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Theorem: Let F be a field and f(z) € F[x] be a non-constant polynomial. Then there exists a splitting
field for f(z) over F.

Proof: Induction of n, the degree of f. Let g(x) be an irreducible factor of f(x). So g(t) is irreducible in
Ft]. Therefore, F[t]/(g(t)) is a field, as (¢g(t)) is a maximal ideal in F'[t]. Consider the field homomorphism
¢: F — F[t] — F[t]/(g(t)). Since ¢(a) # 0 in F[t]/(g(t)) for all a # 0, it is clear that ¢ is injective. Let
L=F[t]/(g(t)) = {h(t)+ (g(t)) | h € F[t]}. Then ¢ : FF — L sends a to a + (g(z)) = a. Since F = ¢(F),
we can identify F' with its image in L, and assume that F C L. Let « =t + (g(¢)) = ¢. Then

L={ap+ait+---+ant" + (9(t) | a; € F}

= {(ao+(9)) + (a1 + (9))(t + (9) + -+ + (an + (9))(t + (9))" | @i € F}
={ap+aa+---+a,a" | a; € F}

Note that g(a) = g(t) = g(t) = 0, since g(t) € (g(t)). Therefore, « is a root of g(x). So g(x) has a
root in L, so f(x) has a root also. Therefore, f(x) = (x — a)h(x) for some h(x) € L[z]. Note that
degh(z) = n — 1. By induction, h(z) € L[z] has a splitting field E containing L. Therefore f(x) splits
completely in E. So, let aq,...,ay,) be the roots of f(x) in E. Then F(«,...,a,) is a splitting field for
f(z) over F.

Example: Find a splitting field and its degree of f(x) = 2® + x + 1 in Zs[z].

Solution: As deg f = 3 and has no roots in Z, it is irreducible in Za[z]. We let L = Zo[t]/(#3 +t+ 1) =
Zo(a) where o =t + (3 +t+1),ie. &> +a+1=0. In L, 2> +x+ 1 = (z — a)h(z) for some h(x) € L[x]
with degh = 2. Does h factor in L or is it irreducible? Lets try and find h. Using long division and the
relation a® + a4+ 1 = 0, you get that h(z) = 2% + ax + (1 + o?). Also, note that h(a?) = 0 so that h
splits in L. Therefore L is the splitting field for 3 +z + 1 and [L : Zy] = 3.

Definition: Let E/F and E’'/F’ be field extensions. Suppose that o : F' — F’ is an injective field hom.
Then a field map 7 : E — E’ is said to extend o if 7|r = o. For the following important special case,
take F' = F’ and 0 = Idp. Then 7 extends Idp if and only if 7 fixes F' (i.e. 7(a) = a for all a € F').

Remark: Suppose o : F' — F” is a field isomorphism. Define
G : Flx] — F'[x]
ap+ arx+ -+ apz™ — o(ag) + o(ar) + -+ o(ay)a”
flz) = f7(x)
Then ¢ is a ring isomorphism, which is clear since ¢ is a field isomorphism.

Let f(x) € Flz]. Then f is irreducible in Flz] < f7 is irreducible in F'[z]. Also, 6((f(x))) = (f7(z)).
Therefore, we have that

G : Fla]/(f(2)) = F'lz]/(f7(x))
g9(x) + (f(2)) = g7 + (7 (2))



is a field isomorphism and furthermore, & extends o, as is clear by the definition of &.

Theorem: Let 0 : F — F’ be a field isomorphism, and let f(z) € F[z] be a nonconstant polynomial.
Let E and E’ be splitting fields for f and f?. Then there exists a 7 : E — E’ which is an isomorphism
of fields extending o.

Proof: Let n =deg f. If n=1then E = F and E’ = F’ so let T = 0. Suppose that n > 1. If f(z) splits
in F', then as above, 7 = ¢. Let p(x) be a monic nonlinear irreducible factor of f(z). Then p? is a monic
nonlinear irreducible factor of f7(x). So, as f splits in E, p splits in E, so let « be a root of p(z) in F
and let 8 € E’ be a root of p?(z). Therefore, we have that p(z) = Irr(a, F') and p?(z) = Irr(8, F'). So,

F(a) = Flz]/(p(z)) and F'(B) = F'[2]/(p? ().
¢: Fla]/(p(x)) — F'[z]/(p? (2))
g+ () — g7+ ()

be the field isomporphism of the remark. Let 7 be the composition of the following maps(w is an
isomporphism as each piece is):

F(a) = Flal/(p(x)) — F'lx]/(p° () — F'(8)

Then for a € F, we have
a—a+(p)—o(a)+(p7) — o(a)

so that 7 extends 0. Now we have an isomorphism 7 : F(a) — F'(3) which extends o. Now we have the
following diagram:

Write f(z) = (z — a)h(x), h(z) € F(a)z]. Note that degh = n — 1. Notice that E is the splitting
field for h(z) over F(«) so by induction, we have that there exists a 7 : E — E’ extending 7, and hence
extending o also.

Corollary: Let E, E’ be splitting fields for f(z) in F[z]. Then there exists an isomorphism 7 : E — E’
fixing F'. For the proof, take 0 = Idp and extend it to 7 : £ — E'.

Definition: Let S be a set. A relation < is called a partial order if for all r,s,t € S we have
1. r <r (reflexive)
2. r < s and s <t implies that r <t (transitive)

3. r < sand s < r implies that r = s (antisymmetric)



We say that < is a total order on S if it is a partial order and for all s,t € S we have that s <t ort < s.
For example, < in the usual sense is a total ordering on R. As another example, let S be a nonempty set
and P(S) be the powerset of S. Then inclusion is a partial order on P(S).

Definition: Let S be a poset and let A C S. Then an element b € S is said to be an upper bound for A
if a <bforall a € A. An element m € S is called maximal if whenever m < s for s € S, we have that
m=Ss.

Zorn’s Lemma: Let S # () be a poset and suppose every totally ordered subset of S has an upper bound
in S. Then S has a maximal element. Note that this statement is equivalent to the axiom of choice. As
an example of how to use this lemma, consider the following:

Proposition: Let V be a vector space over a field F' and let S be a linearly independent subset of V.
Then there exists a basis 8 of V' containing S.
Proof: Let A={T | S C



