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Digital data transmission is vital in today’s world, but inherently prone to corruption due to flaws
in the transmission medium. Shannon [10] proved that it is possible to efficiently transmit data across
virtually any channel in such a way that errors can almost always be detected and corrected. The cost
of this detection and correction is in the amount of redundant information transmitted: greater detection
and correction requires more redundancy, which is costly interms of time and physical resources. Thus
a major goal of classical coding theory has been to find codes that maximize the number of errors that
can occur and still be corrected while minimizing the amountof redundant information transmitted.

Unfortunately, knowing that an errorcan be corrected does not provide a practical means of actually
correcting it. Indeed, many straight-forward approaches to correcting errors cannot be implemented in
reasonable time. Modern coding theory is concerned with finding good codes with good decoders; many
of these decoders are sub-optimal in the sense that they may not correct every possible error, but their
simplicity and speed make them attractive from an implementation standpoint. In the last twenty years,
iterative message-passing decoding algorithms[9], [12] have become a prominent class of sub-optimal
decoders, due to the fact that they can be applied to certain classes of codes, such aslow-density parity-
check codes[3], [7] and turbo codes[1], to provide near-optimal error correction quickly and easily. As
these algorithms are sub-optimal, there has been much work [2], [4], [8] done towards identifying and
characterizing when these decoders fail, or at least fail tocorrect errors that are known to be correctable,
in hopes of improving the decoders and the codes for which these algorithms are used. My research
focuses on understanding and characterizing these so-called pseudocodewords.

I. BACKGROUND

Iterative message-passing decoders operate on theTanner graphG of a code, which is a bipartite
graph withcheck nodesand variable nodes. A codeword can be viewed as aconfigurationon G, i.e.,
an assignment of 0’s and 1’s to the variable nodes inG so that each check node has an even number
of neighbors with an assignment of 1, and this notion of configuration generalizes to any bipartite graph
with variable nodes and check nodes. The local nature of iterative message-passing decoding algorithms
leads to the consideration ofgraph covers, which are graphs that look locally like a given base graph. An
M -coverof G is a graph that, loosely speaking, looks likeM copies ofG that have been twisted together.
Some graph cover configurations are induced by configurations onG, while others are not, which leads
to the notion of pseudocodewords: ifc̃ is a configuration on anM -cover G̃ of G, the corresponding
normalized graph cover pseudocodewordis f = (fx)x∈X , whereX is the set of variable nodes inG and
fx is the proportion of copies ofx in G̃ that are assigned a 1.

Graph cover pseudocodewords have been elegantly characterized by thefundamental cone[6] and
the fundamental polytopeof a Tanner graph [11]. While much progress has been made in the realm of
graph cover pseudocodewords, Wiberg [12] showed that iterative message-passing decoding algorithms are
precisely modeled bycomputation trees, and not graph covers. A computation tree looks locally, except at
the leaf nodes, likeG, and precisely models the computations made by iterative message-passing decoders.

II. REALIZATIONS OF GRAPH COVER PSEUDOCODEWORDS

In using graph covers to analyze iterative message-passingdecoding, we are only concerned with graph
cover configurations that induce computation tree configurations. Since computation trees are necessarily
connected, it follows that only graph cover configurations on connected covers are of interest. We show
that for the majority of interesting or practical codes, every normalized graph cover pseudocodeword does
in fact have a connected realization.
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Theorem 1. Let G be a Tanner graph. Then any normalized graph cover pseudocodeword that can be
realized on anM -cover can be realized on a connectedM -cover.

Notice that the cover degree given in Theorem 1 assumes that the normalized graph cover pseudocode-
word f under inspection is realizable on anM -cover. This leads us to examine for whichM there exists
a realization off on anM -cover.

Theorem 2. Let G be a Tanner graph, letP be the fundamental polytope ofG, and let f ∈ P. Let
M ∈ N be such thatM f is an integer vector that reduces to a codeword modulo 2. Thenf is realizable
on anM -cover ofG.

III. C YCLE CODES AND PSEUDOWEIGHT

Koetter and Vontobel show that the performance of graph cover decoding is largely determined by the
minimum pseudoweight, over all graph cover pseudocodewords, of the Tanner graph of the code. The
minimum pseudoweight is always achieved at aminimal vertexof the fundamental polytope of the Tanner
graph of the code and is generally accepted as a good predictor of performance in iterative decoding [5].
For the class of cycle codes, we show that there is an elegant graphical characterization of these minimal
vertices of the fundamental polytope.

Theorem 3. Let G be the Tanner graph of a cycle code, letP be its fundamental polytope and let
f ∈ P. Thenf is a minimal vertex ofP if and only if f is the normalized graph cover pseudocodeword
corresponding to a minimal realization of some cycle or dumbbell (i.e. two cycles connected by a path).

The asymptotic performance of graph cover decoding is determined not only by the minimum pseu-
doweight of a code, but also by the number of vertices ofP with that weight [11], [13]. We show that
the minimum pseudoweight of a cycle code is the minimum distance of the code, and is achieved only
by codewords, from which it follows that graph cover decoding is optimal asymptotically.

Theorem 4. If C is a cycle code with parity check matrixH, then the minimum pseudoweight of aH is
the minimum distance ofC. Moreover, iff is a minimal vertex of the fundamental polytopeP, and f is
not a codeword, thenw(f) ≥ 2dmin.

IV. REALIZATIONS OF COMPUTATION TREE PSEUDOCODEWORDS ONGRAPH COVERS

Returning to the foundational work of Wiberg [12], we know that iterative message-passing decoding
algorithms are precisely modeled by computation trees. Thus, if we are to use graph cover configuration
in our analysis of iterative message-passing decoding algorithms, we need to know somehow compare
the set of graph cover configurations with the set of computation tree configurations. We prove that every
computation tree configuration is induced by graph cover configuration.

Theorem 5. Let G be the Tanner graph of a cycle code. LetR be a computation tree ofG, and letM be
the maximum number of times any node inG appears inR. Then there exists a connected2M -cover G̃
of G such that for any configurationc on R, there exists a graph cover configuration(c̃, G̃) containing
a copy of(c, R).

Theorem 6. Let G be a Tanner graph and suppose(c, R) is a computation tree configuration ofG. Let
M be the maximum number of times any check node inG appears inR.

Then there exists a connected graph cover configuration on a4(M + 1)-cover that induces the
configuration(c, R) and has(1

2
, . . . , 1

2
) as its normalized graph cover pseudocodeword.
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V. FUTURE WORK

Traditionally, the cost of a graph cover pseudocodeword is an inner product, but this notion of cost
provides no insight into the cost of computation tree configurations induced by a certain graph cover
pseudocodeword, as we have seen that certain graph cover pseudocodewords induce every possible
computation tree configuration, regardless of cost. One question of interest is whether there is a better
notion of cost, or one that captures more information about agraph cover configuration, that might
relate to the cost of induced computation tree pseudocodewords. Additionally, since we generally see
relatively quick convergence of iterative message-passing algorithms when they do converge, one might
even bound the degree of the cover necessary to realize a graph cover pseudocodeword by the depth of
the computation tree. Thus the assumption that the algorithm is taking into consideration the full graph
cover configuration may not be valid. We also gave a graphicalcharacterization of the most likely errors
the minimal vertices of the fundamental polytope of code under graph cover decoding of cycle codes. A
major area of open research is whether there is a clean graphical characterization of these minimal vertices
for more general low-density parity-check codes. Another open question is whether we can graphically
classify other interesting subsets of the vertices of the fundamental polytope, e.g. is there a graphical
characterization ofall vertices of the fundamental polytope?

I am eager to working with undergraduate students and possibly even high school students on extensions
of this research. Although this topic is deep and has far-reaching practical implications on error correction,
it contains many pieces that would be accessible to a studentwith a basic graph theory primer. As my
research is motivated by decoding algorithms often studiedby electrical engineers, it also lends itself well
to interdisciplinary work, and I am interested in pursuing and developing the kind of interdisciplinary
collaboration that I have experienced here at UNL.
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