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Introduction to Young Measures

Let Ω⊂ Rn be open and bounded.

Definition of a Young measure

We say that ν = {νx}x∈Ω is a Young measure if

1 For each x ∈Ω, νx is a Borel probability measure on RN , and

2 For every ϕ ∈ C0(RN), the map

Ω 3 x 7→
∫
RN

ϕ(y)dνx(y)

is measurable.

Definition of a Generating Sequence

A sequence of functions {fj}∞
j=1 mapping Ω into RN generates ν if

ϕ(fj)⇀∗
∫
RN

ϕ(y)dνx(y) in L∞(Ω)

for every ϕ ∈ C0(RN).
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Example 1

Define fj : (0,1)→ R by fj(x) :=

{
1 if 0 < jx−bjxc ≤ 1/2;
−1 if 1/2 < jx−bjxc< 1.
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Example 1 (cont.)

The sequence fj generates a Young measure with νx ≡ ν := 1
2 δ−1 +

1
2 δ1.
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ϕ(fj)⇀∗
∫
R

ϕ(y)dνx(y) =
1
2

ϕ(−1)+
1
2

ϕ(1) in L∞ for any continuous ϕ.
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Example 1 (cont.)
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Example 2

Define fj : (0,1)→ R by fj(x) := (1− x)−
1
4 (jx−bjxc) 1

x .
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The sequence fj generates a Young measure with

dνx

dy
= x(1− x)

x
4 yx−1

χ(0,(1−x)−1/4)(y).
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Example 2 (cont.)
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Example 2 (cont.)
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Example 2 (cont.)

Recall that
ϕ(fj)⇀

∫
R

ϕ(y)dνx(y).

That is,

ϕ(fj)⇀ x(1− x)
x
4

∫ (1−x)−1/4

0
yx−1

ϕ(y)dy.

Using this representation of the weak limit, we compute

fj ⇀
x

(x+1)(1− x)
1
4

in Lp for p < 4

f 2
j ⇀

x

(x+2)(1− x)
1
2

in Lp for p < 2
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Young’s Tacking Problem

Statement of the Problem

Minimize the functional J defined by

J[u] =
∫
(0,1)

{(∣∣u′(x)∣∣−1
)2

+u(x)2
}

dx

u(0) = u(1) = 0.

One might look for a minimizer u satisfying
1 u′ =±1
2 u = 0

The natural place to look for minimizers is W1,2, but the competition
between properties 1 and 2 precludes the existence of a minimizer in
this space.
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Young’s Tacking Problem (cont.)

A minimizing sequence for the functional:
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Young’s Tacking Problem (cont.)

A Larger Admissible Class

Instead of only considering functions in W1,2
0 , we consider pairs (u,ν),

where

1 u ∈W1,2
0 (0,1)

2 ν = {νx}x∈(0,1) is a Young measure satisfying∫
R

ydνx(y) = u′(x).

The minimizer is the pair (0,ν := 1
2 δ−1 +

1
2 δ1).
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Young’s Tacking Problem (cont.)
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Known Results
Let p ∈ (1,∞), and given a Young measure ν = {νx}x∈Ω on Rd, define the
function ψν : Ω→ R by

ψν(x) :=
∫
Rd
|y|p dνx(y).

General Case (L. Tartar, 1979)

A Young measure ν = {νx}x∈Ω on RN can be generated by a sequence
{fj} bounded in Lp(Ω;RN) if and only if ψν ∈ L1(Ω).

Gradient Case (Kinderlehrer and Pedregal, 1994)

Let ν = {νx}x∈Ω be a Young measure on RN×n. There is a sequence of
weak gradients {∇uj} bounded in Lp(Ω;RN×n) that generates ν if and
only if there is a u ∈W1,p(Ω;RN) such that

1 ψν ∈ L1(Ω);
2
∫
RN×n Ydνx(Y) = ∇u(x) for x ∈Ω.

3
∫
RN×n ϕ(Y)dνx(Y)≥ ϕ(∇u(x)) for every quasiconvex ϕ that is

bounded below and satsifies ϕ(Y)≤ C(1+ |Y|p).
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Morrey Spaces

For each p ∈ [1,+∞) and λ ∈ [0,n], define the

Morrey Space

Lp,λ (Ω;RN) :=

u ∈ Lp(Ω;RN) : sup
x0∈Ω

ρ>0

ρ
−λ

∫
Ω∩Bx0 ,ρ

|u(x)|p dx < ∞

 .

Lp,0 ∼= Lp Lp,n ∼= L∞

Fact: If λ < n, then Lp,λ * Lq for any q > p.



The General Case

Let p ∈ [1,∞) and λ ∈ [0,n). Recall ψν(x) :=
∫
RN |y|p dνx(y).

Theorem

A Young measure ν = {νx}x∈Ω can be generated by a sequence {fj}
bounded in Lp,λ (Ω;RN) if and only if ψν ∈ L1,λ (Ω;RN).

Theorem (L. Tartar)

A Young measure ν = {νx}x∈Ω can be generated by a sequence {fj}
bounded in Lp(Ω;RN) if and only if ψν ∈ L1(Ω;RN).

Observation: If ν is homogeneous (i.e. νx ≡ ν), then ψν is constant, and
hence ψν ∈ L1,λ if ψν ∈ L1.

Corollary

If ν is a homogeneous Young measure that can be generated by a
sequence bounded in Lp, then ν can also be generated by a sequence
bounded in Lp,λ for every 0≤ λ < n.
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The Gradient Case

Let p ∈ (1,∞) and λ ∈ [0,n). Let ν = {νx}x∈Ω be a Young measure on RN×n. Recall
ψν (x) :=

∫
RN×n |Y|p dνx(Y).

Theorem – Gradient Case

There is a sequence of weak gradients {∇uj} bounded in Lp,λ (Ω;RN×n) that generates
ν if and only if there is a u ∈W1,p(Ω;RN) such that

1 ψν ∈ L1,λ (Ω);
2
∫
RN×n Ydνx(Y) = ∇u(x) for x ∈Ω.

3
∫
RN×n ϕ(Y)dνx(Y)≥ ϕ(∇u(x)) for every quasiconvex ϕ that is bounded below and

satsifies ϕ(Y)≤ C(1+ |Y|p).

Threorem (Kinderlehrer and Pedregal)

There is a sequence of weak gradients {∇uj} bounded in Lp(Ω;RN×n) that generates ν

if and only if there is a u ∈W1,p(Ω;RN) such that
1 ψν ∈ L1(Ω);
2
∫
RN×n Ydνx(Y) = ∇u(x) for x ∈Ω.

3
∫
RN×n ϕ(Y)dνx(Y)≥ ϕ(∇u(x)) for every quasiconvex ϕ that is bounded below and

satsifies ϕ(Y)≤ C(1+ |Y|p).

Corollary

Every homogeneous Young measure that can be generated by a sequence of weak
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An Application to the Calculus of Variations

Suppose p ∈ (1,∞) and λ ∈ [0,n).

The Admissible Class

Let u0 ∈W1,p(Ω;RN). Define

A := {u ∈W1,p(Ω;RN) : u−u0 ∈W1,p
0 (Ω;RN)}.

The Functional

Define J : A → R by

J(u) :=
∫

Ω

f (x,u,∇u)dx,

where f : Ω×RN×RN×n→ R is measurable and satisfies the following

Hypotheses

1 f (x, ·, ·) is continuous for each x ∈Ω.

2 ε |Y|p−L≤ f (x,y,Y)≤ L(|Y|p + |y|p +1) for some 0 < ε ≤ L.
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An Application to the Calculus of Variations (cont.)

Recall ψν(x) :=
∫
RN×n |Y|p dνx(Y).

Theorem

Suppose
1 {uj} ⊂A is a minimizing sequence for the functional J;

2 ν = {νx}x∈Ω is the Young measure generated by {∇uj};
3 ψν ∈ L1,λ for some λ ∈ [0,n).

Then there is a minimizing sequence {wj} ⊂A with {∇wj} bounded in
Lp,λ (Ω;RN×n).

If p+λ > n, then {wj} is bounded in C0,1− n−λ

p (Ω;RN).
If the minimizing Young measure is homogeneous, it is possible to get a
minimizing sequence bounded in C0,α for every 0≤ α < 1.
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