INTEGRAL CLOSURES NOTES

Let (R,m) be a local, Noetherian ring. Let I C R be an ideal of R and M be a finitely generated R-
module. Let us also assume that dim M = dim R = d. If I is m-primary, then how does A ((M)/(["M))
behave? (Recall that I is m-primary if there exists k € N so that m¥ C I.) Let f : N — N be defined by
n— A((M)/(1mM)).

Theorem (Hilbert-Samuel). There exists a polynomial Hy pr so that Hy apr(n) = f(n) for n > 0. Moreover,
deg(H[’]\/[) =d.

It turns out that Hy pr(z) = wtxd +lower order terms, which tells us first that the leading coefficient
is divisible by d! and the number eg(I, M) is called the multiplicity of I with respect to M. We see the
importance of the multiplicity in the following theorem.

Theorem. Let R be equidimensional. Then eg(m,R) =1 <= R is reqular.
Question: If I C R and r € R, then what is the relationship between I and (I,7)"?

Theorem. Let (R,m) be local. Let I,J C R are m-primary ideals. If I and J have the same integeral
closure, then eg(I, M) = er(J, M).

The converse is also true if R is equidimensional; namely if for every M with dim M = d has eg(I, M) =
er(J, M), then I and J have the same integral closure. (This is a theorem of Rees.)

1. INTEGRAL CLOSURE
Let R be a ring and I C R an ideal and let r € R.

Definition 1. (1) r is integral over I if there exists n € N and a; € I* for i = 1,...,n so taht 7™ +
a;r" ' 4+ ... +a, = 0. This equation is called an integral relation for r in I.
(2) I ={r € R:r is integral over I} is the integral closure of I.
(3) I is integrally closed if I = 1.

Remark 1. It turns out that I is an ideal, but this will take us awhile to actually prove.

Example 1. Consider R = k[z,y]. Let I = (22,y?). Then we see that xy € I. Let f(T) = T? + 0T — 2%y
and note that f(xy) = 0 is an integral relation for zy in I.

Remark 2. We'll prove that if I = (2%, y?), then T = (x, 7).

Exercise 1. Let R = k[z1,...,x,] for k a field and suppose that I is generated by n-forms of degree d such
that T =m, then T = (21,...,2,)%

Remark 3. (1) IC .
(2) T C V/I. Indeed, let r € T. Then there exists 7 + a;r™ " +--- +a, = 0 and so 7 = —(ay;r"* +
cotap) €1
(3) Let ¢ : R — S be aring extension and I C R be an ideal, then ¢(T) C ¢(I);
r € I,then r"+a;r" 1 4-.-4a, = 0 and applying ¢ gives us that ¢(r)" +¢(a
0.

i.e., IS C IS. Indeed, if
1)¢(T)n71+' tolan) =

Question: What condition do we need for ¢ in the last remark do we need in order to get the equality
1S =187

Proposition 1. Let R be a Noetherian ring and I C R an ideal. Let N =)
(and let ¢ = m: R — R’ = (R)/(N)). Then the following hold:
(1) TR = TR

pEmin(R) b and set R’ = (R)/(N)
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(2) Ifr € R, then r € I if and only if the image of r in (R)/(p) is integral over the image of I in (R)/(p)
for all p € min(R). (Recall that the image over I in (R)/(p) is (I +p)/(p) C (R)/(p)-

Proof. (1) Note that TR’ C TR’. We need to show “D.” Let r € R’ be such that ' € ITR’. Then there
exists an integral relation (r')" + a}(r')" 1 + .-+ al, = 0 for a’ € (IR')". Let r € R be such that
r=r' (mod N) and a; = a} (mod N). Then we get 7" + a;r" "' + -+ a,, = m € N. Then there
exists s so that V* = 0. Then we see that

() ("4t =0,

intrel — —
and Equation <Ii 1s an integral relation for r, which means that » € I and hence r’ € IR'.
Remark 4. N C I for any I C R.

(2) Let p1,...,p, be the minal primes of R. Then set R; = (R)/(p,)-
“—": Now if r € I, then r; € IR; C IR,;.
“<=": For each i, there exists f;(T) = T™ + a1, 7" ' + .-+ + an,,; an integral equation with
aj; € (IR;)? for j € {1,...,n;}. Also, we have that f;(r;) = 0. Lift f; to R to get f; = T™ +
ah T+ +ay,, where af ; = aj; (mod )p;. Thus, fi(r) = p; € p;. Then we see that
n

[[7e)=T1]piepi--pnc =N
i=1 =1 i=1

Then there exists an s so that ([[;_, fi(r))” € N* =0 and so r € I.

|
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Exercise 2. Let R be a UFD. If I = (f), then I = I.
Proposition 2. Suppose R is Noetherian and I C R and r € R. The following are equivalent:
1) rel
(2) there exists a finitely generated R-module M so that rM C IM and if aM = 0 for some a € R, then
ar € V0.

If I contains a non-zero divisor, then
(2') there exists a finitely generated faithful R-module M so that rM C IM.

Recall that an R-module is faithful if aM =0 = a = 0.

Exercise 3. (1) IfR %, S is finite and I C R, then I =ISNR.

(2) If R %, S is faithfully flat, then T = IS N R. (Here, you may assume that I C R and also that I is
an ideal.)

Example 2. Let k be a field with char k = 0. Suppose that I C k[z,y] is given by I = (22 + ¢3, 2%y, 23) =
(2 + 33, m*), where m = (z,y). We'll show that I = I. Consider

R=kle,y) —> 5 == 1512

z—23,y—22)

1

Let f € I. Then we see that f € IS and so f € IS by persistence. Notice that I.S is
IS = ((23)2 + (22)3’ (23)2 . 22729)
= (29).

By one of the exercises, IS = IS. Thus, we have [ = ISNR =ISNR = (2%,0 — 23y —22) Nklz,y] =1
(the last equality is by M2).



Lemma 3 (Determinant Trick). Let M be a finitely generated R-module and I C R an ideal. Let ¢ €
Homp (M, M). If (M) C IM, then there exists an equation

"+ arg" + e fa, =0
for a; € It forie{1,...,n}.
Proof. Let mq,...,m, be a set of generators for M. Then we have

d(m1) = ar10ma + -+ + a1,pMmy

¢(mn) = Qp1M1+ +* + QppMny.

Define the matrix A by

a1 —¢ a2 e Qg
as,1 g2 —¢ ... an
A =
Qn,1 an 2 e Qn,n
mi my
Then adj(A)-A | @ | = 0implies that det(A)Id, | @ | = 0, which means that det(A)M = 0. This equation
uzy mpy

is actually just the equation we are looking for.

Lemma 4. Let R be Noetherian and I C R. The following are equivalent:

(1) rel
(2) there exists an n so that (I +17)" = I(I +r)""1.
Proof.
rel < I +ar" 4+ 4a,=0
= "= —(ar" - Fay)
= el o =T
=I(I+r)" "

O

d
Proof. (of PropositionEfe o

1 = 2: If r € I, then there exists an equation ™ + a7 1 +--- 4+ a, = 0. Let M = (I +r)"" 1. Then
rM=r(I+r)" P C T +r)"=II+r)""t=IM. If aM = 0, then a(I +r)"* =0 and so ar"~! = 0,
which means that (ar)"~! = 0.

Now assume that I has a non-zero divisor, say x. This also means that x

a(I +7)"1 =0, then az"~! = 0, whic means that a = 0.
2= 1: Let rM C IM. By Lemma ere exists

n=1 is a non-zero divisor. If

(r*+air" '+ +a,) =b,
where bM = 0. Thus, b € /0 and so there exists an s so that (rb)® = 0. Note that (rb)® = 0 is an integral
equation with degree (n + 1)s. O
2. WHAT CAN THE “DETERMINANT TRICK” DO FOR YOU?

Theorem. Let (R, m) be local and suppose that M is a finitely generated R-module. Suppose that I C R is

m-primary such that I = 1. If Torf!(M,(R)/(1)) =0, then pdpM < k.
Theorem (Iyengar,?). Let [ =m. If Torf (M, (R)/(m™)) =0 and depthR > 0, then pdpM < k.

Definition 2. An ideal I is normal if I" = I™ for all n > 1.
3
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intiszero

Proof. Suppose dim R > 1. Let

E) O
Foy1 —> By —> F_, Fy M 0

be a minimal free resolution. Denote by —’ the functor — ® (R) / (I)-
I claim that Imdj; Nsoc(F}_;) = 0. Assume the claim and we’ll prove the theorem. This tells us that
Imd;, = 0, which means that ker 9), = (Fx)/(1F,). Then note that

ker O, F
Torg (M, (R = Eo= :
oy (M, ( )/(I)) Irn(?,’CJrl Imogy1 + [ Fy
This means that Fj, C Imdg41 + [ Fy, C mF}, which implies that Fy, = 0 by NAK. O

Remember that last time we were in the process of proving the following claim.

Claim 4.1.
image(9},) N socle(F},_,) = 0.

Recall that if M is an R-module, then socle(M) = {z € M : mz = 0}.

Proof. (of Claim ﬁ‘ e Let 2’ € image(9;,) Nsocle(F},_;). Then
there exists y' € Fj, so that 2’ = 9;,(y'). For all « € mR’, note that 0 = az’ = 0, (ay’). Thus, ay’ € ker 0;.

However, Tory (M, (R)/(1)) = i:é/allv = 0. Thus, ay’ € im0}, 41- Therefore, we know that there must exist a
k+1

2" so that 9;_ ,(2') = ay’. If we lift to R, we find that 2 = 9y (y) +w for w € IFj,_;. Also, ay = Op41(2) +w1

for wy € IFy. In particular, ax = Ox(ay) + aw = I (Ok+1(2)) + Ok(w1) + aw = 0+ 0 + w;. Note that

ar € mIFy_1 +mIF,_1. (21,...,2.) = my C mIF;_;. Thus, m,;, C mJ gnd hence z;m C Im. By the

determinant trick (as long as we have that if am = 0, then (ax;)" =0), z; € I = 1. O

Exercise 4. Let (R, m) be a local ring. Let a € m. If am = 0, then a € V0.

Proof. Since a € m and am = 0, we see that a®> = 0 and so a € V0. (]

3. INTEGRAL CLOSURE OF RINGS

Definition 3. Let R C S be a ring extension. An element x € S is integral over R if there exists an equation
2"+ a2 '+ +a, =0, where a; € R.

Remark 5. If r € R, then r is integral over R. Also, R is integrally closed over S if there isnor € S\ R
so that r is integral over R.

Example 3. Z is integrally closed over Q. Note that if we consider Z C C, then > — 1 = 0 and so % is
integral over Z.

The integral closure of R is often the integral closure of R in its quotient field (when R is a domain).

Remark 6. Every UFD is integrally closed. (Proof: cf. the book.)
This implies that Z is integrally closed and also that every regular ring is integrally closed.

Exercise 5. The integral closure of k[t?,t3] is k[t].
Exercise 6. Let R C S is an integral extension and let ¢ € Spec(S) and set p = q N R and let W be a
multiplicatively closed subset of R. Then the following hold:
(1) (B)/(p) € (5)/(q) is still an integral extension.
(2) W—IR C W~1S is an integral extension.
Lemma 5. Let R C S and suppose that x1,...,x, € S. The following are equivalent:
(1) x; is integral over R for eachi=1,...,n,

(2) Rlx1,...,x,] is a finitely generated R-module,
(3) there exists a faithful finitely generated R-module M C Rlx1,...,x,] so that x;M C M.
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Proof. If R C S C T is a ring extension, and ¢ is integral over R, then the exact same equation shows that
t is integral over S. Without loss of generality, we may reduce the lemma to the case where n = 1, and set
Xr = T.

1 = 2: Since z is integral, there exists 2" + a;2" ' 4+ --- 4+ a, = 0. Thus, 2" = —a;2" ! — -+ — a,.
This means that Rlz] =R-1+R-z+---+ R-2" L.

2 = 3: Take R[z] = M and then zR[z| C R]x].

3 = 1: By the determinant trick, where ¢ is multiplication by x and I = R, then there exists an equation
2" + a1z '+ - +a, = b, where bM = 0. Since M is faithful, we see that b = 0, which means that we
really have an equation of integral dependence. |

Corollary 6. The integral closure of R C S is a Ting.

Proof. If x,y € S are integral over R, then by part 2 in the previous lemma, R[z,y] is a finitely generated
R-module. However, R[z,y,xy] = Rlz,y,z — y] = R[z,y] and since 2 => 1, we see that  — y and zy are
integral over R. ]

Lemma 7. Let R C S be an integral extension of domains. R is a field if and only if S is a field.

Proof. <=: Suppose that S is a field. Pick 2 € R. In S there exists x=! € S. There exists an integral
equation (x71)" +ay(z~ )" 1+ .- +a, =0 for a; € R for i = 1,...,n. Multiplying the equation by z" to
get l =a1x+ - +apz"” =1+z(a; +-+a,2"" 1) =0. Then (a; + -+ a,2""1) € R is an inverse of .

—: Let x € S. There exists an integral equation " + a2" ' +---+a; =0fora; € Rfori=1,...,n.
Thus, we have z(z" "' +...a,_1) = —a, € R. Thus, we have 271 = (2" 1 + -+ + ap_1)(—a,) L. O

Corollary 8. If R C S is integral and q € Spec(S), and p := qN R, then we know that p is prime.
Furthermore, p is maximal if and only if q is mazimal.

Proof. Note that (R)/(p) C (5)/(q) and individually, one is a field if and only if the other is a field. a

Our goal is to show that if R C S is an integral extension, then dim R = dim S.

Theorem 9 (Incomparability). Let R C S be an integral extension. Suppose that qi,q2 € Spec(S). If
p1:=q1NR=qaNR=:py, then q1 = qo.

Proof. Replace R with Ry, and S with Sgy;,, and note that R C S is an integral extension. It is enough to
show the theorem when qo contracts to a maximal ideal. We have

R < S
qz
P ~u
~__ .
imes
By corollary Et we see that g; both being maximal implies that q; = q». O

Note that if pg 2 -+ 2 p1 2 po, then dim S < dim R since there exists a prime that lies over each of these
primes by the following theorem.

Theorem 10 (Lying Over). Let R C S be integral. If p € Spec(R), then there exists q € Spec(S) so that
qgNR=p.

Proof. Replace R by R, and S by Sg\,. It is enough to show the theore vifgllgsre R is local and p is the
maximal ideal. Pick any q maximal in S. Look at ¢ N R =: p’. By corollary Eﬁ P’ 1s maximal and so it must
be p. O

Theorem 11 (Going Up). Let R C S be integral. Let p1 C pa € Spec(R) and q; € Spec(S) such that
q1 N R =p1. There exists q2 € Spec(S) with q2 O q1 so that g2 N R = ps.

. R SR\ . .
Proof. Replace R C S by R,, € Sg\p,and then in turn by R’ := Pllg‘; - ﬁ =: S’. By lying over,

there exists an ideal in S’ that contracts back to pao R’ O
5
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R C S is integral, then dim R = dim S. I claim that if we let q € Spec(S) and p := qN R, then htq = htp.

False Proof. Note that R, — S, is integral. Then htp = dim R, = dim S; = htq.
The problem is that actually we ought to have R, — Sgy,. ]

Example 4. Let R be a domain and p € Spec(R) and htp > 0. Define = +— (z,Z), where R — R® (R)/(p).
Let q = (R, 0) and note that ¢ — p, but ht(g) = 0.

Let R be a domain and set K = Q(R).
Lemma 12. Let I C (K) and J C (K)R be R-modules. Then any ¢ € homg(I,J) is the multiplication by

an element in K.

Proof. Let ¢ € homg(I,J). Let x,y € I and note that ¢(zy) = zd(y) = yé(z) and ¢(y) = %@y, where
20 ¢ K. Let o = @ and y = §. Then bdg(2<) = ¢(ac) = ad(c) = cp(a). Note that ¢(a) = ¢(2b) = bp(%)
and so ¢(3) = @ O

~ We have (J :x I) = homp(f,J). Our goal now is to show that if R is a Noetherian domain, then
R:U I#0 homR(I,I).

fractional
ideal.

Definition 4. An ideal I C K is a fractional ideal if there exists a € K so that al C R.
If R is Noetherian, and I C K, then [ is fractional if and only if I is a finitely generated R-module.
Definition 5. If I is fractional, then I=! = {z € K : 2 C R}.

Example 5. Let R be Noetherian and R reduced. Suppose that R is one-dimensional. Then R is Gorenstein
if and only if m~! is 2-generated.

Proof. “C” R D homg(I,I) and let ¢ € homg(I,I). Then ¢ = -r for r € K. Thus, I C [ and so r € R
by the determinant trick. Let r € R. Then R C R[r] and R[r] is a finitely generated R-module. Set
J = R :g R[r]. Thus, »J C R, but it is more: rJ C J = r € Hom(J, J). Now rJ C J and so rJr C R, but
Jr? =rJr and r? € R[r]. O

Definition 6. Let R C R C Q(R) =: K, where R is reduced. The conductor is Cr := (R :x R).

Exercise 7. (1) Cr is an ideal of R. -
(2) Cr is the largest common ideal for R and R.
(3) If R is Noetherian, then R C R is a finitely generated extension if and only if C'r contains a non-zero
divisor.

Theorem. Let (R,m,k) be a one-dimensional local ring with |k| = oo. Let R be a finitely generated R-
module and suppose that wg C R (the canonical module) exists. Then R is Gorenstein if and only if

U((R)/(Cr)) = 2U((R)/(Cr))-
Theorem 13. Let R C S be Z™-graded rings. The integral closure of R in S is Z™-graded.
Example 6. Consider R = k[x,y, z]. Then R is Z-graded, where
0, i <0
R, =<k, =0
(xo9y®2i=2=%) a,bi—a—b>0.
This also is Z3-graded, where (for a,b,c > 0)
Rap,e) = kayb2C.
Finally, note further that R is even Z2-graded! This is where we have (for a,b > 0)
Riop = k[z]z"y".
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Proof. We will proceed via induction on n. Assume that n = 1 is done. By induction, the theorem holds up
through n — 1. Let s € S be integral over R. Note that we may decompose s as s = >, rczn 5o We need
to show that s, is integral over R for each a € A. The homogeneous element of s in the Z"~!-grading is in
the integral closure. Thus we get for each u € Z"1:

Sy = Z S(utm)-

(u,x)EACZ—1XZ

We can give R C S a Z-grading by just looking at only the last component. Thus, we see that each s, is in
the integral closure of R in S by induction.

Now let us do the base case, n = 1. Let s = s + - -+ + Sk4m that is integral over R. Assume that there
are m+ 1 units o; for i =1,...,m+1 in Ry, different from 1, such that a; # a; and «; — o is a unit when
i < j. Foreach i =1,...,m+ 1, define o; : S — S given by f — alf (for f homogeneous of degree d).
If T is the integral closure of R in S, then o;(T) = T. Then o;(s) = aFs;, + a§+15k+1 4+ -+ af+msk+m =
af(sk + aispp1 + -+ a™spem). Note that (sg + aisgr1 + -+ + a™spym) € T. Define the matrix A by

1 o ... oft
1 a ... aof
A =
1 apm ... o
Notice that

Sk

s

k+1 c Tn+1,
Sk4+m

————

We see that det(A) =[], (i —a;). Then we see that adj(A)Av € T"*!. This means that (det(A))syy; € T
fori=0,...,m and so si4; € T.

Finally, we need to show that the assumption on the m + 1 units with «; — «; being a unit for ¢ # j and
i < 7 holds. Suppose, toward a contradiction, that this doesn’t hold for R C S. Note that

RCR :=R[t;t; ,(ti—t;)  ii=1,...,m+1, and i < j].

Furthermore,
R CS =8tit;  (t; —T))  i=1,...,m+1, and i < j].

i
S is integral over R and hence R’. Because of the assumption, each s; is integral over R’. Pick s so that
st + flsf_l + -+ fe=0for f; € R for all . Thus, we see that f; is a function of t;, ti_1 and (t; —t;)~ %
The common denominator of f; will be t{'t52 ... tom"! i<j(ti —t;)*. Thus, bst + fist '+ 4 fr=0
for }2 € R[t1,...,tm+1]. Take the monomial

f . ta1+a1,2+a1,3+"'+a1,m+1ta2+a2,3+“'+a2,m+1 tam+l
1 2 ety -

Thenweseethatf:s‘{—i-flsf*l—i—----l-fg:()forﬁER. O

Definition 7. If I C R is an ideal, then the Rees algebra of I is R[It] = R® It ® I*t> ® .... The extended
Rees algebra is R[It,t7 = @ Rt 2O Rt 'O RONtDI*>D....

Theorem 14. Let I C R be an ideal. The integral closure of R[It] C RJ[t] is
RoTto P’ o...
Proof. R[It] C RJ[t] is Z-graded. From the last theorem, the integral closure looks like

SZ:R@JltEBJQtQEB...,
7
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so it is enough to show that .J,, = I". Let st™ € S. Then s € .J,,. Since st" is integral, we have an equation
(st™) 4 (st o fa=0
for f; € R[It]. Note that if we consider the ¢"? component, we have
t"(s? 4+ s tay 4+ ag) =0

and a; € I"™. Thus, we see that

st 58 g+ +ag=0
is an integral equation for s € I". If s € I, then there exists an equation of the form

st tars 4+ +ag=0
for a; € (I")!. Multiplying by "¢, we get

(st™)? + art"(st") T 4 fagt" =0

for a;t" € I™t™ C R[It]. O
Corollary 15. I is an ideal of R.

Proof. Note that R[It] C R[t] and the integral closure is S = R @ Tt 2t @ .... By one of our previous
corollaries, we know that S is a ring. If a,b € I, then at +bt € S = (a +b)t € S = (a+b) € I. Similarly
for multiplication by an element r, we see that I is closed. ]

Exercise 8. Prove that I = 1.
Corollary 16. Let R be N%-graded. If I is homogeneous, then I is homogeneous.

Proof. Note that R[It] is N -graded. If u € T, then u =", _\a uq. Note that ut € S = ut =3y Uat.
Since S is graded, u,t € S and so U, € I. O

Exercise 9. Let R = k[rq,...,7,] and let I be a monomial ideal. Prove that I is a monomial ideal.
Our goal is to determine what the dimension of R[It] is.
Definition 8. The associated graded ring is
gr,R=(R)/(nyo )/ (12)®--- = (R[It]) /(IR[IT)).
Definition 9. Let (R, m) be local. The fiber cone is defined to be
Fi(R) = (R)/(m) ® (I)/(mI) ® (I*)/(mI?) ® - - - = (R[It])/ (mR[IY])-
Theorem 17. Let I C R be an ideal with dim R < oco. Then we see that

Remark 7. Every ideal J C R is contraced from an ideal of R[It].

Proof. J C JR[It)N R C JR[t]N R = J and so equality holds along the way. O
Remark 8. For every p € Spec(R), A(p) := pR[t] N R[It] is a prime in R[It].

Proposition 18. min(R[It]) = {A(p) : p is minimal over R}.

Exercise 10. Let p € Spec(R). Show that p € min(R) if and only if there exists s € R, non-nilpotent so
that sp’ = 0 for £>> 0.



Proof. Let p1,...,p, be minimal over R. Let q € min(R[It]). N(R[It]) = N(R[t]) N R[It] = (N, p:R[t]) N
R[It] C q. Thus, (i, (p:R[t] N R[It]) = =, A(p;). Thus, there exists i so that ¢ O A(p;) and hence
q=A(p;).

“D” Let p € min(R). Then there exists s € R that is non-nilpotent and ¢ € N so that sp’ = 0 and so
s(pR[t])Y = 0 = s(pR[t] N R[It])* = 0 = pR[t] N R[It] is minimal.

Thus,

Rl

dim R[It] = max{dim : q € min(R[It])}

= max 1mM min
(dim 5} € min(R)}
RI[It]
R[t] N R[It]
2
@qu\I@qFI]I?@“'> :q € min(R)}

I I?
+C|@ ;_q >:q€min(R)}

(159 v

= max{dim :q € min(R)}

e

= max{dim

<|m=alm

= max{dim

= max{dim

al|ly - —/—~ —/

Recall that we were proving

Theorem.
dim R, I Cp,Vp € min(R)
dimR+ 1, otherwise.

mmmm{

Proof. R is a domain. If I = 0, then dim R[It] = dim R, or I # 0. Let I = (ay,...,a,). We'll induct on n
to prove that dim R[It] < dim R+ 1. If n = 1, then R[It] = R[ait] = R[z] and dim R[z] = dim R + 1. Now

¢
assume that it is true up through n — 1. Let S = R[ait, ..., an—1t]. Then S[z] — R[It] is given by = — a,t.
Then we see that

dim R[It] l dimS[z] =dimS+1 <dimR+1+1.

To prove f, it is enough to show that ker ¢ # 0, but a;x — a,(a;t) € ker ¢ for i € {1 — 1}. We need
mmﬁugmmmmlmp:nmmngymmmmmm[m R@“@QQ _Rpmmme
and dim R = dim % Since 0 C p, we see that dim R[[t] > dim R + 1. O

Theorem 19. Let (R, m) be local and suppose that I C R is an ideal of R.
dim(gr;(R)) = dim R.
Proof.

Claim 19.1. Assume that the theorem holds for a domain. dim(gry(R)) = max{dim% 1 q €

min(R)}. Let S = R[It]. We have
L — S S —
TIS T A@+IS
Thus, dim L > dim D.
Let q € Spec(.S) be minimal over IS. Then q D q' = A(q), where g’ € min(S) for some q € min(R). Then
we have q 2D IS + A(q).
S S
IS+ A(q) - q
9
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normal

Thus,

s
25 S
max { dim 42 % < max {dim } .
{ %} IS + A(q)

dim 5 = dim R[]
A(g)+1S qR[t|N S + 1S

R I+q
=P —6b...

= dim -2 d

I+q 12+4q
q 697q D...

R
=dim(grrp R for R := q

= dim R’
= dim —.
Now let’s prove the theorem for R a domain. Set S = R[It] and define S, := It ® [** @ ... for I # 0.

Claim 19.2. S, ¢ VIS.

Suppose Sy C VIS. There exists k so that Sfﬁ C IS, and so I*tF C [*+1tk. % C I(I*) and by NAK,
I=0.

There exists q minimal over I.S so that q 2 S;. Let a € I be such that at ¢ q.
Claim 19.3. q is a minimal prime over aS.

Assum aS Cp C q. Thena-It C pandsoI-at Cp. Thus, I Cp =15 Cp. Ineed dim% = dim R. Then
dim § = dim R+1 and dim 75 < dim R. Thus, dim 75 > dim £ = dim S —htq = dimR+1-1=dimR. O

Lemma 20. Suppose that R C S, where R = Ry[R1] and S = Sy[S1]. If S is a finitely generated R-module,
then there exists a k so that (S4 )kt = R, (S,)F.

Proof. S = RSy + --- + RSk. Then Sk41 = Rip+150 + -+ + R1Sk € R1Sk. In particular, this is because
Ri41S0 € R1(RiSo) € R1Sk. O

Exercise 11. Let I C R with (;2,I* = 0. If gr;(R) is reduced, then R is reduced. If gr;(R) is a domain,
then R is a domain. If gr;(R) is an integrally closed domain, then R is an integrally closed domain.

Proposition 21. Suppose that I C R and ;- I' = 0. If gr;(R) is reduced, then I"™ = I™ for all n > 0.

Corollary 22. Let (R,m, k) be a local, reqular ring. Then m™ = m™ for all n > 0.

1
Proof. (of Proposition ﬁ&

Assume I™ 2 I™ for some n and let @ € 1™\ I"™. Then there exists k so that a € I*\ I**! for k < n.
There exists an equation
a4 ra® 4 g =0
with r; € I™. Thus, we see that

d
ac In . Ik'(d—l) L Ind — Zlni+k(d—i).
i=1
— . _ Ik —d Ikd
Now 0 # @ € gr;(R). In particular, @ € si57. Thus, 0 # @® € szt
It’s enough to show that ni + k(d — i) > kd + 1 for all 4, which is true if and only if ni > ki + 1 if and
only if ni > ki if and only if n > k (which we know). Thus, Zle [ritk(d=i) C kd+1, O

Lemma 23. Suppose R = @, -, Rn = R[R1] and S = @,~,Sn = So[S1] and R C S. If S is a finitely
generated Ro-module, then the containment is module finite if and only if there exists k > 0 so that sp41 =
Ri11S0+ -+ - + R15k.

10



reductions

Proposition 24. dim F;(R) < dim R.
Definition 10. The analytic spread of I is given by ¢(I) := dim F;(R).
Proof. Recall that F;(R) = U4 Also, dim R[It] = d = dim R if I C q for all g € min(R), or dim R[It] =

d+1if I 7 for some ¢ € m‘?rlf([g]). If mR[It] € A(q) for all ¢ € min(R). Note that
m=mR[[{]NR
CqR[tINRIINR
cq.
Thus, I C g, which is a contradiction. O

Proposition 25. Let (R,m,k) be a local ring with |k| = co. If I C R, then I is integral over an ideal J
generated by at most {(I) elements. (I C J; i.e., there exists J C I so that I C J.)

Proof. Let ¢ = ((I). Then F;(R) = & @ % @ .... By the Noether Normalization Lemma, there exist

m
xy,...,x € mil Then k[z7,...,x;] C Fr(R) is module finite. Lift 2} to z; € I and let J = (x1,...,2,) C I.

Then £ @ Liml g J4ml® . C F(R) (which is module finite). There exists h € N so that Lo =

m mlh+1
el (L) and by NAK, [*F1 C JI" C "1 and so JI* = [I". Thus, I C J by the determinant
trick. ]

Definition 11. Suppose that J C I are ideals. Then J is a reduction of I if there exists an h so that
It = JIm for all n > h.

What we proved shows that there exists J C I and a reduction such that p(J) < £(1).
Lemma 26. If J C H C I are ideals, then
(1) if H C 1 is a reduction and J C H is a reduction, then J C I is a reduction.
(2) J C I is a reduction implies that H C I is a reduction
Definition 12. J C [ is a minimal reduction if there is no H C J reduction.
Definition 13. If J C I is a reduction, then the reduction number is r;(I) := min{h : ["™* = JI" n > h}.

Exercise 12. If (R, m) is a local and one-dimensional ring, then there exists an h so that for all J C I
reductions (where I is m-primary), then I"*1 = JI" for all n > h.

Exercise 13. In a 2-dimensional ring, there is a family of ideals .J,, C I, reductions, but lim, e 77, (I,) =
00.

Example 7. If I is homogeneous, then I is homogeneous. However, if J C I is a reduction, then J may not
be homogeneous.

Let I = (23, 2y,9y*) 2 J = (zy, 2> +y*) be ideals of k[z,y]. I claim that J C I is a reduction. It is enough
to show that z3 € J. If we do this, then J C (J,23) = I is a reduction. To see that x3 € J, notice that
(23)? — 23(2® + y*) + y(2y)® = 0, where (2® + y*) € J and (zy)3 € J2.

Example 8. Let R = x’;gﬂ,) and I = (x,y) and J = (x + uy) for u is a unit of k. I claim that J C I is a
reduction. Note that

JI? = (z + uy)(2®, 2y,y°)
= (2® + uya®, 2%y + uzy®, 2y + uy®)
= (2 + v’xy?, 29® + ury®, zy® + uy®)
———
—(1+u)ey?
= (2%, 2%,y
= (z,9)°
=13

11
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Theorem 27. Let (R, m, k) be a local ring and let J C I be a reduction. Then there exists H C J a reduction
that is minimal.

Proof. Let ¥ = {L C J reduction}. Note that ¥ # () because J C X.. Notice also that % D Laml g 1 e 3.

ml
Let H € ¥ be minimal under the inclusion (). Let x1,...,2; € H so that
(x1,...,z)+ml  H+wml (R)l
ml ml m/)
If H = (x1,...,2;) C H, then first T claim that H’ is a reduction of I. To see this, note that
e — g

C (H+mI)I"

=(H +ml)I"

=H'I" +m["

CItt 4wt

By NAK, we see that 1"t = H'I".
Now

)

(B) = Hp——=E = (B)
Thus, H NmI = mH’.

I claim now that H’ C I is a minimal reduction. To see this, assume that H” C H’ is a reduction. Then
H'"+mI=H +mlandso H C H'+mlI. Nowifa € H and b€ H” and y € mI, with a = b+ y, then we
see that y=a—be€ H'. Thus, H C H"+mINH and H C H' +mH'. By NAK, H' C H” C H’ and so
equality holds. O

Corollary 28. If J C I is a minimal reduction, then JNmI =mJ.

b
Recall that Lemma E% gglalofnﬁsat if we have J C H C I were ideals, then

(1) J C I is areduction, then H C I is a reduction.
(2) J C H is a reduction and H C I is a reduction, then J C I is a reduction.

o
Proof. (of Lemma E% %uc e

(1) It = JI™ C HI™ C I"*"!. Since equality holds on the outside, we get equality everywhere.
(2) It = HI™ for all n > h and H""! = JH" for all n > [. For all n. > h + 1,

I"=HI"
— HQITL—Q
_ H"_hlh
— JlHn_h_llh
_ Jn—h—lHlIh
g Jn—h—lIH-h
cJrm

Proposition 29. Suppose that J C I is a reduction. Then

(1) VI =T
(2) min (?) = min (%)



(3) w(J) = ().
Remark 9. Note that
dim(R) > £(I) > h(J) = h(I).

Proof. (1) Since J C I, we know that v/J C /T and if a € VT, then a” € I and so (a")! € I' = JI'"' C
J. Thus, a € V/J.
@)
(3) Let B = & [Aml] C 7/(R). This last inclusion is module-finite. Note that dim F;(R) = £(I).
Thus, dim B = £(I). Then C = % [#1,...,2,(5] = B. Thus, dim B < dimC = p(J).
(|

2/5/07
Recall that for a local ring (R, m, k), then
(1) if |k| = oo, then J C I is a minimal reduction then p(J) = ¢(I).
(2) if J C I is a minimal reduction, then J Nml = m.J.
(3) a minimal set of generators of J can be extended to a minimal set of generators for H where
J C H CI. (Thisis true sincemJ C JNmH CJNml =mJ and somJ = J NmH.)

(4) dim R > (1) (|k\f : w(J) > ht(I) for some J C I minimal.

Exercise 14. Let (R, m,k) be a local Cohen-Macaulay ring and M a finitely generated R-module with
I C R and m-primary ideal. Then there exists h > 0 so that I"F; N Q; 1 (M) C I" ", 1 (M) for all i > 0
and n > h, where

—F —F,—...—F —M-—0
is a minimal free resolution.
Theorem 30. Let (R,m,k) be a local ring with and ideal I C R. Then we have
dim R > ¢(I) > ht(I).

Theorem 31. Suppose (R, m, k) is local and I C R. Then there exists n > 0 so that I™ has a minimal
reduction J minimally generated by £(I) elements.

ingenisl
We won’t be giving a ggﬁftfor Theo, emﬁ;l
To prove Theorem E%iﬁ use Theorem éi or the following theorem.

sionniceness| Theorem 32. Let (R, m,k) be local. Consider

R—— (R[x])mR[m] = 5.

R — S is a faithfully flat extension and the residue field of S is infinite.
J C I is a reduction if and only if JS C IS is a reduction.
1

) = i(IS)

(I) = hi(IS) and therefore, the dimensions are the same.
4q

S)
IR[ = IR[z] and therefore, IS = IS. In particular, I = I if and only if IS = IS.

ensionniceness
Proof. (of Theorem

(1) Note that

R R|x] R[7]wRia)

flat
and mS = n. This means that R — S is faithfully flat.
(2) =: If J C I is a reduction with It = JI" then I"t1S = JSI™S.
—: ["*t1S = JSI"S = JI"S. Assume that JI™ C I"*!. Then we see that (I"+1)/(JI") #0
and so (I"™)/(J1") ®p S # 0, which is a contradiction. Thus, JI™ C I+,
13
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(3) Suppose that I = (ai,...,a,). Then IS = (a1,...,a,)S and so u(IS) < p(I). Note that there is a
map

R[z|mplz) — R
-1

IS———>1.
This shows that p(I) < p(IS).
(4) This proof is deferred until next time.
(5) This proof is deferred until next time.

(6) By persistance, IR[z] C IR[z]. To see “2,” note that IR[z] is homogeneous with deg(z) = 1 and
deg(R) = 0. It’s enough to show that ra™ € IR[x], then r € I. If rz™ € I R[z], then there exists

(re™)™ +ay(ra™)™  + - 4, =0

for a; € I'R[z]. Thus,
xnm (rm, + bl’f‘m_l et bm) — 0’
where b; € I'. Thus, r € 1.
For IS = IS, we show that W C R a multiplicatively closed subset, we have I(W~1R) =

I(W~IR). To see this, note that persistance tells us that IW~=*R C IW~-1R. To see the other
direction, note that we have

"4 ar" 4 a, =0
with a; € (IW~R)". There exists w; € W so that w;a; € I'. Let w = [[;_, w;. Then multply the
equation by w™ to get
(wr)™ +w"ar™ "t 4 Fw"a, =0
Then we see that there exists u; € W S0 that ti£nes the left-hand side is 0 in W~'R. By
multiplying by u¥, you show that uywr € I and so r € IW~1R.
O

Example 9. Suppose that J C I is a reduction. There exists an integer r;(I) so that I"*t! = JI™ for all
n>ry(I). Set r(I) = min{r,;(I) : J C I is a reduction}. A question that many people have been working
on is what is (I).

Let I C R be a homogeneous ideal where R = k[x1, ..., 2,]. Let ms(I) be the initial ideal of I in a given
term order >. Then r(I) < r(ms(I)). Unfortunately, there are examples where strict inequality holds and
so the number is not determined by the Hilbert function.

The good news is that if (R, m, k) is a local Cohen-Macaulay ring of depth d and I C R is m-primary and
J C I is a reduction generated by a regular sequence. If

depth (gr;(R)) >d—1

then
ry(I) <er—eo+ L ((R)/(I) +1,
where e; and ey come from the Hilbert polynomial of I.

Questions: What are the depths of gr;(R) and of R[It]? To answer thiss we are going to first discuss
superficial elements an superficial sequences and then Rees’s theorem about multiplicity and finally we’ll
discuss Rees’s characterization of analytically unramified rings.

Exercise 15. Read in Atiyah-MacDonald all you can about the Hilbert function.

The setup from last time was that we had the following

14



Let @ € Spec(S) and Q' € Spec(R|x]) be such that Q'S = Q. Let ¢ = Q' N R. Note that htQ’ = htQ. To
see that htq = htQ, we will show that htq = htQ. Consider

Rq — Rq[z] — Rq[t]ma-
Then we see that
Q' = dim Rq[a]or
< dim Ry [z]
=dim Rq + 1.
If htQ' = dim Ry + 1 =d + 1 (where d := dim R,), then
QoG G Qay1 =Q & (mR[z],2) = (m,x)
and so dim Ry[z] = d + 2, which is a contradiction. If ht@Q" = htq = d, then
Go&--Sqa=9C R
Then we see that
dolz] & -+ & qalz] = qlz] € Q'

Since @’ and q have the same height, we see that Q' = q[z].
It follows that ht(I) = ht(I.S) for all I C R. We also need to show that ¢(I) = £(1S).

¢(I) = dim F;(R)
—dm(Felel e
= dalim m mI mI2 .

We see that
S 1S

= Frs(9).
Notice that Frg(S) is flat over Fr(R). Thus, we see that dim Frs(S) = dim F;(R)+0. In general, (R, m) 7
(S,n), then dim(S) = dim(R) + dim 2.
Definition 14. Let I C R and M be an R-module. An element = € I is superficial (in I) with respect to
M if there exists ¢ > 0 so that for every n > c¢ the following holds:
(I"'M :pp 2) NI°M = I"M.

Note that it is not clear that superficial elements exist, but we will show that they do exist if the residue
field is infinite.
Remark 10. If = € [ is superficial (in I) for M, then ™ € I™ is superficial (in I™) for M.

Lemma 33. If x € I and x is a non-zero divisor on M, then x is superficial with respect to M if and only
if there exists ¢ € N so that (I”“M M :c) =1I"M for alln > c.

Proof. <: This direction is easy.

—: Recall that the Artin-Rees Lemma says that if N C M and I C R, then there exists k so that
I"M NN = I""kI*M N N) C I"FN for all n > k. By the Artin-Rees Lemma applied to M C M, we
have

I F O IPMNaM
=z (I"M :p )

Since z is a non-zero divisor on M, we see that (I"M :3; 2) C I"*M. Let n > k + ¢, where c satisfies
(I"*'M :x) N I°M = I"M. Thus,

I"M = (I""'M :2) N I°M C I "M nI°M
= 1"

Somehow we need to get k to go away. O
15



2/9/07

perficialseq

Lemma 34. Assume that I contains a non-zero divisor on M. Then every superficial element in I with
respect to M is a non-zero divisor on M.

Proof. Let x be superficial. Then there exists ¢ so that
(I"'M iy ) NICM = 1" M.
Note that (0 :pr 2)I1¢ C (I"'M : z) N I°M = I"M for all n > ¢. Then (0 :ps 2)I¢ C (), I"M = 0. Thus,

(0:pr )I°=0. Let y € I be a non-zero divisor on M. Then we see that y° is a non-zero divisor on M and
s0 y°(0 :pr ) = 0 means that (0:p ) = 0. O

To fix the Theorem from last time, we had (I"M : x) C I"* and for n > k + ¢ we have I""*M C I°M.
In particular,
(I"M :2) C (I"M :z) N I°M = I""' M.

Theorem 35. Let (R,m, k) be local with |k| = co and I C R be an ideal of R. Suppose that M is a finitely
generated R-module. Then there exists x € I a superficial element with respect to M.

This last line means:

There exists an open set in % from which you can choose T which lifts to = that is superficial
in I with respect to M.

Proof. Consider M = gr;(M). Let 0= Ny N---NNsNNgp1N---NN,, be a primary decomposition of zero.
Set P; = Ass ((M)/(Ni)) forl1<i<sandfori>s+1,set P,= (Ni ) /\/l) Then we have I% C P

for each 1 < i < s. However, for i > s+ 1, we have I% ¢ P;. There exists ¢ > 0 so that I{iilMM C N; for

alli=1,...,s. (Take ¢ to be the maximum of the n; so that P C (Ni ‘gr, (R) M) fori=1,...,s.) Pick
- n Pi4ml
z < é (Ui:s+1 n—r}n )

I claim that (I"M : 2) N I°M = I""1M for n — 1 > ¢. Assume not; i.e., assume that (I"M : x) N I°M 2
I"'M for n —1 > c and take y € (I"M : x) \ I" M. There exists k so that y € I*M but y ¢ I*T' M.
Then ¢ <k <n-—1and

x+I? y+ﬁ“M'.w+I“”470

72 Jkvipg T JRR2)f
Now zy € I"M for n > k+2 and % € Ng41N---N Ny, which means that y € Ng;1N---NN,,. Now
sinceyEIkMgchandsoﬂeIﬁilMMgNifori:L...,s.Thus,yeN1ﬂ~-ﬂNSﬁNS+1ﬂ~-~ﬂNn:0

and so y € I*T1 M, which contradicts the fact that y ¢ I¥T1M. O

Definition 15. The sequence x1,...,zs € I is a superficial sequence in I with respect to M if x is superficial
with respect to M and for each i € {2,...,s}, then Z; in %xl,...,xi_l) is superficial with respect to

M
(z1,emi—1)M "

Lemma 36. Let (x1,...,x5) € I be a superficial sequence with respect to M. Then I"M N (x1,...,zsM =
(1, .., 25) "M for all n>> 0.

Proof. We will induct on s. If s = 1, then I"M Nz, M = 2,1" ' M for n > 0. By the Artin-Rees Lemma,
there exists k so tath I"M Nay M C a1 I" "M C I°M (for n > k + ¢). Thus, when n > k + ¢ we have

InMﬂ.’ElM:l’l(InM M Il)ﬂSClICM.

Let y € I"M Ny M. Write y = x1a for a € (I"M : x1) and y = x1b where b € I""¥M C I°M. Then
z1(a—b)=0andsoa—b€ (0:p 1) C (I"M : x1). In particular, b =a — (a —b) € (I"M : z1) N I°M.
Thus, y € 1 [(I"M : z1) N I°M] = 2 I" "1 M.

Now assume that we know the case s — 1. Then I"M + (x1,...,2s_1)M) N (z1,...,2s)M = 2,0" M +
(21,...,25-1)M, but then

I"M N (z1,...,2)M Ca " 'M + (zq,..., 04 )M N I"M
=2 0" M + (x1,..., 0, 1) "M
= (x1,...,2) " M.

16



Corollary 37. Let (R,m,k) be local and I C R and M a finitely generated R-module. Suppose that x € 1
is superficial with respect to M. Then

ng(M) ] /
————| =|grp(M")],
Fotin ), =00
forn>0and I' =L and M' = 2L as Z-modules and 2* = % € gri(R) ifx € I"\ I™HL.
Note that = € gr;(R) implies that there exists an n so that z* € (I")/(1"+!) where z* =  + I"*! is such
that z € 1™\ I"+L.

Proof.
"M
gr(M) | _ M
xrgr(M)], ol IM + "M
Imtip
B "M
C\azIIM 4 IntIM )
(I/)’ILM/
[grp (M), = Ty

(I"M—i—xM)/(xM)

(I""M + M)/ (z))
_ I"M +zM
T IM 4+ oM

"M
(I"+'M + M) N I"M
B "M

rryvcrem (IMFLM N IPM) + (M 0 InM)
B "M
CIvHIM 4+ (aM N IPM)

As " IM + "M C IV M + (M N I M), there exists ¢ a surjection

¢ . "M "M
c ZIn—IfInFINg I LM A (xMNI™ M)
I Il
(gr;(M)),, (gry (M),

n+tl n X o X erficialse
where ker ¢ = ! I,,L+]¥[AJ4FS_‘TI]\1/[,TI Aj\f) = 0. As z is superficial in I with respect to M by Lemma E%ﬁ we see that

aMNI"M = xI" "' M for n > 0. Thus, ker ¢ = M—gﬁ:% = 0. Thus, ¢ is an isomorphism and so

gr (M) ]
xrgry (M),

enr 01, = |
O

Theorem 38. Let (R, m, k) be local and |k| = oco. Suppose I C R is an ideal and ¢ = £(I). Then there exists
(x1,...,2¢) = J C I is a minimal reduction such that x1,...,xe is a superficial sequence (with respect to R).

17
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noname

Proof. We will proceed by induction on ¢. If £ = 0, then F;(R) = % @ # @ ml—;g This says that I is
nilpotent. If £ > 0, and P4,..., P, are the minimal primes in F;(R), then % ¢ U, Pi. Then there exists
T € % U, P;. Lift T to « € I and consider J = % Then we see that

‘F
i Fi(R)
O/(mn) T A
(@I+mI)/(m1) ~ mil+zl mL T mi+tx

Now dim F,;(£) < dim (#1)/(2F;) = dim F; — 1. If s = £(J), then we have s < £. There exist 2},..., ) €
with o} € J so that (], ..., ) is a superficial sequence and a reduction for J. Thus, J"*! = (z,... 2%)
for all GET NOTES.

0 Sslw

Our goal now is to characterize analytically unramified rings.

Definition 16. A local ring (R, m, k) is analytically unramified if R is reduced; i.e., ﬂpEmin(R) p=0.

Notice that if R is reduced, then since R < R means that R has to be reduced. Tehere are examples of
R reduced, but R not reduced.

Theorem 39. Let R be a complete local domain (Noetherian). Let
R———Q(R)

N\

S finite

L

where S is the integral closure of R in L. Then S is a finitely generated R-module and is complete.
We won’t prove this last theorem.

Theorem 40 (Rees). Let (R, m, k) be local and Noetherian. The following are equivalent:
(1) R is analytically unramified
(2) for every m-primary ideal I, there exists h > 0 so that I"t" C I" for alln > 0
(3) there exists an m-primary ideal J so that there exists h > 0 with Jn+h C J»
(4) there exists f : N — N so that f(n) o 00 and J an m-primary ideal so that J*+f() C J" for
all n > 0.

We will show how to reduce the previous theorem to the following theorem.

Theorem 41. Let (R, m, k) be a local complete domain. Then the integral closure of R in Q(R) is a finitely
generated R-module.

Theorem 42 (Lipman-Sathaye). If R is reqular of dimension d, then I"*+d C I"*1 for alln > 0 and for all
ICR.

Theorem (Huneke). GET NOTES.

Example 10. Let R = —22:%2_ and note that dim R = 2. Let [ = (v,y)%. If z €1, then 22 — 2% —y" =0

22—3?5—3}7

and this is in (z,y)*. Furthermore, z € (z,y)2=0+4 GET NOTES.

Lemma 43. Let (R,m, k) be local and I be m-primary. Then TR=1R.

18



Proof. The easy case is done by persistence: IR C E For the other direction, let x € E and note that
there exists an equation

" +a 2"+ +a, =0,

where a; € 1 iR. Furthermore, we know that there exists s so that m* C I.
There exists y € R and b; € I’ so that 2 —y € m™ R and a; — b; € m"*R. This means that = y + b and
a; = b; + b}. Plugging this into the equation for integral closure, we have

YU by by emM™RAR=m" C I,
Let ¢, = y® + byy" ' +---+b, € I" and note that
Y by T (b —n) =0 =y €1,

=
Il

~
=

since b, — ¢, € I™. Thus,x:x—y—l—yem”SR—I—TRQI”R—i—T O

nram

Proof. (of Theorem
Note that 2 = 3 = 4. Now assuming 4, let’s see that 1 holds. Let {Pi,...,P,} € min(R). Let
N =, P; and note that N C I for all I C R. In particular,

NC () JmHimR= () J"HWRC () J"R=0.

n>0 n>0 n>0

To see 1 = 2, since N = 0 reduce to the completion. I"+* C I™. It’s enough to show that IntkR - I"R.
A — \ nt+k «
Note that ["**R = ["*tkR = (IR) . Reduce now to a domain. Let {Pi,...,P,} = min(R). For all

t=1,...,n, write (—); for (mod P);. Assume that for each i = 1,...,n there exists k; so that

ey
for all n > 0. Let k = max{ky,...,k,}. In R,
Intk C 1"+ P,

foralli=1,...,n. Let ciGPlﬂ---ﬁﬁiﬂ-~-ﬂPn\Pi and set ¢ =¢; + - + ¢,. Note that c € [JI; P;.
Then ¢; 1"tk = (¢1 + -+ + ) Ik C 30 (cﬂ”*k) C S (¢iI™) C 1™ Also, ¢ Itk C ¢iI™ + ¢; P, = ¢ I
since ¢;P; € Py N ---N P, = 0. Thus, cI"*t* C I". There exists h so that I" N (c¢) C cI®~". Then

¢m C nth g¢jn :>mg .

It is enough to show that if R is a complete local domain and I C R is m-primary, then there exists k so
that I = I""*Tk. Let S = Rait,...,ast] C R[t] for I = (a1,...,as). If M = {> a;t" : ap € m}, then I
have the following claims:

Claim 43.1. M is mazimal and S is complete with the M -topology.
Claim 43.2. If T is the integral closure of S in R[t], then T =[], s, I™t".

Assuming these claims, then by the theorem, 7' is module finite over S there exists k so that I™* k=
Ik, O

Proposition 44. Let (R, m, k) be a local ring. Then

(1) if R is analytically unramified, then (R)/(p) is analytically unramified for all p € min(R)
(2) if (R)/(p) is analytically unramified, then for all p € min(R) and R is reduced, then R is analytically
unramified.

Proof. (1) GET NOTES
19
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(2) We need R reduced, and so we need 0 = ﬂé:l Qi for Q; € Spec(R). As R is reduced, we see that

o= () P

Pemin(R)
=0= () PR
Pemin(R)
but for all P € min(R), we see that
R
PR

is reduced. Thus, PR = N2, Qp,, where Qp, € Spec(}?) minimal over PR, which implies that
0= mPiEmin(R) Qp,.
O

Corollary 45. If R is analytically unramified, then the integral closure of R[It] in RI[t] is finitely generated
as an R[It]-module.
Theorem 46. Let (R,m, k) be a Noetherian local domain with |k| = co. The following are equivalent:

(1) R is analytically unramified.
(2) For each finitely generated R-algebra S such that R C S C Q(R), the integral closure of S in Q(R)
1s finite over S.

Proof. (of Corollary ﬁ%i —

There exists h so that I7+* C I™ for all n > 0 and so
RIt]=ReTt® I?t* @ ... @Intht"th,
Snin

— 1
Note that In+ht"+h C ™" Thus, we see that R[It] C R[It]S, . Now use Exercise 1Ii§iamfg fhish the
proof. O

Exercise 16. Let R be analytically unramified. For I C R, there exists h so that I"+h = I for all n > 0.

Theorem 47. If R is analytically unramified, then R C Q(R) is module finite over R.
£i 1
Note that Theorem %Theorem =Theorem E%fama

1
Proof. (of Theorem ﬁg = fine

1 = 2: By Theorem @17{_@ Q(R) is module finite over R. Assume R is generated by ZL,..., %= Thus,

rR C R. Let S be an R-algebra with R C S C Q(R) with S = R[yj,...,%d]. Set I = (y1,...,y4). Then
note that 5 = {J 5, ;—

Claim 47.1. I claim that S C S - . Let z € S. Then there ezxists

1
Ty
(2) 24512 4+ s, =0,
forsiESandsi:% and a; € I' for 1> h.

integral
Multiply Equation (E ;n5§/ ;3”. Then we get

(3) (y'2)" +ai(zy)" ™+ an(y) T =0,

. . , — imesint
for a;(y!) =t e I'- (IY)=1 ¢ IV C R. Thus, y'z € R and ry'z € R. Now multiply Equation 1E§im5§fs;‘n” and we
see that rylz € I'. Thus, ry'z € I'RNR = I' C I'"". Now R — R is module finite. Thus, ry"z € 5%2 c S,
andsoz€S~#. Now I"+th C I™ for all n > 0 and I™ C I™ " for all n > h. O

amal
Let us now complete the proof of Theorem ﬁﬁ
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uclose

educedfinite
mpletefinite

firstclaim
secclaim

rlrcontain

Proof. 2 = 1: It is enough to show that there exists an m-primary ideal J and h > 0 so that J»+h C J"
for n > 0. Let J = m and note that there exists x € m superficial for R, and so

m":z2)Mm=m""!' n>0+ M :2)=m""" n>0
Let S=R [%] =R [%, . %} C Q(R), when m = (z1,...,7;). Then S is a finitely generated S-module
and SN R, is a finitely generated S-module. There exists p > 0 so that SN R, C S - w—lp Let u € m™. Then
there exists an equation

(4) uq+a1uq71+~~~+aq:07
lose

for a; € (m")z Multiplying equation @_W —, we get

q n—1
(L) (2) ()" e 2y,
rn rn xn g

where i € m”  Then note that - € SNR,CS- I%, Now we can write

nt

u v

n pmtp’
where v € m™. Thus, uz™? = z"v € m"™ and so u € (M : g™TP) C MPTMTMTP = m"~P_ This is
where

n+m mn+m—1

(m tx) =

(anrm . $2) — anrmflfl
and az? = (az) € (m"T™M 1 z) = m"T" 1l = g € (M1 p) = mtmoiol O
Theorem 48. Let (R,m, k) be a local domain. IfR is reduced, then R is finite over R.

Proposition 49. If R is reduced and complete, then R is module finite over R.
@ucedcompletefinite

Proof. (of Proposition
Let {Pi,...,P,} = min(R). Then R C % X % C Q(Pﬂ) X e X @(P%) — Q(R). R is module
—_———
R
finite over R and so R is integral over R.
Claim 49.1. [ claim that R =
R
Ps

Claim 49.2. I claim that R =

R.
R
PT)(...)(

aim

Assume Claim @#ﬁrue. Then each g is finitely generated over g. Thus, PI; X e X PE is finitely
generated over P% X oo X P%. Thus, R = R is finitely generated over P% X oo X P% and hence is fintiely
generated over R. O

Proof. (of Theorem e that R € R C Q(R). Thus, the containment R C R is module finite and
RC Q(R). Thus,

R @9}3]% - }i — R @Q}g}%
is module finite over R. So R ®p R®R (é)/(mé) = k! since R®r R=R®p (R)/(m) = k. O

Theorem 50. Suppose (R,m) is a Noetherian local regular ring of characteristic p > 0 and suppose that
I C R is generated by n elements. Then Im+n C I™+! for all m > 0.

Definition 17. Let R be Noetherian of characteristic p > 0 with I C R. The tight closure of I is

I"=¢{xeR:3ce R\ U P | so that ca?” € I'P") for all e > 0
Pemin(R)

Recall that IP1 = {u?" : w € I}. Then if I = (ug,...,uy,), then 1P = (u2° .. u2) and (u + v)P =
uP + vP.
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Theorem 51. Let (R,m) be a local reqular ring. Then I = I* for all I C R.
Remark 11. Let € I. Then there exists an equation
a4 44, =0

for 2! € I(x + I)!=1 = (I + x)!. By induction, (I + x)" = I"~"1(I + x)"~1, and in particular, 2™ € ["~!+1,
Notice that a! - ™ = !t C Ji+n—I+1l — n+1 C [ Tet ¢ = 2! and then ¢- 2™ € I™ for all n > 0.

Theorem 52. Let (R, m) be local of characteristic p > 0. Suppose I = (uq,...,un) and ht(I) > 0. Then
Int+m C (Im“)* for all m > 0.

star contain
As a corollary, Theoremﬁi implies Theorem E% Ft

Proof. Set J = I"t™. Assume that J ¢ (Im“)* UP,U---UP;, where {P; : 1 <i < s} = min(R). There
exists z € J \ (P,U---UP,). By a remark, we know that there exists [ > 0 so that z! z* € J* for all
k> 0. Then cz* € J* for all k > 0 and J* = (I”+m)k. Note that J* is generated by ull’l,...,ufl", where
Sor by = nk + mk.

n)m—‘rl ]

Claim 52.1. ["Fmk C (uf, ... uk

Proof. Set a; = |% | and note that a; + 1 > %. Then

n

Z(ai+1)>z%=m+n.
i=1

i=1

)mH. On the other hand, ka; < b; means that

Thus, >0 a; > m+1. Let w =[], ufi e (uf, ... uk
H’ ull’l...ub" and so GET NOTES.

n

1 q m+1 m+1 [d]
Set k =p" =q for all ¢ > 0. Then cz? € J9 C (uf,...,ul) = [(ul,...,un) } . Thus, we see that

x € ((ul,...,un)mH) : O
([

Exercise 17. Let R -2+ S be flat and = € R and I C R an ideal. Then (I:gx)S=(IS:5 ¢(x)).

Theorem (Kunz). If R is a reqular ring of characteristic p > 0, then F : R — R given by x — zP is flat.

Proof. (of TheoremEi e

Fix I C R. Note that R — R given by = — z¢ (where ¢ = p°) is flat. By the exercise,
(I[Q] : a:q) =(I: a:)[Q] .

Let z € I*. There exists ¢ # 0 so that cz? € 119 for all ¢ > 0. Then ¢ € (Il9 : 29) = (I : 2)l9 for all ¢ > 0.
If x ¢ I, then (I : 2) Cm. Thus, (I: w)[q] C mld C m4. Thus, ¢ € (), m? = 0, which is a contradiction. [

If R is analytically unramified, then for each I that is m-primary, there exists an h so that I"+h C ™.
The question is whether or not we can choose h to be independent of I. The answer is that indeed you can!
To do this, you must assume that the characteristic of the ring is p > 0 or that Q C R. If R isn’t regular,
then h # d — 1.
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4. MULTIPLICITY AND INTEGRAL CLOSURE

4.1. Hilbert Polynomials Let (R, m) be local. Suppose that I is m-primary and M is finitely generated
over R. Then In has finite length. To see this, let A be such that m” C I. Then we see that m™"? ( ) =0
and so I,L 77 has finite length.

Question: What is A (IﬂM){?

Theorem 53. Let (R,m) be local and suppose that I is m-primary and M is finitely generated over R.
There exists a polynomial f(t) € Q[t] so that

M
s = (757)
for alln >0 and deg(f) = dim(M) < dim(R).

Proof. We will induct on dim(M). If dim(M) = 0, then dim (M) = 0. Thus, there exists an h so that
m" C ann(M). Then there exists s so that I° C ann(M). Thus A(F4) = A(M) for all n > s and

f(t) = AMM).
Now assume that dim(M) > 0. Assume that the theorem holds for dim(M) — 1 and let x be superficial
in I with respect to M. Then = ¢ |pgpinr) P- Note that we need to reduce to the case where [k| = oo.

Consider the map R — R(x) = R[z]y[;) and then A (%) =A (ﬁ%&). Thus, we may assume that
k| = o0

Next time we will do the induction step. O

_ i1bert , _ . 2/23/07
Recall that we were proving Theorem %la_nc[ needed to finish the inductive step.

Proof. Pick x € I that is superficial for M with z ¢ |J pemin(ary £- Then consider the exact sequence coming
from the (almost) multiplication map by x:

0 I™M M @ M M 0
710 T 1M T° M sM+I"M
Then we see that
M M M (I"M : x)
A Al — )= A —— ) A ———= ).
<I"M) (I"1M> (zMJrI"M) ( Im—1p )
f(n)

Claim 53.1. f(n) is degree d — 1 for n > 0.
Exercise 18. Show that g(n) = A (72%7) is a polynomial of degree d for n > 0.

Claim 53.2. (I"M :2) = (0 @) + I""'M and (0 :p; 2) N I" 1M = 0.

Assume the claim. Then we see that (II:%A? >~ (0 :p ).
Proof. (of Claim @ﬂ_argg By the Artin Rees Lemma,
x(I"M : ) CaM N I"M C xI"* M.
For every u € (I"M : x), there exists v € I""*M so that zu = 2v and so x(u — v) = 0 and hence

u—v € (0:p ). Since u = (u —v) + v, we see that u € (0 :py ) + [""*M. Then if n > k + ¢, we see that
(I"M :z) C[(0:2)+ [°M]
and
(I"M :2) C(0:2)+I°M)N(I"M : x)
CO:px)+I°MNI"M : x)

=0 2)+ 1" M.
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Now for n > ¢, note that
(0 M l‘) NI*"M C (0 M .T)ﬂICM
and
(ﬂu%ﬂm>ﬂFMngWM:mmFMlgﬂﬂ”M:O
1 ! 1
O

Definition 18. Let d = dim(R) and let Py s be the Hilbert-Samuel polynomial. Then the multiplicity is
given by e(I, M) = dlagy, where a4 is the coefficient of the degree d part of Py .

Notice that if dim(M) < d, then e(I, M) = 0. Also, we should note that this isn’t a completely standard
definition. If I = m, then we write e(M) to mean e(m, M). If M is R, then we write e; and we write e(R)
for e(m, R), and finally if we write e(J) this is e(m, J).

Remark 12. Let f : N — Q be a polynomial f(t) € Q[¢] such that f(n) € N for all n > 0, then f can be
written f(n) = Z?:o a; ("7") with a; € N.

Lemma 54. Let (R, m) be d-dimensional and dim(M) = d. Let I C R be m-primary. Let © € R and denote
by R the ring L& and set M’ = 2L and finally I' = IR'. If dim(R') = d — 1, then e/ (I',M') > er(I, M).

x M
Proof. Note that dim(M’) = d — 1. Then consider
(I"M : ) M . M M
0—— 0.
m—tM Im=1M "M M + 1" M
o
I M/

For all n > 0, we have

o012 (s5) = () - () ()
= Pra(n) = Prac(n = 1) + f(n)

I, M I, M
:%nd—kad_lnd*l—k---—%(n—1)d—ad_1(n—1)d—|—~~-+f(n).

GET NOTES. 0

Proposition 55. Let dim(R) = d. Let I = (x1,...,2q4) € R and I be m-primary. Let M be a finitely
generated R-module. Then

(1) A (I%w) <A (%) ’ (n+§71)
(2) If R is Cohen Macaulay, then

() () ()

and ef(R) = A (%).

thbinom
Proof. (of Proposition E%%
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where the first inequality holds because
RrIY) ——— |t

(M) e i M

h |

I'M
TP -
To see the second part of the proposition, then z1,..., x4 is a regular sequence and therefore, I{% is a
free module over % of rank (Hz_l) and
R I R
—D=d... 2 —[Xg,..., X
7O ® 7 X1, Xdl
|
Lemma 56. Let
0—N-—H —M-—70
be a short exact sequence. Suppose I C R. Then e(I,N)+e(I,M) =e(I,H).
Proof. Tensor the short exact sequence with I—IE and get
N H M
— —_ — 0.
I"N I"H M
The Artin-Rees lemma says that there exists h so that I"H NN C I""N for all n > h. Thus,
N H M
0 T"HNN T"H M 0
_N_
T"=hN"
Thus, we get
N M H N M
AN —— A <A A
(7o) > (7iar) <2 (7o) <2 (7o) +* ()
which gives us
er(I,N) d er(I, M)n? er(I, H)n? er(I,N) er(I,M)\ 4
T(n_h) +.“+T+.“§T+“.* p + p n ,
and comparing coefficients of n?, we get the equality we desired. O

Proposition 57. Let I C R be m-primary. Let A = {P € Spec(R) : dim £ = dim R} C min(R). Let M be
a finitely generated R-module. Then

er(I,M) =" eg(l, %)A(Mp).
PeA

(Note that er(I, %) = e%(l, %)-)
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Proof. Let 0 =M, C M,_1 C --- C My = M so that MLL ~ & for some P € Spec(R). Note that

0 £¢ M M? 0
I [
M, T

0 s M’ M, 0
0—> A > M,y —>0

Thus, we see that e(I, M) =Y pc; e(I, &), where L = {P,,..., P,_1} (has repetition). We also see
R
eI, M)= > e(l, ).
PeLNA
where P € A appears in the set L A\(Mp) times. Hence,

e(I, M)y=>" e([,ég)A(Alp).

PeA

Proposition 58. Let (R, m) be local, with I and J m-primary. If J =1, then e(I) = e(J).

Proof. Tt is enough to show the proposition with I = J (note J C J and I C I). Then e(J) = e(J) =
e(I) = e(I). Thus, it is enough to show that e(J) = e(.J). For then J C J = I and there exists n so that
I" = Jn=hph C Jn=t. Thus, we get that = — & and so J C [ and J" C I" and I" = J*~h[h C Jn=h,
which means

(G2) () ()

and
GR(J, R) d eR(IvR) d eR(Jv R) d
T(n—h) toe S et S St
which means that eg(I, R) = eg(J, R). O

Theorem 59. Let (R,m) be local such that R is equidimensional. Suppose I C J are m-primary ideals. If
e(I) =e(J), then J C I (and hence I =J).

Proof. First reduce to the case where |k| = co. Next, reduct to a complete ring. Finally, reduce to a domain.
(This is all to get the inductive step to work.)

We will prove this by induction on dim(R). If dim(R) = 0, then every ideal has the same integral closure.
This is because m”™ = 0 and so I = m.

Now suppose dim(R) > 0. We may assume R = R. Since IR C JR and eR(H:?) = e(I) (since A (£) =

A (15)%1) for all I C R and all n). If the theorem is true in the completion, then JR = IR and so J =

JRNRCIRNR=IRNR=1. O

idim
Recall that we were proving Theorem E@E
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Proof. By the associativity formula with min(R) = {Py,..., P, }we have
e(I)=er(I,R)

GET NOTES.

foralli =1,...,n. Thus, e(%%) = e(ﬂ) if ﬂ C Efor eachi=1,...,n. Thus, J C I due to Proposition

Er;r%tnce Ris a complete local domain, we see that R is analytlcally unramlﬁed Then R[I t] is R[It]-finite
and R[Jt] is R[Jt]-finite. In particular, there exist h and [ so that I™ = T and TPn = TP, Substitute I
for I and JH for .J.

GET NOTES.

Then we see that e(Th) = e(I") = e(J"¢) = e(JM). Assume that J# = Tl Then we see that J C T.

For j € J we see that j® € I and so there exists an equation

jhln +a1(jhl)’n—1 + . +a,n — O
for a; € I"*. This means that j € I. Because |k| = oo, let & € I\ I? be superficial in I for R. Thus, we
have (I™ : ) = I"~! for n > c. By replacing I with I¢ and z with z¢ we get (I°" : 2¢) = (I¢)"~!. Denote
by R = % Then we see that I’ := IR’ C JR' =: J' and e(I') > e(J') > e(J) = e(I) But (Ilnﬁ) =0 and so
e(I') = e(I). Thus, e(I') = e(J'). By induction on dim(R) we get J' C I'.

Claim 59.1. z* € gr;(R) = £ ® % @ ... is a non-zerodivisor in gr;(R) of degree one (that is, x € J\ J?).

If we assume the claim, then we get J' C I’ and so I’ = J’ thus I’ C J' is a reduction and so there
exists n such that (J/)* = I'(J")"~!. Thus, we see that J* C [J" ! + xR and so J* C IJ +zRNJ" =
IJ" ! 4+ z(J" : x). Thus, we see that J* C IJ""! + xJ""1 C IJ"! because the claim implies that
(J":x) = J L. Therefore, I C J is a reduction and so I = J.

The reason why the claim implies that (J" : x) = J"~! because the kernel of the map ﬁ—:f = "J—;l is
exactly (J" : ) but as x is a non-zerodivisor in gr;(R) we see that (J" : x) = J*~L.

Proof. (of Claim)
First, suppose that z* doesn’t have degree one in gr;(R). Then we see that # € J2. Then we see that

(Jn . J?) Jn—2 (Jn . x) Jn—2
( Jn—1 2 Jn—1 = A Jn—1 z A Jn—1 :
But we know that ﬁ—j grows as a polynomial of degree d—1. This is a contradiction since e(J, &) = e(J') =
e(J).
To see that z* is a non-zerodivisor, consider (0 ‘gr,(R) x*). Then if we look at the degree n piece, we have

(Jtlz)y _ (Jntla)
[(0 :ng(R) 1’)]” = Jn < Jn !

Since e(J') = e(J), we see that A ((‘]nfﬁ) grows with a polynomial of degree at most d — 2. Thus,

. N . gr,(R) dedass
dimg, (r)(0: 2*) < d — 1. Note that dimg, (r) (m> <d-1. By Lemma we see that

0:(0:2%) ¢ U Q= (0:2")=0.

QeAss(gr;(R))
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The steps in the above proof were as follows

) R is complete.

) |k| is infinite.

) Reduce to the case when R is a domain.
) I,J are normal.

) (I" :x) = I"~! for all n > 0.

Lemna 60,

and for every @ € min(gr;(R)) we have dim

(1
(2
(3
(4
(5

Ass(gr;(R)) = min(gr, (R))
QTJ(R) =d.

3/2/07 ded
/2/ Recall that we were about to start proving Lemma E% Ff N

Proof. Note that gr;(R) = % Suppose that Q' € Ass(gr;(R)) and lift this to Q in S = R[Jt, t™1].
It is enough to show that @ € min (;55), or that ht(Q) = 1. Then § = R[Jt,t™'] C T = R[t,t"!]. Also,
S=8cT. IfQEc Ass (t 1S) and there exists y € S so that Q (t’lS 'S y) Localize at @ and set
S = Sg and T TQ and note that S C 7' with @ maximal. Then £ Q C S. Assume that £:Q C Q. This
implies that 27 € S = S, which is a contradiction. Thus, Zr@Q = S, which means that there exists 2z so
that Lz = 1 = zy =t~ 1. Therefore, Q = (yzS :5 y) = 25 and so ht(Q) = 1.

Now R is a complete domam and so R is “universally catenary,” which means that for each @ € Spec(S)
we have ht(Q) + dim% =dim(S)+1=d+ 1. (?? GET NOTES... IS THIS FORMULA RIGHT??) O

Let x =z1,...,2, € R. Consider the Koszul complex
K(x;R): 00— R() — (") = R() =~ R() =R =0

€ky..ky ———— 22:1(—1)h+19€knekl.“k‘h.,.ki

Denote by H;(x; R)
(1) Ho(X R) =
(2) I =(x)=(x,y) then Hi(x,y; R) = H1(x; R) ® Ho(x; R).

E% = (x) C annH;(x; R) C V1.

there exists a long exact sequence

H;(K(x;R)). Then we have

x\:v ||

— H;(x; R) — H;(x,y; R) — H;—1(x; R) — i—1(x; R) ——
(5) Let h = max{i : H;(x; R) # 0} implies that grade(l) = n — h, where I = (x) = (z1,...,Zn).

Exercise 19. Find an ideal I = (z1,...,z,) and an ¢ so that ann(H;(x; R)) € annH,;1(x; R).
It is known that there exists R, M and I = (x) so that ann(H;(x; M)) € ann(H;1(x; M)).

Question: Do I = (x) and ann(H;(x; R)) have the same integral closure? In general, the answer is no.
What happens in the case of m-primary ideals?

Theorem 61. Let (R, m) be local. Suppose I is an ideal with I = I and is m-primary such that 0 # Hy(x; R).

Then ann(Hy(x;R)) =1

Lemma 62. Let J = (y) C R be an ideal. Let c,x € R be such that (J, cx) is m-primary. Then X (H;(J,c)) =

A (anna.H;(J, cx)), where H;(J,¢) = H;(y, ¢; R) and H;(J, cx) = H;(y, cx; R) and ann. (H;(J, cx)) = (O “H, (y,ca;R) c).

28



Proof. Note that (J,cz) C (J,c¢). We will proceed by induction on i. If ¢ = 0, then

((J,cx):Rrc) R -c R R
0 (J,cgcﬁ3 (J,cx) (J,cx) (J,e) 0.

Thus, we see that

A(Ho((J,c); R)) = A ((J,Rc))

B ((J,cz) : ¢)
- ()
= A (ann.Ho(J, cz; R)) .

Looking at the long exact sequence and cutting out a short exact sequence from it, we have

-+ —— H;(J, cx; R) —— H;(J, cx; R) H;(J,cz,c; R) Hi_1(J,cx; Ry “— -
0 g}i(({}ﬁﬁ) H;(J,cx,c; R) — ann.H;_1(J, cz; R) 0
Thus, we have
A(Hi(J,¢)) + A(Hi—1(J,¢)) = A(H;(J, ez, c; R))
H;(J, cx; R
= A (anncHifl(J, CI; R)) + A <M> .

This means that

/\(Hi(J,c;R)):)\<M).

If M has finite length, then A (%) = X (ann.M) and

0 — ann.M M—S= M M 0
O

We'll prove that if I is m-primary, then pu(I) > d+ 1. Let ¢ € annH;(I; R) \ I, then (I :g ¢) = (m] :g ¢)
and so I = (x1,...,2,) is minimally generated and so (x1,...,x,,c) is the generating set for (x,c).
mH NI =ml and I C H a minimal reduction so mH NI = ml.

3/5/07

Theorem 63. Let (R, m) be local and I m-primary such that there exists an i so that

(a) Hi(I) #0

(b) p(l) = d+i.
If there exists ¢ € annH;(I)\ I, then one of the following holds:

(1) I:e)={Um:¢)

(2) there exists J C I and v € R so that I = J + cx and p(I) = p(J)+ 1 and cH;(J) = 0 and

CHZ‘_l(J) =0.

Proof. Suppose that (1) is not true. Then (mI : ¢) C (I : ¢) and there exists « € (I : ¢) so that cx ¢ mI.

=

Write I = J + cz. Then consider the following short exact sequences

0 CII{-IL,((:]])) Hl(‘]v C) - anncHi—l(J) —0
Al Nl
0 cf&i{}) Hi(‘]’ C.CU) — anncxHi—l(J) — 0.
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Thus, we see that A (H;(J,cx)) = A(H;(I)) = A(ann.H;(I)) o A(H;(J,c)). Therefore, A (g}i((‘?)> =

cxH;(J)
which means that ¢H;(J) =0 by NAK. THus, ann.H;_1(J) = anne, H;—1(J).

)\( H:(J) ), but cxH;(J) C cH;(J) and by length we have cxH;(J) = c¢H;(J). But we know that z € m,

0 ——> anncHy_y (J) —> Hy_y(J) —S> Hy_y(J) H 0
) ) -cx ) H;,_1(J)
OHanncmHzfl(J) —_— 7,71(‘]) _— 171(J) cxH;_1(J) 0.

Claim 63.1. J is m-primary.

Proof. Assume not. Then there exists ) € Spec(R) so that ht(Q) <d—1and J C Q and ¢ ¢ Q. Indeed, if
c €@, then (J,¢) CQ and so I = (J,cx) C @, which would contradict the fact that I is m-primary.

Let u(I) =r+1. Then I = (z1,...,2r,¢cx) and J = (z1,...,2,). Note that cH;(J) = cH;(z1,...,%;R) =
0. Now localize at @ and note that cH;(z1,...,2;Rg) = 0 but ¢ is a unit in Ry and so we see that
Hi(z1,...,20; Rg) = 0. Thus, 7 — i < grade(JRg) < ht(JRg) <d—1. Thus,d+i < pu(Il)=r+1<d+1,
which is a contradiction. ]

]
Corollary 64. If I is m-primary and ¢ € annHy(I)\ I and p(I) > d+1, then (I :¢) = (ml : ¢).

Proof. There exists J C I so that J + cx = I. Then cH,(J) = cHy(J) = 0 and Hy(J) = (R)/(J), which
means that ¢ € J. This contradicts the fact that p(I) = p(J) + 1. O

Corollary 65. Suppose that I is m-primary and pu(I) > d+1. If c€ R\ I and cH1(I) and ¢ € (I : m), then
cel.

Proof. It ¢ € (I : m) then em C T and so m C (I : ¢) = (m] : ¢), which means that em C Im. By the
determinant trick we see that ¢ € I. g

Corollary 66. Suppose that I is m-primary and Hy(I) # 0 and I = I. Then annHy(I) = I (and is
contained in I).

Proof.

Claim 66.1. p(I) > d+1.
Assume the claim and I C annH;(I). Then we see that there exists ¢ € (ann (H1(I))\ I) N (I : m). Now

go modulo I and we see that soc(R)/(1) N (JR)/(1) # 0 for all I C J C R and so ¢ € I = I by the previous
corollary. 0

Theorem 67. Let (S, m) be a local ring and set R = (S)/(1) for I € S. Let J = (I :g m). If I # J, then
bit1(M) —b;(M) >0 for alli > 1 and for all M finitely generated.
Proof.

jth (@ _ 1)St

0 K R" R1
a part of a minimal resolution of M, then b;11(M) = pur(K). Then Jm C I and so 9;((JR)™) C mJR™ C 0.
In particular, JR® C K C mR". Let 7 : S® — R™ and A = 7~ }(K). Then K = A and so JS® C A C

IS™
n . _ mALIS" o K - A
mS". Thus, mK = %5522 and s0 % = gairs

Claim 67.1. A= B+ C, where C C IS™ and pu(B) + u(C) = u(A) and p(C) = dim s "‘A%/{Sn.

Proof. O
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Let a € J\T. This means that J C I because J C =1 CJ=1T=1.J. Set N = % and notice that
IN = W%B = % and JN = JSTITJB - % and % = IS;JFB - Nij;rB. Thus, we know that IN = JN. Then
det(ny,...,n.) = N and

any = a11M1 + - + A1eNe

aNe = G1eN1 + -+ - + AleNe,
for a; ; € I. By the same argument of the determinant trick, there exists and equation
r=a"+ba" -+ by,

for b; € I'. Let x = det(a; ; —al). Note that x # 0 because otherwise a € I, which would be a contradiction.
We also know that ™ # 0 for all m because otherwise a € I. Also, zN = 0 and zS™ € B C mS™. Let
U={l,x,22, ...} and set T = U~1S. Because of flatness of localization, we get

T"=2S"RsT CBRsT CmS"ReT =T".
Therefore, B®s T = T" and so ps(B) > pur(B®sT) = pr(T™) = n = b;(M). Therefore, B;11(M) >
bi(M). |

Exercise 20 (5 pts.). Let R = ? be such that depth(R) = 0 and I = I. Show that b; 1 (M) > b;(M) for
all ¢ > 1.

Exercise 21 (10 pts.). Let R = % and let J = (I :g m). Assume that o(I) > o(J). Then b; 1 (M) > b;(M)
for all 7 > 1.

Notice that the order is
o(I) =max{n:I Cm"}.
Remark 13. b2 (M) > bf}(M) and b, (M) > bF(M). There is a generalization of the previous theorem.
If L8224 JEL for all P € Spec(R) such that grade(P) > 1 and ht(P) < k, then b; 1 (M) — b;(M) > k.

Definition 19. Let k be a field and G an additive abelian group that is totally ordered. A k-valuation
v: k* — G (recall that k* =k \ {0}) is a group homomorphism such that
v(z +y) = min{v(z),v(y)},
(0) v(zy) = v(z) +v(y)
(1) v(1) =0
(2) v(z™)

—v(z).

Usually, we have a group homomorphism v : R — G for R a domain so that v(zy) = v(z) + v(y) and
v(z 4+ y) > min{v(x),v(y)} and we extend this to a k-valuation (where k = Q(R)) by

v<z):v@)—mm.

Definition 20. For v a k-valuation, we call I',, (k) = v(k) C G the value group.

Definition 21. Let k be a field and V' C k. Then V is a valuation domain if Q(V') = k and for every x € k*,
either x € Vorz~ !l e V.

Remark 14. (1) Let I,J CV for V a valuation domain. Then either I C J or J C I.

Proof. Assume that I Z J. Then there exists € I'\ J. Let y € J. Then % cVorZeV. If% eV,
then z =y - & € J, which is a contradiction. Hence, YeVandy=z-2cTandsoJCI. O
(2) There exists a unique maximal ideal in V. This is just
my = {x € V'\ {0} so that 2=* ¢ V} U {0}.
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(3) If I is a finitely generated ideal of V', then I is principal.

Given v : k* — G, let R, = {z € k* : v(x) > 0} U {0}. It is enough to show that R, is closed under
addition and multiplication to see that this is a subring. Since R, C k, we see that R, is then a domain. Note
that 0 = v(1) = v(z-27!) = v(z) + v(z™!) = v(x) — v(x) for any x # 0. Then mp, = {x : v(z) > 0} U {0}.
Therefore, any valuation gives rise to a valuation domain.

Suppose now that we have a valuation domain V. We will show that this gives rise to a valuation. Let
k=Q(V). Then V* C k*. Set vy = ‘Ij— Let v : k* — £ = T'y be the canonical quotient map. We need
only check that I'y, to be a totally ordered group. Let o, 8 € 'y and let x,y € k* be such that x + V* = «
and y + V* = 3. We define our order by o <r,, 3 if % eV.

Exercise 22. <r, is a total order.

Pick x,y € k*. We want to show that v(z + y) > min{v(x),v(y)} with the order <r,,. Either 2y~! € V
oryz~t € V. If zy~! € V, then % € V and so v(z + y) > v(y) > min{v(z),v(y)}. On the other hand,
reversing the roles of z and y gives us yz = € V = v(x +y) > min{v(z),v(y)}.

Lemma 68. Let R be a domain and k = Q(R). Let m be a prime ideal of R. For all x € k, either
mR[z] # R[z] or mR[z~1] # Rz~ 1.

Proof. First localize at elements outside of m and we have (Ry,m) is local. Thus, we may assume that
(R,m) is local. Assume that mR[z~!] = R[x~!]. This means that 1 = ag + ;2= + -+ + a,2~", where
a; €m. Then (1 —ag)2™ = ay2" ' +---+a,. Note that 1 — ag is a unit in R. Thus, 2" = a2 ' +---+a,
and so x € R. Thus, R C R[z] is an integral extension. Now by lying over of integral extensions, we see that
mR[x] # Rlx]. O
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