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Digital data transmission is vital in today’s world, but inherently prone to corruption due to flaws in the
transmission medium. Shannon [16] proved that it is possible to transmit data across virtually any channel in
such a way that errors can almost always be detected and corrected. The cost of this detection and correction is
in the amount of redundant information transmitted: greater detection and correction requires more redundancy,
which is costly in terms of time and physical resources. Thusa major goal of classical coding theory has been
to find good codes, i.e., codes that maximize the number of errors that can occur and still be corrected, while
also minimizing the amount of redundant information transmitted.

Unfortunately, knowing that an errorcanbe corrected does not provide a practical means of actually correcting
it. Indeed, many straight-forward approaches to correcting errors cannot be implemented in a reasonable time
frame. Modern coding theory is concerned with finding good codes that have good decoders; many of these
decoders are sub-optimal in the sense that they may not correct every possible error, but their simplicity and
speed make them more attractive from a practical implementation standpoint.

In the last twenty years,iterative message-passing decoding algorithms[15], [18] have become a prominent
class of sub-optimal decoders, due to the fact that they can be applied to certain classes of codes, such as
low-density parity-check codes[8], [13] and turbo codes[4], to provide near-optimal error correction quickly
and easily. As these algorithms are sub-optimal, there has been much work [1], [2], [3], [5], [7], [9], [12], [14]
done towards identifying and characterizing when these decoders fail, or at least fail to correct errors that are
known to be correctable, in hopes of improving the decoders and the codes for which these algorithms are used.
My research focuses on understanding and characterizing these so-calledpseudocodewords.

I. BACKGROUND

A (binary linear block) codeC of lengthn is a linear subspace of the vector spaceF
n
2
. There are two main

ways of specifying a subspace of a vector space: as the span ofa set of basis vectors or as the kernel of a linear
map. We will deal primarily with the latter characterization of a code: Aparity-check matrixH for a codeC

is anr × n binary matrix such thatC = {c ∈ F
n
2

: HcT = 0 ∈ F
r
2
}. The rows ofH are calledchecksand the

columns ofH , which correspond to coordinates of codewords, are calledcode bits. A low-density parity-check
codeis a code defined by asparseparity-check matrix, i.e., a parity-check matrix that has relatively few 1’s in
each row and column, though we assume that each row and columncontains more than one 1.

Sparsity is important for implementing iterative message-passing decoders because the complexity of these
algorithms is directly correlated to the number of 1’s in a parity-check matrix. However, the notion of sparsity is
well-defined only for ensembles of codes [8], and is necessarily vague for a single code. Notice that a low-density
parity-check code is defined by a particular representationof that code. TheTanner graphof a code is a bipartite
graphical representation of the parity-check matrix of a code, with bipartition corresponding to code bits on the
one hand and checks on the other.

Definition I.1. SupposeH is an r × n parity-check matrix for some codeC. The Tanner graphG = G(H)
associated toH is the bipartite graphG = (X ∪U, E), whereX = {x1, . . . , xn} is the set ofvariable nodes, or
bit nodes, andU = {u1, . . . , ur} is the set ofcheck nodes, andxiuj ∈ E is an edge inG if and only if hji = 1.

We can think of a codewordc ∈ C as an assignment of 0’s and 1’s to the variable nodes inX so that each
check nodeu ∈ U has an even number of neighbors with an assignment of 1, sinceC is the kernel ofH overF2.
A configurationc on G is an assignment of 0’s and 1’s to the nodes inX so that eachu ∈ U is adjacent to an
even number of nodes that are assigned a 1. This notion of configuration generalizes to any bipartite graph with
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variable nodes and check nodes; ifX is the set of variable nodes in a bipartite graphG, we write a configuration
asc = (cx)x∈X , wherecx is the value assigned to nodex by c. When graphically indicating an assignment of
0’s and 1’s to the variable nodes in such a bipartite graph, wewill indicate a node with an assignment of 1 by
circling it; all uncircled nodes have an assignment of 0.

Example I.2. Let H be the parity-check matrix

H =




1 1 0 0 0 0 0
0 1 1 0 0 0 0
1 0 1 1 0 0 0
0 0 0 1 1 0 1
0 0 0 0 1 1 0
0 0 0 0 0 1 1




.

Figure 1 shows a codeword on the corresponding Tanner graphG = G(H).
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Fig. 1. A codeword configuration for the Tanner graph of Example I.2.

The local nature of iterative message-passing decoding algorithms leads to the consideration ofgraph covers,
which are graphs that look locally like a base graph.

Definition I.3. An unramified graph cover, or simply acover, of a finite graphG = (V, E) is a graphG̃ along
with a surjective graph homomorphismπ : G̃ → G, called acovering mapor projection map, such that for
eachv ∈ V and each̃v ∈ π−1(v), the neighborhood of̃v is mapped bijectively to the neighborhood ofv. For
a positive integerM , anM -coverof G is coverπ : G̃ → G such that for each vertexv of G, π−1(v) contains
exactlyM vertices ofG̃.

Given a coverG̃ of a Tanner graphG, every configuration onG induces a configuration, called alifting, on
G̃, though there may exist configurations oñG that are not a lifting of any codeword.

Example I.4. Recall the Tanner graphG from Example I.2. The top half of Figure 2 shows a codeword onG,
and the bottom shows a lifting of this codeword configurationto a configuration on a 2-cover ofG.

However, the graph cover configuration in Figure 3 is not a lifting of any codeword onG, because it assigns
different bit values to copies of the same node, e.g., one copy of x3 is assigned a 1 while the other is assigned
a 0. Notice that the graph cover configuration in Figure 3 assigns a 1 to both copies ofx4, even thoughc4 = 0
for any codewordc = (c1, . . . , c7) ∈ C.

Definition I.5. Let G = (X ∪ U, E) be a Tanner graph, and let(c̃, G̃) be a graph cover configuration on the
M -cover π : G̃ → G. The unscaled graph cover pseudocodewordcorresponding to(c̃, G̃) is p = (px)x∈X ,
where, for eachx ∈ X , px is the number of variable nodes inπ−1(x) that are assigned a 1. Thenormalized
graph cover pseudocodewordcorresponding to(c̃, G̃) is f = 1

M
p.

We say(c̃, G̃) is a realizationof p and f .
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Fig. 2. A codeword and its lifting to a graph cover configuration for the Tanner graph of Example I.4.
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Fig. 3. A graph cover configuration that is not a lifting of anycodeword on the Tanner graphG of Example I.4.

Graph cover pseudocodewords have been elegantly characterized by thefundamental coneof a Tanner graph
[11] in the unscaled case and thefundamental polytopeof a Tanner graph [17] in the normalized case. While
much progress has been made in the realm of graph cover pseudocodewords, Wiberg [18] showed that iterative
message-passing decoding algorithms are precisely modeled by computation trees, and not graph covers.

Definition I.6. Let G = (X ∪ U, E) be a Tanner graph. Acomputation treeR for G is a a treeR along with
a surjective graph homomorphismπ : R → G, called a projection map, such that for each non-leaf nodev in
R, the neighborhood ofv is mapped bijectively to the neighborhood ofπ(v), and every leaf node inR is in
π−1(X). The nodes inπ−1(X) are called thevariable nodesof R and the nodes inπ−1(U) are called thecheck
nodesof R. Each computation treeR will have a variable node designated to be theroot nodeof R.

A computation tree(π, R) for G of depthm is a computation tree(π, R) such that every pathp in R that
begins at the root node and ends at a leaf node contains exactly m check nodes.

Example I.7. Figure 4 shows a computation tree configuration on a computation tree of depth 2 for the Tanner
graph in Example I.4. The computation tree configuration in Figure 4 isinducedby the graph cover configuration
in Figure 3, by rooting the computation tree at the copy ofx4 on the left hand side of the figure. Notice also
that this computation tree configuration does not correspond to a codeword, since it assigns different values to
copies ofx2 andx6.
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Fig. 4. The computation tree configuration in Example I.7 on acomputation tree of depth 2.

II. REALIZATION OF GRAPH COVER PSEUDOCODEWORDS

In using graph covers to analyze iterative message-passingdecoding, we are only concerned with graph cover
configurations that induce computation tree configurations. Since computation trees are necessarily connected, it
follows that only graph cover configurations on connected covers are of interest. We show that for the majority
of interesting or practical codes, every normalized graph cover pseudocodeword does in fact have a connected
realization.

Theorem II.1. Let G = (X ∪ U, E) be a Tanner graph with average variable node degreeaX and average

check node degreeaU . If aU

(
1 − 1

aX

)
≥ 2, then any normalized graph cover pseudocodeword that can be

realized on anM -cover can be realized on a connectedM -cover.

In Theorem II.1, we requiredaU

(
1 − 1

aX

)
≥ 2, which is equivalent toaU ≥ 2 + |X|

|U| = 2 + n
r
, since

aX = |E|
|X| = |U|

|X|
|E|
|U| = |U|

|X|aU = r
n
aU . We will see in Theorem II.2 that if we restrict to the class ofcycle

codes, then we can loosen this restriction onaU to aU ≥ 2+ 2

|U| , which is equivalent to requiringr ≤ n− 1 for
cycle codes. One can check that, with this restriction onaU , the fundamental group of a Tanner graphG has
rank at least two, and the following theorem shows that we still have connected realizations of all points in the
fundamental polytope. However, not every normalized graphcover pseudocodeword may beminimally realizable
on a connected cover, i.e. there may be a smaller degree coverthat does not admit a connected realization.

Theorem II.2. Let G = (X ∪ U, E) be the Tanner graph of a cycle code. If the fundamental group of G has
rank at least two, then every normalized graph cover pseudocodeword has a realization on a connected cover.

More precisely, every normalized graph cover pseudocodeword that can be realized on anM -cover can be
realized on a connected cover of degreeM or 2M .

Notice that the cover degrees given in Theorems II.1 and II.2assume that the normalized graph cover
pseudocodewordf under inspection is realizable on anM -cover. This leads to examine for whichM there
exists a realization off on anM -cover.

Theorem II.3. Let G = (X ∪U, E) be a Tanner graph, letP be the fundamental polytope ofG, and letf ∈ P .
Let M ∈ N be such thatM f is an integer vector that reduces to a codeword modulo 2. Thenf is realizable on
an M -cover ofG.

An immediate consequence of this theorem and a result in [11]is a characterization of the minimum degree
cover needed to realize an arbitrary normalized graph coverpseudocodeword.

Corollary II.4. Let G be a Tanner graph, letP be the fundamental polytope ofG, and letf ∈ P . Let M ∈ N

be any positive integer such that each coordinate ofM f is a non-negative integer.
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Then f is realizable on a2M -cover, andf is realizable on anM -cover if and only ifM f reduces to a
codeword modulo 2.

In particular, if M is the smallest positive integer such thatM f is an integer vector, then the minimum degree
cover needed to realizef is M if M f reduces to a codeword modulo 2, and is2M otherwise.

III. C YCLE CODES AND PSEUDOWEIGHT

Koetter and Vontobel introducegraph cover decodingand show that it is equivalent tolinear programming
decodingas introduced by Feldman [6]. They also show that the performance of linear programming decoding is
largely determined by the minimumpseudoweight, over all graph cover pseudocodewords, of the Tanner graph
of the code. Although the precise definition of pseudoweightis channel dependent, the minimum pseudoweight
is always achieved at aminimal vertexof the fundamental polytope of the Tanner graph of the code, i.e.,a vertex
of the fundamental polytope that lies on an edge of the fundamental cone. Moreover, the minimum pseudoweight
of a code is generally accepted as a good predictor of performance in iterative decoding [10].

For the class of cycle codes, i.e. codes whose parity-check matrices have constant column weight two, we
show that there is an elegant graphical characterization ofthese minimal vertices of the fundamental polytope
that is reminiscent of the characterization ofbad pseudo-cyclesin Horn’s analysis of the min-sm algorithm on
cycle codes [9].

A closed promenadein a graphG is a closed walkγ = ei0 . . . eik−1
such thateij

6= e−1

ij−1 (mod k)
for

j = 0, . . . , k−1, i.e. γ makes no U-turns. We sayγ is irreducible if there do not existk > 1 closed promenades
γ1, . . . , γk such thatγ = γ1 . . . γk, up to rotational equivalence. Given a closed promenadeγ = ei0 . . . eik−1

,
(c̃, G̃) is a realization of γ if it is a graph cover configuration such that the subgraph ofG̃ induced by the
variable nodes that are assigned a 1 and their neighbors is a cycle ẽi0 . . . ẽik−1

such that̃eij
projects toeij

for
all j = 0, . . . , k−1. A minimal realizationof γ is a realization ofγ on anM -cover such thatγ is not realizable
on anN -cover for anyN < M .

Theorem III.1. Let G = (X ∪ U, E) be the Tanner graph of a cycle code, letP be its fundamental polytope
and let f ∈ P . Thenf is a minimal vertex ofP if and only if f is the normalized graph cover pseudocodeword
corresponding to a minimal realization of some irreducibleclosed promenadeγ in G such thatγ uses each
node ofG at most twice and eitherγ is a cycle orγ = c1pc2p

−1 for some cyclesc1, c2 and some pathp that
touchesc1 and c2 only at its endpoints.

This characterization can be used to prove that the minimum pseudoweight of a cycle code is the same as the
minimum distance of the code, and is achieved only by codewords.

Theorem III.2. If C is a cycle code with parity check matrixH , then the minimum pseudoweight of aH is
the minimum distance ofC. Moreover, iff is a minimal vertex of the fundamental polytopeP , and f is not a
codeword, thenw(f) ≥ 2dmin.

The asymptotic performance of linear programming decodingis determined not only by the minimum pseu-
doweight of a code, but also by the number of vertices ofP with that weight [17], [19]. Since there are no
non-codeword vertices ofP with weight at mostdmin, it follows that LP decoding and ML decoding will agree
asymptotically (i.e., at high signal-to-noise ratios), aspointed out in [19].

IV. REALIZATIONS OF COMPUTATION TREE PSEUDOCODEWORDS ON GRAPH COVERS

Returning to the foundational work of Wiberg [18], we know that for iterative message-passing decoding
algorithms such as min-sum and sum-product, there is a simple cost function on computation tree configurations
such that the minimum cost computation tree configurations rooted at each variable node determine the output
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of the decoder. Thus, if we are to use graph cover configuration in our analysis of iterative message-passing
decoding algorithms, we need to know somehow compare the setof graph cover configurations with the set of
computation tree configurations. One means of achieving this comparison is to look atconsistentcomputation
tree configurations, as defined by [10]. While it can be seen that there is no meaningful vector representation
of an inconsistent computation tree configuration, we provethat inconsistent computation tree configurations are
still induced by graph cover configurations, in the sense discussed in Example I.7.

Given a graph cover configuration(c̃, G̃), a configured subgraphof (c̃, G̃) is a subgraph ofG̃ with the
assignment of 0’s and 1’s at its variable nodes inherited from c̃. When discussion subgraphs of graph covers and
computation trees, nodes can be labeled by the node in a base graph that they project onto, and so we say such
subgraphs areisomorphicif they are isomorphic as graphs with a graph isomorphism that respects these labels.

Theorem IV.1. Let G = (X ∪ U, E) be the Tanner graph of a cycle code. LetR be a computation tree ofG,
and letM = maxv mv, whereMv is the number of copies ofv on R for eachv in X ∪U . Then there exists a
connected2M -cover G̃ of G such that for any configurationc on R, there exists a graph cover configuration
(c̃, G̃) containing a configured subgraph isomorphic to(c, R).

Theorem IV.2. Let G = (X ∪U, E) be a Tanner graph and suppose(c, R) is a computation tree configuration
on a depthd computation tree(πR, R) of G. For eachu ∈ U , let Mu = |π−1

R (u)| and setM = maxu Mu.
Then there exists a (valid) graph cover configuration(c̃, G̃) on a 4M -cover such that

• (c̃, G̃) induces the configuration(c, R),
• (c̃, G̃) contains a configured subgraph that is isomorphic to(c̄, R̄), whereR̄ is the treeR with all the leaf

nodes at depthd deleted and̄c is the restriction ofc to R̄, and
• the normalized graph cover pseudocodeword corresponding to (c̃, G̃) is (1

2
, . . . , 1

2
).

We also show that there exists a graph cover configuration on aconnected4(M + 1)-cover that satisfies all
the conditions in Theorem IV.2. An interesting corollary toTheorem IV.2 is that for every computation tree
configuration(c, R) of G, there is a connected realization of(1

2
, . . . , 1

2
) that induces(c, R). We also show

that we can achieve graph cover realizations that induce computation tree pseudocodewords on covers with
degree much smaller thanM , whereM = maxv Mv andMv is the number of times a vertexv appears on the
computation tree, if we take into consideration a particular configuration on the computation tree.

V. FUTURE WORK

A natural question to ask when investigating the relationship between computation tree configurations and
graph cover configurations is how thecost of the associated configurations are related, since the costof these
configurations is what determines the output of their respective decoders. Traditionally, the cost of a graph cover
pseudocodewordf is the inner product〈f , λ〉 for some suitable vectorλ. This notion of cost provides no insight
into the cost of computation tree configurations induced by acertain graph cover pseudocodeword, as we have
seen that(1

2
, . . . , 1

2
) induces every possible computation tree configuration, regardless of cost. One question of

interest is whether there is a better notion of cost, or one that captures more information about a graph cover
configuration, that might relate to the cost of induced computation tree pseudocodewords.

Another open area lies in the concept of a graph cover pseudocodewordinducing a computation tree pseu-
docodeword, which may also explain the above issue of inconsistent cost between graph cover pseudocodewords
and the computation trees they induce. Perhaps inducing a computation tree configuration is not enough to draw
relationships between configurations; we might rather lookat minimal graph cover configurations that induce
a particular computation tree configuration, or minimal graph cover configurations that contain a particular
computation tree configuration.
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Additionally, since we generally see relatively quick convergence of iterative message-passing algorithms
when they do converge, one might even bound the degree of the cover necessary to realize a graph cover
pseudocodeword by the depth of the computation tree. Thus the assumption that the algorithm is taking into
consideration the full graph cover configuration may be valid and put a considerable restriction on the graph
cover configurations that induce a particular computation tree configuration.

We also gave a graphical characterization of the most likelyerrors the minimal vertices of the fundamental
polytope of code under graph cover decoding of cycle codes. While the graphical characterization and its related
results are interesting in their own right, we also use this characterization to extend work by Horn [9] to the
BSC in showing that any minimal vertex of the fundamental polytope of a code that is not a codeword has
minimum pseudoweight at least twice the minimum distance ofthe code, as well as to obtain the same result
for the AWGN channel. A major area of open research is whetherthere is a clean graphical characterization
of these minimal vertices for more general low-density parity-check codes. Another open question is whether
we can graphically classify other interesting subsets of the vertices of the fundamental polytope, e.g. is there a
graphical characterization ofall vertices of the fundamental polytope?
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