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Introduction to Young Measures

Let Q C R” be open and bounded.

Definition of a Young measure
We say that v = {v,},cq is a Young measure if

@ For each x € Q, v, is a Borel probability measure on RY, and
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Let Q C R” be open and bounded.

Definition of a Young measure
We say that v = {v,},cq is a Young measure if

@ Foreach x € Q, v, is a Borel probability measure on R", and

@ For every ¢ € Cy(RY), the map
Q35x— / y)dvi(y

iSs measurable.

Definition of a Generating Sequence
A sequence of functions {fj}ji"’:1 mapping Q into RN generates v if

o(f;) 4/ y)dvi(y) in L*(Q)

for every ¢ € Co(RV).




Example 1

if 0 < jox— |jx] < 1/2;

| 1
Define f; : (0,1) = R by fj(x) := {_1 if 1/2 <jx— |jx] < 1.
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Example 1 (cont.)

The sequence f; generates a Young measure with v, = v := %6_1 + %51.
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Example 1 (cont.)

The sequence f; generates a Young measure with v, = v := %6_1 + %61.




Example 2
Define £ : (0,1) — R by fi(x) := (1 —x)~% (jx — [jx])}.
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Example 2
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The sequence f; generates a Young measure with

dv,

& =x(1 —xﬁ)’xfll(o,(l—x)fl/ﬂ ().




Example 2 (cont.)
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Example 2 (cont.)

Recall that
o)~ [ o0)avi().

That is,
N (1—x)~1/4 o
o) ~x(1-01 [* ¥ lo)dy.



Example 2 (cont.)

Recall that
o)~ [ o0)avi().

That is, )
Lop(1=x)7
o) =101 [y o0y

Using this representation of the weak limit, we compute

X .
fi—~————inlPforp<4
/ (x—l—l)(l—x)%



Example 2 (cont.)

Recall that
o)~ [ o0)avi().

That is, )
Lop(1=x)7
o) =101 [y o0y

Using this representation of the weak limit, we compute

X .
fi—~————inlPforp<4
/ (x—l—l)(l—x)%
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Young’s Tacking Problem

Statement of the Problem
Minimize the functional J defined by

Ju] = /(0’1) {(|u’(x)‘ — 1)2+u(x)2}dx
u(0) =u(1)=0.
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Young’s Tacking Problem

Statement of the Problem
Minimize the functional J defined by

J[u] :/(071){(|u'(x)‘ 1)+ u(x)?  dv
u(0) =u(1)=0.

One might look for a minimizer u satisfying
Q /=+1
Q@ u=0
The natural place to look for minimizers is W2, but the competition

between properties 1 and 2 precludes the existence of a minimizer in
this space.



A minimizing sequence for the functional:
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Young’s Tacking Problem (cont.)




Young’s Tacking Problem (cont.)

A Larger Admissible Class

Instead of only considering functions in W, we consider pairs (u, ),
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Young’s Tacking Problem (cont.)

A Larger Admissible Class

Instead of only considering functions in W, we consider pairs (u, ),
where

Q@ ucw,?(0,1)
Q@ v={W}ic(0,) is @ Young measure satisfying

/ydvx(y) =u'(x).
R




Young’s Tacking Problem (cont.)

A Larger Admissible Class

Instead of only considering functions in W, we consider pairs (u, ),
where

Q@ ucw,?(0,1)
@ v ={vi}ic(0,1) is a Young measure satisfying

yav) = ).
R

The minimizer is the pair (0,v := 36_; + 38)).
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Young’s Tacking Problem (cont.)




Known Results

Let p € (1,%), and given a Young measure v = {v, }.cq on R?, define the
function y, : Q — R by

wo(0= [ bl av).

General Case (L. Tartar, 1979)

A Young measure v = {v,}.cq on R" can be generated by a sequence
{f;} bounded in L7 (Q;R") if and only if y, € L'(Q).
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Known Results

Let p € (1,%), and given a Young measure v = {v, }.cq on R?, define the
function y, : Q — R by

wo(0= [ bl av).

General Case (L. Tartar, 1979)

A Young measure v = {v,}.cq on R" can be generated by a sequence
{f;} bounded in L7 (Q;R") if and only if y, € L'(Q).

Gradient Case (Kinderlehrer and Pedregal, 1994)

Let v = {v, }.cq be a Young measure on RV, There is a sequence of
weak gradients {Vu;} bounded in L (Q;RV*") that generates v if and
only if there is a u € W' (Q;RV) such that
Q v eL'(Q);
Q [y YAV, (Y) = Vu(x) for x € Q.
Q Jfrvaw @(Y)dv,(Y) > @(Vu(x)) for every quasiconvex ¢ that is
bounded below and satsifies ¢(Y) < C(1+|Y|").




Morrey Spaces

For each p € [1,+) and 4 € [0,n], define the

Morrey Space
PA@RY) = { ue IP(RY) : supp? / ()P dx < oo
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Fact: If A < n, then I’* ¢ L9 for any ¢ > p.
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The General Case

Let p € [1,) and A € [0,n). Recall yy (x) := [pv [y[’ dvi(y)-

Theorem

A Young measure v = {Vv,},cq can be generated by a sequence {f;}
bounded in L4 (Q;RY) if and only if y, € L'"*(Q;RY).

Observation: If v is homogeneous (i.e. v, = v), then vy, is constant, and
hence y, € L'+ if y, € L.

Corollary

If v is a homogeneous Young measure that can be generated by a
sequence bounded in L?, then v can also be generated by a sequence
bounded in L* for every 0 < A < n.
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The Gradient Case

Letp € (1,) and A € [0,n). Let v = {v,},cq be a Young measure on RV*". Recall
Wy (x) = e [ Y17 dvi(Y).
Theorem — Gradient Case

There is a sequence of weak gradients {Vu;} bounded in 174 (Q;RV*") that generates
v if and only if there is a u € W'?(Q;RY) such that

Q v cLQ);
Q Jpyven YAV (Y) = Vu(x) for x e Q.

Q Jrven @(Y)dv(Y) > @(Vu(x)) for every quasiconvex ¢ that is bounded below and
satsifies @(Y) < C(1+|Y[P).

Corollary

Every homogeneous Young measure that can be generated by a sequence of weak
gradients bounded in L can also be generated by a sequence of weak gradients
bounded in L7 for every 0 < A < n.

If p+2 >nand {Vu;} is bounded in L*, then {u;} is bounded in 0=
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An Application to the Calculus of Variations

Suppose p € (1,e0) and 4 € [0,n).
The Admissible Class
Let up € W' (Q;RY). Define

o = {ue WP(QRY) : u—uy € Wy (Q;RY)}.

The Functional
Define J : & — R by

J() = /g e, i

where f: Q x RNV x RV*" — R is measurable and satisfies the following

Hypotheses

@ f(x,-,-) is continuous for each x € Q.
Q |V —L<f(x,y,Y)<L(|YP+|yf’+1) forsome 0 < e < L.
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An Application to the Calculus of Variations (cont.)

Recall yy (x) := [pnsn | Y[P dvi(Y).

Theorem
Suppose
Q {4} C & is a minimizing sequence for the functional J;
@ v ={vi}.0 is the Young measure generated by {Vu;};
Q v, € L' for some A € [0,n).
Then there is a minimizing sequence {w;} C «/with {Vw;} bounded in
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An Application to the Calculus of Variations (cont.)

Recall yy (x) := [pnsn | Y[P dvi(Y).

Theorem

Suppose
Q {4} C & is a minimizing sequence for the functional J;
@ v ={vi}.0 is the Young measure generated by {Vu;};
Q v, € L' for some A € [0,n).

Then there is a minimizing sequence {w;} C «/with {Vw;} bounded in
LPA(Q;RV*m),

If p+ A > n, then {w;} is bounded in ¢*'~"%" (;RV).
If the minimizing Young measure is homogeneous, it is possible to get a
minimizing sequence bounded in C%¢ for every 0 < a < 1.
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