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Example/Remark: Let f(z) € K[z] be an irreducible polynomial. We know that f has multiple roots
< (f,f)=1< f1f, as fisirreducible & f' = 0. So, if Char K = 0 then every irreducible polynomial
has only simple roots. If Char K = p > 0, then there may exist f(x) irreducible such that f’(x) = 0.

Indeed, assume that K? # K(i.e K is not perfect), and take a € K? \ K. Then 2P — a is irreducible
and has multiple roots. To see that P — a is irreducible, then there would exist g irreducible in K|x]
such that degg < deg f = p and g | f. Note that ¢’ # 0 as he leading term of the polynomial is not a
power of p. If g = x' + - + B1z + [y where i < p, then ¢/ = iz*~! +--- + 31 # 0 so g has no multiple
roots. Note that this is true for every irreducible factor of f. However, f itself has multiple roots, and
hence f = (z — b)P(since different irreducible polynomials do not share roots???) where b = a € K?, a
contradiction.

Definition: An irreducible polynomial is called separable if it has no multiple roots. (i.e. ged(f, f') =
1). This is the case < f has precisely as many roots as its degree. The example show that in characteristic
zero, every polynomial is separable but in Char p > 0, there exist irreducible polynomials f that have a
unique root.

Remark: Let a be a root of an irreducible polynomial f € K[z]. Then there is an embedding
K(a) — K

that fixes K. For each root of f, we get such an embedding, and distinct roots give distinct embeddings.
So, the number of embeddings is the number of distinct roots.

Proposition: Let KX C F C E be a sequence of algebraic field extensions, and let 0,7 : F — F be
embeddings over K. Set S, = {n: FE — F | n|lp =c}and S, = {7 : E — F | n|p = 7}. Then the sets
S, and S have the same cardinality.

Proof: Since F' is algebraic over o(F), there exists a A : F© — F so that A,p) = 70~ by the lifting
theorem we did a while ago. So, for every x € S, consider the composition Ay : E — F. Then for a € A,
note that

Xx(a) = Ao(a) = (107 )(0(a)) = 7(a)

so that A\x € S,. Switching o and 7 and using the map A~! we get a similar correspondence in which
the composition is the identity on both sets. Therefore |S,| = |S-|.

Definition: The cardinality of the set of extensions of any embedding o : F — Fis called to separability
degree of E/F and is denoted [E : F]s. This is well defined in view of the above proposition.

Theorem: Let K C F C F and E/K be algebraic. Then [E : K|; = [E : F|5[F : K];.

Proof: Let {o; : F — E be the set of all embeddings of F into E(= F) fixing K. For each i € I,
choose, by the proposition, [E : F|, extensions 7;; : E — E such that 7;;|r = o;. In this way, we get
[E : F)s[F : K]s distinct embeddings of E/K. We have the picture:
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Since for every embedding 7 : E' — E over K, we have that 7|r = o; for some i, we have obtained all
embeddings of £ — F over K.

Lemma: If FF = K(«) is and algebraic extension, then [F' : K], = number of distinct roots of Irr(a, F') <
[F : K]. For the proof, this is the initial example that we computed.

Proposition: For every finite extension K C F' there is an inequality [F' : K], < [F : K].
Proof: F' is finitely generated by algebraic elements, so F = K(a1,...,a,). Then we have a chain of
field extensions

KCK(a)=K CK(aj,a9) =Ky C---CK(ay,...,an) =K, =F
So we have [K; 1 : K;]s < [K;y1 : K] and multiplying these inequalities we get [F : K|, < [F : K].

Definition: An element o € F is called separable over K if its irreducible polynomial over K is
separable. An algebraic extension F/K is called separable if every element o € F' is separable over K.

Remark: Let K C F C F, and let a« € E. Suppose that « is separable over K. Then « is separable
over F. Indeed, we know that Irr(c, K) has distinct roots. However, Irr(a, F)) | Irr(e, K) so Irr(«, F') has
distinct roots.

Theorem: If F/K is an algebraic extension, then it is separable if and onyl if [F: K], = [F : K].
Proof: Induct on [E : F]. If [E : F] =1 then E = F hence E/F is separable. If [E : F] > 1, pick
a € E\ F, and consider the diagram

E

>1

F

As « is separable over F' and since « € E \ F, we have that [F(«) : F]s = [F(a) : F] > 1. By
induction, we have that [E : F(a)]s = [E : F(«)]. Therefore, using the multiplicative law for separable
extensions, we have that [E : F| is separable. For the reverse direction, note that [E : F|s = [E : F]
means that [F(«) : F]s = [F(«) : F] for all a € E and hence « is separable for all o € E.

Corollary: Let E = F(ay,---,a,) be an algebraic extension. Then E/F is separable < each «; is
separable over F'.



Proof: The forward direction is trivial. For the reverse, consider the chain of fields:

FQF(OQ):FI QF((X1,062)=F2 c.- QF(ozl,...,a”)anzE
Then consider also F;/F;_1. As «; is separable over F, «; is separable over F;_;. Therefore, we have
that [F; : F;_1]s = [F; : Fi—_1]. Therefore, by multiplicativity of the separability degree, we get that
[E:Fls=[E:F].
Theorem: Let E/F be an algebraic field extension. If Char F' = 0 then E/F is separable.

Proof: Let « € E and f(z) = Irr(v, F'). Then ged(f, f') = 1 and hence f(z) has distinct roots, so « is
separable.

Definition: A field F' is called perfect if every algebraic extension of F' is separable (hence if Char F' = 0
then F' is perfect).

Theorem: Let F be a field of characteristic p > 0. Then F is perfect <& F = F? = {o® | o € F} (i.e.
every element of F' has a pth root). Note also that F? is a subfield of F' in this case.

Proof: 7 = 7: Let a € F. Consider f(z) = 2P —a € F[z]. Let E be a splitting field for f and let a be a
root of f(z)in E. So aP = a, so we wish to show that o € F'. In E[z], f(z) = 2P — a? = (z — a)P. Let
h(z) = Irr(e, F). Then h(z) | f(z). So, in E[z], we have that h(z) | (x — «)P. But E/F is separable, so
« is separable over F, hence h(z) has no multiple roots. Therefore h(z) = (z — «). Therefore o € F' and
we have that a is a pth power of «.

7 < 7. Let E/F be an algebraic extension. Let a € E and suppose « is not separable over F. Let
f(@) =TIrr(a, F). Then f(x) has multiple roots and by a previous result, we have that f(z) = g(zP) for
some g € F[z], say g(x) = anz™ + -+ + a1z + ap € Flz]. For each i, let a; = b?, since F' = FP. Then we
have that f(z) = g(aP) = bE(z™)P 4 -+ byaP + by = (bpx™ + -+ - + biz + bo)P, a contradiction to the fact
that f(z) was irreducible. Therefore, « is separable.

Corollary: Every finite field is perfect.
Proof: Let F be a finite field, Char F = p. Consider the Frobenius endomorphism

¢o:F—F
a v+ a?
Note that ker ¢ = {0}, so as F is finite, ¢ is surjective as well, so F' = FP. Therefore, F is perfect.

Example: Let ¢ be an indeterminant over Z,. Let F' = Z,(t). Then F # F? as t is not a pth power.
Therefore, F is not perfect. An inseparable element would be o where « is a root of f(z) = a? —¢.

Major Proposition on Separability: Let K be a field of Char P, o € K.
1. « is separable over K < K(«a) = K(aP).
2. If « is inseparable over K, then [K(«) : K(aP)] = p and Irr(a, K(aP)) = aP — aP.
3. [K(a): K], = [K(a?") : K], for all n > 1.
4. o is separable over K for all large n.

5. [K(a): K] = p"[K(a) : K], where n is the largest nonnegative integer such that o?” is separable.



Proof:

1.

“ = 7. Suppose « is separable over K. So « is separable over K (a?). Let f(z) = Irr(a, K(aP)).
Then f(x) | 2P — of € K(aP)[z]. Therefore, in K(a)[z], f(z) | (x — «)P. As f(z) has no multiple
roots f(x) = x — a. Therefore a € K(aP) and hence K(a) = K(aP).

“ <« 7”: Suppose K(a) = K(aP). Let h(x) = Irr(a, K). Suppose h(x) has multiple roots. Then
h(z) = g(zP) for some g(z) € K[z]. But h(a) = g(a?) = 0. Thus, [K(aP) : K] < deg g(z) < degh.
On the other hand, [K(a®) : K] = [K(«) : K] = degh, a contradiction. Thus h(z) does not have
multiple roots.

Let f(z) = Irr(a, K(a?). We know f(x) | 2? — a? = (x — a)?. Therefore, we have that f(z) =
(x — a)™ for some 1 < m < p. Note that m > 1 as « is inseparable. So, expanding f(x)
gives f(x) = 2™ + (ma)z™ 1 + ... so ma € K(a?) = a € K(a?) unless m = p, so we must
have that m = p, again, since « is inseparable. Therefore, Irr(a, K (o)) = 2P — of and hence
[K(0) : K(a?)] = p.

[K(a) : K(aP)]s = [K(aP)(a) :
the only root of Irr(a, K (aP))
by induction we see that [K(«

K(a )] = the number of distinct roots of Irr(a, K(aP)) = 1 since
is a. So, as [, }S is multiplicative, [K(a) : K]s = [K(a?) : K]s and
): K]:[ (ozp): K], for all n > 1.

. Consider the chain of fields

K(a) CK(a!) CK(a?) C - C K

This is a descending chain of finite dimensional vector K vector spaces (as « is algebraic over K,
[K(a) : K] < o). Therefore, for some n, we have that K(a?") = K(ozanrl). Therefore, a?” is
separable over K. Thus K(a?")/K is separable and hence o is separable for all [ > n.

By the above propositions, we have the following tower of fields and their degrees

Therefore, we have that [K(«) : K] = p"[K(a? ) : K] = p"[K(a? ) : K]s = p"[K(«) : K]s, as
desired.



Theorem: Let £ = K(a,...,a,) be a finite extension. Then [E : K] = p™[E : K], for some m > 0.

Proof: Prove by induction on n. For the case n = 1, this is part 5 of the above major proposition. For

n>1,let F=K(ay,...,a,_1). By induction, [F : K] = p![F : K],. As E = F(a,), [E : F] = p*[E :

F)s, and hence [E : K| = p**[E : K],.

Corollary: If [E : K] < oo then [E: K], | [E: K].

Definition: Let E/K be a finite field extension. Then define the inseparable degree of E/K by [E :

[E: K]

i = [E: K]

have that the inseparability degree is multiplicative since both the usual degree and the separable degree

are multiplicative.

By the theorem, [E : K]; = 1 or a power of the characteristic. As a remark, we also

Definition: Let K be a field of characteristic p and « an algebraic element of K. Then « is purely in-
separable over K if o?" € K for some n > 0. An algebraic extension E /K is called purely inseparable
if each a € E is purely inseparable.

Lemma: An element o € K is purely inseparable over K < [K(a) : K| = [K(a) : K]; & [K(a) : K]y =
1.

Proof: Suppose that « is purely inseparable over K. Then o?" € K for some n. Then [K(a) : K], =
[K(a?") : K], = [K : K], = 1, by part 3) of the proposition. Suppose that [K(a) : K], = 1. By part
4), a?" is separable over K for some n > 0. Then [K(a?"): K] = [K(a”") : K], = [K(a) : K], = 1 and
hence o?” € K.

Theorem: Let E/K be a finite extension. Write F = K(aq,...,a,). Then TFAE:
1. E/K is purely inseparable.

2. Each «; is purely inseparable.

®

[E:K];=1

=~

[E: K|, =[F: K]

Proof: Induction on n (Exercise).



