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Definition: Let E/F be a field extension. Then denote the set of automorphisms of E that fix F' by
Aw(E/F):={¢: E— E | ¢ =1dp}
Clearly the above is a group.

Examples:

1. E = Q(/2). What is Aut(E/Q)? We know that Irr(+/2,Q) = 2® — 2, and the roots of this
polynomial are /2, w+/2, and w?/2. If ¢ : E — F fixes Q then (;5(\3/5) = a root of 23 — 2. But the
only root in E is V/2. Hence Aut(F/Q) = {Id}.

2. Let E = Q(w) where w = €2/, To compute Aut(E/Q), first recall that Irr(w, Q) = ®,(z) =
HZ’H):l(x — w"). For each w® with (i,n) = 1, there exists a ¢ : E — F sending w to w’. Therefore,
we have that Aut(E/Q) = {¢; : E — E | ¢(w) = w'}. Hence |Aut(E/Q)| = é(n).

Proposition: Let E/F be finite. Then |[Aut(E/F)| < [E : F]s; with equality <& E/F is normal. Also,
we have |Aut(E/F)| = [F : F] & E/F is normal and separable.

Proof: Recall that [E : F|y = |S| where S = {¢: E — F | ¢|p = Idp}. But Aut(E/F) C S and is the
whole set if and only if E/F is normal. For the second assertion, certainly we have that |Aut(E/F)| =
[E: F|s as E/F is normal. But since E/F is separable, we also have that |[Aut(E/F)| = [E : F]. Note
that all of the above implications reverse.

Definition: An algebraic extension E/F is Galois if E/F is normal and separable. In this case, the
group Aut(E/F) is called the Galois group of E/F and is denoted Gal(E/F).

Examples:

1. Let E = Q(w) where w was a primitive nth root of unity, we have that Gal(E/Q) = Z.

2. Let E = Q(v/2,V/3). Tt is clear that F/Q is Galois and that |Gal(E/Q)| = [E : Q] = 4. We haev
the following field diagram:

Q(v2,Vv3)
FIIN
Q(V3) Q(V6) Q(v2)

Where we have the above degrees of extensions since 2 — 2 is irreducible over both Q and Q(v/3)
and 22 — 3 is irreducible over both Q and Q(\/ﬁ) So, there is are automorphisms (since we may



only permute roots of the same polynomial)

7T F—F o:FE—F
V2 V2 V22
V3—+V3 V3 -3

Note that the identity map works too, and composing the above maps gives us the map:

or: F— F
V3 B
V33— —V3

Therefore, we have that Aut(E/Q) = Cy x Co, the Klein 4-group.

3. Let E be the splitting field of 2% — 2 over Q. Then E/Q is Galois and E = Q(v/2,w), where w is
a cube root of unity. Then as we have calculated before, we have that [F : Q] = |Gal(E/Q)| = 6.
We have the following diagram:

/\
\/

7. F—F oc:F—F
V2-wi2 V232

W= w w»—>w2

So we have two mappings right away

Which are indeed field maps that fix Q since 2°—2 is irreducible over Q(w) and z2+x+1 is irreducible
over Q(+/2). Note also that |o| = 3 and |7| = 2. Therefore, we get that Gal(E/Q) = (o, 7). This
is S3, as note that o7 : E — E sends v/2 to wv/2 and 7o sends /2 to w?+v/2, hence Gal(E/Q) is
nonabelian (and so S3). Note also that £ = Q(¥/2,wV/2,w?v/2). Any 7 : E — E permutes the set
{V/2,wV/2,w?/2}. This gives a natural isomorphism from Gal(E/Q) — Ss where o corresponds
to (123) and 7 corresponds to (12).

Remark:

1. Let E/F be a Galois extension and L an intermediate field. Then E/L is Galois and Gal(E/L) <
Gal(E/F).



2. Also, let E/F be Galois and H a subgroup of Gal(E/F). Then let Ey :={a € E | o(a) =« Vo €
H}. Then Epy is an intermediate field of E/F, and is often called the Fixed Field of H. In fact
we hafve the Galois Correspondence.

{Intermediate fields of E/F} -~ {Subgroups of Gal(E/F)}

L Gal(E/L)

FEy I H

We will show that L = EGal( and Gal(E/Ey) = H, i.e. that the above functions are mutually

inverses.

E/L)

Theorem: Suppose that E/F is Galois and let G = Gal(E/F). Then F = Eg.

Proof: Certainly we have that F C Eg. Let a € Eg. Let o : F(a) — F be an embedding which fixes
F. Extend o to 7 : E — E as E is normal. Hence 7 € G. Since a € Eg, 7(a) = a. Hence o(a) = a).
Therefore o is the identity map. Hence [F(«) : F]s = 1 and since F(«)/F is separable, [F(«) : F] = 1.
Therefore o € F.

Corollary: Let E/F be Galois and L an intermediate field of E/F and H = Gal(E/L) < Gal(E/F).
Then Fy = L. Then the map:

{Intermediate fields of E/F} {Subgroups of Gal(E/F)}

Lt Gal(E/L)
is injective.
Proof: Suppose that Gal(E/Ly) = Gal(E/Ly) = H. Then by the above theorem, L; = Ey = Ly. This
proves half of the Galois correspondence.

Lemma: Let E/F be a separable extension. Suppose that there exists n € Z such that [F(a) : F] < n
for all &« € E. Then E/F is finite and of degree n.

Proof: Choose v € E such that [F(a) : F] = m is maximal. We claim that F = F(a). If not, then
30 € E\ F(a). Then F(a, ) 2 F(a) and by the primitive element theorem, there exists a primitive
element for F'(a, ) whose degree would violate maximality of m. Therefore E = F(«), for some « € F
and [F(a) =E:F]=m <n.

Artin’s Theorem: Let F be an arbitrary field and G a finite group of automorphisms of F. Let F = Eg,
the fixed field of G in E. Then we have that E/F is Galois and finite and G = Gal(E/F).

Proof: Let o € E. Let {01,...,0,} be a maximal subset of G such that o1(c),...,o.(a) are distinct.
If 7 € G, then To1(a),..., 7o, (a) are also distinct since 7 is injective. Let fo(z) = []i_,(z — 0:(a)).
Note that f7 = [[i_;(z — 70;(«)) = fo. Hence f, € F[z]. Since @ = o;(c) for some 4, « is a root



of f,. Hence we have that Irr(a, F) | fo(z). Therefore [F(a) : F] < r < |G|. Also, f, has distinct
roots, hence Irr(«, F) does, and hence « is separable over F'. Therefore E/F is separable. By the lemma,
[E: F] <|G|. As f, splits over E, so does Irr(«, F) for all & € E. Therefore, E/F is normal and so it is
Galois. Note that G C Gal(E/F). Then |G| < |Gal(E/F)| = [E : F] < |G|. Hence G = Gal(E/F) (and
so |G| =[E: F)).



