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Theorem/Definition: Let F be a field. Then TFAE:
1. If E/F is an algebraic field extension, then F = F'.
2. Every nonconstant polynomial in F' splits completely in F[x].
3. Every nonconstant polynomial in F[z] has a root in F.

If F satisfies any of the three equivalent definitions above, then F' is said to be algebraically closed.
Proof: (1) = (2): Let f(x) € Flz] and let E be the splitting field of f(z) over F. Then E/F is algebraic,
so by (1), E = F hence f(z) splits completely in F[x].

(2) = (3) is trivial.

(3) = (1) Let E/F be an algebraic field extension. Let o € E. Let f(z) = Irr(o, F'). By (3), f(z)
has a root in F, so deg f = 1 and therefore f(z) = 2 — o. Therefore, « € F and so E = F.

Definition: Let F be a field. A field E containing F is an algebraic closure of F' if F/F is algebraic and
E is algebraically closed.

Proposition: Suppose L/F is a field extension and L is algebraically closed. Let £ = {a € L | « is
algebraic over F'}. Then F is an algebraic closure of F' in L.

Proof: We have show that E is a field and that E/F is algebraic. It is hence enough to show that E is
algebraically closed. Suppose f(z) in F[z] is a nonconstant polynomial. Then f(z) € L[], so f(x) has a
root o € L. Threfore « is algebraic over F, as f(a) = 0. So, E(a)/FE is an algebraic extension, but E/F
is algebraic, so that E(«)/F is algebraic. Thus « is algebraic over F, so a € E, by definition of E. So E
is algebraically closed since we proved condition (3) of the above definition.

Lemma: Let K be a field. Then 3 a field L containing K such that every nonconstant polynomial in
K|[z] as a root in L.

Proof: For each nonconstant polynomial f(z) € KJz| let z; be a new variable. Let R = K[{zy | f €
K[z] \ K}]. Let I be the ideal generated by {f(zs)}.

Claim: I # R. If I = R, then 1 € I which means 1 = Y1, r;f;(zy,) for some r; € R. So, the r;’s
involve only finitely many of the variables. Let x; = xy,, and let &y41,..., % be all the other variables
appearing in the r;. Threfore, we have that
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Now, let F' be a splitting field for fi(x)fa(x) - fu(z) over K, ie. in F, every f;(x) has a root «;.
Certainly the above equation still holds in F[{z;}]. Now, let z; = a; for i = 1,...,n. ; Then the above
equation after substituting reads 1 = 0, a contradiction. So, I is a proper ideal. Then by the previous
proposition, there exists a maximal ideal m of R that contains I. Let L = R/m, which is a field. Note
that the composition of maps, call it §, below:

K — K[{zs}] — K[{z}]/m



is 1-1 as m has no units. So, we identify K with §(K) in L and consider K C L. Let f(z) € K[z] \ K.

Let ay = x5 +m. Then f(ay) = f(xy +m) = f(zy) + m. But f(z;) € I Cmso f(ay) =0, as desired.

Theorem: Let F' be a field. Then there exists an algebraic closure of F.
Proof: We can construct by the previous lemma a chain of fields:

F=LyCLiCLyC---

where every nonconstant polynomial in L, [x] has a root in L, ;. Let L = J,,~o Ln. Note that L is a
field. I claim that L is algebraically closed. Indeed, let f(z) € L[z]\ L. Then there exists an n such that
f(z) € Ly[x]. Then f has a root in L, with is also in L. So, by the theorem, {« € L | @ is algebraic
over F'} is an algebraic closure of F' and this completes the proof.

Theorem: Let E/F be an algebraic extension and L/K an extension in which L is an algebraic closure
of K. Let 0 : FF — K be a nonzero field homomorphism. Then there exists a field map 7 : E — L that
extends o.

Proof: We will use Zorn’s Lemma. Let A = {(T,¢) | F CT C E and ¢ : T — L extends o}. Partially
order A as follows: (Ty,¢1) < (Tz,¢2) <& Ty C T and ¢o|1, = ¢1. First, note that A # @) as (F,o) € A.
Let C be a totally ordered subset of A. Let Tj U(T,q&)ec T and define ¢ : Ty — L as follows. Let t € Tj.
Then t € (T1,¢1) € C. Define ¥(t) = ¢(t). By the extension part of the condition of being in A this is
well-defined. It is easy to check that v is a field homomorphism.

Then (Tp,%) € A and is an upper bound for C. By Zorn’s Lemma, A has a maximal element, call it
(M, 9). It is enough to show that M = E. Suppose that M ¢ E. Let N = 6(M). Then § : M — N
is a field isomorphism. So, let « € E\ M. Then « is algebraic over M as FE is algebraic over F. Let
f(z) = Irr(o, M). Then M(a) = Mlz]/(f(z)) = N[z]/(f°(x)). But f°(z) € N[z] C L[x] has a root
B € L as L is algebraically closed. So, N[z]/(f°(x)) = N(B), since f°(z) is irreducible over N. Nut
N(B) C L. Let ¢’ : M(a)) — L be the composition of the maps above. By construction, ¢’|5; = §. Hence,
(M(a,8") 2 (M, 0), a contradiction. Therefore, M = E.

Corollary: Let F be a field and Eq, F» two algebraic closures of F. Then there exists an isomorphism
7 : F1 — FE5 such that 7 fixes F.

Proof: Let o : F' — F be the identity map. Then there exists 7 : E; — F5 such that 7|p = Idp. As F;
is algebraically closed, so is 7(E;). But Ey/7(E}) is algebraic, so E; = 7(E}), so the map is surjective,
hence an isomorphism.

Definition: Let F' be a field and S a set of polynomials in F[z]. The splitting field L for S over F is
the smallest subfield of F'(the algebraic closure of F), such that every polynomial in S splits completely
in this field. I.e. L = F(all roots in F' of all polynomials in 5).

Remark: Let E/F and L/F be field extensions and ¢ : E — L a field map that fixes F.. Suppose that
p(z) € F[z] has a root a € E. Then o(«) is also a root of p(x).

Proof: Let p(x) = cpa™ + -+ c12 + ¢g € Flx]. So, we know that 0 = c,a™ + - - + cracy. Applying o to
both sides gives 0 = ¢o(a)™ + - - - + c10(a) + ¢g since o is a homomorphsim and also fixes F'. Therefore
o(a) is a root of p(x).

Proposition: Let E/F be an algebraic extension and ¢ : E — E a field map which fixes F. Then o is
surjective and hence an automorphism of F.

Proof: Let 5 € E. Let p(xz) = Irr(8, E). Let {f1,...,0:} be the roots of p(x) which lie in F, and wlog,
let 81 = B. By the remark, o(f;) is also a root for all ¢ and hence in E. Therefore o : {81,...,0:} —



{B1,..., 0} is an injective set map, and hence is also onto. In particular, o(3;) = 3; = 3 for some 3;
above. Hence § € im(o).

Theorem/Definition: Let E/F be an algebraic extension. Then TFAE:

1. FE is the splitting field for some set of nonconstant polynomials in F'[z]
2. Every irreducible polynomial in F[z] which has a root in F splits in E.

3. If 0 : E — F is a field map that fixes I, then o(E) = E (i.e. ¢ is really an automorphism of E.

If E/F satisfies (1),(2),or (3) then E/F is called a normal extension.

Proof: (2) = (1): Let a € E, and let po(z) = Irr(a, F). By (2), po(z) splits in E. Let S = {po(z) | a €
E}. Then E is the splitting field for S.

(1) = (3): Let 0 : E — F be an embedding fixing F. We need to show that o(E) = E. As E/F is
algebraic, and by the proposition, we need only show that o(E) C E. By (1), E is the splitting field for
aset S C Flz] \ F. Therefore, E = F(all roots of all polynomials in S). Let 8 be a root of p(z) € S.
Since o fixes F', o(/3) is also a root of p(z). But p(x) splits in E, therefore o(5) € E, hence o(E) C E.
(3) = (2): Let p(x) be an irreducible polynomial in F[z] which has a root o € E. Let 3 € F be any root
of p(z). Let 7 the composition of the maps:

F(a) — Flz]/(p(z)) — F(B)

a—z+(p)—p

Therefore, 7 : F((a) — F(f) is an isomorphism that sends « to  and fixes F'. By an old theorem, we
can extend 7 : E — F. By (3), 0(E) = E, therefore § = o(a) € E. Therefore p(z) splits in E.

Remarks/Examples:

1. If [E : F] = 2, then E/F is normal. Indeed, pick &« € E\ F. Certainly E = F(«). Let f(z) =
Irr(a, F). Then (z — «) is a factor of f(x), so f(z) = (z — a)(z — B) for some 3 € E. Then E is
the splitting field for f(x).

2. Take E = Q(+/2). Then 2 — 2 has a root in E, but 2° — 2 doesn’t split in E because its other roots
are not real, and F C R. So E/Q is not normal.

3. Recall that if K C F C E, then F/K is algebraic & E/F and F/K is algebraic. The same does
not occur in the normal case. Suppose that K C FF C E and E/K is normal. Then F/F is normal,
but F/K need not necessarily normal. For a counterexample, let L be the splitting field for 2® — 2
over Q, and take E to be in the above example. Then L/Q is normal by definition, and hence L/FE
is normal. However, F/Q is not normal.

4. Suppose that E/K is finite. Then E/K is normal < F is the splitting field over K of a single
polynomial. For the forward direction, suppose that £ = K(aq,...,ay), let fi(x) = Irr(a;, K).
Then F is the splitting field for f(z) = fi(z)--- fn(x). The reverse direction is by definition.

5. Let {L;} be a collection of fields, all of which are normal over F a field. Then [ L; is normal over
F.



Definition: Let £/F be an algebraic extension. Then the normal closure of F/F is the smallest field
L D E such that L/F is normal. Just let L = (K where E C K C F and K/F is normal. Clearly L is
normal over F' by the previous remark and is contained in any normal extension of F' containing E by
definition.

Example: Let F = Q(V/2), and F = Q. We saw last time that E//F is not mormal. The normal closure
of E/F is Q({/2,w) where w = ¢*™/3. Tt is normal as it is the splitting field for 3 — 2. Tt is the closure
because suppose that L/Q is normal and L C Q(+/2). Then z* — 2 has a root in L and L is normal, so
23 —2 splits in L, therefore L contains w. So, L O Q(4/2,w) and therefore Q(+/2,w) is the normal closure
of E/F. Along these lines, we have the following useful proposition:

Proposition: Suppose that F¥ = F(a1,...,a,), and suppose that F/F is algebraic. Let f;(z) =
Irr(ay, ). Let L be the splitting field for f(z) = fi(x)--- fn(z) over F. Then L is the normal closure of
Proof: L/F is normal as it is the splitting field of f(z). If T 2 E and T/F is normal, then f;(z) has
a root in T and hence splits in T for all ¢. Therefore, T' C L. So, L is the smallest normal extension
of F containing E. For another example, let E = Q(+¥/2,V/3). Then the normal closure of E/Q is
Q(Y/2, e27/5, /3, 27/3).



