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Abstract

We prove some global Morrey regularity results for almost minimizers of functionals
of the form

ur [ f(z,Vu)dz.
/

This regularity is valid up to the boundary, provided the boundary data is suffi-
ciently regular. The main assumption on f is that for each z, the function f(z,-)
behaves asymptotically like a convex function with (p, q) growth. Some discontinu-
ous behavior in the first argument is allowed. As a main application, we establish
analogous regularity results for a broad class of systems of non-homogeneous partial
differential equations.
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1 Introduction

In this paper, we will prove that almost minimizers for functionals of the form

UH/f(x,Vu)dx (1)
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enjoy Sobolev-Morrey regularity (i.e. both v and Vu belong to certain Morrey
spaces). Our results are global in nature, and are valid up to the boundary of
the domain 2, if the boundary and boundary conditions are smooth enough.
The primary assumption on f is that for each x, the function f(x,-) behaves
asymptotically like a convex, radial function g with (p, ¢) growth. We impose
no continuity on f(-, F') when |F| is small, and some discontinuity is allowed
even when |F| is large. Using this result, we then establish analogous Sobolev-
Morrey regularity results for weak solutions to systems of partial differential
equations with the form div [A(z, Vu)| = h(x, Vu). In addition to some growth
assumptions, we suppose that F' — A(x, F') behaves asymptotically like F' +—
% g(x, F), where g possesses the properties described above.

The integrands for the functionals we consider behave asymptotically like a
function with (p, ¢)-structure (Definition 2.6). By way of example, for fixed
1 < p < ¢, define the function g : [0, 00) — [0, 00) by

w if 0 <t <ty
g(t) = {tp?#’;’smlogloglogt if ¢ > to, ?

where ¢y > 0 is chosen so that sinlogloglogty = 1 (this function was first
given as an example in [3]). By a direct computation, one can show that it is
possible to choose t( large enough so that g is convex and has (p, g)-structure
for some p and g satisfying 1 <p < p < g < q. It is clear that g(t) oscillates
between ¥ and t?, and therefore does not lend itself to the setting of natural
growth (i.e. where the upper and lower growth exponents are equal).

Let us say that a function f : Q x RV*" — R* := RU {400} is asymptotically
convex if there is a function g with (p, ¢)-structure such that for every ¢ > 0
and z € 2, there is a o.(x) so that

|, F) = g(IFD] < eg(|F]),

whenever |F| > o.(x). We note here that it is possible that f, though asymp-
totically convex, is nevertheless not even locally convex at any single point.
For example, if we take g as defined in (2) and define f : RV*" — R by
f(F) = g(|F|) — |F| xo(|F]), it is clear that f is nowhere locally convex, yet
it is not difficult to verify that f is asymptotically convex with o, = e~1/(P=1),

Our main result is stated in Section 6. It is variational in nature but suf-
ficiently general to provide significant results in the context of systems of
partial differential equations. The following theorem is a simplified version of
this result.

Theorem 1.1 Let n > 2, Q C R™ be open and bounded, and 0 < k < n.
Suppose that the function f : Q x RNX" — R* satisfies the following:



(i) There are numbers 1 < p < q and a function g with (p, q)-structure such
that for every e > 0, there is a 0. € L¥*(Q)) so that

(e, F) = g([FD)] < eg(|F])

for all x € Q and F € RN*" satisfying |F| > o.(x).
(ii) There is a constant L > 1 and a function o € LY*(Q) such that

|f(z, F)| < L|F|" + a(x)
for every x € Q and F € RV*",

Define the functional K : WH(Q;RY) — R* by K(w) = Jo f(x, Vw)da.
Then the following hold:
(1) Ifu € WEHQRN) is a local minimizer for K; i.e. K(u) < K(u+ ) for
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every o € WHL(Q:RY) with supp () CC Q; then u € WEP™ (Q;RN).
(II) Suppose further that Q has a C* boundary and that @ € WhH@R) (Q;RN).
If u € WHWY(QRYN) ds a minimizer for K over @+ Wy (Q;RYN), then

u € WHER(Q RN).

The result in Section 6 is actually established for a very general class of almost
minimizers. It turns out that weak solutions to certain systems of partial
differential equations can be shown to be almost minimizers, in our generalized
sense, for associated integral functionals. This leads to our main regularity
result for solutions to systems of PDE’s. Again we state a simplified version;
the full result is provided in Section 7.

Theorem 1.2 Let n > 2 and 0 < kK < n. Suppose that Q@ C R™ is open,
bounded, and has C' boundary. Let g : [0,00) — [0,00) be a function with
(p, q)-structure, with 1 < p < q, and suppose that A : Q x RV*" — RN* gng
h:Q x RVX" — R satisfy the following:

p(g—1)

(i) For every e > 0, there is a 0. € L »=1 "(Q) so that

Al F) = (| F))| < = (1)

for all z € Q and F € RN*" satisfying |F| > o.(x).
(ii) There is a constant L > 1 and a function v € Lv7"(Q) such that

Al F) < LIFP™ 1 o(e),  and  |h(e F)| < LIFP + v(a),
or every x € Q) and F € RN*",
[ Y

Let w € WH@R) (Q;RN) be given, and suppose that u € Wh4(Q; RN) satisfies



u—1 € Wyl (Q;RY) and that the equality

/A(:c, Vu) : Vedr = —/h(x,Vu) - pdx
0 0

holds whenever ¢ € Wy (Q;RN) is such that g(|Vp|) € LY(Q). Then we find
that u € WHER(Q; RY).

In the case where 9Q is not C! or @ is not assumed to belong to Wh(@5) g
local version of Theorem 1.2 remains valid.

Asindicated earlier, our results capture regularity in the setting of the Sobolev-
Morrey spaces Wh®#)(Q; RN). These spaces were first introduced in the clas-
sical paper by Campanato [2], and have been used in various forms in the
context of partial differential equations; see for instance [17] or [19]. We note
that if 2 is an open and bounded subset of R™ without internal cusps, and
1 <p<ooand0 <k <n are such that p+ x > n, then the Sobolev-Morrey
space W) (Q; RY) is embedded in the space of uniformly Hélder continuous
functions C*' =77 (Q; RY) (we refer to [13] for more details). Hence, under cer-
tain conditions, our results yield global Holder continuity and can be viewed
as low order regularity results. We point out that even in the natural growth
setting, there are relatively few low order regularity results available (see [18]
and [10] for a discussion).

To place our work in a broader context, we mention a few recent results in the
natural growth setting. In [11], the authors provide Sobolev-Morrey regularity
for almost minimizers of functionals of the form u— [, f(z,u, Vu)dz, where
f(x,u,-) is asymptotically convex for each (z,u) € QxRY. Our paper provides
an extension of their results to allow the more general (p, ¢) growth condition.
Our results are stated and proved for integrands without explicit dependence
on u, but this is only to keep the present paper to a more manageable length.
We also mention a result by Kristensen and Taheri. In [14], they show that
if u is a weak solution to div[A(Vu)] = 0, with A continuous and satisfying
condition (i) in Theorem 1.2 with g(|F|) := |F|*, then u € W (Q; RY) for
every r < oo. For the purpose of comparison, under such an assumption,
Theorem 1.2 yields u € WhH®R(Q;RY) for all 0 < k < n; this Sobolev-
Morrey regularity is valid up to the boundary 0€2. Moreover, as indicated
in Theorem 1.2, we are able to treat nonhomogeneous problems and allow
discontinuous variable coefficients. It is worth observing that in the scalar
setting, where the system reduces to a single equation, it is possible to obtain
similar regularity results under more flexible hypotheses. For an extensive
treatment of nonlinear elliptic equations with divergence form that includes
such results, we refer to the recent work of Mingione [19].

Returning to variational problems with general growth, we point out that



some higher integrability results have been obtained in [4-7,12,15]. In each
of these papers, the integrands are not required to asymptotically behave in
any particular manner but an assumption is made that p and ¢ are not too
far apart. In fact, in [5], the authors give an example that shows that there
can be local minimizers v € W,.? that do not belong to W,o? if ¢/p is too
large. We emphasize that the Morrey regularity we obtain requires only that
1 < p < g; the ratio ¢/p does not affect the type of Sobolev-Morrey space to
which u belongs.

Our results can also be used to establish some low order regularity up to the
boundary for minimizers that until now had only been shown to be locally
regular. Consider for the moment the functional u — [, g(|Vu|)dx, where g is
a function with (p, ¢)-structure. From the results obtained by P. Marcellini and
G. Papi in [16], we conclude that a minimizer u will belong to W,5>°(€; RY). If
the boundary 0 is smooth enough and there is a function u € WH>(Q; RY)
with © = @ on 02, then combining our results with the result of Marcellini and
Papi, we find that u € W,2°NWH®#) (Q; RY) for each 0 < k < n. In particular,
using the embedding described above, we have u € W2 (Q; RN)NCo(C; RY)

ocC
for every 0 < o < 1.

We conjecture that it is possible to use our results to prove global Lipschitz
regularity of a minimizer. In [9], M. Foss carries this out in the case 2 < p = g.
His proof is similar in spirit to that of J. -P. Raymond [20], where the gradient
of a minimizer is first shown to belong to a certain Morrey space. The Morrey
regularity is then used as a stepping-stone to show that the minimizer is in
fact Lipschitz.

We note that Definition 2.7 does not allow us to consider p(z)-growth (e.g.,
when f(x, F) = ]F|p(x), with 1 < p < p(x) < ¢), which has applications to
electrorheological fluids and other models from mathematical physics. We refer
the reader to [18] and the references therein for some results obtained under
these conditions. We expect that our definition can be relaxed to allow this
type of growth, but doing so introduces some technical issues, particularly in
the proof for Lemma 5.3. Because of length considerations, we have elected to
study regularity in this setting separately.

Finally, we wish to comment briefly on the local Lipschitz estimates obtained
in Section 4. In [16], P. Marcellini and G. Papi prove local Lipschitz regularity,
and consequently C* and C™ regularity, for minimizers of functionals of the
form u — [, g(|Vu|)dz, where g is only required to satisfy very mild growth
conditions. Under the assumption of (p, ¢) growth, we apply the method used
there to obtain a refinement of their result; this refinement yields an estimate



of the form

C
oV eD e, ) < e | 9l 3)

zq,R

which is crucial for our purposes. Until now, estimates of the form (3) have only
been available when ¢ satisfies natural growth conditions; additionally, the
proofs for these results have been separated into two cases, namely 1 < p < 2
and p > 2, and the two cases have been proved in fairly different ways (see [1]
and [21]). In contrast, the proof given in Section 4 is essentially unified. Though
certain growth conditions are implied by our definition of (p, g)-structure (see
Lemma 3.1), our proof uses the structure intrinsic to ¢ itself, as opposed
to external growth conditions imposed on g. Therefore it seems that similar
results could be shown for functions with more general growth by employing
techniques similar to those used here.

2 Definitions and Notation

Throughout, 2 C R"™ is open, with n > 2. We will use z,y, and 2z to denote
points in R", and F to denote a point in RV*", The open ball of radius p
centered at the point x is represented by B, ,. For brevity B, denotes By,
and B denotes B;. We define H* := {(x1,...,z,) € R" : 2, > 0}, and given
a set U C R”, we use UT for U N'HT and UT to stand for U N HT. We use
C' to denote a finite, positive constant that, unless otherwise stated, depends
only on n, p, and g. The constants p and ¢ serve as structural parameters for
the integrands of the functionals we consider here. For convenience, we will
always assume that C' > 1. The value of C' may change from line to line in
our computations.

We now recall the definitions for Morrey and Sobolev-Morrey spaces, and for
later convenience, we also introduce a notion of Orlicz-Morrey spaces. In these
definitions, 4/ C R" is a measurable set.

Definition 2.1 For each p € [1,00) and 0 < k < n, we define the Morrey
space

1
LPE(U;RY) = uEL’”(Z/{;RN):sup—,‘i / lul” doe < oo
oo P uns,,

We write u € LS (U;RY) if u € LPE(U';RY) for everyU' CC U.

loc

Definition 2.2 For each p € [1,00) and 0 < k < n, we say that a mapping
u € WHP(U;RN) belongs to the Sobolev-Morrey space W1 (1f; RN) if u €



LPRURY) and Vu € LPR(U; RN, We write u € WEPD U RY) if u €
WLEm) (Y RN for every U CC U.

Definition 2.3 Suppose that g € C'([0,00)) is a strictly increasing conver
function that satisfies g(0) = 0. With 0 < k < n, we say that u : U — RN
belongs to the Orlicz-Morrey space L9*(U;RY), if g(|u|) € LY (U). We write
w € L@ RY), if g(lul) € Lige(U).

loc

Along the same lines as [9,11], we introduce the following generalized notion
for almost minimizers.

Definition 2.4 Let Q C R" be open, and suppose f : Qx RV*" — R is given.
Define the functional K : WH1(Q;RY) — R* by

K[w] ::/f(x,Vw)da:.

Let {v.}es0 C LY(Q) and suppose that {w.}eso C C°([0,00)) is a family of
nondecreasing functions satisfying w.(0) = 0 for each ¢ > 0. We say that
u € WHH(OQ;RY) is a (K, {w.}, {v.})-minimizer at y, if K(u) < oo and for
every € >0 and 0 < p < diam(Q?), we find that

K@) € K(u+) + (welp) +2) [ {If@ V)l +|f(x. Vu+ Vo)) }do

+ / { lve(2)| + [ve(y)| }dx, (4)

QNBy,p

whenever ¢ € Wy (Q N By, RY). If u is a (K, {w.}, {v.})-minimizer at ev-
ery y € Q, then we call v a (K,{w:},{v.})-minimizer. Finally, if u is a
(K, {0}, {0})-minimizer, we will simply say that w is a minimizer for K.

Remark 2.1 The local analogue for Definition 2.4 only requires (4) to hold
for B, , CC Q.

We will assume that the integrand for the functional behaves like a radial func-
tion g when the modulus of the argument is sufficiently large. More precisely,
we have the following definition.

Definition 2.5 Let f : RV — RN and g : [0,00) — [0,00) be given. We
will say that f s asymptotically related to ¢ if for every € > 0 there is a
o. > 1 such that

[f(F) = g([F] < eg([F])
whenever F € RN*" satisfies |F| > o..

We will impose the following structure on the function g.



Definition 2.6 If a function g : [0, 00) — [0, 00) satisfies

(i) g€ Wee([0,00)) is convex and g(0) = ¢'(0) =0,
(i) (p— 1) < g"(t) < (¢ —1)22 for ae t >0, (5)
(1ii) g(1) > 0,

for some 1 < p < q < oo, then we will say that g has (p, q)-structure.

Remark 2.2 Owing to Lemma 3.1 ), we see that condition (iii) is equivalent
to the condition g(to) > 0 for some to > 0, which is in turn equivalent to the
condition g(t) > 0 for all t > 0. We also note that conditions (i) and (ii)
imply that g € W2°((0,00)), but not necessarily that g € W22([0,00)), since
g" may be unbounded near the origin if p < 2.

Eventually, we will restrict ourselves to families of functions {g,} ey that
satisfy the conditions for Definition 2.6 in a uniform sense.

Definition 2.7 Suppose thatU C R™ and that {g, }yeu is a family of functions
that each have (p,q) structure, with 1 < p < q. If there is a finite constant
¢ > 1 and a function g having (p, q)-structure such that g(t) < g,(t) < cg(t)
for allt > 1, then we say that the family {g,}yeu has uniform (p, g)-structure.

Definition 2.8 Let U C R" be measurable. Suppose that {f,}yeu is a family
of functions defined on RN*™ and that {g,}yeu s a family of functions with
uniform (p, q)-structure. With the function g given in Definition 2.7, we say
that the two families are L9"-asymptotically related, if for every ¢ > 0 there
is a 0. € L9%(U) such that for every y € U, the inequality

|y (F) = g,(|FD] < eg,(|F])
holds whenever |F| > o.(y).

Remark 2.3 The local analogue of the above definition is defined in the ob-
VIOUS WaY.

3 Preliminary Lemmas

At this point, we present several lemmas that are used throughout the paper.

Lemma 3.1 Let g : [0,00) — [0,00) be a function satisfying (5) ) and (5) ).
Then the following hold:

(i) pg(t) < tg'(t) < qqg(t) for every t >0,
(it) p(p —1)g(t) < t2¢"(t) < q(q — 1)g(t) for a.e. t >0,



(111) Pg(t) < g(ct) < clg(t) for everyt >0 and ¢ > 1,
(iv) g — 1) < g(t) < g(1)(t2 + 1) for every t >0,
(v) g(s+1t) <29(g(s)+ g(t)) for every s,t > 0, and
(vi) tg'(s) < g(t) + (¢ = 1)g(s) for every s,¢ > 0.

Proof. First we prove part (i). Since g(0) = 0, we write g( ) = Jid'(s)ds
The left side of (5)a) and integration by parts yields g(t) < _1 [tg'(t) — g(t)].
Solving the inequality for tg'(t), we get pg(t) < tg'(t). A smnlar argument
proves tg'(t) < qg(t). Part (ii) follows immediately from (i) and (5)g. For
part (iii), we first observe that either g is identically zero, or ¢ is a positive
Young function. Thus (iii) is an immediate consequence of part (i) and Propo-
sitions 2.1 and 2.3 in [3]. For (iv), note that the result is obvious if 0 < ¢ < 1.
If ¢ > 1, we use part (iii) to get g(1)t? < g(t) < g(1)t4. To prove (v), we can
assume without loss of generality that s < ¢. Then s+t < 2t, so part (iii) gives
the result. Finally, we turn our attention to part (vi). Let g* : [0,00) — [0, 00)
denote the Young conjugate function of g, defined by

g () = Ues[ggo){m —g(o)}.

Using the facts that g € C'([0,00)) and that ¢ is strictly increasing, we find

that g*(7) = 7(¢') ' (1) — g((¢’)~*(7)). We also clearly have o7 < g(0) + g*(7)
for every o, 7 € [0,00). Using these facts along with part (i), we obtain

tg'(s) < g(t) +97(g'(s)) = g(t) + 59'(s) — g(s) < g(t) + (¢ — 1)g(s),
which finishes the proof.

Lemma 3.2 Suppose that f : R¥N*" — R is asymptotically related to g. If f
satisfies the growth condition

[f(F)] < Lg(|F]) + «

for some positive constants L and «, then

g(IF]) <2f(F) +¢
for all F € RN*" where ¢ := (2L + 1)g(o1,2) + 2a.

Proof. If |F| < 019, then g(|F|) < g(o1/2). Therefore, since f satisfies the
growth condition, we must have g(|F|) < 2f(F) + ¢, where ¢ is as in the
statement of the lemma. On the other hand, if |F| > 0y, then since f is
asymptotically related to g, we deduce that g(|F|) — f(F) < 3g(|F|), from
which the result follows.

Lemma 3.3 Suppose that g is a function with (p, q)-structure, and let o« > 0.



Then there is a positive constant C' = C(p, q), independent of a, such that

2
1

> t2o¢+1 /t2a+1‘
Z car1e W

[ [ st toraas

Proof. Using (5)q, integrating by parts, then using (5);) again, we obtain

ds > 27”9_175@-*-%

/ta—‘r%
raril 29

~J=1a-1) [529(5)"\/g(s)ds,

Solving the inequality for the integral and squaring both sides yields the result.

[0 7o

The next lemma is essentially a restatement of Lemma 1 in [9], and is proved
there.

Lemma 3.4 Let ¢ : (0,00) — R be given, and suppose that there exist A > 1,

2a

Ry >0, and o > 3 > 0 such that for some 0 < e < (i)rﬂ , the inequality

Ro+#

o) <A |(f) +eetm) + a7

holds for each 0 < p < R < Ry. Then there is some finite constant B =
B(A, «, 3) such that

P A 8
w(p) < B (R) ¢(R) + Bp
forall0 < p < R < Ry.

The following lemma establishes that the Euler-Lagrange equations hold in
the weak sense for minimizers of functionals having integrands with (p, q)-
structure. It can be proved using the same strategy that Evans uses to prove
Theorem 4 on page 451 in [8]. The main modification required in the proof is
to use the Young conjugate function of g (see the proof of Lemma 3.1) instead
of Young’s inequality.

Lemma 3.5 Let g be a function with (p, q)-structure, and let Gy € R™*™ be
invertible. If v is a minimizer of I(w) := [ g(|VwGo|)dzx, then

0
J S (I90Gyl) - VpGodr = 0

10



for every ¢ € Wol’l(Q;]RN) satisfying 1(p) < oo.

4 Lipschitz Regularity Results

In this section, we prove a refinement of the local Lipschitz regularity result
established in [16]. As discussed in the introduction, our strategy is very similar
to the one employed in [16]. We consider the functional

J() = [ g(Vel)da, (6)

where ¢ has (p, q)-structure. We temporarily make the assumption that there
are positive constants p and M such that for all £, A € RY*", the following

holds:
2 < Z 62
pIA” < g
o 0620€]

One can show (see the first paragraph of Section 3 in [16]) that

(IEDATAT < MAP. (7)

2 wind 70160 LED o3 <o ma e 2L
P minf (). 2 }szﬁ oSN <IN max) (16D

for all A, & € RV*". Therefore (7) is satisfied if both ¢”(|¢]) and ¢'(|€])/ €] are
bounded below by p and above by M. Assumption (7) gives quadratic growth

of g, which in turn forces any minimizer to be of class W2 N V[/lé’coo(Q; RN).

The following lemma provides an estimate of the form (3) for minimizers of (6)
under the additional assumptions that (7) holds and that ¢” is continuous. The
estimate we obtain is independent of the constants p and M, which allows us to
eventually remove both the assumption in (7) and the continuity assumption
on ¢".

Lemma 4.1 Let Q C R" be open, and let g € C([0,00)) be a function with
(p, q)-structure that satisfies (7). Suppose that v € WHH(Q; RY) is a minimizer
of (6). Then there is a constant C' = C(n,p,q) such that

e

90Dl ey S

zg,p
g, R

whenever By g C 2 and 0 < p < R.

Proof. First, we establish that
¢

<
90V 0o, ) <

J, o(Ivel ®)

0>

11



for any xy € Q2 and r > 0 such that B,,, C Q. Using a rescaling argument, we
see that it suffices to show (8) when zy = 0 and r = 1. Following the first part

of the proof for Lemma 4.1 in [16], it can be shown that v € W22(B)NW,->(B)
and

[ 2 e)g (9o]) [V (9e) P de < € [ @(Tel)g(V0]) (V0 [Vof?

B B
for every n € C1(B) and ® that is nondecreasing, continuous on [0, 00), and
Lipschitz continuous on [e,T] for all T > ¢ > 0. Thus, for fixed o > 0, we

can define ®(t) = t**¢'(t)**; with this definition of ®, the above inequality
becomes

/772 Vo™ g (IVol)*g"(IVo]) [V (Vo))" de
B

< C/IVUIQW9’(|Vv|)2‘“g”(|W|)IVn|2d:v-
B

Using (5) ) in this inequality, we get
/772 Vo™ ¢ (IVo])**g"(IVo]) [V (Vo)) da
B

<C [I9oP*t g (IVo)=* |9y da. (9)
B

Now define G : [0,00) — [0,00) by G(t) := [{s%¢(s)*\/g"(s)ds. Since ¢ is
increasing and g satisfies (5) ), by Holder’s inequality we obtain

¢
[G(t)]Q < t2a+lg'(t)2°‘/g"(s)ds _ t2a+lg/(t)2a+1‘
0

Hence we see that

VGV = [(V)G(|Vel) + G (IVe )V ([V o))
< 2|Vy* Vo™ (Vo)) *
+ 27 [V ¢/ (IVo])*g"(|Vl) [V (V)]

Note that the assumption in (7) implies that Vv is locally bounded. Integrating
the above inequality over B, using (9) and Sobolev’s inequality, we deduce that
there is a constant C' depending only upon n such that

2
E3
9% 2

{/772* (IVo)?]* d } <c [19P [19olg (VeD)] " de. (1)
B

12



If n = 2, we select 2* to be any finite number strictly larger than 2. Recalling
the definition of G and using Lemma 3.3, from (10) we obtain

*‘N’

2a+1
.

{/n (190l (| 7o])] 2‘””d}s0<h+1 2 [19nl [ 190l g/ (190])
(11)

Now let 0 < p < R <1 be given, and let  be a non-negative test function that
is equal to 1 in B, has support contained in Bg, and is such that |Vn| < Cp;
then from (11), we see that

2
3

[ Ivolgqw)] =5 Pan} ™ < / Vol g(Ve)

By Br

2a+

2a+1
|+ da.

Now putting 5 = 2« + 1 (note that 5 > 1, since o > 0), we can rewrite the
above inequality as

2
%

[ 11901 g/(9)] * s(;_ﬁ;y [ 19l ae. (12

B, Br

Define the decreasing sequence {p;}ioy by pi = 5(1 4+ 27%). Then py = 1 and

p; decreases to 3 as i — oo. Also define an increasing sequence {f;}:2, by

B = (2*)Z Thus we can rewrite (12) with R = p;, p = pi+1, and 8 = ;. Upon
iterating the result and substituting in the expression for (3;, we obtain

w il (%YH i 5 \k
[lvelg(ven) ary  <Tq[e @) [1vud(vopar. 13)
B1

Bpi+1 k=0

Now we verify that the product occurring in the above inequality remains

) k ) k
bounded. For each ¢, put A; := [[;_, c(#)" and B; = TIi_o (2*)%(21) . We
will estimate A; and B; separately. If n > 3, then we can bound A; as follows:

Similarly, if n > 3, we get that

B< (@) = ()

n— 2

n(n—2)
2

If n = 2, then 2* is a fixed number larger than 2 and we obtain similar
estimates for A; and B;. Introducing the estimates for A; and B; into (13), we

13



find that

o BT
[ [welgqvo)] ™) ae <0 [1Volg(Wehar.  (14)
Bpit1 B1

Taking the limit as i — oo in (14) yields

(2%>i+1

. o] (5
ey S [ [Vl Te] T s

| Ivol g (IVo))|
Bpi,+1

< C’/|Vv|g'(|Vv|)dx.
B

Using Lemma 3.1 in both sides of the above inequality gives

lg(IVOD | oo 5

Nl

<€ [ g(Vuldz. (15)
B1

As was mentioned at the beginning of the proof, using a rescaling argument
and (15), we obtain (8).

Now we use (8) to finish the proof. Fix 0 < p < R and zy € () satisfying
Byr C 2, and let y € By, ,. Then By r—, C By, r, and so taking r = R —p
in (8) yields

C C
909D~ n 0 < = / o(1Vede < [ Vel

y,R—p BIO,R

Since the above inequality holds for all y € By, ,, we conclude that

C
90D ey S e | 90V

BIQ,R

which was to be shown.

Now we will assume that g has (p, ¢)-structure, but does not necessarily satisfy
(7), and also is not necessarily of class C?. Our strategy is the same as that
in [16]. We define a sequence of functions {g;}32, that approximate g and
satisfy (7); we also define a corresponding sequence of integral functionals
{Jx}32,. The conclusion of Lemma 4.1 holds for minimizers of Jy; we show
that we can pass to the limit to get the result for the minimizer of the original
functional.

Since we are assuming g has (p, ¢)-structure, by Remark 2.2 we see that g(t) >
0 for all positive t. Let {e}32, be a sequence of positive numbers decreasing

14



to 0, choosing ¢; < 1 sufficiently small so that g’(i) > 1. We define g, :
[0, +00) — [0, +00) by
g/(Ek)t, 0 S t S €k
gx(t) = 49'(t), ep<t<t (16)
min {exg’ (2)t,g'(t) +ext — 1}, t>L.

Now we define g as
t
au(t) = [ gh()ds. (17)

where g} is defined in (16). Then g, € W2 ([0,00)) and satisfies (5)q) and
(7) for some positive constants py and M. We compute g for ¢ < i, and

find that o
2(en)y2 0<t<ey
gr(t) =q 2k - (18)
{g(t) TEE) — g(ey), ex<t< L

For the remainder of the section, g will be a function with (p, ¢)-structure and
gr will be the approximating functions defined in (17).

Lemma 4.2 Fir k € N, and assume that v € WH(Q; RY) is a minimizer for
the functional

(e /gk(|Vu|)dx.
0

Then there is a constant C' = C(n,p,q) such that

C
L e T AL AL

BIO,R

whenever By p C ) and 0 < p < R.

Proof. Note that g, is only of class VVli’COO, so we may not simply apply Lemma
4.1, which would require g; to be C2. Our strategy is to mollify g, apply
Lemma 4.1 to the minimizers of the functionals involving the mollifications
of gr, then pass to the limit to obtain the result for the original minimizer.
Before we perform the mollification, let us extend g, to an even function on all
of R. Now, for every 0 < § < 2 /4, let g9 denote a standard mollification of g,
where the support of the mollifier is contained in [—4,d]. Then (g§)'(0) = 0,
but ¢2(0) > 0. Define gs : [0, 00) — [0, 00) by

gs(t) == gp(t) — g2 (0).

Then (5)q) holds for gs. Recall that {e;}32, was chosen to be a decreasing
sequence with e < 1 selected small enough so that ¢'(1/¢;) > 1; keeping
this in mind, it is straightforward to show that g has (p,q)-structure, where
p := min{p, 2} and § := max{q+1, 3}. Using this and the fact that 6 < 1/4, we

15



can show that gs has (p, §)-structure, where we have put p := min {3, 3+ 2p}
and ¢ := max{2q + 1,5}. We also find that gs satisfies (7) for the same py,
M, as gi. Suppose B,z C £, and let vs € WH(Q; RY) be a minimizer of the
functional
U +— / 9s(|Vul)dx
Byo, R

satisfying vs = v on 0B,, r. Using Lemma 4.1 and the minimality of vs, we
obtain

C C
95(|VVs|) || oo Si/ga Vs dxﬁi/ga Vu|)dz
(1950 < gy | (9l < = | a9
zg,R z0,R
(19)
for every 0 < p < R. Using the convexity of gi, it is not difficult to see that
gr(t) = 92(0) < g5(t) < gi(t +6) + g2(0), (20)
for all ¢ > 0. Using (20) in (19), we find that
C
lgr(IVUs )l Lo 5, ,) < R=pp / {ge(IVo] +0) + g3 (0)}dz + g2(0) < e,
g, R
(21)
where ¢; depends on n, p, q, k, p, and R. Hence g(|Vus]) is equibounded with
respect to ¢ in B, ,. Using Lemma 3.1y, we deduce that H | Vs HLOO B is

equibounded, and so, up to a subsequence, Vuvs converges to some Vw in the
weak* topology of LC’Q(BQE0 o RYX™) for every p < R. Passing to the limit in
(21), we obtain

e (VW oo s,y <Hminf lgi([Vos )l o s, ,) < (R_Cp)n / gr(IVv])da
Byo, R
(22)
Using (20), the minimality of vs, and the dominated convergence theorem, we
estimate that

timsup [ (| Vo)de < lmsup [ gs(|Vesl)da (23)
0—0% g, R 00" g, R
hm /95 |Vo|)d /gk |Vo|)d
Bwo,R J,OR

Lemma 3.1(;,) and (23) imply that |[Vus|| LF(Bay ) 19 uniformly bounded, so

Vus converges in the weak topology of LP(B,, r; RY*") to Vw. Therefore by
weak lower semicontinuity and (23), we have

/gk(|Vw|)d:B < lim inf /gk(|Vv5|)dx < /gk(|Vv|)da:

BIQ,R BIQ,R BIO,R
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Hence w is also a minimizer for the functional u — [, gx(|Vu|)dz. Since gi(|+])
is strictly convex on RY*” the minimizer for the Dirichlet problem is unique,
and so w = v. Therefore we can replace w with v in (22) and obtain the result.

Lemma 4.3 There are decreasing sequences {1 }52, and {7y}, converging
to 0 such that gi(t) < g(t) + Bxt* + i for allt > 0 and k € N.

Proof. If 0 <t < i, then we can use (18) to get gi(t) < g(t) + teng/(ex). If
t> i’ then g.(s) < ¢'(s) + exs for all s > i, so by (18) we have

< g(t) + et + Send (en)-
We see that the lemma is proved upon taking G, = %sk and v, = %akg’(ek).
Equipped with these lemmas, we can prove the following theorem.

Theorem 4.1 Let Q C R" be open and g be a function with (p, q)-structure.
Suppose that v € WL Q; RYN) is a minimizer for the functional in (6). Then
there is a constant C = C(n,p,q) such that

e [ o0

zg, R

lg(IVoDll L, ,) <

20.p)

whenever By p C ) and 0 < p < R.

Proof. First assume that B,,or C 2. For each k € N, define the integral
functional
To(u) = / (V| )da,
Boo r
where gj is as defined in (17). For each 0 < o < min{l, R}, let v, be a
smooth function defined from v using a standard mollifier. Then we have that
vy, € WH2(B,, r; RY). Let vg, be a minimizer of J that satisfies vy, , = v, on
0B, r- Then by Lemma 4.2, there is a constant C', independent of k£ and o,
such that

C
I9n(19 00Dl e, ) S =5 | 91 90es])de. (24)

BmO,R

Since v, is a minimizer for Jj, we have that

/ 0| Voo|)da < / ae(|Vu,|)dz. (25)

BIIJQ,R BzO,R

17



By Lemma 4.3, we obtain decreasing sequences {0 }7, and {y;}7>, converg-
ing to 0 such that

[ 9ivu bz < [ {g(Vuol) + 8 190, + 3} dz. (26)

B"EOvR Bzo,R

By properties of mollifiers,

| o090 + B IVe P+ nfdr < [ g(Vu)de

Bzo,R BzO,R+o

+ [ BV i de 27)

BIQ,R

Combining (24)-(27), we have

C
1951V Ok oDl 1o (5, ) < R— o / 9(|VU|)dx+/{Bk Vv, +7k}dx

B:L'o,R+0 Bz‘o,R

S Cl,aa (28)

where, in addition to the explicit dependence on o, ¢; , also depends on n, p, g,
R, and p. It follows that H |Vug o

is uniformly bounded in k by some
L2 (Bag,p)

M, < oo. Hence there is a subsequence of v, that converges in the weak*
topology of W>(B,, ,; RY) to some function w,. Also, since |Vuy,| < M, in
B, for k large enough so that i > M,, the computation in (18) gives

9 (ck)ex
lge(IVoral) = 9V URo Dl Lo s, ) = 75— +9len). (29)
Using (29) and going to the limit in (28), we obtain
lim inf [lg(IVoro )l Lo s, ) < Mminf [|ge(IVor o)l s, ,) (30)
C
< — / g9(|Vv])dz.
e R
1+o
By properties of weak® convergent sequences, we have
1901V eo D)l eqa,, y < Timinf (V0D s, - (31)
Combining (31) and (30), we get
lo( V)| < = [ (el < (32)
g vVUs oo > 5 N, givy))ar = ca,
EBron) = (R — p)r

BR+0’

18



where ¢y = ﬁf&%m g(|Vv])dz. Therefore, by Lemma 3.14,), we have
that Vw, is uniformly bounded in L*(B,, ,; RYV*™), and so we can extract a
subsequence that converges weak® in L°°(B$O7P;RN *™) to a function Vw for

some w.

We will show that w = v. By lower semicontinuity, we have

/ 9(| Yy |)dz < lim inf / 9(|Vvro|)de. (33)

Bay,p Bag,p

Using (29), we obtain

lim in /g(]Vvkﬁ\)deli]gninf /gk(ywk,o|)dxgngnnf /gk(yvz;k,g|)dx

Bzo,p Bzo,p BZQ,R
(34)
But by combining (25)-(27) and taking the limit as k — oo, we find that
limint [ g(|Voo)de < [ g(| Vo] (3)
BID,R BIEo,R+O‘

Collecting the inequalities in (33)-(35), we have
Jo(1Vushae < [ g(Vv)dz.
Bzo,p Baco,R-!—a
Since the inequality above holds for every p < R, we conclude that
[o(Vusde < [ g(IVel)da, (36)
B:L‘O,R BIO,R+U
By lower semicontinuity and (36), we get
/g(|Vwax < limiélf /g(|ng|)dx < /g(|Vv|)dx. (37)
on,R Ba:o,R on,R

Since ¢”(t) > 0 for all t > 0, we see that g(]]) is strictly convex on R¥*", Thus
the minimizer to the Dirichlet problem is unique, and so we can conclude from
(37) that w = u. Passing to the limit in (32) yields

C
< lim inf 3 <__“ / da.
lg(IVoD)llg,, , < liminf lg([Vws|)lls, , < E-pr, g(|Vol)dz

zg,R

Thus we have shown the result if B, o C 2. Now suppose only that B,, r C €2,
and 0 < p < R. Then B, r_, C ( for every y € By, ,, so by the argument
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above, we have that

Z g(IVvl)deW / g(|Vo|)dz.

B —p BIO,R
Y,

C
g(IV[)|l poe <
90V D e o S

Since the above inequality holds for every y € B, ,, we see that

C
900Dl ey < e | 90V

xq,R
which is the desired result.

We can change variables and use Theorem 4.1 to establish the apparently more
general result that follows.

Theorem 4.2 Let ) C R™ be open, and let v € WH(Q;RY) be a minimizer
of the functional

U — /g(|VuG0|)dx,
0

where g is a function with (p, q)-structure and Gy is an invertible nxn constant
Gyl |Gol) such that

matriz. Then there is a constant C' = C(n, p,q,

C
(120G s, ) < (=g [9(IVeCol)d

(R

zg, R
whenever By p C 2 and 0 < p < R.

Using a reflection argument and Theorem 4.2, we can show the following
version of the result for the half-ball.

Theorem 4.3 Let g be a function with (p, q)-structure, and suppose that Gy €
R™ ™ s invertible. Let v € WH(Q;RYN) be a minimizer of the functional

U — /g(|VuG0\)dx,
B+

satisfying v = 0 on BN OH™T in the sense of trace. Then there is a constant

C =0C(n,p,q, Gglﬂ ,|Gol) such that
C
919Gl e, ) < 7 +/ 9(|V0Go|)da
Bwo,R

for any xo € BT and 0 < p < R <1 — |xg|.
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5 Morrey Regularity

For this section, we fix 0 < k < n and let {w.}.~o C C°([0,00)) be a family of
nondecreasing functions satisfying w.(0) = 0 for each £ > 0. The following is
a technical lemma that will facilitate the proof for Lemma 5.3.

Lemma 5.1 Suppose that T C R™ is measurable, and let A and B be mea-
surable functions mapping T into RN ™. If g has (p,q)-structure, then there
is a constant C = C(n,p,q) such that

/gMHB MM<O/{|M UM)B—A&M.

Proof. Let U := {x € T : |B(z)| < 5|A(x)|}, and let V := 7 \ U. Using

Lemma 3.14) and the convexity of g, we get

/gLM|B Amx<6/gym|mdx<c/gpﬂ

(39)
sc/{|m OM)B—M}M- "

Next we estimate the integral over V. Note that for all z € V, we have that
|A(z)| < 1 |B(z) — A(z)|, and hence for ¢ € [1/2,3/4], we obtain the inequal-
ity

1 B—A|<|A+¢B-A] <|B-A4]. (39)
Now we will show that there is a constant C' such that for all x € V and a.e.
t €[1/2,3/4], we have

2

g (1B~ A) < 00 (A +1(B - 4)). (40)

A routine computation shows that

d g(IA+1[B - Al

qe9(A+tB = A])] = VH%B—AH’B_AF (41)
g"(JA+t[B - 4]|) TN
M+ﬂB_ME(M+ﬂB—Aﬂ{B A)
g'(|A+1tB— A

M+ﬂ3_mﬁ(m+ﬂB—AﬂﬂB_4)_
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To obtain (40), we need to consider two cases. First, we suppose that 1 < p <
2. Using (39), Lemma 3.1, and (39) again, we obtain

1g(|A+1[B — Al
p |A+tB - Al

IB— A (42)

g(21B = Al) < glA+[B — A)) < L4+ 4B - A
1A+ 1B — 4])

“p |A+t[B -4

We rewrite the right side of the previous inequality as follows:

1g'(JA+{[B—A]|)
p |A+t[B—A]|

p-2 JUATB-Al . .
s 1) JAra—a) A
1 g(AB-A)

p—1) JAFB-A

|IB—A|* =

IB—A|*.

Since we are assuming for the moment that 1 < p < 2, obviously p — 2 < 0;
therefore, from the equality above and the Cauchy-Schwartz inequality, we
have that

1g(|A+t[B - Alf)
p |A+t[B— A
p—2 ¢(|A+1[B—A4])

“plp—1) |A+t[B - Al

B — AP’

([A+t[B—A]]: [B— A])?

1 g(A+tB - A])

po—1) JAras—a) B4

_|_

In the right side of the previous inequality, we use (5) @) and the computation
in (41) to get

Ly ([A+1[B - Al]) 2 1 &
- — < —- — )
p 1A+p—a] P TS o apdA B A
Combining this with (42), we see that
1 1 a2
9(1|B—A|> gm@gﬂfljtt[B—AH) (43)

for 1 <p<2.

Now assume p > 2. Then ¢'(s)/s is increasing; using this fact along with
Lemma 3.1(;) and (39), we find that

_ 1 gGIB-A)

~ 16p 1|B— A
1 g(A+tB - A]))

~ 16p |A+t[B— Al

g(31B-4]) 1B — A (44)

B — A,
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Since p > 2, we have

p—24(|A+1tB—A])
16p |A+t[B— Al

([A+t[B—A]: [B—A])? >0,

and therefore we can add it to the right side of (44) and use (5)a) and (41)

to obtain |
9 (518 = A1) < 150 (14 +1B = 4]) (45)

when p > 2. Combining our estimates for the case 1 < p < 2 and the case p >
2, we have established (40) for any p > 1, every x € V, and a.e. t € [1/2,3/4].

We now proceed with the original estimate. Using Lemma 3.1(y;) and (40), we
obtain

[90AD1B-Aldz =4 [g(1A]) (£ 1B-A]) da
1% 1%

3/4
d2
<C/g 1A]) dx—i—C//l ) <9([ A+ B A]dtda.
Vi/2

Recalling that Clth(|A +t[B — A]|) > 0 for a.e. t € [0,1], since the function
t— g(|A+t[B — A]|) is convex, we can expand the domain of integration in
the right side of the previous inequality to get

2

94N 1B=Alde < € [g(A)daC | /(1—t>jt2g<|A+t[B—A]|>dtdx
% % Y 0
:c/g AI) d:c+c/ [guBD 9(1A)) =5 =9(|A):[B—A] |do

~cf {180~ patian:1- 1}dx

Combining this estimate with the one in (38), the proof is complete.

If f is asymptotically related to g, then we can use their similar asymptotic
behavior to prove the following lemma, which states that if a function u is an
almost minimizer for the functional with integrand f, then w is also an almost
minimizer for the functional with integrand g.

Lemma 5.2 Let f : RV*" — R be a function that is asymptotically related to
g, where g is a function with (p, q)-structure, and suppose that [ satisfies the
growth condition

[f(E) < Lg(|F]) + «
for some positive L and o. Let A : U — RN*" and G € CO(U; R™™) with ma-
triz inverse G—1 € CO(U; R™™) be given, where U C R™ is open and bounded.
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Define the functionals J : WU U;RY) — R* and K : WH(U;RY) — R* by

/f Vw + A|G)dz, and K(w /g [Vw + AG|)dz

Ifuis a (J,{w:}, {ve})-minimizer at xo, then u is a (K, {@.}, {V.})-minimizer
at xg, where W, and U, are defined as O, = 2w./4 and

+ (2L 4+ 1)g(02/2) + 2a + (Lg(o1) + ) <2wa(diam(Z/1)) + ;) :

Ve i= |Vey4

Proof. Since u is a (J, {w.}, {v.})-minimizer at z(, J(u) < co. Thus we can
use Lemma 3.2 to get that K (u) < co. It remains to show (4). To this end, let
e>0and 0 < p < diam(U), and fix ¢ € Wy (U N By, ,; RY). Upon writing
K(u) = J(u) + [K(u) — J(u)] and using the fact that u is a (J, {w:}, {v:})-

minimizer at xy, we obtain

K(u) < J(ut@)+(ws(p)+5) / {IF(IVu+AIG) | +] f([Vu+Vp+A|G)| jda

+ [ {|ra@)] + s (o) dx—i—/ ([Vut AIG]) — f([Vu+ AJG) }da.
UNBay.p

(46)
Note that

T(u+ ) = K(u+ o)+ / {F([Vu+ Vo + AG) - g(|[Vu + Ve + AIG)) }da

Thus we can rewrite (46) as

K(u) < K(ut@)+ (ws(p)+5) /{ [F([Vu+AIG)| + | f([Vu+Ve+ AIG)| bz

- / { Vesa()| + Vs/4(l’0)‘}dx

UMByy

+ [{olva+ AIG) - £V + 410) Jdo

UMByy

+ [ IVt Vo + AG) - gl|[Vu+ Vi + AIG) o
UMByy

= K(u+ o)+ (w6/4<p) + Z) L+h+I+1
(47)

where we have noted that the last two integrals make opposite contributions
outside U N B, , and have defined I, ..., I, in the obvious ways. Using the
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growth condition on f and the hypothesis that f is asymptotically related to
g, we have the estimate |f(F)| < Lg(o.)+a+(1+¢*) g(|F|) for all F € RN*»
and £* > 0. Using this inequality in I; with ¢* =1, we get

1132/ {Lg(o1)+a}du+2 / {9(I[Vu+AIG)) +g(|[Vu+Vep+AG|) }da.

UNBa,p UNBzg,p
Since f is asymptotically related to g and f satisfies the growth condition, we
get
€
I < /{(L +1)g(02/2) +ada + - /g(wu + A|G|)dz.

UNBz,p UNBzg,p
Proceeding similarly and noting that —g(|Vu + Vg + A|G) < 0, we obtain

I < /{Lg(as/Q) + a}d:c +% /g(\[Vu + Vo + A|G|)dzx.

UNBey,p UNBzg,p

Putting our estimates for I, I3, and I into (47) and defining @, and 7. as in
the statement of the lemma, we obtain

K(0) S K (ut)+(@:p)+2) [{g(I[Vu+AIG)) +9(|[Vu+Tp+AIG]) do

+ [{oet@)+ o) fae,

UNBag o
and hence u is a (K, {®.}, {7 })-minimizer at x.

The following lemma is the crux of the argument that establishes Sobolev-
Morrey regularity for almost minimizers of (1).

Lemma 5.3 Suppose {g,},ep+ is a family of functions with uniform (p,q)-
structure, where 1 < p < g, and let g : [0,00) — [0,00) be as in Definition 2.7.
Let A € Lo"(BY;RN*™) and G € CO(B+;R™™) with matriz inverse G~ €
CO(B+;R™™) be given. For everyy € BT, define K : WH (BT, RY) — R* by

K (w) = /gy(uw + AlG))de.
B+

Suppose that w € WHH(BTRY) is a (K, {w:}, {ve})-minimizer at y for each

y € BT, where {v.}.so C LY(BT), and that w =0 on BNOH" in the sense

of trace. Then u € WhP™ (BT:RN) and Vu € L5 (BT, RV*).

oc loc

Proof. To begin, we define a few items for notational convenience. We will
let G, denote the matrix G(y), and R, := 1 — |y|. Let

M = sup {|G(z)|} + sup {|G~" ()|} + 1,

reBt reBt
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and define p : [0, 1] — [0, 00) by

u(s) = sup {|G) - G(2)|: o — 2| < s}.

z,2€Bt

Note that p € C°(]0, 1]) is nondecreasing and satisfies 1(0) = 0. Throughout
this proof, we will denote by C' a generic constant that can depend on n, m,
p, q, and M. With these notations in place, we are now set up to begin the
proof. The proof contains two main steps. We will first show that there is a
constant ¢4, independent of xg, such that

/ 9(|VuGy,|)de < ¢y (g)m / 9(|VuGy, |)dx + e4p” (48)

T0,p zg, R

for every zp € BT and 0 < p < R < R,,. We then use this estimate to
demonstrate that u € VVll’(p’K)(BJ“; RY) and Vu € L{F (BT RV*"),

oc loc

For fixed o € BT, suppose that 0 < p < R/2 < R < %Rwo, and let y €
B .. . Define I : WHY(B} z, RY) — R* by I(w) := s, gy(|[VwG,|)dz. Let

x0:§RzO
v be a minimizer for I satisfying u —v € Wol’p(B;L’R; RY). We have

[ aIVuG, e = [ ,(1VeG, Dz + [ {g,(I7uG,)) ~ 9,(| TG, ) }do

+ + +
By, By, By,

< Cp" lgy(IV0Gy )l oo )
+ [ {a(9uG,)) - 0,(1v0G, )}

By,
(49)
Recalling that p < R/2, by Theorem 4.3, we have that
C
9,1V VG s,y < 77 | (V06 )
B,
Using the above inequality and the fact that I(v) < I(u), we get that
n P\"
o 19 (IVoG )i,y <C (%) [ (IVeGyhds (50
B,
< C(Z) | 019G, Daz.
Bf



Combining (49) and (50) yields

[ 91VuG, e <C (£)" [ 9,(9uG,da

+ +
By,p By,R

+ [ {91966, )) = 9,(190G, ) }do. (51)

By
We will now estimate the last integral. We can write
/ {gy(|V“Gy‘) - gy(|Vva|)}dx =I5+ I
By,

where we have defined

= [ {0906~ V06, = S99 (9= Vi

+
Byap

B
. / SEu(IV0G, ) : [Vu = VoG da.

+
BZ’JsP

By the convexity of g,, the integrand in I; is non-negative, so we can expand
the domain of integration to B; r and then apply Lemma 3.5 to get

< [ 19,1906, |) = g,(IV0Gylda. (52)
Bl .
Now we estimate 5. Since la%gy(|F|)‘ = g,(|F']), we find that
L< / g, (IVoG,|) |[Vu — Vo] Gy| da.
By,
From the above inequality and Lemma 5.1, we obtain

9,
L<C / {gy(|VuGy|) - a—ng(|Vva|) :[Vu— Vv]Gy} dz

+
BQ«,P

—C /gy(]Vva])da:+[1

Byvp

< C [0 19199C, Dl s, + 1]

P

where [ is as defined above. Using (50) and (52), we deduce that

Jggc(p)" [ a(19uG, )z +C [ {,(1VuGyl) - g(1V0Gy ]z

R + —+
By:R By,R
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Collecting our estimates for I; and Iy, we have so far proven that

[ 91VuG,hdx <C (£)" [ 9,(9uG,da

+ +
By”,, By,R

+C [ {a(IVuGy)) = g,(IVeG, )}z (53)

B .
But u is a (K, {w.}, {v:})-minimizer at y and v. € L'*(B"), which implies

[ {5,196, ) — ,(190G, )}

+
By,R

< [ {a(VuGy)) = g,([Vu + A1G] e

Bf L
+ [ {91V0+ AIG]) = g,(|90G, ) }d (54)
B
+(we(B)+2) [ {g([Vut AG]) + g,(I[V0 + AIG)) Jda

B+
y,R
+ R*[vell g + B [re(y)]
= Iz + L+ (we(R) + )5 + B ||vell e + R r(y)]

where I3, I, and I5 are defined in the obvious ways. We first estimate I3. Note
that we have

1
L= [ [ (VuGH1Vu(@,~C)+(1-1)AC) : [Vu(C,~C) ~ AC)ide
B+RO

1
< [ [4,(CIVuG,|+ClA) [CIVuG,y| u(R) + C |Alldeda
Br,0
< Ce [ g,(CVuG,| + C|A]) [L(IVuG,| u(R) + |A])] d,

+
By,R

for any 0 < ¢ < 1. Using Lemma 3.1, we obtain

Ce / g, (C|VuG,| + CA]) [2(|VuG,| u(R) + |A])] dz

B,
1
< Ce / g, (C'|VuG,| + C'|A|) dz + Ce / g, (L(VuG,| u(R) + |A])) de.
B+R B';R
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Since {g,}yep+ has uniform (p, ¢)-structure, there is a constant ¢ such that

g(s) —c < gy(s) <cg(s)+c (55)

for all s > 0. Using (55) along with parts (iii) and (v) of Lemma 3.1, we finally
get

CcRF

ga-1

lg(ADII L1 + CeeR".

ga1

L<C <a + “(R)) / a,(IVuG,|)dz +

B,
Using a similar computation and the fact that v is a minimizer for 7, we get

CcR"

ga-1

nL<c (5 + u(i)) / gy (|VuG,|)dx +

g4
+
By,R

lg(AD N p1.s + CeeR™.

To estimate I5, we use (55), parts (iii) and (v) of Lemma 3.1, and the fact
that v minimizes I to obtain

I <C [ g,(I9uGy|)de + CeR g A])| . + CeR".

+
By,R

Upon substituting the estimates for I3, I;, and I5 into (54), we have

/{gyWuGyl)—gy(yvvayp}dx

B
< O (etwe(R)+pe(R)) / 9y(|VuGy|)dz + c1.R" + C |ve(y)| R", (56)

+
By,R

where we have put p. := p/e?7! and where ¢ is a constant that depends on
n, p, q, ¢, £, and w.(1). Using (53)-(56), we deduce that

[ 9(1VuG,)dz

+
By,p

< Cc(<g>n+5+w6(R)+,ua(R)> [ o(1VuG)da+er BEC )] B, (57)

By,R

where ¢y, depends on n, p, ¢, M, €, ¢, w:(1), p(1), [[g(|AD|| 1.x, and [[ve|| p1,e-
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This inequality is valid for every ¥ in B+ so we can integrate (57) over

lR )

B , With respect to the center y, which results in

/ /g |VuG,|)dzdy < CC((R) +etw(R)+pe(R )/ /g |VuG,|)dzdy

+
BJuopByp zop yR

+ [{ese R +lve(w)] R"}ay. (58)

By

We estimate the double integral on the left from below using Lemma 3.1

/ / (VaGylidedy > 5 [ [ 9(19uGuulxs, (o) (o)dady

B, R” Rn 02

B

z0,p

> & [ [oVuGalna: @, (dudy (59

We estimate the double integral on the right from above similarly:

/ / (1VuGy)dedy < C [ [ g(IVuGralxs: , (2)xey, , (v)dedy

B B ]Rn Rn

S C//g(|VUJGz0|)XB;

0, R+tp
R? R™

< Cp" 9(|VuG,,|)dx

(x)xlgjo’p(y)dxdy (60)

For the last integral in (58), we have

/ {2 R + ()| R" Jdy < Cea e RS 4 [[ve]| o R™ =1 ¢3R5, (61)

Biop

Putting our estimates from (59)-(61) into (58) and defining ¢4 := C'c, we get

| 9(1VuGa, )

<o (L2 n—l—&?—l—w(R)—l— / (|IVuGyg,|)dz + ¢ L (62)
> 4 R € €2q—1 g ) 3, Pn 9

BQCO,QR
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We have shown that (62) holds for all 0 < p < R/2 < R < R,,/2, and hence

| 9(1VuG, )z

By

n+kK

<ca (<]p%)n + e+ w(R) + ua(R)> +/ 9(IVuGy,|)dr + Cs,aRp

zg,R

(63)

for all 0 < p < R/8 < R < R,,. But by enlarging ¢, if necessary, we can see
that (63) obviously holds for all 0 < R/8 < p < R < R,,; therefore we have
that (63) holds for all 0 < p < R < R,,.

Now we will use Lemma 3.4 to obtain (48). Fix ¢* := 1/(204)7%?, and define
the function R : Bt — (0,1] by

R(z) = sup {R € (0,1 |2]] : wer jo(R) + prer o(R) < 52*} |

Thus, defining c5 := max{c4, ¢3c./2}, we have

n RTL+I€
/ 9(|VuG,,|)dz < c5 [(g) + 8*} / 9(|VuGyy|)dr + c5——.
B B P
QP zg,R

for all 0 < p < R < R(x). According to Lemma 3.4, we may now write

/ 9(|VuG,,|)dz < ¢ (g) / 9(|VuGy,|)dx + cgp”
B;roy,, BJO,R
f9r all0 < p< R< ]-:i(:ro) and some ﬁnite~ constant cg. But by the definition of
R, we see that if we define r = sup__,+{R(z)}, then R(z¢) = min{r, 1 — |x|}.
Putting ¢; := ¢g/r", we have

[ o1VuGiyde < o (£) [ g(1FuGyl)da +cop®,

+ +
BEO;P BzO,R

for all 0 < p < R <1 — |xg|. This establishes (48).

Now we use (48) to show u € W™ (BT;RY) and Vu € LE% (BT RV*™),
Since g has (p, ¢)-structure, we can employ Lemma 3.1 to estimate the left

side of (48) from below.

[ oVuG ez & [ oVl (64)

By By
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We also estimate the integral on the right from above. Fix yg € BT, and note
that g(t) < gy, (t) + g(1) for all ¢ > 0. Using this and Lemma 3.1, we have

Jo(VuGay ) < [ g,,([FuGayl)da+Co(1)

+ +
Bro.r ° (65)

SC/gyo(![VU+A]G\)dSU+C||gyo(|z4!)HL1+Cg(1)IZCS-
Bt

Note that cg < oo, since [z1 gy (|[Vu + A|G|)dz = K, (u) < oo. Collecting
our estimates in (64) and (65) into (48), and dividing both sides by p*, we
finally arrive at

< —7— + Cey,
7 (1~ Jao])"

for all 0 < p < 1 — |zg|, where we have taken R = 1 — |zo|. But for any
U CC BY, we have that 1 — || is bounded away from 0 for all =y € U. Hence
we have that Vu € L{:%(BT; RY*"), which implies that Vu € L5 (B, RN,
Since v € WH(BT;RY) and u = 0 on OH™T, we can extend u via a negative
reflection across OH™ and apply the Sobolev-Poincaré inequality to get u €

LPF(BT:RN). Therefore u € WP (B¥;RY), and the proof is complete.

loc oc

Using Lemmas 5.2 and 5.3, we may state the following lemma.

Lemma 5.4 Suppose the family of functions {f,},ep+, defined on RV*" s
L9*-asymptotically related to a family {g,},ep+ with uniform (p, q)-structure,
and let g be as in Definition 2.7. Suppose also that there is an L > 1 and a
function o € LY (B") such that

fy(F) < Lg([F]) + a(y)

for each y € BY. Let A € L9*(BT;RY*") and G € C°(B+;R™") with ma-
triz inverse G~ € C'(BT;R™") be given. For each y € B*, define J
W (BHRY) — R* by

T (w) == /fy([VerA]G)dm.
B+

Let {v.}eso C LY(BT) be given. Suppose that u € WHEH(BT;RY) satisfies u =
0 on BNOH™ in the sense of trace, and that u is a (J;7, {w:}, {v:})-minimizer

at y for each y € BY. Then u € W™ (BT:RY) and Vu € LI (BT, RN*™).

loc

Using Theorem 4.2 instead of Theorem 4.3, the following theorem can be
established in the same way as Lemma 5.4.
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Theorem 5.1 Let Q) C R"™ be open and bounded. Suppose that the family of
functions { f,}yeq, defined on RN*", is L -asymptotically related to a family

{9y }yeq with uniform (p, q)-structure, and let g be as in Definition 2.7. Suppose
also that there is an L > 1 and a function o € Ly(Q) such that

loc

fy(F) < Lg(|F]) + a(y)
for each y € Q. Let the mappings A € LT%(Q;RY*") and G € CO(; R™™),

loc

with matriz inverse G~ € CO(; R™™), be given. For each y € ), define the
functional K, : WHHQ; RY) — R* by

K, [w] = /fy([Vw + AlG)da.

Let {v.}eso C LEE(Q) be given, and suppose that v € WHH(Q;RYN) is a local
(Ky, {we}, {ve})-minimizer at y for eachy € Q. Then u € VVI(I)’C(’)’R)(Q; RY) and
Vu € LER(Q; RN*m),

A standard argument may be used to “straighten out” smooth portions of the
boundary 9€2. Thus Lemma 5.4 and Theorem 5.1 can be used to prove the
following result.

Theorem 5.2 Suppose that 2 C R"™ is an open and bounded set and that
' is a C' portion of OQ. Suppose also that the family of functions {f,}yeq,
defined on RN*" is LE*(QUT)-asymptotically related to a family {g, },cq with
uniform (p, q)-structure, where g is as in Definition 2.7. Suppose that there is

an L > 1 and a function o € LX(QUT) such that

loc

fy(F) < Lg(|F|) + a(y)
for each y € Q. Let the mappings A € LEF(QU T RY™) and G € CO(Q U

loc

[; R™™), with matriz inverse G~ € C°(QUT; R™ ™), be given. For eachy € €,
define the functional K, : WHH(Q;RY) — R* by

K, [w] = /fy([Vw + AlG)dx.

Let {v.}eso C LS(QUT) be given. If u € WHH(Q;RY) satisfies w = 0 on T

and is a (K, {w.}, {v.})-minimizer at y for eachy € 0, then u € I/Vli)’c(p’”)(ﬂu
[;RY) and Vu € LER(QU T RN*™).

loc

6 Nonhomogeneous Functionals

We now use the results from the previous section to show regularity for almost
minimizers of functionals of the form u — [, f(z, Vu)dz.
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Theorem 6.1 Suppose that Q C R™ is an open, bounded set and that T is a C*
portion of 0. Let {v., (. }eso C Lyt (QUT) and @ € W51 (QUI; RY) satisfying
Vu € LEF(QUT;RY) be given. Suppose that § € C°([0,00)) and {w.}eso C
C°([0,00)) are non-decreasing functions satisfying 6(0) = w.(0) = 0 for each
e > 0. Let {gs}zeq be a family of functions with uniform (p,q) structure, and
let the function g be as in Definition 2.7. Suppose that f : Q x RN*" — R has

the following properties:

(i) For each e > 0, there is a 0. € L (QUT) such that

loc

[f (@, F) = g=(IF)| < ega(|F)

for every x € Q and F € RN*" satisfying |F| > o.(z).
(ii) there is an L > 1 and a function a € Ly (QUT) such that

loc

|f(z, F)| < Lg(|F]) + a(z)

for all z € Q and F € RN>",
(111) for every x,y € Q and e > 0, the inequality

(2, F) = f(y, )| < (6(|z = y[) +€)g(|F]) + |¢(2)] + ¢ (y)]

holds whenever |F| > min{o.(z),o-(y)}.

Suppose that u € WHH(QRY) is a (K, {w.}, {v.})-minimizer for the func-
tional K : WH(Q;RY) — R* defined by

K(w) ::/f(x, Vw)dz,

and that w =1 on I' in the sense of trace. Then u € V(/li’(fp"{)(Q UT;RY) and
Vu € LEH(QUTT; RN*™),

Remark 6.1 For any R < 0o, one can impose the condition o. > R without
affecting the required reqularity for o.. Hence we see that we need not require
any continuity for f(-, F) when |F| < R.

Proof. Let v := u — w. It suffices to show that v is an almost minimizer for
a family of functionals satisfying the hypotheses of Theorem 5.2. For each
y € Q, define the function f, : RV*" — R by f,(F) := f(y, F'), and define the
functional K, : WhH(Q; RY) — R* by

K, (w) = / £,(Vw + Va)da.

By (ii), {f,}yeq satisfies the growth condition required to use Theorem 5.2,
and by (i), we have that {f,},eq is Lin (2 UT)-asymptotically related to the
family of functions {g, },cq, which has uniform (p, ¢)-structure.
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We will now show that v is a (K, {7}, {#:})-minimizer for appropriate choices
of {7.}es0 and {B.}es0. Let € > 0 and ¢ € Wy (2N B, ,; RY) be given. Since
wis a (K, {w.}, {v-})-minimizer, we have

K, (0) < Ky(0+ 9) + K(u+9) = Ky (0 + 9) — K(u) + K, (0)
+ [{@) + vety)] Jaa

QNBy,,

+(@(p)+2) [ {If@, Vu)l + (2, Vu+ Vo)) dz.

QNBy,p

Recalling the definitions of K and K, and the fact that u = v+u, we get that

K,(v) < Ky (v+¢)+ /|f(x, Vu+ Vo) — f(y,Vu+ V)| dz

QNBy,p

+ 1@ V0 = f@.Va)lde+ [ { @) + () Yo

QNB,,, QNB,,,

+(welp) +€) [ {17, V)l + | (2, Vu+ V)| }da.

QNBy,p

Using (ii) and (iii), we see that

[, F) = [y, F)| < Lg(o:(2)) + a(x) + Lg(o:(y)) + a(y)
+ (0(Jz —yl) +)g([F]) + [C(=)] + I¢(y)]
for all z,y € Q and F € RY¥*" Also, using (i),(ii), and Definition 2.7 we

obtain a constant ¢ such that |f(x, F)| < Lg(o1) + a(z) + 2¢g,(|F]) for all
(z, F) € Q x RV*" Using these estimates yields

K, (v) < K,(v+ )+ /{Bg(x) + () bat

a(0(p) +wo(p) + ) [{,(IVul) + ,(|u + Vi) Jaa,

QNBy,p

where we have defined f3. := g(0.) + . 4 b+ (w<(diam Q) 4¢)g(o1), and where
¢ depends on L and ¢. Now using Lemma 3.2 and part (iv) of 3.1, we obtain
a constant ¢y such that

Ky0) S Ky +0) + (e +22) [ {1,(I90]) + £,((Vu + Vo)) da

[ {Bacle) + Buely) }az,

QNBy,p

where we have put 7. := ca(6 + we/e) and 3; := afe + (2L + 1)g(o1/2) + 20
Note that 8. € L*(Q) and that . € C°([0, 00) is nondecreasing and satisfies
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7:(0) = 0. Therefore we can use Theorem 5.2 to deduce that u € WI})’C(p ’”)(Q U
[;RY) and Vu € LT (QUT; RY).

loc

7 An Application to Partial Differential Equations

We now provide an application of our results that establishes Sobolev-Morrey
regularity for weak solutions of partial differential equations. The strategy for
the proof is to show that the solution w is a (J, {w.}, {ve})-minimizer for some
appropriate J, {we}es0, and {v.}.~o so that we can apply Theorem 6.1.

Theorem 7.1 Let Q C R™ be open and bounded with C* boundary. Suppose
that w € WP(Q; RY) satisfies Vu € L9*(Q; RN ). Let {g.}ocq be a family
of functions with uniform (p, q)-structure, and let g be as in Definition 2.7.
Suppose that A : Q x RN — RNX" gnd h : Q x RV — R™ satisfy the
following properties.
(i) For each € > 0, there is a 0. € Lo Q) with 0 < k < n such that for
every x € €,

Al F) — g (1FD)| < gl F)

whenever F € RN*" satisfies |F| > o.(z).
(i) There is a constant L > 1 and a function o € L%’”(Q) such that

|A(z, F)| < L|IF|"" 4 a(z), and
h(z, F)| < Lig:(|1F)]"7 + a(x),

for all x € Q and F € RN*",
(iii) There are families {(.}eso C LY(Q) and {7.}.0 C L9%(2), along with
a nondecreasing § € C°([0,00)) satisfying 5(0) = 0, such that

192(1F) = gy (IF)| < (0(lz = yl) + )9 (| F']) + ¢=(2) + ()
for all z,y € Q and F € RN*" such that |F| > min{7.(z), 7-(y)}.

Suppose that v € w+ Wy (4 RY) is such that g(|Vu|) € LY(Q), and also
satisfies

/A(x, Vu) : Vedr = /h(a:, Vu) - pdx (66)
0 )

whenever ¢ € Wy P (4 RN) and g(|Vy|) € L'(Q). Then u € WhH®R)(Q;RN)
and Vu € L9F(Q; RV*™).

Proof. Define f : Q x RV*" by f(z, F) := ¢.(|F|). Let the functional J :
WEHQ;RY) — R* be defined by J(w) = [, f(z,Vu)dz. In order to use
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Theorem 6.1, the only nontrivial thing to show is that u is an almost minimizer
for J. With this end in mind, fix zp € 2,0 < e <1 and 0 < p < diam(€2), and
let @ € Wy (2N Bay s RY) be given. If g(|V|) € L1(Q), then using Lemma
3.2, we see that the inequality in (4) is trivially satisfied. So we may assume
that g(|Vp|) € L'(Q). For convenience, define v := u + . Then using the
definitions of J and f and the fact that Vu = Vv outside Q2 N B, ,, we have
that

T@=10) = [ {aVu)=00e)+ 5 eVl [o-val ba

— / ;Fgm(|Vu|) [Vv—Vu|dz.

QNByy,p

By the convexity of g, for each x, the first integral on the right is less than or
equal to zero, and therefore, using (66), we have that

J(u) —Jw) < — / 86Fgm(|Vu|) [V — Vulde

QN Bag.p
0
_— / {angﬂVu]) ~ Al Vu)} [V — Vuldz
QNBay.p
- / h(z,Vu) - (v —u)dex
QN Buyg.p
=1 + I,

where I} and Iy are defined to be the first and second integrals, respectively.
We will estimate I; first, which we do by splitting 2 N B,, , into the set on
which |Vu| < o, (call this set S and the corresponding integral [; ¢), and the
set on which |Vu| > o, (call this set 7" and the corresponding integral I 7).
Using Young’s inequality and the growth conditions on A4 given in (ii), we
obtain

Is < e [ (gh(o) + Lot +a) T dr+e [ Vgl da.
S S

Without loss of generality, we may assume o.(x) > 1 for all . By Lemma 3.1,
we have that ¢/,(0.) < qg.(0-)/0., and so by Lemma 3.14;) and Definition 2.7,
we see that ¢/ (c.) < qcg(1)od™!. Inserting this inequality into the previous
estimate and using Lemma 3.1;,) on the second integrand, we see that

p(g—1) »
I s < 0175/{05 Pl ap—l} dz + cge/gx(]VgoDdx, (67)
S S

where ¢; . depends on p, ¢, ¢, L, and ¢(1), and ¢, depends on ¢ and g(1).
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To estimate /7, we employ assumption (i) and Lemma 3.1(y;), which gives

I <= [ (1Vul) Vel do < Ce [ {g.(Vul) + g (V) }do.  (69)

T

Using Lemma 3.1(,) and combining (67) and (68) gives

p(g—1) »
I < e / {0 _|_ou»1}dx—|—036 /{g$(|Vu|)—|—gz(|Vv|)}dx.

QNByy,p QNBag.p

Now we will estimate I5. Using Young’s and Poincaré’s inequalities, we obtain

L<e [ @ Volidites [ Vel de
QNBzg,p QNBzg,p

Using the growth condition on h given in (iii) and Lemma 3.1, we have

I, < Ce / {Lﬁgwﬂvm) +ozp%1}dx + cLpP / {gm(|Vu|) + 1}dx.

QNBzg,p QNBzy,p

Therefore, upon collecting our estimates for I; and I, we have that

p(g—1) »
L+1,<d,. / {a +az>—1}dx+(c/8pp+03€) /{gx(|Vu|)+gz(|Vv|)}dx

0NBayg.p QNBay.p
p(g—1) »
Taking we(p) := ;. 07 and v. = ¢ (0.0 + arT), we see that v, €

LY (Q), w. € C°([0,00)), and w.(0) = 0. Recalling the definition of f, we
conclude that

J(W)=J(0) < @erelp)+cs2) [ {1, Vo)l +1f(z, Vo)l ot [ [vee(@)] da

Qﬂonyp QﬁBwo,p

and hence wu is a (J, {we}, {ve})-minimizer at z,. Since zy € ) was arbitrary,
we deduce from Theorem 6.1 that u € WH®%) (Q: RY) and Vu € L9%(Q; RY).
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