : E — L that
extends o.

Proof: We will use Zorn’s Lemma. Let A = {(T,¢) | F CT C E and ¢ : T — L extends o}. Partially
order A as follows: (Ty,¢1) < (Ta,¢2) < Ty C Ty and ¢o|1, = ¢1. First, note that A # 0 as (F,0) € A.
Let C be a totally ordered subset of A. Let Tj U(T’¢)€C T and define ¢ : Ty — L as follows. Let t € Tj.
Then t € (T1,¢1) € C. Define ¢(t) = ¢(t). By the extension part of the condition of being in A this is
well-defined. It is easy to check that 1 is a field homomorphism.

Then (Tp,) € A and is an upper bound for C. By Zorn’s Lemma, A has a maximal element, call it
(M,9). It is enough to show that M = E. Suppose that M ¢ E. Let N = §(M). Then § : M — N
is a field isomorphism. So, let « € E\ M. Then « is algebraic over M as FE is algebraic over F. Let
f(z) = Irr(a, M). Then M(a) = M[z]/(f(z)) = Nz]/(f°(z)). But fo(x) € N[z] C L[x] has a root
B € L as L is algebraically closed. So, N[z]/(f°(z)) = N(B), since fo(x) is irreducible over N. Nut
N(B) C L. Let ¢’ : M(a)) — L be the composition of the maps above. By construction, 6|5 = §. Hence,
(M(a,d") 2 (M,6), a contradiction. Therefore, M = FE.

Corollary: Let F be a field and E;, F» two algebraic closures of F. Then there exists an isomorphism
7 : E1 — E5 such that 7 fixes F.

Proof: Let o : F — F be the identity map. Then there exists 7 : B} — E5 such that 7|p = Idp. As Fy
is algebraically closed, so is 7(E;). But Ey/7(E4) is algebraic, so E; = 7(E}), so the map is surjective,
hence an isomorphism.

Definition: Let F' be a field and S a set of polynomials in F'[z]. The splitting field L for S over I is
the smallest subfield of F'(the algebraic closure of F ), such that every polynomial in S splits completely
in this field. L.e. L = F(all roots in F' of all polynomials in ).

Remark: Let F/F and L/F be field extensions and ¢ : E — L a field map that fixes F. Suppose that
p(z) € F[z] has a root a € E. Then o(«) is also a root of p(x).
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Proof: Let p(z) = cpa™ + -+ + 12+ ¢g € Flx]. So, we know that 0 = c,a™ + - - - + cyacy. Applying o to
both sides gives 0 = cpo(a)” 4+ - - + c10(@) + ¢p since o is a homomorphsim and also fixes F'. Therefore
o(a) is a root of p(x).

Proposition: Let E/F be an algebraic extension and ¢ : E — FE a field map which fixes F. Then o is
surjective and hence an automorphism of FE.

Proof: Let 8 € E. Let p(x) = Irx(8, E). Let {f1,...,0:} be the roots of p(z) which lie in E, and wlog,
let 81 = B. By the remark, o(f;) is also a root for all ¢ and hence in E. Therefore o : {81,...,08:} —
{B1,...,0:} is an injective set map, and hence is also onto. In particular, o(3;) = 3; = (3 for some 3;
above. Hence € im(0).

Theorem /Definition: Let E/F be an algebraic extension. Then TFAE:

1. E is the splitting field for some set of nonconstant polynomials in F[x]
2. Every irreducible polynomial in F[z] which has a root in E splits in E.

3. If 0 : E — F is a field map that fixes F, then o(E) = E (i.e. ¢ is really an automorphism of E.

If E/F satisfies (1),(2),or (3) then E/F is called a normal extension.

Proof: (2) = (1): Let a € E, and let po(z) = Irr(a, F). By (2), po(x) splits in E. Let S = {py(x) | a €
E}. Then E is the splitting field for S.

(1) = (3): Let 0 : E — F be an embedding fixing F. We need to show that o(E) = E. As E/F is
algebraic, and by the proposition, we need only show that o(E) C E. By (1), E is the splitting field for
aset S C Flz] \ F. Therefore, E = F(all roots of all polynomials in S). Let 8 be a root of p(z) € S.
Since o fixes F', o(() is also a root of p(z). But p(z) splits in E, therefore o(5) € E, hence o(E) C E.
(3) = (2): Let p(z) be an irreducible polynomial in F[z] which has a root « € E. Let 8 € F be any root
of p(z). Let 7 the composition of the maps:

F(a) — Flz]/(p(z)) — F(B)

a—z+(p)—p

Therefore, 7 : F(a) — F(f) is an isomorphism that sends o to 3 and fixes F'. By an old theorem, we
can extend 7 : F — F. By (3), o(FE) = E, therefore § = o(«) € E. Therefore p(x) splits in E.

Remarks/Examples:

1. If [E : F] = 2, then E/F is normal. Indeed, pick a € E'\ F. Certainly E = F(«). Let f(z) =
Irr(o, F). Then (z — «) is a factor of f(x), so f(z) = (x — a)(x — B) for some 3 € E. Then E is
the splitting field for f(z).

2. Take E = Q(+/2). Then 2 — 2 has a root in E, but 2° — 2 doesn’t split in E because its other roots
are not real, and £ C R. So E/Q is not normal.

3. Recall that if K C F' C E, then F/K is algebraic & E/F and F/K is algebraic. The same does
not occur in the normal case. Suppose that K C FF C E and E/K is normal. Then E/F is normal,
but F/K need not necessarily normal. For a counterexample, let L be the splitting field for 2® — 2
over Q, and take E to be in the above example. Then L/Q is normal by definition, and hence L/FE
is normal. However, F/Q is not normal.
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4. Suppose that E/K is finite. Then EF/K is normal < E is the splitting field over K of a single
polynomial. For the forward direction, suppose that £ = K(aq,...,ay), let fi(x) = Irr(a;, K).
Then E is the splitting field for f(z) = fi(z)--- fn(x). The reverse direction is by definition.

5. Let {L;} be a collection of fields, all of which are normal over F a field. Then () L; is normal over
F.

Definition: Let E/F be an algebraic extension. Then the normal closure of £/F" is the smallest field
L D E such that L/F is normal. Just let L = (K where E C K C F and K/F is normal. Clearly L is
normal over F' by the previous remark and is contained in any normal extension of F' containing E by
definition.

Example: Let F = Q(\s/ﬁ), and F' = Q. We saw last time that E//F is not mormal. The normal closure
of E/F is Q({/2,w) where w = €2™/3, Tt is normal as it is the splitting field for #® — 2. Tt is the closure
because suppose that L/Q is normal and L C Q(+/2). Then 23 — 2 has a root in L and L is normal, so
23 — 2 splits in L, therefore L contains w. So, L D Q(3/2,w) and therefore Q(3/2,w) is the normal closure
of E/F. Along these lines, we have the following useful proposition:

Proposition: Suppose that E = F(ay,...,a,), and suppose that E/F is algebraic. Let f;(z) =
Irr(ay, F). Let L be the splitting field for f(x) = fi(x) - fu(x) over F. Then L is the normal closure of
E/JF.

Proof: L/F is normal as it is the splitting field of f(z). If T O E and T/F is normal, then f;(x) has
a root in T and hence splits in T for all i. Therefore, T C L. So, L is the smallest normal extension
of F' containing FE. For another example, let F = Q(\S/Z \3/3) Then the normal closure of E/Q is
Q(Y/2, €27/5, /3, 27i/3).

Let R be a commutative ring with 1. Since (R, +) is an abelian group, we can let Z act on R as follows:
for m € Z, r € R, define

Srtor o m>0
mr=1< Y. (-r) m<0

0 m=20

Note that the above turns (R, +) into a Z module, and that the above definition in fact works for any
abelian group. Let P = (1g) = {m-1r | m € Z} where (1g) is the Z-submodule generated by 1 in (R, +).
Of course, P is a cyclic group under + but it is in fact a subring of R since (m-1g)(n-1g) = (mn)-1g € P.

Definition: P = (1g) is called the prime subring of R and P is clearly the smallest subring of R
containing 1z. For some examples, the prime subring of Q is Z and the prime subring of Z,, is Z,.

Now, consider the ring map ¢ : Z — R sending m — m - 1g. By definition, P = $(¢), and we also have
that ker(¢) = (n) where n > 0.

Definition: If ker ¢ = (n),n > 0, then R is said to have characteristic n. Since P =2 Z/ker ¢ = Z/(n),
we have that if R has characteristic n then P = Z,, and if R has characteristic zero, then P = 7.

Examples: The characteristic of Q,Z, R, or C are all zero. Char Z,[z]/(z*> — 3) = n. Char Zg x Zg =
24 =1cd(6,8). As a remark, if R is a domain, then the characteristic of R = 0 or p, p a prime (else we
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would have zerodivisors in R).

Definition: If F' is a field, then the prime subfield of F' is the smallest subfield of F' containing 1p.
Certainly the prime subfield contains the prime subring. Also the characteristic of F = 0 or p, p a prime.
If the characteristic of the field is p, then P = Z,, and P is already a field, so the prime subring equals
the prime subfield. If Char F' = 0, then P = Z and so the prime subfield has to be Q.

Definition: Let f(x) € Flz] be a polynomial and a € F be a root of f(x). Then « is called a multiple
root of f(z) if (x — ) | f(z) in F[z].

Deifnition: Let f(z) € Flz], f(z) = ¢,a™ + - - c1x + ¢o. Define the derivative of f(x) by
(@) = (nen)z™ 4 ((n— Dep_1)x™ 2 + -+ ¢1 € Fla]
Check that the normal rules for derivative like linearity, product rule and chain rule still work (they do).

Proposition: Let f(z) € F[z] and o € F be a oot of f(x). Then « is a multiple root of f(z) & f'(a) =
0.

Proof: If « is a multiple root, then f(z) = (z — a)?g(z). Then f'(x) = 2(z — a)g(z) + (z — a)?¢ (),
so that f’(a) = 0. Conversely, suppose that f'(a) = 0 and write f(x) = (z — a)h(x). Then f'(z) =
h(z) + (x — a)h/(x), hence 0 = f'(a)) = h(a). By the root theorem, (z — ) is a factor of h(x), so write
h(x) = (z — a)g(z), hence f(z) = (x — a)?g(x) as desired.

Theorem: Let f(x) € Flz]\ F. Then f(x) has multiple roots < ged(f, f') = 1.

Proof: If f(x) has no multiple roots then f and f’ have no common root in F. Therefore, gedz(f, f') =
1 = gedp(f, f'). For the reverse direction, if gedp(f, f/) = 1 then f and f’ have no common factors in

F. Therefore f and f’ have no common roots, hence f has no multiple roots.

Theorem: Let f(z) be an irreducible polynomial in Fz].

1. If Char F = then f(x) has no multiple roots.

2. If Char F = p then f(x) has multiple roots & f(x) = g(aP) for some g(z) € Flz], i.e. f(x) =
An@P" + a1 2PD 4o a 2P + ag.

Proof: Certainly, deg f'(z) < deg f. Since f(x) is irreducible, ged(f’, f) = 1 or ¢f for some ¢ € F. If
f'(x) # 0, then ¢f 1 f" so ged(f, f') = 1. Therefore, ged(f, f') # 1 < f'(x) = 0. So, in case 1) this
cannot happen since we are in characteristic zero. If the Char F' = p, then f/(z) = 0 < the only nozero
coefficients occur in front of powers of  to a multiple of p, i.e. f(x) = g(zP) for some g € F[z].

Note that if |F| < oo then Char F' = p where p is a prime. In fact, Z, C F.

Proposition: If |F| < co then |F| = p"™ where p = Char F.
Proof: F D Z, and as |F| < oo, F/Z, is algebraic, with [F' : Z,] = n. So, as a Z,, vector space, F' = (Z,)"
and hence |F| = p™.

Remark: If Char R = p, where p is a prime, then (a + b)? = aP + bP by the binomial theorem. In fact,
we get that (a + b)P" = aP" +bP" for any n > 1. The function

¢:R— R
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a+— a?
is a ring homomorphism for this reason and is called the Frobenius endomorphism.

Theorem: Let p be a prime and n > 1. Then there exists a field of order p™. Moreover, any field of order
p" is a splitting field of zP" — z over Z,,. Hence, any two finite fields of the same order are isomorphic.
Proof: Let p,n be given. Let F be a splitting field for f(z) = 2P" —x over Z,,. Let S = {a € F'| f(a) = 0}.
Since f'(z) = —1, f(x) has p™ distinct roots in F, and hence |S| = p™. We claim that S = F'. It is enough
to show that S is a field, since F' was the splitting field for 7" —z and certainly has to contain all its roots.
By a HW exercise (If E/F is an algebraic field extension and R a subring of E that contains F', then R is
a field), it is enought to show that S is a ring, so it is enough to check that S is closed under + and *. * is
easily checked, and for +, note that if a, 3 € S, we have that (a+3)P" —(a+8) = a?" + " —a—3 =0,
so a+ 3 € S. Therefore S = F and |F| = p™.

Now let E be a field of order p”, p a prime. So Char F = Char F' = p. Therefore Z, C E. Note
that |[E*| = p™ — 1, where E* denotes the group of units of E. By Lagrange’s Theorem, we have
that o?"~1 = 1 for all @ € E*, and this o®" = a for all @ € E. So, every element in F is a root of
2P — 2 € Z,[x]. Certainly F is a splitting field of 7" — z, and hence F = F.

Proposition: Let I be a field of order p™. Then F' is the splitting field of an irreducible polynomial in
Zy[z] of degn.

Proof: As F' is a finite field, F* is cyclic. Let F* = (a). Certainly, F' = Z,(«). Since [Z,(a) : Zpy] = n,
we have that f(x) = Irr(o, Z,,) has degree n. Now, note that F'/Z, is normal since it is the splitting field
of 7" — x. Hence f(z) splits in F since it has a root in F. Therefore F is the splitting field for f(z).

Example/Remark: Let f(z) € K[z] be an irreducible polynomial. We know that f has multiple roots
< (f,f)=1< f1f, as fisirreducible & f' = 0. So, if Char K = 0 then every irreducible polynomial
has only simple roots. If Char K = p > 0, then there may exist f(x) irreducible such that f/(z) = 0.

Indeed, assume that K? # K(i.e K is not perfect), and take a € KP \ K. Then 2P — qa is irreducible
and has multiple roots. To see that 2P — a is irreducible, then there would exist g irreducible in K|x]
such that degg < deg f = p and g | f. Note that ¢’ # 0 as he leading term of the polynomial is not a
power of p. If g = 2 + --- + B2 + By where i < p, then ¢/ = i2"~! 4+ --- + 81 # 0 so g has no multiple
roots. Note that this is true for every irreducible factor of f. However, f itself has multiple roots, and
hence f = (z — b)P(since different irreducible polynomials do not share roots???) where b = a € K?, a
contradiction.

Definition: An irreducible polynomial is called separable if it has no multiple roots. (i.e. ged(f, f') =
1). This is the case < f has precisely as many roots as its degree. The example show that in characteristic
zero, every polynomial is separable but in Char p > 0, there exist irreducible polynomials f that have a
unique root.

Remark: Let a be a root of an irreducible polynomial f € K[z]. Then there is an embedding
K(a) — K

that fixes K. For each root of f, we get such an embedding, and distinct roots give distinct embeddings.
So, the number of embeddings is the number of distinct roots.

Proposition: Let K C F' C E be a sequence of algebraic field extensions, and let 0,7 : F' — F be
embeddings over K. Set S, ={n: E — F | nlp=c}and S; ={r: E — F | n|p = 7}. Then the sets
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S, and S, hav_e the same cardinality. B B
Proof: Since F' is algebraic over o(F'), there exists a A : F' — I so that A|,p) = T_O'_l by the lifting
theorem we did a while ago. So, for every x € S,, consider the composition Ay : E — F. Then for a € A,
note that

Mx(a) = Aa(a) = (107 1) (0(a)) = 7(a)

so that A\x € S,. Switching o and 7 and using the map A~! we get a similar correspondence in which
the composition is the identity on both sets. Therefore |S,| = |S-|.

Definition: The cardinality of the set of extensions of any embedding o : F — Fis called to separability
degree of E/F and is denoted [E : F]s. This is well defined in view of the above proposition.

Theorem: Let K C F C F and E/K be algebraic. Then [E : K|, = [E : F|5[F : K];.

Proof: Let {o; : F — E be the set of all embeddings of F into E(= F) fixing K. For each i € I,
choose, by the proposition, [E : F|s extensions 7;; : E — E such that TijlF = 0;. In this way, we get
[E : F)s[F : K]s distinct embeddings of E/K. We have the picture:

Tij

E=F=K

E
F
K

Since for every embedding 7 : E' — E over K, we have that 7|p = o; for some i, we have obtained all
embeddings of £ — F over K.

Lemma: If F = K(«) is and algebraic extension, then [F' : K|, = number of distinct roots of Irr(«, F') <
[F : K]. For the proof, this is the initial example that we computed.

Proposition: For every finite extension K C F' there is an inequality [F': K], < [F : K].
Proof: F' is finitely generated by algebraic elements, so F = K(a1,...,a,). Then we have a chain of
field extensions

KCK(a) =K CK(a,o0) =Ky C---C K(ay,...,a,) =K, =F

So we have [K; 1 : K;]s < [K;y1 : K] and multiplying these inequalities we get [F : K|, < [F : K].

Definition: An element @ € F is called separable over K if its irreducible polynomial over K is
separable. An algebraic extension F/K is called separable if every element o € F' is separable over K.

Remark: Let K C FF C F, and let @ € E. Suppose that « is separable over K. Then « is separable
over F. Indeed, we know that Irr(c, K) has distinct roots. However, Irr(a, F)) | Irr(e, K) so Irr(«, F') has
distinct roots.

Theorem: If F/K is an algebraic extension, then it is separable if and onyl if [F: K|, = [F : K].
Proof: Induct on [E : F]. If [E : F] =1 then E = F hence E/F is separable. If [E : F] > 1, pick
a € E\ F, and consider the diagram
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F

As « is separable over F and since o € E \ F, we have that [F(«) : F|, = [F(«) : F] > 1. By
induction, we have that [E : F(a)]s = [E : F(«)]. Therefore, using the multiplicative law for separable
extensions, we have that [E : F] is separable. For the reverse direction, note that [E : F|; = [E : F)
means that [F(«) : Fls = [F(«) : F] for all a € E and hence « is separable for all o € E.

Corollary: Let F = F(ay, -+ ,q,) be an algebraic extension. Then E/F is separable < each «; is
separable over F'.
Proof: The forward direction is trivial. For the reverse, consider the chain of fields:

FCF(lay)=F, CF(aj,an)=F,C---C F(a1,...,an)=F,=F

Then consider also F;/F;_1. As «; is separable over F', «; is separable over F;_;. Therefore, we have
that [F; : F;_1]s = [F; : Fi—1]. Therefore, by multiplicativity of the separability degree, we get that
[E:Fls=[E:F].

Theorem: Let E/F be an algebraic field extension. If Char F' = 0 then E/F is separable.
Proof: Let a € E and f(x) = Irr(, F'). Then ged(f, f’) = 1 and hence f(z) has distinct roots, so « is
separable.

Definition: A field F is called perfect if every algebraic extension of F is separable (hence if Char FF =0
then F is perfect).

Theorem: Let F be a field of characteristic p > 0. Then F is perfect & F = F? = {a® | a € F} (i.e.
every element of F' has a pth root). Note also that F? is a subfield of F' in this case.

Proof: 7 = 7: Let a € F. Consider f(z) = 2P — a € F[z]. Let E be a splitting field for f and let « be a
root of f(z) in E. So a? = a, so we wish to show that a € F. In E[z], f(z) = 2P — o? = (z — «)P. Let
h(z) = Irr(a, F). Then h(z) | f(z). So, in E[z], we have that h(z) | (r — «)?. But E/F is separable, so
« is separable over F', hence h(z) has no multiple roots. Therefore h(x) = (x — «). Therefore o € F' and
we have that a is a pth power of «.

7 < 7. Let E/F be an algebraic extension. Let @ € E and suppose « is not separable over F. Let
f(z) = Irr(er, F). Then f(z) has multiple roots and by a previous result, we have that f(z) = g(zP) for
some g € Flz], say g(x) = ana™ + -+ + a1x + ag € F[z]. For each i, let a; = b?, since F' = F?. Then we
have that f(z) = g(zP) = b (x™)P + - -+ b12P + by = (bpx™ + - - + b1z + bo)P, a contradiction to the fact
that f(x) was irreducible. Therefore, « is separable.

Corollary: Every finite field is perfect.
Proof: Let F be a finite field, Char F = p. Consider the Frobenius endomorphism

¢:F—F
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a— a?

Note that ker ¢ = {0}, so as F is finite, ¢ is surjective as well, so F' = FP?. Therefore, F is perfect.

Example: Let ¢ be an indeterminant over Z,. Let F' = Z,(t). Then F # F? as t is not a pth power.
Therefore, F is not perfect. An inseparable element would be o where « is a root of f(z) = a? —¢.

Major Proposition on Separability: Let K be a field of Char P, a € K.

1. « is separable over K < K(a) = K(oP).

2. If « is inseparable over K, then [K(«) : K(a?)] = p and Irr(a, K(aP)) = aP — oP.

3. [K(a): K], = [K(a?") : K], for all n > 1.

4. o is separable over K for all large n.

5. [K(a): K] = p"[K(a) : K], where n is the largest nonnegative integer such that o?” is separable.

Proof:

1. “=": Suppose « is separable over K. So « is separable over K(aP). Let f(z) = Irr(a, K(aP)).

Then f(x) | 2P — P € K(aP)[z]. Therefore, in K(a)[z], f(z) | (x — «)P. As f(z) has no multiple
roots f(x) = x — a. Therefore a € K (o) and hence K(a) = K(oP).
“ <7 Suppose K(a) = K(aP). Let h(z) = Irr(a, K). Suppose h(x) has multiple roots. Then
h(z) = g(zP) for some g(z) € K[z]. But h(a) = g(a?) = 0. Thus, [K(aP) : K] < degg(x) < degh.
On the other hand, [K(o®) : K] = [K(«) : K] = degh, a contradiction. Thus h(z) does not have
multiple roots.

2. Let f(z) = Irr(or, K (o). We know f(z) | 2 — o? = (x — a)?. Therefore, we have that f(x) =
(x — a)™ for some 1 < m < p. Note that m > 1 as « is inseparable. So, expanding f(x)
gives f(x) = 2™ + (ma)z™ 1 + .-+, so ma € K(a?) = a € K(aP) unless m = p, so we must
have that m = p, again, since « is inseparable. Therefore, Irr(a, K(aP)) = aP — of and hence
[K(a) : K(a)] = p.

3. [K(a) : K(a?)]s = [K(aP)(a) : K(« )] the number of distinct roots of Irr(c, K (a?)) = 1 since
the only root of Irr(a, K(a?)) is a. So, as [, ]s is multiplicative, [K(«a) : K]s = [K(a?) : K], and
by induction we see that [K(a) : } [K(a?") : K], for all n > 1.

4. Consider the chain of fields

K(a) C K(a?) C K(a”') C -+ C K

This is a descending chain of finite dimensional vector K vector spaces (as « is algebraic over K,
[K(a) : K] < o). Therefore, for some n, we have that K(a?") = K(apnﬂ). Therefore, a?” is
separable over K. Thus K (a?")/K is separable and hence o' is separable for all [ > n.
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5. By the above propositions, we have the following tower of fields and their degrees

n

Therefore, we have that [K(a) : K] = p"[K(a?") : K] = p"[K(a?
desired.

) : Kls = p"[K(a) : K]s, as

Theorem: Let £ = K(a,...,a,) be a finite extension. Then [E : K] = p™[E : K], for some m > 0.
Proof: Prove by induction on n. For the case n = 1, this is part 5 of the above major proposition. For
n>1,let F=K(ag,...,a,_1). By induction, [F : K] = p![F : K];. As E = F(ay,), [E: F] = p*[E :
F),, and hence [E : K] = p*"[E : K],.

Corollary: If [E : K] < oo then [E : K| | [E : K].

Definition: Let E/K be a finite field extension. Then define the inseparable degree of E/K by [E :
E:K

K], = [[E'Iﬂ] By the theorem, [E : K]; = 1 or a power of the characteristic. As a remark, we also

have that the inseparability degree is multiplicative since both the usual degree and the separable degree

are multiplicative.

Definition: Let K be a field of characteristic p and « an algebraic element of K. Then « is purely in-
separable over K if " € K for some n > 0. An algebraic extension F/K is called purely inseparable
if each a € E is purely inseparable.

Lemma: An element a € K is purely inseparable over K < [K(a): K] = [K(a) : K]; & [K(a) : K] =
1.

Proof: Suppose that « is purely inseparable over K. Then o?" € K for some n. Then [K(a) : K] =
[K(a?") : K], = [K : K], = 1, by part 3) of the proposition. Suppose that [K(a) : K], = 1. By part
4), a?" is separable over K for some n > 0. Then [K(a?"): K] = [K(a?") : K], = [K(a) : K], = 1 and
hence o?" € K.

Theorem: Let E/K be a finite extension. Write E = K(aq,...,a,). Then TFAE:

1. E/K is purely inseparable.



19

2. Each a; is purely inseparable.
3. [F:K]s=1
4. [E: K];=[F: K]

Proof: Induction on n (Exercise).

Let n be a positive integer and let w be a primitive nth root of unity over Q. Then {w’ | ged(i,n) = 1}
is the set of all the primitive nth roots of unity.

Definition: The nth cyclotompic polynomial is

o, = H(:E — w;)
Where the product is taken over all ¢ € {0,1,...,n — 1} such that ged(é,n) = 1. For example, we have
that

1. &

2. Dy

(x)

(x)

3. Py(x) =2+ +1

4. ®y(z) =22+ 1
(x)

5 Os(x)=at+ 28+ 22+ + 1.

Remark: Note that 2™ —1 =[], ¢a(z). Furthermore, deg ®,(z) = ¢(n)(the Euler phi function). To
see this, note that ™ — 1 = []!"_,(z — w’). Then group the factors z — w® according to the order of w’ in
the group of units. If w’ has order d then d | n and w’ is a primitive dth root of unity. The statement

about the degree is clear from the definition of the cyclotomic polynomial.

Example: Find ®g(z). Note that 27 — 1 = ®(2)®3(2)Pg(z) = (2 — 1)(2® + 23 + 1). Therefore, we
have that ®g(z) = 2° + 2% + 1.

Lemma: ®,(z) € Z[x].

Proof:We induce on n, with the statement being true for the cases computed above. Assume that it is
true for 1 <d < n. Then 2™ — 1 = f(x)®,(x), where f(x) € Z[x] by induction (since f(x) is the product
of all the cyclotomic polynomials of integers that divide n). We have 2™ —1 = f(z)®,(z) in Q(w)[z]. But
f(z) is monic, and the division algorithm works in any polynomial ring R[z] with R commutative as long
as the leadiang coefficient of f(x) is a unit. So, in Z[z], we have 2™ —1 = f(x)q(x)+r(x) where ¢, € Z[x]
and degr < deg f. This equation also holds true in Q(w)[x]. Hence r(z) = 0 and ¢(z) = ®,,(z). Thus
®,(x) € Z[z].

Theorem: @, (x) is irreducible for all n > 1.

Proof: Let f(x) € Q[z] be an irreducible factor of ®,,(z). By Gauss’ Lemma, we may choose f(z) € Z[z].
We'll how that f(z) = ®,(x). Write ®,(x) = f(x)g(z), where g(z) € Z[z]. Let w be a root of f(z).
Then w is a primitive nth root of unity. Assuming the below claim, we inductively have that w’ is a root
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of f for any i > 0 such that ged(i,n) = 1. Hence all the primitive nth roots of unity are roots of f(x)
and hence ®,,(x) = f(x).

Claim: If p is a prime not dividing n, then wP? is also a root of f(x).

Proof of Claim: Certainly w? is another primitive nth root of unity, hence a root of ®,,(z). Suppose that
f(wP) # 0. Then g(wP) = 0. Therefore w is a root of g(z?). As f(z) is irreducible, and f(w) = 0, we
have that f(z) | g(aP). So g(z?) = f(z)h(z) with h(z) € Z[z]. In Z,[x], we get that (g(z))? = g(aP) =
f(z)h(x), since we have that a? = a for any a € Z,. Therefore, f(x) and g(z) must share some common
root in some algebraic closure of Z,. But since ®,(x) = f(z)g(z), ®,(x) has multiple roots. Therefore

" — 1 has multiple roots. But ged(z"™ — 1,72" 1) = 1 as p { n, a contradiction. Therefore, wP is also a

root of f(z).

Corollary: Let w be a primitive nth root of unity over Q. Then [Q(w) : Q] = ¢(n). The above extension
is called a cyclotomic extension.

Definition: Let E/F be a finite extension. If E = F(«) for some « € E, then « is called a primitive
element for £/F. We have a couple theorems giving criterion for when a primitive element exists.

Primitive Element Theorem I: Let E/F be a finite extension. Then E = F(«) for some o € E &
there exist only finitely many intermediate fields between E and F'.

Proof: 7<"": We break the argument into cases. If |F| < oo, then |E| < oo also. Then E* = («) for
some « € E. Then we immediately have that F = F'(«). For the case when |F| = oo, as E is finite,
we have that E = F(aq,...,qa,). By induction, it is enough to consider the case where n = 2. Let
E = F(a, 8). Consider the set of fields A = {F(a+¢f) | ¢ € F. Since F is infinite and by our hypothesis,
there exists ¢; # ¢ € F such that L = F(a+c¢18) = F(a+ ¢23). Therefore, we have that (¢; —c)8 € L
and hence 8 € L and « € L. Thus, we have that F(a,3) = L = F(a + ¢10).

"=": Let A ={L | Lisafield and F C L C E}. For each L € A, let g, = Irr(, L). Recall that
gr.(x)|gr(x) since F C L. As gy, is monic, there are only finitely many possible gr’s. So we have reduced
the problem to the following claim:

Claim: L is uniquely determined by g (z).

Proof of Claim: Let gp(x) = 2™ + cppr12™ ™ + -+ + 1z + o € L[z], with g1 () irreducible and «
a root of gr(zr). Note that gr(x) € F(em—1,-..,¢1,¢0)[z] € Llz]. Certainly gr(z) is irreducible in
F(¢m—1,...,c1,¢0)[z]. Consider the degrees of these field extensions to E. Note that [E : L] = [F(«) :
L] = deggr. Also, [E : F(cg,...,¢m—1)] = deggr. So, we have that L = F(c¢py—1,...,c1,c0)[x], since
F(em-1,-..,¢1,¢0)[x] C L. Therefore, we there are only finitely many gr’s, there are only finitely many
elements in A, as desired.

Primitive Element Theorem II: If E/F is a finite separable extension then F = F(«) for some o € F
(and hence there are onyl finitely many intermediate fields between F and F by the last theorem).
Proof: By induction again, we may assume that £/ = F(a, 3). Let {01, ...,0,} be the distinct embeddings

of E — F, which fix F. As E/F is separable, n = [E : F]. Also, by the previous theorem, we may
assume that |F| = oo, and that [E : F] > 1.Set

n

) =TT | (20) = 058} = (05(@) - ten) | € Pl

i#]
First note that p(z) # 0 as 0; # 0, and hence o;(a) # 0;(«) or 0;(83) # 0;(8). Since F is infinite, 3¢ € F'
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such that p(c) # 0. So,

= H [Ji(a +cf) —ola+ c,@)}
i#]
So, oi(a+cf) # oj(a+cB) for all i # j. Then 0| piayep) : F(a+cf) — F are distinct embeddings that

fix F. So [F(a+¢cf) : F|s > n and [F(a+ ¢f) : F] > n imples that F(a+¢f) = E as F(a+¢f) C E.
Note that the above works for all but finitely many of the ¢ € F', namely at most (g) of them.

Definition: Let E/F be a field extension. Then denote the set of automorphisms of E that fix F' by
Aw(E/F):={¢: E— E | ¢r =1dp}

Clearly the above is a group.

Examples:

1. E = Q(/2). What is Aut(E/Q)? We know that Irr(+/2,Q) = 2% — 2, and the roots of this
polynomial are V/2,w+/2, and w?¥/2. If ¢ : E — E fixes Q then ¢(¥/2) = a root of 23 — 2. But the
only root in E is ¥/2. Hence Aut(E/Q) = {Id}.

2. Let E = Q(w) where w = e>™/™, To compute Aut(E/Q), first recall that Irr(w,Q) = ®,(z) =
[1(i )1 (2 —w"). For each w’ with (i,n) = 1, there exists a ¢ : E — E sending w to w’. Therefore,
we have that Aut(E/Q) = {¢; : E — E | ¢(w) = w'}. Hence |[Aut(E/Q)| = ¢(n).

Proposition: Let E/F be finite. Then |[Aut(E/F)| < [E : F]s; with equality <& E/F is normal. Also,
we have |Aut(E/F)| = [E : F] & E/F is normal and separable.

Proof: Recall that [E : F|y = |S| where S = {¢: E — F | ¢|p = Idp}. But Aut(E/F) C S and is the
whole set if and only if E/F is normal. For the second assertion, certainly we have that |Aut(E/F)| =
[E: F|s as E/F is normal. But since E/F' is separable, we also have that |[Aut(E/F)| = [E : F]. Note
that all of the above implications reverse.

Definition: An algebraic extension E/F is Galois if F/F is normal and separable. In this case, the
group Aut(E/F) is called the Galois group of E/F and is denoted Gal(E/F).

Examples:

1. Let E = Q(w) where w was a primitive nth root of unity, we have that Gal(E/Q) = Z.

n

2. Let E = Q(v/2,v/3). Tt is clear that F/Q is Galois and that |Gal(E/Q)| = [E : Q] = 4. We haev
the following field diagram:
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Q(v2,V3)
RN
(V3) Q(V6) Q(v2)
Q
Where we have the above degrees of extensions since 2 — 2 is irreducible over both Q and Q(v/3)

and 2% — 3 is irreducible over both Q@ and Q(v/2). So, there is are automorphisms (since we may
only permute roots of the same polynomial)

7:F—F o:F—F
V2 —vV2 V22
V3—=V3 V3 -3

Note that the identity map works too, and composing the above maps gives us the map:

or: EF— F
V2 V3
V3 —V3

Therefore, we have that Aut(E/Q) =2 Cy x Cs, the Klein 4-group.

. Let E be the splitting field of 2® — 2 over Q. Then E/Q is Galois and E = Q(v/2,w), where w is

a cube root of unity. Then as we have calculated before, we have that [E : Q] = |Gal(E/Q)| = 6.
We have the following diagram:

/\
\/

7:F—F o:F—F
Bowdd 92 92

w = W u}#—)w

So we have two mappings right away

Which are indeed field maps that fix Q since 2°—2 is irreducible over Q(w) and z2+x+1 is irreducible
over Q(+/2). Note also that |o| = 3 and |7| = 2. Therefore, we get that Gal(E/Q) = (o, 7). This
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is Ss, as note that o7 : E — F sends v/2 to w{/2 and 7o sends ¥/2 to w?+/2, hence Gal(E/Q) is
nonabelian (and so S3). Note also that £ = Q(¥/2,wV/2,w?v/2). Any 7 : E — E permutes the set
{V/2,w+/2,w?/2}. This gives a natural isomorphism from Gal(E/Q) — Ss where o corresponds
to (123) and 7 corresponds to (12).

Remark:

1. Let E/F be a Galois extension and L an intermediate field. Then E/L is Galois and Gal(E/L) <
Gal(E/F).

2. Also, let E/F be Galois and H a subgroup of Gal(E/F). Thenlet Efy :={a € E | o(a) =a Vo €
H}. Then Ep is an intermediate field of E/F, and is often called the Fixed Field of H. In fact
we hafve the Galois Correspondence.

{Intermediate fields of E/F} -~ {Subgroups of Gal(E/F)}

L Gal(E/L)

Ey 1 H

We will show that L = EGal(

inverses.

p/1) and Gal(E/Ey) = H, i.e. that the above functions are mutually

Theorem: Suppose that E/F is Galois and let G = Gal(E/F). Then F = Eg¢.

Proof: Certainly we have that F C Eg. Let a € Eg. Let 0 : F(a) — F be an embedding which fixes
F. Extend o to 7 : E — E as E is normal. Hence 7 € G. Since a € E¢, 7(a) = a. Hence o(a) = a).
Therefore o is the identity map. Hence [F(«) : F]s = 1 and since F(«a)/F is separable, [F(«) : F] = 1.
Therefore o € F'.

Corollary: Let E/F be Galois and L an intermediate field of E/F and H = Gal(E/L) < Gal(E/F).
Then Ey = L. Then the map:

{Intermediate fields of E/F} -~ {Subgroups of Gal(E/F)}

Lt Gal(E/L)

is injective.
Proof: Suppose that Gal(E/Ly) = Gal(E/Ly) = H. Then by the above theorem, L1 = Ey = Lo. This
proves half of the Galois correspondence.

Lemma: Let E/F be a separable extension. Suppose that there exists n € Z such that [F(«) : F] < n
for all @ € E. Then E/F is finite and of degree n.
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Proof: Choose o € E such that [F(«) : F] = m is maximal. We claim that E = F(«). If not, then
308 € E\ F(a). Then F(a,3) 2 F(a) and by the primitive element theorem, there exists a primitive
element for F'(a, ) whose degree would violate maximality of m. Therefore E = F(«), for some a € F
and [F(a) =E:F]=m <n.

Artin’s Theorem: Let F be an arbitrary field and G a finite group of automorphisms of F. Let F = Eg,
the fixed field of G in E. Then we have that E/F is Galois and finite and G = Gal(E/F).

Proof: Let o € E. Let {01,...,0,} be a maximal subset of G such that o1(«),...,o0,(a) are distinct.
If 7 € G, then To1(a),..., 70, (a) are also distinct since 7 is injective. Let fo(z) = []i_;(z — 0:(a)).
Note that f7 = [[;_,(z — 70i(a)) = fo. Hence f, € Flz]. Since a = () for some i, a is a root
of f,. Hence we have that Irr(a, F) | fo(z). Therefore [F(a) : F] < r < |G|. Also, f, has distinct
roots, hence Irr(a, F') does, and hence « is separable over F'. Therefore E/F is separable. By the lemma,
[E : F] <|G|. As f, splits over E, so does Irr(a, F) for all a € E. Therefore, E/F is normal and so it is
Galois. Note that G C Gal(E/F). Then |G| < |Gal(E/F)| = [E : F] < |G|. Hence G = Gal(E/F) (and
so |G| =[E: F)).

Corollary: Let E/F be a finite Galois extension and H a subgroup of Gal(E/F). Then Gal(E/Ey) = H.
For the proof, apply Artin’s theorem to E and let H be the finite group of automorphisms of E.

Fundamental Theorem of Galois Theory: Let E/F be a finite Galois extension. Then there exists
a 1-1 inclusion reversing correspondence between

{Intermediate fields of E/F} -~ {Subgroups of Gal(E/F)}

Li Gal(E/L)

Fy I H

such that if Ly C Ly then Gal(E/L;) C Gal(E/Ly). Similarly, if we have Hy C Hy then Ey, O Ep,.

Also, note that [E : Ey] = |Gal(E/Epg)| = |H| and thus [Ep : F] = (£ = {Z = (G : H]. In other

words, we have the following picture below as an illustrative example.

H/YQ e \

= Gal(E/Ly) = Gal(E/L,)

2
[G: m /Hz] k %

G = Gal(E/F)

Examples:
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1. Find all intermediate fields of E/Q where E = Q(v/2,v/3). We have calculated above what the field
diagram looks like:

We also know that G = Gal(E/Q) = {1,0, 7,07} where o and 7 are given by:

7T F—FF o:FE—F
V2 —V2 V242
V3 V3 V3 V3

The (upside down) subgroup lattice of G is

N

(o) (o7) (1)
NP

Where the subgroups of G correspond to the intermediate subfields of E/F that are in the same
place. To justify this, note that o clearly fixes v/2 and 7 clearly fixes v/3. Also, note that o7(v/6) =
V6 and therefore Q(v/6) C E(,y. Since [Q(v6) : Q] =2 =[G : (067)] = [E(yr) : Q], we have that
Q(\/é) = E(O’T)‘

Let K = Q(v/2++/3). Check that v/2+ /3 is not fixed by any o € G\ {1}. Therefore, Gal(Q(+/2+

v3)/Q) = {1} and hence K = E. This is another way to come up with a primitive element for an
extension.

{1}

2. Let E be the splitting field of 23 — 2 over Q. We know that F = Q(3/2,w) where w is a primitive
3rd root of unity. Also, we know that Gal(E/Q) = S3 = {1,0,7,7%, 07,072}, where

7T:F—FF o:FE—F
2 w2 V2 Y2
2

w = W w — W

The subgroup lattice of Gal(E/Q) is below:
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{1}

(o) {oT) (o7?) (r) =(7?)

N

G
Note that Ey,y = Q(V/2). Indeed, we know that Q(v/2) C E(,) and also [Q(V/2) : Q] =3 = [G :
(o)] = [E<U> : Q]. Hence E(yry = (wxaf) Similar arguments may be given for why F .y =
Qwv?), E 02y = Qw 2{/2), and E(;y = Q(w). Note also that here w + V/2 is not fixed by any

non-identity element in G. Therefore E Q(w + V2).

Proposition: Let E/F be a finite Galois extension and H a subgroup of Gal(E/F). Let o € E and
{o1(a),...,0.(c)} be a maximal set of distinct conjugates of a where o; € H. Then o1 (a)+---+0,(a) €
Ey and so is o1(a) - - - op ().

Proof: Let 7 € H. Then 7(01(a) + -+ 4+ o7(a)) = 7o1(a0) + - - - + 7o (). Also, since 7 is injective, we
have that 70;(a) # 70;(«) for all i # j. As 7 € H, and 0; € H, we have that 70 € H. Then the above
list {ro1(a),...,70-(a)} is a permutation of {o1(«),...,0.(a)}. Therefore, the sum and the product are
fixed by 7 and hence in Fy.

Theorem: Let w be a primitive nth root of unity over Q. Then Gal(Q(w)/Q) = ZX
Proof: 1f [i],, € ZX, define 9([i],) = o; where 0; : Q(w) — Q(w) sends w to w'. This is clearly an
isomorphism.

Example: Let w be a primitive nth root of unity. Thus by the above theorem, Gal(E/Q) = Z], where
E = Q(w). Now Zj; = (2). Therefore G = (o) where o : Q(w) — Q(w) sends w to w?. The subgroup

lattice for G is below:

Q/\

Note that in the above correspondence ¢/ € G «—— 27/ € Z3,. By the proposition applied to (¢°) =
{1,0°}, we have that w + w'® € E(43y. So, we know that Q(w + wld) C E(43y. Since 5 is prime, we only
need to check if w + w!® € Q. Suppose that w + w!® = ¢ € Q. Then w is a root of z'° + x — ¢ € Q[z].
But we know that Irr(w, Q) = '° + 2% + - - + 2 + 1 which does not divide 1% +z — ¢. So w+w!® ¢ Q,
and hence Q(w + w'%) = Eys). Now consider (0 )y = {1 0%, 0% 0% 0%}. Note that the complete set
of conjugates of w in thls group are w,w, w3 WY and w? (listed in the same order as the os above).
Therefore, 8 = w + w3 + w* + W° + w9 € E<62>. By a similar argument as above § ¢ Q and hence

Q(B) = E(y2y.
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Definition: An algebraic extension E/F is called abelian (resp. cyclic) if E/F is Galois and Gal(E/F')
is abelian (resp. cyclic).

Theorem: Let E/F be a finite Galois extension and L an intermediate field. Let G = Gal(E/F') and
H = Gal(E/L). Then

1. L/F is normal & H < G.
2. If L/F is normal then Gal(L/F) = G/H (note that we always have that [L : F] =[G : H]).
Proof: Suppose that L/F is normal. Define a map
¢:G— Gal(L/F)

or— oL

Then ¢ is a group homomorphism. Furthermore, any 7 € Gal(L/F') can be extended to a ¢ € G and
o|r = 7. Therefore ¢ is surjective. Furthermore, we have that o € ker¢ < 0|, =1d; < o € H. Hence
H is the kernel, hence normal in G, and so Gal(L/F) = G/H. Now, for the reverse direction, suppose
that H < G. Let ¢ : L — F be a map which fixes F. Let a € L. It is enough to show that ¢(a) € L.
Extend 1 to o € G. Now it is enough to show that o(a) € L. Now L = Ep, so it is enough to show that
h(o(a)) = o(a) for all h € H. So, let h € H. Then 0~ 'ho € H as H < G. Thus, if o € L, we have that
o~ ho(a) = a. Therefore, h(o(a)) = o(a). Hence o(a) € E = L, as desired.

Theorem: Let E/F be a finite extension where F' is a finite field. Then Gal(E/F) is cyclic.
Proof: Let p= Char F. Then we have the tower of fields

E
/

/
\

finite

F

finite

finite

N\

Ly
Note that Gal(E/F') is a subgroup of Gal(E/Z,). Therefore, it is enough to show that Gal(E/Z,) is
cyclic. Let n = [E : Z,]. Then E is the splitting field of 2" — z over Z,. Let o0 : E — E be the
automorphism of F that sends a € E to a”. Note that this automorphism fixes Z,. Therefore, we have
that o € Gal(E/Z,) so it is enough to show that it has order n. Suppose that o* =1 for some k < n.

Then a?" = a for all a € E. Hence 27" — z has p™ roots, a contradiction as p” > pF. Thus, k = n and
Gal(E/Z,) = (o).

Lemma: Suppose that E/R is a proper finite extension. Then 2 | [E : R].
Proof: Suppose not. Let o € E\ R, and let f(z) = Irr(a, R). Assume that [E : R], and hence deg f(z),
is odd. But f(z) being of odd degree means that it must cross the x axis by the intermediate value
theorem. Hence f(x) has a real root, contradicting f(x) being irreducible.

Lemma: If £/C is a finite extension, then [E : C] # 2.
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Proof: Suppose that [E : C] = 2. Then E = C(a) for some o € E. Let f(z) = 22 + bz + ¢ = Irr(a, C).
Thus

2 b2
O:a2+ba+c:a2+ba+z+c—z
by b2
*(04+§) *(Z*C)
=p%-d

where 8 =a+ & and d = % — ¢. Note that C(a) = C(3) and Irr(8,C) = 22 — d. But let d = re?? where
r € RZ0. Then \/Few/2 is a root of #2 — d, a contradiction (Here we use the fact that every positive real
number has a real square root).

Fundamental Theorem Of Algebra: C is algebraically closed.

Proof: Let « be an algebraic element over C. Hence « is algebraic over R. Let f(x) = Irr(a, R). Let E
be the splitting field of f(z)(z? + 1) over R. Then E/R is GAlois and C C F and o € E. We wish to
show that F = C. Let G = Gal(E/R). By lemma 1, 2 | |G|. Let H be a Sylow 2-subgroup of G and let

L =FEp. Then [L:R] =[G : H|. By lemma 1, [L : R] and hence L =R (because we have all the powers
of 2 in L. Therefore G = H and so |G| = 2". Let P = Gal(E/C). Then |P| = 2"~ since [E : C] = %.
If P # {1}, by Sylow, there exists a subgroup @ of P of order 2"~2. But then [E( : C] = 2, contradicting
lemma 2. Hence P = {1}. Therefore, n = 1 and |G| = 2, so that F = C.

Definition: Let f(x) € F[z] whose irreducible factors over F' are separable. The Galois gruop of f(z)
over F'| denoted Galg(f) is Gal(FE/F) where F is the splitting field of f(z) over F.

Remark: We've shown that if deg f = n, then Galg(f) is isomorphic to a subgroup of S,,. When can
Galp(f) = S,7?

Lemma: Let p be a prime and H a subgroup of S, which contains a transposition and a p-cycle. Then
H =S,. (Note that S, is always generated by (1 2) and (12 --- n)).

Proof: Let 7 € H be a transposition. We can assume 7 = (1 2). Let o € H be a p-cycle. As || =p
for any 1 < i < p—1 and any element of order p in S, is a p-cycle, we get that o° is a p-cycle for all
i€{l,...,p—1}. Consider S = {o(1),02(1),...,0P(1)}. I claim that |S| = p. If not, then o?(1) = 07 (1)
for some i > j and hence 0*~7(1) = 1, a contradiction as o'~/ is a p-cycle. As |S|=p, 2 € S, i.e. there
exists an ¢ such that 0;(1) = 2. Replacing o by o;, we can assume that o = (1 2 3 --- p). Note that
o(12)o~! = (2 3) € H. In general, we have that o(i — 1 i)o~! = (i i + 1). Hence we have that H = S,,.

Theorem: Let f(z) € Q[z] be an irreducible polynomial of degree p a prime and suppose f has exactly
2 real non-real roots. Then Galg(f) = S,.

Proof: We've shown that G = Galg(f) is isomorphic to a subgroup of S,. Let E be the splitting field
of f(z) and let o : E — FE be given by complex conjugation. Let aq,...,a, be the roots of f(x) and
say ai,ag are the non-real roots. Then o(a) = ag, o(as) = aq, and o(a;) = a; for all ¢ # 1,2. Hence
o is a transposition. So, note that [Q(ay) : Q] = p since deg f = p and f was irreducible. Therefore,
p| [E:Q] =|G|. Hence G has an element of order p. However, the only elements of order p in S, are
p-cycles since p is prime. Therefore, by the previous lemma, we have that G = S,,.

Example: Let f(z) = 2° — 223 — 8z — 2. Then f(z) is irreducible by Eisenstein. Note that f’(z) =
(522 + 4)(z2 — 2) so that f(z) has exactly three real roots and two complex roots. Therefore, by the
above theorem, we have that Galg(f) = Ss.
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Definition: Let K be a field and ¢1,...,t, be indeterminants over K. Then the general equation of
degree n over K is
folw) =a™ + 112" ot x + ty

So, what is Galg (s, ... +,)(fn). (My guess was S,,).

Definition: Let K be a field and ¢4, ...,¢, be indeterminants over K. Let F' = K(t1,...,t,). For each
permutation o € S, define a map
c:F—F
p(tla s atn) NN p(ta(l)a s 7to'(n))
q(tlv"'vtn) q(to(l)aato(n))

2 2 3 2 2 _ .3
For example, ifn:3and0:(123)7then5( 1t Ii”): Tats ¥

L Then ¢ are automorphisms
ToT3 + dxo T3x1 + dxs

of F' (check this!). In this way, we can think of S,, to be a group of automorphisms of F' that fix K. Let
L = Fg, be the fixed field of S,,. Things that are in L are 129 2y, 1 + T2 + -+ + 5, and generally
Dic Tl (in fact, these generate L over K). L is called the field of symmetric rational functions.

Note that by Artin’s Theorem, [F' : Fg, | = |S,| = nl. Also, F)/L is Galois and Gal(F/L) = S,,.
To investigate the elements of L, let f(x) = [[;_,(z —t;) € Flz]. For 0 € Sy, fo(x) =i (x — to@)) =
f(z). Hence f(x) € L]z]. Writing out what f(z) is, we have

f@)=a" —s12" " + 502" P+ 4 (—1)"s,

where s1 =t1 + - +ty, S0 =
and s; € L.

i<jtity, ete. si s called the ith elementary symmetric polynomial

Theorem: L = K(s1,...,8p).
Proof: Note that we have the diagram:

F

n!

L
K(s1,.-.,8n)

So, it is enough to show that [F : K(s1,...,,)] < nl. Note that F is the splitting field for f(z) over
K(s1,...,8,). Hence, as f(z) has degree n, the splitting field has degree at most n! over K(s1,...,5s,),
as desired.

Corollary: Let F' = K(ty,...,t,), where the ¢; are indeterminants over K. Let s; be the ith elementary
symmetric polynomial in the ts. Then F/K(sy,...,s,) is Galois and Gal(F/K(s1,...,8n)) = Sp.

Theorem: Let F = K(t1,...,t,) where t; are indeterminants over K and let f(x) = 2" +t;2" 1 4.+
tn,—1T + t, be the general equation of degree n. Then Galp(f) = 5,.

Proof: Let E be the splitting field for f(z) over F, and let yi,...,y, be the roots of f(z) in E. So,
E = F(y1,...,yn), and f(z) = [[/_,(z — y;) € E[z]. Note that ¢, = (—1)%s;(¢1,...,yn). Consider the
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following diagram (where the z; are indeterminants over K, and the s; are the elementary symmetric
polynomials in the z’s, notation is our worst enemy on this problem):

Klzi, ... xn) ——=K[y1, ..., Yn)

K[Sla"'asn]%K[tlv"wtn]

Where 7 sends t; to (—1)s; and 7 sends y; to z;. Let p(t) € K[t]. Then we have that 7m(p(t)) =
T(p(=si(x), ..., (=1)"si(x))) = p(=si(¥), ..., (=1)"si(y)) = p(t). Hence, 77 = Idgp, ... +,], and therefore
m is 1-1 hence an isomorphism (as it is clearly surjective). Therefore, the induced map on quotient fields
(say pi) is also an isomorphism. Recall that E = K(y1,...,yn) = F(y1,...,y,) is the splitting field for
f(x) over K(ty,...,t,). But K(z1,...,,) is the splitting field for f7(z), as the z; were the roots of the
symmetric polynomial. In summary, we have the picture

K(scl,...,a:n)%K(yl,...,yn)

K(s1,...,8,)<~—K(t1,...,tn)

Where the vertical containments are splitting fields of the aforementioned polynomials. So, by the unique-
ness of splitting fields, there exists the isomorphism 7 as above. Therefore, we have that Galg(f(x)) =
Gal(K(y1,. .-y yn)/K(t1,...,tn)) = Gal(K(z1,...,2,)/K(s1,...,8,)) = S, where the last isomorphism
is given by the previous theorem.

Definition: Let E /F be a finite field extension, and let o1, ..., 0, be the distinct embeddings of E into
F fixing F (so r = [E : F];). Define

NE(a) := (01 (a) - - Jr(a)) e

TrE(a) =B : F]i(ol(a) : ~-UT(a))
to be the norm and trace of « respectively.

Examples:

1. Let £ = Q(v2). Then 1 : E — E and 0 : E — E, where 0(v/2) = —/2 are the distinct
Q embeddings of E into F. Then N(g(a +b0v2) = (a + bV2)(a — bV2) = a® — 2b* € Q, and
Tr§ = ((a+bv2) + (a — bv/2)) =2a € Q.

2. Let F = Z,(t), where ¢ is an indeterminant and p a prime. Let f(z) = 2? —t € F[z]. Let E be
the splitting field for f(x) over F. LEt o € E be a root of f(z). Then of =t and f(z) = (x — )P
in E[z]. Hence E = F(a) and E/F is purely inseparable. Hence [E : F|; = [F : F] = p and
[E:Fls=1 As[E:Fly=1,for 8 € E, NE(3) = 87 and TrE = pB = 0. Hence, in this case,
trace is degenerate.
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Remark: If E/F is inseparable, then [E : F]; = p*, and hence TrE(3) = 0, so trace id degenerate for
inseparable extensions. We will see later that it is nondegenerate for separable extensions.

Theorem: Let E/F be a finite extension. Let N = NE and Tr = TrE. Then for all a € E, we have
that N(«) € F and Tr(a) € F.

Proof: First, suppose that E/F is separable. Let {o1,...,0,} be the distinct embeddings of E into F
fixing F. Let L be the normal closure of E/F. So L/F is Galois, and since we may think of the o; as
maps from L into F fixing F, we know that o; actually take values in L. Note also that for the same
reason, we have that for any ¢ € Gal(L/F'), we have that {¢o1,...,¢0.} = {o1,...,0.}. So, let a € E.
Then ¢p(N(a)) = ¢p(o1(a) -+ op(@)) = do1(a) - - - po.(a) = N(«) by the previous remark. Hence N(a) is
in the fixed field of the Galois group, and hence in F'. Note that the proof for Tr(«) works the same way.
Now, let E/F be an arbitrary finite extension. Let T = {« € E | « is separable over I'}. Let a € E.
Note that [F(a) : F]; < [E : F); and if p' = [E : FJ;, then o' is separable by the major proposition
above on separability, and hence in T. Let {01, ...,0,} be the distinct F-embeddings of T into F. Then
{o1|T,...,0.|7} are the distinct F-embeddings of 7" into F. Indeed, we have that [E : F|, = [T : F, as
E/T is purely inseparable by construction. Then

which is in F' by the separable case above, since T'/F was separable by construction. The trace again
works the same way.

Properties of Norm and Trace: Let E/F be a finite extension and let N = NE and Tr = TrZ. Then
1. For all a, 8 € E, we have that N(af) = N(a)N(5) and Tr(a+ 8) = Tr(a) + Tr(B).
2. If a € F, then N(a) = alE : F] and Tr(a) = [E : Fla.
3. If L is an intermediate field of E/F then N o NF = NE and similarly for trace.
Proof: The proof of these results are an easy exercise.
Remark:
1. If « € E\ {0}, then N(a) # 0, so NE : EX — F* is a group homomorphism.

2. Similarly, TrZ : E — F is a homomorphism of additive groups. Moreover, if ¢ € F, then TrE(ca) =
cI'rE(a), ie. it is a linear functional on the F-vector space E.

Lemma: Let E/F be a field extension and {01, ...,0,} distinct embeddings of F into L, where L is any

field containing F. Then {o1,...,0,} are linearly independent over F'.
Proof: We induct on n with the case n = 1 being trivial. Suppose n = 1 and suppose that there exists
ai,...,a, € F not all zero such that a;01+- - -+a,0, = 0. As the lemma is true by induction for < n—1,

we must have that all the a; are nonzero. Let 8 € E such that o1(8) # 02(8). Then for all @« € E, we
have that

a10(fa) + agoz(Ba) + -+ - + arop(Ba) =0
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and hence
ar0(B)o1(a) + azoa(B)oz(a) + - - - + aro.(B)or(a) =0

therefore
a10(B)o1 + azoe(B)oa + -+ + aro.(B)o, =0

Now dividing by o1(8) we have

o2(0) or(5)

a101 +a o9+ -+ ap o =0
e 01(6)
Subtracting this from the above equation gives
o2(B) ar(B)
as(1l — o9+ -+ a.(1— o =0
@) 0w
However, as 01(8) # o2(8), (1 — ngg;) # 0 and ag # 0 by assumption. This contradicts our induction

hypothesis.

Corollary: Let E/F be a separable extension. Then TrE # 0.
Proof: Note that Trg = 01 + o, where {sigmay,...,o.} is the set of distinct F' embeddings of E into
F. Thus by the above theorem it is non-zero.

Hilbert’s Satz 90: Let E/F be a finite cyclic extension and Gal(E/F) = (¢). Ten NE(B) =1& 3=
ﬁ for some a € E.
Proof: Let |o| = n, so that ¢™ = 1. First suppose that § = —%~. Then

o(a)

NE(B) = Ba(B)---a"(B)
= @U(a)an_ (@)
__«a o(a) .”U"_l(a)

ola) o?(a) o ()

But ¢™(a) = «, and hence the above expression is 1. For the reverse direction, suppose that N(3) = 1.
By the lemma on embeddings, we know that {1,0,02,...,6" 1} is linearly independent over F. Let
g=1+ B0+ (Bo(B))o? + -+ (Ba(B)a?(B) -+ 0™ 2(B))o™ L. Then g # 0. So, choose u € E such that
g(u) # 0, and let o = g(u). Then we have

Bo(a) = fo(u+ Bo(u) + (Bo(8))o*(w) + -+ (Bo(B)a*(B) ---o"2(8))0" ! (u)

= Bo(u) + Bo(9)o* (W) + - + (Bo(B)o*(B) - 0" (B)u
But as (Bo(8)02(8) ---0"~2(8)) = NE(B) = 1, we have

= u+ Bo(u) + Bo(B)o?(u) + -+ + (Ba(B)o*(B) - - " 2(B))o™  (u)

=g(u)=a

Hence (6 = ﬁ, as desired.
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Additive Version of Hilbert’s Satz 90: Let E/F be a finite cyclic extension, and Gal(E/F) = (o).
Then TrZ(8) =04 3= a — o(a) for some o € E. Read in Lang or try mimicing the proof above.

Note: Let F' be a field and F its algebraic closure. Then the roots of ™ — 1 form a finite subgroup of
F*. Such subgroups are cyclic. A primitive nth root of unity over F' is a cyclic generator for this
subgroup.

Theorem: Let E/F be a finite extension and suppose that F' contains a primitive nth root of unity,
where Char F' {n. Then E/F is cyclic of degree d | n < E = F'(«) where o™ € F'.

Proof: For the forward direction, let w be a primitive nth root of unity in F. Then ¢ = ™% is a
primitive dth root of unity. Certainly ¢! is in F, thus NEZ(¢™1) = (¢"HIFF = (¢~1)4 = 1. Hence its
in the kernel of the norm map. Therefore, (' = % for some « € E, where (0) = Gal(E/F), by Satz
90. Therefore, o(a) = Ca, and in general, we have that o%(a) = (*a. Hence, since a,(a, ..., la are
distinct, we have that [F'(«) : F]s > d. Thus, [F(«) : F] = d, and thus E = F(«). Also, note that
o(ad) = o(a)? = () = a?, hence a? € E,y = F, and hence (a?)"/? =a" € F.

For the reverse direction, Let a = o™ € F. Then « is a root of ™ — a € F[z]. Since w, a primitive
nth root of unity, is in F, we have that 2™ — a splits in F(a) € E. So, E/F is normal, and since
Char F { n, 2™ — a is separable and so « is separable, and hence E/F is s_eparable. Therefore E/F is
Galois. Let f(x) = Irr(a, F). We know that f(a;)’ac” —a. Let w"a,...,w"«a be the roots of f(z). So
i, : F(a) — F(a) sending a to w' o is an automorphism of E fixing F'. Then Gal(E/F) = {0;,,...,04,}.
Define

¢:Gal(E/F) - {w'|0<i<n-—1} (cyclic and isomorphic to C,,)

o, — wY

Then ¢ is an injective group homomorphism, and since subgroups of cyclic groups are cyclic, Gal(E/F)
is cyclic of order d | n by Lagrange.

Recall the quadratic formula: The roots of f(x) = ax? 4 bx + ¢ € K[z] are ¢ = —bEvb —dac W if the

characteristic of K is not 2, and where v/b2 — 4ac is a root of 2% — (b*> — 4ac). Thus, the roots of f(z) lie
in the field K («) where « is a root of 22 — (b — 4ac).

Also, note that Cardano in the 1500s found a formula to solve the general cubic. Indeed, let f(x) =
23+ az? + br + ¢ € K|[x]. Assume that Char K # 2,3. Replacing = by x — %a, we may eliminate the x2
term, so we may assume that f(z) = 23 +pz+¢q. Cardano’s formula shows that the roots of f(z) lie in the

field K (w, 0, y1,y2) where w is a primitive nth root of unity, 6 = /12pq + 81¢? and y1,y2 = {/ f%q + %5.
So we have a tower of fields (called a root tower):
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E=K(w,6,y1,y2) = F3(y2)
Y3EFs
Fy = Fa(y1)
Y EF,
Fy = Fi(9)
52er

F1 :K(w)

Fy=K

Definition: A finite extension £/K is called a radical extension if 3 uq,...,u, such that for each i
Ing with «}* € K(uq,...,up—1) and E = K(uq,...,u,). The sequence

K CK(u1) € K(ug,uz) C--- C K(uy,...,up) =F

is called a root tower. A polynomial in K[z] is said to be Solvable by Radicals if f(x) splits in some
radical extension.

Theorem: Let f(x) € K[z] be a separable polynomial and E a splitting field for f(x). Assume that
Char K { [E : K]. If Galg(f(x)) is solvable, then f(z) is solvable by radicals.

Proof: Let n = [E : K| and w a primitive nth root of unity. Consider the diagram

E(w)

By a homework exercise, F(w)/K (w) is Galois. Furthermore, we have that Gal(E(w)/K (w)) & a subgroup
of Gal(E/K). As subgroups of solvable groups are solvable, Gal(E(omega)/K (w)) is solvable. If we show
that F(w)/K(w) is a radical extension, then certainly F(w)/K is a radical extension, since adjoining w
is a radical extension. Of course f splits in F(w) as it splits in E. Hence without loss of generality, we
may replace K with K(w) and assume K contains all the nth roots of unity. Also, [E(w) : K(w)] =
|Gal(E(w)/K (w))| which divides |Gal(E/K)| by Lagrange. Hence Char k { [E(w) : K(w)]. So, let
G = Gal(E/K). As G is solvable, there is a normal series

{I}GtQGt_1<]"'<]G1<]G0:G
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with G;/G,;11 =2 Cp, (the cyclic group on p; elements). We may assume that we get cyclic groups since
any refinement of a solvable series is solvable, and any composition series (i.e. a normal series that all
the factor groups are simple) for a solvable group has factor groups that are cyclic of prime order. So we
have the correspondence

Group Side Field Side

{1} =——>E=F,

A normal
Gy <=—>Fi

yAN normal
Gr—2 Fio

JAN normal

<>

JAN normal

G Fy

JAN normal

Go Fo=K

Where the extensions are normal (and hence Galois) because the series of groups on the left are normal.
So, F;/F;_1 is Galois and Gal(F;/F;_1) = G;/G;—1 = Cp, and K contains primitive p;th roots of unity,
w"/Pi. Note that p; 1 [E : K] so Char K { p;. By the theorem on cyclic extensions, we have that
F; = F;_1(u) where u?? € F;_;. Hence the above is a root tower, and hence E/F is solvable by radicals.

Lemma: Let F//K be a finite radical extension and let E be the normal closure of F/K. Then E/K is
radical.

Proof: F = K(u1,...,u,) where u;" € K(u1,...,u;—1) for some n;. Let o1,...,0, be the distinct
embeddings of F into K fixing K. Then E = o1(F)---0,(F) by a homework exercise. So, E =
K({oi(u;)}). Note that since u;* € K(ui,...,ui—1), 0j(u))™ = o(u;") € K(oj(u1),...,05(tn-1)).
Therefore E/K is radical (apply this to o; and the us. Next do it for oo and continue up until m).

Theorem (Converse to the above theorem): Let K be a field and f(x) € K[x] be a separable
polynomial. If f(x) is solvable by radicals then Galg (f(z)) is solvable.

Proof: Let E be the splitting field of f(z) over K. Then F C F where F'/K is a radical extension. By
the lemma, we may assume that F//K is normal. Let G = Aut(F/K). Want to show that Gal(F/K) is
solvable. There is a homomorphism ¢ : Aut(F/K) — Gal(E/K) that sends ¢ — 9|g. In fact, by the
lifting property, v is surjective. So, Gal(E/K) = G/ker . Hence it is enough to show that G



