YOUNG MEASURES GENERATED BY SEQUENCES IN
MORREY SPACES
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ABSTRACT. Let Q C R"™ be open and bounded. For 1 < p < oo and 0 < A\ <
n, we give a characterization of Young measures generated by sequences of
functions {f;}%2, uniformly bounded in the Morrey space LPA(Q;RY) with
{Ifj["}$2, equiintegrable. We then treat the case that each f; = Vu; for some

u; € whp(Q; ]RN). As an application of our results, we consider the functional

u>—>/ f(x,u(x), Vu(x))dx,
Q

and provide conditions that guarantee the existence of a minimizing sequence
with gradients uniformly bounded in LP-*(€Q; RN *7),

1. INTRODUCTION

Fix n, N € N, and let 2 C R" be open and bounded. For 1 < p < oo and 0 <
A < n, we characterize Young measures that are generated by a sequence {f;}3°,
uniformly bounded in the Morrey space LP*(Q; RY) with {|f;” }321 equiintegrable.
After first considering the easier case where no additional constraints are placed on
the generating sequence {f;}, we then investigate the case that {f;} is a sequence
of weak gradients. Here and in what follows, we denote by LP**(Q; RY) the Morrey
space

LPAMGRY) = { f e LP(Q;RY) : sup p_)‘/ If]” dx < o0 p
xo>€gl QNQxq.p
P

with the norm
1/p

1€ s = | sup o / fPax |
X0 €N QNQxy,p
p>0

where Qx,,, is the cube centered at xo with edges of length p that are parallel to
the coordinate axes. We also define the Sobolev-Morrey space WP (Q; RY) by

WHEN O RYN) = {ue WP Q; RY):ue L7 @ RY) and Vue L7 Q; RV},
with the corresponding norm

[allys.on = lall s + Vall o -

We refer the reader to [9] for additional background on Morrey and Sobolev-Morrey
spaces.

D. Kinderlehrer and P. Pedregal [11] have provided a characterization of Young
measures generated by sequences {Vv;}, where the sequence {v;} is bounded in
WP RY) and {|Vv;|’} is equiintegrable. Using this result, it can be shown
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that if p > 1, then any Young measure generated by a sequence {Vu;} with {u;}
uniformly bounded in WP can also be generated by a sequence {Vv;}, with {v;}
uniformly bounded in W' and {|Vv;|"} equiintegrable. The primary purpose of
this paper is to extend their results to the more general setting of Young measures
generated by sequences of gradients of functions belonging to the Sobolev-Morrey
space WL with 0 < A < n. Since LP"™ = L, the case A = n has already been
treated in [10] and [12], so we omit it from our consideration here.

While the results in [11] provide optimal integrability results for the sequence
of generating functions, our results allow one to refine the regularity properties
the generating sequence can be expected to possess. For example, if a Young
measure v is homogeneous and can be generated by a sequence of gradients {Vu,;}
bounded in LP(Q; RY*™), by the results obtained here, it can also be generated by
a sequence of gradients {Vv;} that is uniformly bounded in LP**(£2; RN ") for each
0 < XA < n. So even when it may not be possible to get any higher integrability
for a sequence of gradients generating v, it is nevertheless possible to get much
more Morrey regularity on the gradients. If the boundary of Q is Lipschitz, the
Morrey regularity on the gradients translates to Holder continuity of the potential
functions v;. In fact, in this case we would have that {v;} is uniformly bounded
in CO(Q;RY) for each 0 < o < 1.

I. Fonseca and S. Miiller [7] have generalized the result of D. Kinderlehrer and
P. Pedregal [11] in a different direction than is carried out here; they characterize
Young measures generated by sequences {v;} bounded in L? that satisfy Av; =0
for some constant rank partial differential operator A. The gradient case v; = Vu,
addressed in [11] corresponds to the case A = curl. This generalization, among other
things, allows one to characterize Young measures generated by sequences of higher
gradients. It may be possible to combine the ideas in [7] with those in the present
paper to obtain a characterization of Young measures generated by sequences {v;}
bounded in LP* that satisfy Av; = 0. The main obstacle to employing the methods
used here to obtain such a characterization is the absence of a way to approximate
an A-free function by essentially bounded A-free functions (cf. Theorem 2.2). We
would like to mention here that one can look to [2, 4, 5, 6, 10, 11, 12, 13, 15, 14, 16]
for some applications of and supplementary material regarding Young measures.

The paper is organized as follows. In Section 2 we introduce further notation and
state some theorems proved elsewhere that we will use throughout the paper. In
Section 3, we use a constructive argument to characterize Young measures generated
by p-equintegrable sequences of functions bounded in the Morrey space LP* (Q; RY).
We then proceed to consider the gradient case in Section 4. We conclude the paper
in Section 5 with an application of our results to the Calculus of Variations.

2. NOTATION AND PRELIMINARIES

If E is a Lebesgue measurable set, we use x g and m(FE) to indicate the character-
istic function of E and the Lebesgue measure of E, respectively; if 0 < m(FE) < oo
and f € L(FE), we define the average value of f over E by

£, o= 5 [ s

We will say that the sequence of functions {f; }j"';l is p-equiintegrable if the sequence
{I£;1"}32, is equiintegrable.
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We denote by M(R™) the set of all Radon measures supported on RY. Given
p € M(RY) and ¢ € Co(RY), we define

(1, ) = /RN o(y)du(y)-

We say that a mapping v : E — M(RY) is a Young measure if v(x) is a probability
measure for almost every x € E and the map x — (v(x), ¢) is measurable for every
» € Co(Q). Complying with standard notation for Young measures, we will write
vy instead of v(x), and will usually denote the map v by {vx txecp.

We define Q := (0,1)", and for x € R* and p > 0, we use Qx, to denote the
open cube in R centered at x with edges of length p parallel to the coordinate
axes.

We now state a version of the fundamental theorem for Young measures; more
general versions of this theorem are available (see [1, 3, 6, 7], for instance), but the
one given here suffices for our purposes. We recall that a function f : E x RN — R
is said to be Carathéodory if f is Borel measurable and f(x,-) is continuous for
almost every x € F.

Theorem 2.1 (Fundamental Theorem for Young Measures). Let E C R™ be a
measurable set with finite measure, and let {z;}32, be a sequence of measurable

functions mapping E into RN that generates the Young measure v = {Ux}xcE-
Suppose f: E x RN — [0,00) is Carathéodory. Then

liminf/fxzj dx>// f(x,y)dvx(y)dx
j—oo

Furthermore, if { f(-,z;(-))} C LY(E), then {f(-,z;(-))} is equiintegrable if and only
if

lim [ f(x,2;(x))dx = / f(x,y)dvx(y)dx < oo.

= JE E JRN
In this case,

L A/f y)dv,(y) in L*(E).

The following theorem, which is essentially Theorem 4 on page 203 of [8], provides
a tool for approximating functions in WP by Lipschitz functions.

Theorem 2.2. Let u € WUP(R™;RY) with 1 < p < co. For T > 0, define the
closed set Ar by
Ap = {x e R": M(|Vu|)(x) < T},

where M(f) denotes the mazimal function of f. Then there exists a Lipschitz
function vy : R™ — RN such that

(i) vr(x) = u(x) and Vvr(x) = Vu(x) for almost every x € Ar;

(i) |VVvrl e < e(N,n)T;

(iif) m(R™\ Ar) < c(M)T7P [(1guisr/2) |Vul? dx.

The following theorem and its proof can be found in [6].

Theorem 2.3. Let E C R" be a Lebesgue measurable set with finite measure and
let {£;}52, and {g;} be sequences of measurable functions mapping E into RN . If
{f;} generates the Young measure v = {vx}xcr and {g;} converges in measure to
a measurable function g : E — RY, then {f; + g;} generates the translated Young
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measure U = {Dy yxep defined by (I, ©) := (vx, p(- +g(x))) for every ¢ € Co(RY).
In particular, if g; — 0 in measure, then {f; + g;} generates v.

3. THE GENERAL CASE

In this section, we determine which Young measures can be generated by a
sequence bounded in LPA(€;RM), for 1 < p < oo and 0 < A\ < n. We first consider
the homogeneous case when vy = v for some probability measure v supported on
RY; using a similar strategy as is found in [11] and [12], we use the homogeneous
result to prove the more general theorem in the nonhomogenous case. We would
like to point out that the arguments in this section are entirely constructive, though
it is possible to give a shorter, nonconstructive argument using some of the same
techniques that are utilized in Section 4.

3.1. Homogeneous Measures. Let v € M(RY) be a probability measure. We
construct a sequence of functions {f; }]“;1 mapping Q into RN that generates the
homogeneous Young measure v. Furthermore, we demonstrate that this sequence
of functions is uniformly bounded in LP*(Q; RY) for every 0 < X < n if v satisifies
the condition

[ avty) < .

We will use the following lemma.

Lemma 3.1. Suppose that v € M(RY) is a probability measure and that {5152,

is a sequence of measurable functions mapping a measurable set E C R™ into R,
If the equality

oy -1

(1) v(Gm(DNE) = Jhl& m(DNEN f; (@)

holds for each Borel set G C RN and every cube D C R™, then the sequence {f; };";1
generates v.

Proof. Recall that the sequence {f;} generates v if and only if

@ tim [ €Gop(teoNix = [ €oix [ o)dnly)
= JE E RN

for every ¢ € Co(RY) and ¢ € L'(E); it actually suffices to show that (2) holds

for all p € S and € € 7, where S and 7 are dense subsets of Co(RY) and L'(E),

respectively. To this end, fix ¢ € Co(RY), and suppose that ¢ = ypng for some

cube D C R™. We will show that (2) holds; i.e.,

i [ ptex=mDNE) [ o)
i~ JprE RN

Since ¢ € Co(RY), for any ¢ > 0, we can find a compact K C R¥ such that

lo(z)] < e for all z € RN \ K and a § > 0 so that |o(x) — ¢(y)| < € whenever

|x — y| < 6. We select a finite number of disjoint cubes {Qx}*, that cover K and

that each have diameter less than 6. Denote by Ay, ; the sets

Ak,j =DNEN fj_l(Qk).
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Lastly, we choose a; € @y, for each 1 < k < M, and introduce the simple function
g E— RY defined by

M
= Z @(ak)XAk,j :
k=1

We begin by adding and subtracting g; inside the integral:

/DmEsﬁ(fj (x))dx —m(D N E) /Rwso(y)d’/(y)‘

lim sup

j—00

< lim sup /D Il () - ()] dx

| max—mnnE) [ ey

By the way we defined g, the integrand in the first integral is bounded by ¢ for
each j. Also, by (1), we see that

lim m (Ag ;) = m(D N E)v(Qk).

j—00

+ lim sup

Jj—00

Using this and the definition of g; in the inequality obtained above, we see that

imsip /D el —m(DNE) [ aly)ny)
M
m(DNE)e+ > p(ag)m(D N E)v (Qk)*m(DmE)/RNSD(Y)dV(Y)
k=1

K
m(DOE)e +m(DNE)Y /Q Iptaw) — 3] dv(y)

+m(DNE) / o(y)] du(y)

RN\UR, Qr
<2m(D N E)e.
Letting ¢ — 0%, we obtain the equality in (2) when £ = xpng for some cube
D C R™. Letting 7 be the set of all finite linear combinations of functions of the

form xpng, we see that (2) also holds for every ¢ € 7 and ¢ € Co(RY). Since 7 is
dense in L'(E), it follows that {f;} generates v. O

Lemma 3.2. Let v € M(RY) be a probability measure. There is a measurable
function g : (0,1) — RN such that

v(E) =m(g™ ' (E))
for every Borel set E C RN . Moreover, g satisfies

[, s = [ i a

Proof. First we construct the function g. Let {a; ; }‘f:l be an enumeration of Z,
and for each j € N, we define D ; := a; ;+[0,1)". Note that {D; ;}32, partitions
RY. Assuming that the cubes {Dk,;}52, have been chosen for some k € N, we
partition each of these cubes into 2V subcubes, each subcube having the form

for every 1 < p < o0.
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Dyi1j = agy1,; + [0,27%)N for some ay41,; € 27FZN. We thus obtain a collection
of dyadic cubes {Dy1,;}72, that partitions RY and each cube has edges of length
27*. Furthermore, we stipulate that we first partition Dy, 1 into subcubes, then
Dy, 2, and so on. That is, we require

g2

(3) U Dii1,4 = Dy,
I=(j—1)2N+1

for every k, j € N.
For each k, we partition the interval [0, 1) into a family of intervals {/j ;}32, as
follows. Define

(4) Iy ;= {1/ (U{;lleJ) v (U{ZleJ)) .

Note that the length of I, ; is v(Dy, ;). (Here we are using the convention that the
interval [a,a) :=0).)
Now we define a sequence {gy}7°, of functions mapping [0,1) into RY by

(5) gr(z) == Zak,jxlk,j (@).
j=1

We will show this sequence is Cauchy in the uniform norm. To this end, fix € > 0,
and find K € N such that diam(Dg ;) < e. Now fix € (0,1). Then there is a
unique j; € N such that

xr € Il,jl = [l/ (U{;}lDLl) ,V (U{;1D17l>> .

Recalling the way that g; is defined, we see that g(z) = a; j, € D1 ;. By (3) and
(4), we have that
g2
I, = U I 4,
J=(1—1)2N +1

whence = € I, for some (j; — 1)2N +1 < jo < 512 and go(x) € Do, C
D j,. Proceeding inductively, we obtain {ji}7°; C N such that gi(z) € Dy ;, and
Dij, D+ D Dy, O - . Recalling that we chose K € N so that diam(Dg ;) < ¢,
we see that if ky and ko are both at least K, then gy, (z) and gg,(z) belong to
the same cube Dy ; for some j € N, and hence |gy, (z) — gk, (z)| < . Hence {gs}
is Cauchy in the uniform norm, and so there is some g : (0,1) — R¥ such that
gr — g uniformly as k — oo.

We claim that the function g so constructed satisfies the conclusions of the
lemma. First note that if D = U7, Dy, ;, is a finite (disjoint) union of cubes of the
form Dy, ;, then for [ > max{k;}, we have by (5) that

J
gl_l(D) = U Ikmjr
=1

Since g; — g uniformly, we therefore have

J
(6) g_l(ﬁ) ) U Iki7ji'
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Note that, by (4), we have m(Iy, ;,) = v(Dx, j.), so from (6) we obtain
(7) m(g™ (D)) = v(D).

Now, for fixed k,j € N, we can find a sequence of cubes {D;}$2, such that for each
i € N, the cube D; is a finite union of cubes of the form D, ; with D; C D; 1 C Dy ;,
and

i=1 i=1
Using (7) along with (8), we thus obtain
m(g™ (D)) = Jim m(g™'(Dy)) = lim v(D;) = v(Dy ;).

11— 00

Since the cubes {Dy, ; }&.jen are a generating set for the Borel o-algebra on RY, the
preceding inequality implies

(9) m(g™ (E)) = v(E)

for all Borel sets E C R™. Since v and the image of m under g are both probability
measures on RV the inequality in (9) must in fact be an equality; that is, we must
have

(10) m(g™ ' (E)) = v(E)
for all Borel sets F C RY, which establishes the first statement of the lemma.
If ¢ : RN — R is a simple function, then (10) gives

Y(g(r))dr = » Y(y)dv(y).

(0,1)

By taking a sequence of simple functions {1); };";1 increasing to the function y —
ly|” and using the above equality and the monotone convergence theorem, we find

that
/ (@) dz = / vl du(y),
(0,1) RN

which concludes the proof of the lemma. ([l

Now we use the function g given by Lemma 3.2 to build a sequence of functions
uniformly bounded in LP*(Q;RY) that generates the measure v.

Theorem 3.1. Suppose that v € M(RY) is a probability measure that satisfies

[ avty) < .

For each 0 < X\ < n, there is a p-equiintegrable sequence of functions {fj};?il that
generates v, is uniformly bounded in LP*(Q,RYN) for every 0 < u < n, and satisfies

1610 <2 [ IyP dvly).
RN

Proof. Let g be the function given by Lemma 3.2, and extend it by periodicity to
all of R. Let {g; }]O';l be the sequence of functions mapping Q into RY defined by

g;(x) = g(jz1).
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Then using a change of variables, the periodicity of g, and Lemma 3.2, we see that

||gj||§p(Q;]RN = /|g jar)|” dey = /|g 1) [" day = /\g x1)[P day
(11) (0,1) (0.5) (0,1)

/ iyl duly

If D C R™is a cube and G C RY is a Borel set, then
lim m(DNQNg; (G)) =m(DNQ)m(g " (G))
j—o0
=m(DNQ)(G),

where we have employed Lemma 3.2 to obtain the last equality. Therefore, by
Lemma 3.1, the sequence {g;} generates the Young measure .

We now define a new sequence of functions {f;}32; that are truncations of the
functions g;:

£0) = s () i { 52, g )1}

where for each 0 < p < n we have put

= (?Si{ { on jn jl}fj |)y}|f’ dv(y) }) '

Then {f;} generates the measure v by Theorem 2.3, since the measure of the set
where f; # g; tends to 0 as j — oco. It is easily seen that {g;}, and hence also
{f;}, is p-equiintegrable. Furthermore, {f;} is uniformly bounded in L”* for every
0 < p < n. To see this, fix 0 < p <1, xg € @, and j € N. We consider two cases.
Case 1: 0 < p < 1/j.

In this case, using the bound |f;| < log(j)/C\, we have

B _, [log(H\? < {log(4)}
o X p < phTH Z
/ /Q L IRy { &l <

C p
e P :
< (C) /RN lyl" dv(y)

Case 2: k/j < p < (k+1)/j for some k € {1,2,---,5 —1}.
Using the inequality |f;| < |g;| and the periodicity of g;, we obtain

pr / £ (0 dx < o / &5 () dx
QNQxq,p QNQ

n x0P

<p Hk+ 1)”/@ 0 lg; (x)[" dx
n

_u(k+1
<p* <j) ||gj||L:D(Q]RN)

But p7# < p=™ < (j/k)™; using this and (11) in the above inequality, we see that

o mepaxsa [y any)
NExg,p
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Collecting the estimates we obtained in each case, we have shown that

C p
161, <2 max{ ()"} [ P avty)
A RN

which implies that {f;} is uniformly bounded in LP*(Q;RY) for each 0 < p < n;
taking pu = A yields

1610 <2 [ IyP dvly),
RN

which concludes the proof. O

3.2. Nonhomogeneous measures. We now extend the result just proved to the
nonhomogeneous case.

Theorem 3.2. Let v = {vy }xeq be a Young measure on RY, and let 0 < \ < n.
There is a p-equiintegrable sequence of functions {f; } 21 that is uniformly bounded

in LP(Q;RY) and generates the measure v if and only if v satisfies

(12) sup p- / / lyl” dvx(y)dx < oc.
x0>€Q QNQxg,p RN
p

Proof. The necessity follows from Theorem 2.1. Indeed, for fixed x¢9 € Q and p > 0,
define f : Q@ x RV — R by f(x,y) = p’AXQQQXO,p (x) ly|”. The aforementioned
theorem now yields

mint ™ [ graxz, [ [ P dndax
j—oo QNQug.p QNQuq,p JRN

Since the sequence {f;} is uniformly bounded in LP*(;RY), it follows that v
satisfies (12).

We now turn to the sufficiency. For each k € N, let {aj;}$2; be an enumeration
of the set 275Z", and define

Dy =ay; +27%0,1)"

Note that for each k, { Dy ;}5°, is a set of dyadic cubes that partition R™ and have
edges of length 2%, For each k, there will be finitely many of these cubes that are
entirely contained in 2. We will define Ay C N to be the collection of the indices
of such cubes:

A = {iENIDk’Z‘ CQ}

Since € is open, it is easy to see that

U U Dri=2

k=1i€Ay

For each k € N and i in Ay, we define the probability measure vy ; € M(RY) to be
the “average” of the measures {vy }xe Dy.;- That is, we select vy ; so that for every
¢ € Co(RY), we have

(13) /]RN o(y)dvyi(y ]{?m/RN y)du(y)dx.
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The existence of such a measure is guaranteed by Theorem 7.1 in [12]. Note that
this measure is homogeneous, and that

/ ¥ 1P dvia(y) =][ / ¥ 17 du(y)dx = 2# / / [y 1? dun(y)dx < oo.
RN Dy i RN Dy s RN

Using Theorem 3.1, we find a p-equiintegrable sequence {fk ot | C LPAQ;RY)
that satisfies

ki
(15) I

’ <2"/ Iy[” dvk,i(y)
Vi
Lo = RNY k,ilY

and generates the measure vy ;. For a given ¢ € Co(RY), we denote by % and 75
the functions defined by

P(x) = /RN o(y)dvx(y);
=Y Xp,,(x / o(y)dvi(y)-

€A

Notice that both @ and @y are functions belonging to L (), with essential supre-
mums at most [[¢[| gy If x € €, then for each k sufficiently large, there is a
unique i(k) € Ay such that x € Dy ;). And if x is a Lebesgue point of 3, we use
(13) to compute

lim Pg(x) = lim / o(y)dvg iy (y) = hm][ / y)dx
k—o0 k—oo JpN k— o0 Dy sk JRY
= lim p(x)dx = p(x).
k=00 Dy i(ry

Therefore ) converges to @ pointwise almost everywhere. We have already noted
that [@x| < ||¢|| =, so we can use Lebesgue’s Dominated Convergence Theorem to
show that @y converges to % in L'(£2). Therefore we have that

(16) hm f( Dr(x dx—/§

for every ¢ € Co(RY) and € € L>(1Q).

Let {&}32, € L™(Q) and {p;}52, C Co(RY) be countable dense subsets of
LY(Q) and Co(RY), respectively. Let ¢o € C(RY) and & € L>(Q2) be defined by
woly) = |y|p and & = 1. For each k € N and i € Ay, since the p-equiintegrable
sequence {f } ° , generates the measure v ;, we can choose j = j(k, ) such that

2nk:—i
k

/{S ap;+2° x)apt(f]”( Ydx — /{S ap;+2° X)dx/apt( Ydvg i (y)| <
]RN

for 0 < s,t < k. With j chosen in this way, we define the sequence of functions
{f}32; in the following way:

2—k

fk ioX—ag if D . ‘ ] ) 4
(17) £ (x) == ( ) 1 X € Dy,; for some v € Ay,
O if x € Q\ Ujea, Di,
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Fix s,t € N, and suppose that k¥ > max{s,t}. Using the definition of f; and
changing variables in the preceding inequality yields

&t~ [ eidx [ v < 2
Dy,i Dy.: RN
whenever 7 € Ag. Hence
19 [ salex - [ epfaeo <

So for each s,t € N, using (18) and (16), we have

tim | €.Go)eu (B (x))dx = Jim | € ()i (x)ax

k—eo Jo
/fs x)Pr(x
- [ et / )i (y)dx.

This implies that the sequence {f}}7°, generates {l/x}xeﬂ.
Using the same steps we used to arrive at (18), this time taking s =t = 0 and
recalling that f, = 0 in Q\ U;c 4, Dy i, we obtain

p p
Jsearas=32 [ [ iy

1€AL

(19)

w\»—

Using (14), we have

P p
yI" dvg,i(y)dx = E / / y|© duy(y)dx
/D,“/ | ‘ g Dy, i ]RN| ‘ ( )

1€AL

-/ [yl ity
Uica, Di,i JRN
By (19) and (20), we have

hm |fk |de—// ly|” dvx(y)dx < oo,

and hence the p—equimtegrablhty of {f} follows from Theorem 2.1. We only have
yet to show that this sequence is uniformly bounded in LP*(Q;RY).

To this end, fix xg € 2, p > 0, and k£ € N. We consider two cases.
Case 1: 0 < p < 27F,

Let J :={i € Ay : Dy N Qx,,p # 0}. Note that there are at most 2" elements
in .J, since p < 27%. By changing variables and using the fact that f, = 0 outside
of Ujea, Dr,i, we obtain

p—k/ |fk|p dx = p—)\ Z Z—kn/
QNQxg,p i QNQsk (xy—ay, ;).2kp

i€

(20) i€AY

P
£ ax.

J

By (15), we have

k,i|P
fj
QﬂQ?k(xo—ak,i)JkP

dx < 2”(2’“p)A/ |y [” dvi,i(y)-
]RN
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Using this inequality in the one preceding it and then employing (14), we find that

,07)\/ |fk|p dx < 2" Z(2k))\fn/
Q

N@xg,p ieJ R

=" 2(2*’@)”/

= D

|Y|p de,i(Y)
N

/R N lyl” dvx(y)dx.
k,i

But Dy = Qy, , 2-+ for some yy ; € €, so the above inequality gives

p_)‘/ |fk|pdx§2"ZM7
Q2NQxq,p ieJ

where

M = sup R_’\/ / ly|? dvk(y)dx < oo;
3;%682 Qano,R RN
>

therefore, since |J| < 2™,
p_>‘/ |£x]” dx < 4™ M.
QN Qxg.p

Case 2: p > 27k,

In this case, we can find a cube Qo containing Qx,,, that is comprised of cubes
of the form Dy, ;, and such that the sides of )y have length of at most 2p. Letting
Yo denote the center of Qy, we can break up Qx,,, into cubes Dj ; as we did in
Case 1 and perform a similar computation to obtain

o [ mlaxs [ [y dndy)ax < 2
QNQxy,p QNQyy,2p /RN

From the estimates we obtained in each case, we see that
||ka12p,)\(Q;RN) < 4nM7

which finishes the proof. O

4. GRADIENT YOUNG MEASURES

We now turn our attention to Young measures generated by sequences of gradi-
ents bounded in LP*. To simplify the statements of the theorems, for this section
we will assume that Q has Lipschitz-continuous boundary. The following lemma
can be deduced from Theorem 8.16 and Lemma 8.3 in [12].

Lemma 4.1. Suppose that v € M(RN*") is a probability measure that satisfies
(1) Janxn Ydr(Y) =0;
(i) Janxn e(Y)dv(Y) > ©(0) for every quasiconvez ¢ : RN*" — [0, 00) satis-
fying o(Y) < C(1+|Y");
(iil) [fanxn [Y[Pdr(Y) < 0.
Then there exists a sequence of functions {u;}52; C Wy (Q;RN) such that the
sequence {Vuj}jo.';l generates the measure v and is p-equiintegrable.

To find Morrey regular sequences generating the measure, we will need the follow-
ing lemma, which allows us to generate certain Young measures by p-equiintegrable
gradients of Lipschitz functions.
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Lemma 4.2. Let {u;}52, be a bounded sequence in Wol’p(Q;RN) for some 1 <
p < oo, and suppose that {Vu;}32, generates the measure v = {vx}xeq and is
p-equiintegrable. Let {Tj}‘j';l be a sequence of non-negative numbers such that
lim;j o0 Tj = 400. Then there is a sequence of functions {v;}52; C Wy ™ (Q; RN)
such that

(1) {Vv;}52, generates v and is p-equiintegrable;

(i) Vil < Tj;

Proof. Since {u;}32, C W(}’p(Q;RN), we can extend each u; by zero to all of R™
so that u; € WIP(R";RY). For each j, we define the set A; by

Aj = {x e R": M(|Vu;|)(x) <Tj};

by Theorem 2.2, there is a sequence of Lipschitz functions {w; };";1 and a constant
¢ = ¢(n, N, p) such that

(1) u; =w; and Vu; = Vw, almost everywhere on A;;

(i) [[VWjll e <Tj;

(iil) m(R"\ Aj) < T77 [10u, 157, /ey VU417 dx.

Combining (ii) and (iii) gives

/ [Vw;|”dx < c/ |Vu,|” dx.
R\ A; [Vu;|>T;/c

Therefore, since Vw; = Vu; almost everwhere on A;, the above inequality and
the p-equiintegability of {Vu,;}72, yield the p-equiintegrability of {Vw;}32,. If we
simply restrict w; to @, we see that {Vw;} generates v, is p-equiintegrable, and
satisfies the appropriate L> estimates, but we do not necessarily have that w; has
zero trace on Q). However, using the definitions of A; and the maximal function,
we have .
Ajj{xeR”:cngj}

for some L < oo; since w; = u; almost everywhere on A; and u; = 0 outside @,
we obtain a sequence {r;}72; C [1,00) and a sequence of cubes {Q;}32, such that
lim; .o 7j = 1, Q C Qj, the sides of Q; have length r;, and w; € Wy ™(Q;; RN).
Furthermore, we can assume that @); has sides parallel to the axes and has center
at (1/2,1/2,---,1/2). Letting x; := ((1 —r;)/2,(1 —r;)/2,---,(1 —r;)/2) (ie.
x; is the corner of @); in which each coordinate is minimized), we can define v; C
W, (Q;RY) to be a rescaled version of w;:

1
vi(x) = _— (x; +7;x).
J
Note that Vv;(x) = Vw;(x; + r;x). Thus the p-equiintegrability of {Vv;}72,
follows from the p-equiintegrability of {Vw;}22,, and ||Vv;|| . < T;. Therefore
the only thing we have yet to show is that {Vv; }‘;‘;1 generates the Young measure
v. It suffices to show that
(21) Jim, ; {p(Vw;(x)) = o(Vv,(x))}dx = 0
0
for every cube Qo C @ and every ¢ € Co(RV*™), since from this it follows that
{Vw;} and {Vv;} generate the same Young measure. Using a change of variables
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and letting Q; := x; + 1;Qo, we obtain

Jevws i — [(vviex = [e(vw;)dx - 17 [o(Tw; ).

Qo Qo Qo Q;
Since r; — 1 and x; — (0,0,---,0), it is easily seen that
m((Qo\ Q) U (Q5\ Qo)) — 0.
Using this and that 7;™ — 1 in the above equality yields (21), which finishes the
proof. O

Lemma 4.3. Suppose that v € M(RN*") is a probability measure that satisfies

(1) Janxn Ydr(Y)=0;

(i) Janxn 2(Y)dv(Y) > ©(0) for every quasiconvez ¢ : RN*" — [0, 00) satis-

fying o(Y) < C(1+|Y[");

(iil) [fanxn [Y[Pdr(Y) < 0.
For each 0 < X\ < n, there is a sequence of functions {u;}32, C Wol’p(Q;RN)
uniformly bounded in WH@PH (Q;RN) for every 0 < p < n such that {Vu;} is
p-equiintegrable, generates the measure v, and satisfies

||vuj||iP‘A(Q;RNX7L) g 2TL+1 /Ran ‘Y|p dV(Y).
Remark 4.1. Using the continuous embedding

WHE(QRY) s 01/ (i RY),

where C%®(Q; R™) denotes the space of Holder-continuous functions with exponent
@, we see that {u;} is uniformly bounded in C%*(Q;R") for each 0 < a < 1.

Proof. By Lemma 4.1, there is a sequence {w;}32; C Wol’p(Q;RN) such that the
sequence {Vw;} is p-equiintegrable and generates v. For each 0 < p < n, we define

= (e g oo ))

and apply Lemma 4.2 with T; := log(j)/Cx to obtain a sequence {v;}2; C

I/VO1 >°(Q; RY) such that the sequence {Vv; }321 generates the Young measure v, is
p-equiintegrable, and satisfies

Vvl o < log(5)/Ci.
Extend v; by periodicity to all of R™ and define the new sequence {uj}]‘?‘;l -
Wy P (Q; RY) by

1

u;(x) = j~ v;(Jx).

Note that
VW5l o ey = IVVill o (@i

and that {Vu,} is also p-equiintegrable. Furthermore, it is not too difficult to see
that, for any cube D C Q and ¢ € Co(RN*™),

i ([ evupix [ o) o
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from which it follows that {Vu;} generates the same Young measure as {Vv;},
namely v. Since {Vu,} is p-equiintegrable, Theorem 2.1 gives

lim [V, |2, = / Y du(Y);
J]— 0 RN Xxn

therefore, upon taking the tail end of the sequence if necessary, we can assume
without loss of generality that

IVl <2 [ yPdny).
RNXn

With this observation in mind, the proof that {Vu;} is uniformly bounded in LP-*
for every 0 <y < n and that ||[Vu;||”, \ satisfies the appropriate estimate proceeds
in the same way as the proof of Theorem 3.1; it follows from Proposition 3.7 in [9]
that {u;} is uniformly bounded in W®#)(Q;RY) for each 0 < pu < n. O

Now we consider nonhomogeneous measures.

Theorem 4.1. Suppose that Q) has Lipschitz-continuous boundary. Let 0 < A <n
be given, and suppose that v = {vx }xeq is a Young measure on RN*" that satisfies
(1) fanxn Ydux(Y) = Vu(x) for some u e Whe(Q;RY);
(ii) fanxn @(Y)dvx(Y) > o(Vu(x)) for almost every x € Q and every quasi-
convez @ : RVX" — [0, 00) satisfying p(Y) < C(1+|Y|");
(iii) sue%p’A fQﬂon,p Jnsn Y7 dun (Y)dx < oo.

X0
p>0

Then there is a sequence {u;}52, uniformly bounded in WLEN(Q:; RN) such that

u;—u € Wg’p(Q; RYN) and the sequence of gradients {Vu, }321 generates the Young
measure v and is p-equiintegrable.

Remark 4.2. Tt is easily seen that conditions (i), (ii), and (iii) are also neces-
sary, and therefore these conditions characterize Young measures generated by p-
equiintegrable sequences of gradients uniformly bounded in LP:*(Q; RY*™).

Remark 4.3. If Q) does not have Lipschitz-continuous boundary, then the con-
clusion is weakened slightly; even though {Vu,} is still uniformly bounded in
LPA(Q;RNV*™) we do not necessarily have that {u;} is uniformly bounded in
WLEA (Q; RY). The rest of the conclusion remains unchanged.

Proof. First, assume that the function u appearing in (i) and (ii) is identically 0. In
this case, the proof is similar to the proof of Theorem 3.2. Using the notation found
there, we see that each vy ; satisfies (i), (ii), and (iii) of Lemma 4.3, and hence can
be generated by a sequence of gradients {Vu?’i 221 where {u;”} c WP (Q;RYN)
is uniformly bounded in W®(Q; RY). Since each u;” € Wol’p(Q; RY), rescaling
and “patching together” the gradients Vu?’i (cf. (17) in Theorem 3.2) yields a

function that is still the weak gradient of some function ug € WO1 P(Q;RY). We
can also show that {Vuy} generates v, is uniformly bounded in LP*(£; RY*")| and
is p-equiintegrable in the exact same way as we did in the proof of Theorem 3.2.
Since Q has Lipschitz-continuous boundary, it follows from Proposition 3.7 in [9]
that {u;} is uniformly bounded in W1®(Q;RN).
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If we do not assume that u = 0, but instead that u € WP(Q;R"Y), then we
first note that we must in fact have that u € Wh®»(Q; RY). Indeed, by (i) and
Jensen’s inequality, we have

sup p_)‘/ |Vul” dx = sup p_k/ / Yduk(Y)
x0€9Q QNQxg.p x0<0 ONQuyp | SRV X7

p>0
< sup p~ / / Y[ dve(Y)dx
erQ QNQxy,p JRV X7

which is finite by (iii). Hence Vu € LP*(Q; RV*"); again employing Proposition
3.7 in [9], we find that u € WH®N(Q; RY).
Now define the translated Young measure 7 = {Dx }xeq by

(I, ) 7= (v, (- = Vu(x))).

It is easy to check that the function # is in the previous situation; i.e. U satisfies (i),
(i), and (iii) with u = 0, so we obtain a sequence {v;}?2; C Wy P (€ RY) that is
uniformly bounded in WY (Q; RY) and such that {Vv;} generates the measure
v and is p-equiintegrable. Now let u; := v; +u; then {u;} is uniformly bounded in
WhEA) and u; —u = v; € Wy (€;RY). The sequence {Vu,} is p-equiintegrable,
and generates the original measure v by Theorem 2.3, which completes the proof.

O

p

dx

5. AN APPLICATION TO THE CALCULUS OF VARIATIONS

Here we provide an application of Theorem 4.1 to the Calculus of Variations.
Given 1 < p < 0o, we denote by p* the Sobolev conjugate of p; i.e.

np_ .
R if p<m;
4+oo ifp>n.

Theorem 5.1. Suppose that Q) has Lipschitz-continuous boundary, and let f :
QxRN x R¥N*" R be a measurable function such that f(x,-,-) is continuous for
almost every x € ). Also assume that [ satisfies

1 T
Y[ —elylf—a(x) < fxy, Y) <c[Y[ +elyl” +alx)

for some 1l < p < o0, 0<qg<p, 0<7r<p, c>0anda€L1(Q).Let
uy € WH2(Q; RY) be given, and suppose that {u;}32, C A :=ug + WP (G RY) is
a minimizing sequence for the functional J : A — R defined by

v) = /Q £, v(), Vv(x))dx

Let v = {vx}xeq be the Young measure generated by {Vu;}32, (or possibly a
subsequence). If v satisfies

(22) sup p_>‘/ / Y|P dvk(Y)dx < oo
XO>€(§2 Qmng,p RNXxn
p

for some 0 < X\ < n, then there is a minimizing sequence {v;}32; C A such that
{v;}521 is uniformly bounded in W@ (Q;RY) and {Vv, }321 is p-equiintegrable.
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In particular, if p+A > n, then {v;}32, is uniformly bounded in CO1=(n=N/p(Q: RN),
the space of Hélder-continuous functions with exponent 1 — (n — X)/p.

Remark 5.1. The conclusion of the theorem also holds in the case p = 1 if we
additionally assume that {Vu,;}52, is equiintegrable.

Proof. Because of the coercivity condition on f, any minimizing sequence will be
bounded in W1P(Q;RY). Therefore, taking a subsequence if necessary, we may
assume that u; — u in WHP(Q;RY) and that {Vu;}32, generates the Young
measure v. Since {Vu,;} is equiintegrable, it follows from Theorem 2.1 that

Vu; — Ydy()(Y) in L' (4 RY),

RN xn

and hence
Vu(x) :/ Ydue(Y)
Ran

for almost every x € Q. Thus condition (i) in Theorem 4.1 is satisfied. As v is
the Young measure generated by a sequence of gradients bounded in LP(£2; RV*7),
it follows that (ii) in the same theorem is also fulfilled. Seeing that (22) is pre-
cisely (iii), Theorem 4.1 implies that there exists a sequence {v;}52; C A uni-
formly bounded in W@ (Q; RN) such that the sequence of gradients {Vv;} is
p-equiintegrable and generates v.

To see that {v;} is a minimizing sequence for the functional J, we define the
Young measure g = {jx}xecq C M(RY x RVX") by

Hx = 5u(x) X Vx,

where dy(x) denotes the Dirac mass centered at u(x). Define the sequences of
functions {w;} and {z;}, with w;,z; : @ — RY x RV*" by

w;i(x) = (u;(x), Vu; (x));

zj(x) = (v;(x), Vv;(x)).
Both {u,} and {v,} converge weakly to u in W1?(Q; RY), and hence also converge
strongly to u in LP(€;RY). Because of this strong convergence and because the
sequences {Vu;} and {Vv;} generate v, we have that each of the sequences {w;}
and {z;} generate the measure p. Furthermore, using the growth conditions on
f, we see that the sequence {f(-,2;(-))} is equiintegrable, so using Theorem 1, we
obtain

lim J(v;) = lim [ f(x,z;(x))dx = \/Q/]RNXW. f(x,u(x),Y)d(Y)

i—00 i—o0 Jo
< lim inf/ f(x, w;(x))dx = liminf J(u;).
J=oe Ja Ja J—0
Since {u,} is a minimizing sequence for J, it follows that {v;} is also a minimizing
sequence. This concludes the proof. O
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