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Digital data transmission is vital in today’s world, but erently prone to corruption due to flaws in the
transmission medium. Shannon [16] proved that it is posdibltransmit data across virtually any channel in
such a way that errors can almost always be detected anccttr& he cost of this detection and correction is
in the amount of redundant information transmitted: gnededection and correction requires more redundancy,
which is costly in terms of time and physical resources. Thusajor goal of classical coding theory has been
to find good codes, i.e., codes that maximize the number of errors thrabcaur and still be corrected, while
also minimizing the amount of redundant information traitted.

Unfortunately, knowing that an erreanbe corrected does not provide a practical means of actuathgcting
it. Indeed, many straight-forward approaches to corrgcéirrors cannot be implemented in a reasonable time
frame. Modern coding theory is concerned with finding goodesothat have good decoders; many of these
decoders are sub-optimal in the sense that they may notct@very possible error, but their simplicity and
speed make them more attractive from a practical implentientatandpoint.

In the last twenty yeardterative message-passing decoding algoritHits], [18] have become a prominent
class of sub-optimal decoders, due to the fact that they eaapplied to certain classes of codes, such as
low-density parity-check codd8], [13] andturbo codeg[4], to provide near-optimal error correction quickly
and easily. As these algorithms are sub-optimal, there baa much work [1], [2], [3], [5], [7], [9], [12], [14]
done towards identifying and characterizing when thesedlers fail, or at least fail to correct errors that are
known to be correctable, in hopes of improving the decodedsthe codes for which these algorithms are used.
My research focuses on understanding and characterizesg tho-calleghseudocodewords

|. BACKGROUND

A (binary linear block) code” of lengthn is a linear subspace of the vector sp&&e There are two main
ways of specifying a subspace of a vector space: as the spasaifof basis vectors or as the kernel of a linear
map. We will deal primarily with the latter characterizatiof a code: Aparity-check matrixd for a codeC
is anr x n binary matrix such tha€' = {c € F} : Hc! = 0 € F;}. The rows ofH are calledchecksand the
columns of H, which correspond to coordinates of codewords, are calbete bits A low-density parity-check
codeis a code defined by sparseparity-check matrix, i.e., a parity-check matrix that hakatively few 1's in
each row and column, though we assume that each row and calanains more than one 1.

Sparsity is important for implementing iterative messagssing decoders because the complexity of these
algorithms is directly correlated to the number of 1's in aifgacheck matrix. However, the notion of sparsity is
well-defined only for ensembles of codes [8], and is necédgaague for a single code. Notice that a low-density
parity-check code is defined by a particular representatfahat code. Th&anner graphof a code is a bipartite
graphical representation of the parity-check matrix of degawith bipartition corresponding to code bits on the
one hand and checks on the other.

Definition I.1. SupposeH is anr x n parity-check matrix for some cod€. The Tanner graphG = G(H)
associated td7 is the bipartite graplt = (X UU, E), whereX = {z1,...,x,} is the set ofvariable nodesor
bit nodesandU = {us,...,u,} is the set ofcheck nodesandz;u; € E is an edge irG if and only if h;; = 1.

We can think of a codeword € C as an assignment of 0's and 1's to the variable nodeX iso that each
check node: € U has an even number of neighbors with an assignment of 1, lrisg¢he kernel ofH overFs.
A configurationc on G is an assignment of 0's and 1's to the nodesXirso that each: € U is adjacent to an
even number of nodes that are assigned a 1. This notion ofgewafion generalizes to any bipartite graph with
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variable nodes and check nodesXifis the set of variable nodes in a bipartite graphwe write a configuration
asc = (¢z)zex, Wherec, is the value assigned to nodeby c. When graphically indicating an assignment of
0’'s and 1’s to the variable nodes in such a bipartite graphywilleindicate a node with an assignment of 1 by
circling it; all uncircled nodes have an assignment of 0.

Example 1.2. Let H be the parity-check matrix

110 0 0 0 0
01 100 0O
101 1 000
H_0001101
000 011PO0
000 0O0T11

Figure 1 shows a codeword on the corresponding Tanner graphG(H ).

U2 Us
€Z I5
us Tq Uyg
T 2 T
E ;1 T j
(751 Ue

Fig. 1. A codeword configuration for the Tanner graph of Extm®.

The local nature of iterative message-passing decodiragitigis leads to the consideration @faph covers
which are graphs that look locally like a base graph.

Definition 1.3. An unramified graph coveror simply acover, of a finite graphGG = (V, E) is a graph@ along
with a surjective graph homomorphism: G — G, called acovering mapor projection map such that for
eachv € V and eachy € 7~ 1(v), the neighborhood of is mapped bijectively to the neighborhood af For
a positive integeV/, an M-coverof G is coverrn : G — G such that for each vertex of G, 7=1(v) contains
exactly M vertices ofG.

Given a coverG of a Tanner graplts, every configuration ori- induces a configuration, calledliting, on
G, though there may exist configurations Ghthat are not a lifting of any codeword.

Example 1.4. Recall the Tanner grap@ from Example 1.2. The top half of Figure 2 shows a codewordzjn
and the bottom shows a lifting of this codeword configuratiora configuration on a 2-cover @f.

However, the graph cover configuration in Figure 3 is not tnlif of any codeword o7, because it assigns
different bit values to copies of the same node, e.g., ong obp:; is assigned a 1 while the other is assigned
a 0. Notice that the graph cover configuration in Figure 3gmssia 1 to both copies afy, even though, = 0
for any codeword: = (¢q,...,c7) € C.

Definition I1.5. Let G = (X U U, E) be a Tanner graph, and |6, G) be a graph cover configuration on the
M-coverm : G — G. Theunscaled graph cover pseudocodewummespondlng o€, G) is p = (p2)eex,
where, for eachv € X, p, is the number of variable nodes i !(z) that are assigned a 1. Tmermalized
graph cover pseudocodewoodrresponding tdc, é) isf= %p.

We say(c, C?') is arealizationof p andf.
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U2 Us
€z I5
us Zq Uq
T LS T
1 Z7
U1 Ue

Ul Ue Ug U7

Fig. 2. A codeword and its lifting to a graph cover configuatifor the Tanner graph of Example 1.4.

6 Z6

T
U1 Ue Ue U1

Fig. 3. A graph cover configuration that is not a lifting of acydeword on the Tanner gragh of Example 1.4.

Graph cover pseudocodewords have been elegantly chazadidy thefundamental conef a Tanner graph
[11] in the unscaled case and thendamental polytopef a Tanner graph [17] in the normalized case. While
much progress has been made in the realm of graph cover pzmleeords, Wiberg [18] showed that iterative
message-passing decoding algorithms are precisely nbgleomputation tregsand not graph covers.

Definition 1.6. Let G = (X UU, E) be a Tanner graph. A&omputation treeR for G is a a treeR along with
a surjective graph homomorphism: R — G, called a projection map, such that for each non-leaf node
R, the neighborhood of is mapped bijectively to the neighborhood ofv), and every leaf node iR is in
7~1(X). The nodes inr~1(X) are called thevariable nodesf R and the nodes in~!(U) are called theheck
nodesof R. Each computation tre& will have a variable node designated to be thet nodeof R.

A computation treg(w, R) for G of depthm is a computation treér, R) such that every path in R that
begins at the root hode and ends at a leaf node contains exaatheck nodes.

Example I.7. Figure 4 shows a computation tree configuration on a compuatatee of depth 2 for the Tanner
graph in Example 1.4. The computation tree configurationiguFe 4 isinducedby the graph cover configuration
in Figure 3, by rooting the computation tree at the copyrpfon the left hand side of the figure. Notice also
that this computation tree configuration does not corredgora codeword, since it assigns different values to
copies ofz, andxg.
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Fig. 4. The computation tree configuration in Example 1.7 atomputation tree of depth 2.

[I. REALIZATION OF GRAPH COVER PSEUDOCODEWORDS
In using graph covers to analyze iterative message-padsiogding, we are only concerned with graph cover
configurations that induce computation tree configurati&@irsce computation trees are necessarily connected, it
follows that only graph cover configurations on connecteckcs are of interest. We show that for the majority
of interesting or practical codes, every normalized grapiec pseudocodeword does in fact have a connected
realization.

Theorem II.1. Let G = (X U U, F) be a Tanner graph with average variable node degige and average
check node degreey. If ay (1 — i > 2, then any normalized graph cover pseudocodeword that can be
realized on an)M-cover can be realized on a connectéficover.

In Theorem II.1, we required (1 - i) > 2, which is equivalent tauy > 2 + % = 24 %, since
ax = % = %% = %aU = ~ay. We will see in Theorem I1.2 that if we restrict to the classogtle

codes, then we can loosen this restrictionagnto ay > 2+ ﬁ, which is equivalent to requiring < n — 1 for
cycle codes. One can check that, with this restrictionagn the fundamental group of a Tanner graphhas
rank at least two, and the following theorem shows that wkhsive connected realizations of all points in the
fundamental polytope. However, not every normalized graprer pseudocodeword may b@nimally realizable
on a connected cover, i.e. there may be a smaller degree ttatedoes not admit a connected realization.

Theorem 11.2. Let G = (X U U, E) be the Tanner graph of a cycle code. If the fundamental grdu@ bas
rank at least two, then every normalized graph cover pseod®eord has a realization on a connected cover.
More precisely, every normalized graph cover pseudocodkitmat can be realized on ai/-cover can be

realized on a connected cover of degreeor 2M.

Notice that the cover degrees given in Theorems Il.1 and ds8me that the normalized graph cover
pseudocodeword under inspection is realizable on di-cover. This leads to examine for whicl/ there
exists a realization of on an M -cover.

Theorem 11.3. Let G = (X UU, F) be a Tanner graph, leP be the fundamental polytope 6f and letf € P.
Let M € N be such thatV/f is an integer vector that reduces to a codeword modulo 2. Thisnrealizable on
an M-cover ofG.

An immediate consequence of this theorem and a result inifld]characterization of the minimum degree
cover needed to realize an arbitrary normalized graph cpsendocodeword.

Corollary 1.4. Let G be a Tanner graph, leP be the fundamental polytope 6f and letf € P. Let M € N
be any positive integer such that each coordinaté/fff is a non-negative integer.
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Thenf is realizable on a2M-cover, andf is realizable on anM-cover if and only if Mf reduces to a
codeword modulo 2.

In particular, if M is the smallest positive integer such thdif is an integer vector, then the minimum degree
cover needed to realizBis M if Mf reduces to a codeword modulo 2, andRis/ otherwise.

IIl. CYCLE CODES AND PSEUDOWEIGHT

Koetter and Vontobel introducgraph cover decodingnd show that it is equivalent tnear programming
decodingas introduced by Feldman [6]. They also show that the petdiora of linear programming decoding is
largely determined by the minimupseudoweightover all graph cover pseudocodewords, of the Tanner graph
of the code. Although the precise definition of pseudoweiglthannel dependent, the minimum pseudoweight
is always achieved at minimal vertexof the fundamental polytope of the Tanner graph of the cadegaivertex
of the fundamental polytope that lies on an edge of the furetdah cone. Moreover, the minimum pseudoweight
of a code is generally accepted as a good predictor of pediocmin iterative decoding [10].

For the class of cycle codes, i.e. codes whose parity-chextkiges have constant column weight two, we
show that there is an elegant graphical characterizatiahede minimal vertices of the fundamental polytope
that is reminiscent of the characterizationbzfd pseudo-cycleis Horn's analysis of the min-sm algorithm on
cycle codes [9].

A closed promenadén a graphG is a closed walky = e;, ...e;,_, such thate;, # e;j: (o ) for
j=0,...,k—1,i.e.y makes no U-turns. We sayis irreducibleif there do not exisk > 1 closed promenades
71,-..,% such thaty = ~; ...+, up to rotational equivalence. Given a closed promengédee;, ...¢e;,_,,

(c, é) is a realization of ~ if it is a graph cover configuration such that the subgraptﬁoifnduced by the
variable nodes that are assigned a 1 and their neighborsyisl@e, ... ¢;, , such thate;, projects toe;, for
allj=0,...,k—1. A minimal realizationof ~ is a realization ofy on anM-cover such thay is not realizable
on anN-cover for anyN < M.

Theorem 1ll.1. Let G = (X UU, E) be the Tanner graph of a cycle code, fetbe its fundamental polytope
and letf € P. Thenf is a minimal vertex of? if and only iff is the normalized graph cover pseudocodeword
corresponding to a minimal realization of some irreducilclesed promenade in G such thaty uses each
node ofG at most twice and eithey is a cycle ory = c;pcop~! for some cycles;, c; and some patlp that
touchesc; andcs only at its endpoints.

This characterization can be used to prove that the minimseagoweight of a cycle code is the same as the
minimum distance of the code, and is achieved only by codasvor

Theorem 111.2. If C is a cycle code with parity check matré, then the minimum pseudoweight offais
the minimum distance af'. Moreover, iff is a minimal vertex of the fundamental polytope andf is not a
codeword, thenv(f) > 2dmin.

The asymptotic performance of linear programming decodndetermined not only by the minimum pseu-
doweight of a code, but also by the number of verticesPofvith that weight [17], [19]. Since there are no
non-codeword vertices dP with weight at mostimin, it follows that LP decoding and ML decoding will agree
asymptotically (i.e., at high signal-to-noise ratios),paénted out in [19].

IV. REALIZATIONS OF COMPUTATION TREE PSEUDOCODEWORDS ON GRAPHOWERS

Returning to the foundational work of Wiberg [18], we knowatHor iterative message-passing decoding
algorithms such as min-sum and sum-product, there is a siogdt function on computation tree configurations
such that the minimum cost computation tree configuratioased at each variable node determine the output
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of the decoder. Thus, if we are to use graph cover configuratioour analysis of iterative message-passing
decoding algorithms, we need to know somehow compare thef ggaph cover configurations with the set of
computation tree configurations. One means of achievirgydbmparison is to look atonsistentcomputation
tree configurations, as defined by [10]. While it can be sea tthere is no meaningful vector representation
of an inconsistent computation tree configuration, we ptbet inconsistent computation tree configurations are
still induced by graph cover configurations, in the senseudised in Example 1.7. _

Given a graph cover configuratiof, G), a configured subgraplof (¢,G) is a subgraph ofz with the
assignment of O’s and 1’s at its variable nodes inheritechféo When discussion subgraphs of graph covers and
computation trees, nodes can be labeled by the node in a bagle that they project onto, and so we say such
subgraphs arssomorphicif they are isomorphic as graphs with a graph isomorphisrhréspects these labels.

Theorem IV.1. Let G = (X U U, E) be the Tanner graph of a cycle code. Letbe a computation tree df,
and let M = max, m,, whereM, is the number of copies af on R for eachv in X UU. Then there exists a
connected2M-cover G of G such that for any configuration on R, there exists a graph cover configuration
(¢, G) containing a configured subgraph isomorphic(ig R).

Theorem IV.2. LetG = (X UU, E) be a Tanner graph and suppoée R) is a computation tree configuration
on a depthd computation tregrr, R) of G. For eachu € U, let M,, = |7 (u)| and setM = max, M,,.

Then there exists a (valid) graph cover configurat(@né) on a4M-cover such that

« (€,G) induces the configuratiofc, R),

« (¢,@G) contains a configured subgraph that is isomorphi¢éoR), whereR is the treeR with all the leaf

nodes at deptld deleted anct is the restriction ofc to R, and

« the normalized graph cover pseudocodeword correspondin@.tG) is (3,. .., 3).

We also show that there exists a graph cover configuration conaectedi(M + 1)-cover that satisfies all
the conditions in Theorem IV.2. An interesting corollary Theorem 1V.2 is that for every computation tree
configuration(c, R) of G, there is a connected realization 0f,..., 1) that induces(c, R). We also show
that we can achieve graph cover realizations that inducepatation tree pseudocodewords on covers with
degree much smaller thald, where M = max, M, and M, is the number of times a vertexappears on the
computation tree, if we take into consideration a particatanfiguration on the computation tree.

V. FUTURE WORK

A natural question to ask when investigating the relatigmdéietween computation tree configurations and
graph cover configurations is how tlvest of the associated configurations are related, since theoddbiese
configurations is what determines the output of their repedecoders. Traditionally, the cost of a graph cover
pseudocodeworfl is the inner productf, \) for some suitable vectox. This notion of cost provides no insight
into the cost of computation tree configurations induced logr@ain graph cover pseudocodeword, as we have
seen tha(%, ce %) induces every possible computation tree configuratiorardigss of cost. One question of
interest is whether there is a better notion of cost, or om¢ ¢hptures more information about a graph cover
configuration, that might relate to the cost of induced comation tree pseudocodewords.

Another open area lies in the concept of a graph cover psedéamrdinducinga computation tree pseu-
docodeword, which may also explain the above issue of iristarg cost between graph cover pseudocodewords
and the computation trees they induce. Perhaps inducingnputation tree configuration is not enough to draw
relationships between configurations; we might rather labkninimal graph cover configurations that induce
a particular computation tree configuration, or minimalpyracover configurations that contain a particular
computation tree configuration.
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Additionally, since we generally see relatively quick cergence of iterative message-passing algorithms
when they do converge, one might even bound the degree ofaher mecessary to realize a graph cover
pseudocodeword by the depth of the computation tree. Thaisssumption that the algorithm is taking into
consideration the full graph cover configuration may bedvalnd put a considerable restriction on the graph
cover configurations that induce a particular computatier tonfiguration.

We also gave a graphical characterization of the most liketprs the minimal vertices of the fundamental
polytope of code under graph cover decoding of cycle coddsléthe graphical characterization and its related
results are interesting in their own right, we also use thiaracterization to extend work by Horn [9] to the
BSC in showing that any minimal vertex of the fundamentalyfmge of a code that is not a codeword has
minimum pseudoweight at least twice the minimum distancéhefcode, as well as to obtain the same result
for the AWGN channel. A major area of open research is whetthere is a clean graphical characterization
of these minimal vertices for more general low-density tyacheck codes. Another open question is whether
we can graphically classify other interesting subsets efubrtices of the fundamental polytope, e.g. is there a
graphical characterization @l vertices of the fundamental polytope?
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