1 SEQUENCES Analysis Study Guide

1 Sequences

DEF: An ordered field is a field F' and total order < (for all z,y,z € F):
z<y,y<zorz=y, iz<y,y<z=>z<z (i)z<y=>z+z<y+z (iv)0<y,z=0<azy!
DEF: The Archimedean property on an ordered field F is V,y € F,z,y > 0, there exists N € N such that n -z > y.2
Facr: ¢ = ¢ = :Zi_;s = ¢ for all a,b,¢,d,r,s € Z with rb+ sd # 0.3
DEF: A real number L is the limit of a sequence of real numbers (a, )52, if for every € > 0, there is an N € N such that
la, — L| < ¢ for all n > N. Then, (a,) converges to L.
TuMm: “Squeeze Theorem” Suppose three sequences (a,,), (by,), (¢,) satisty a,, < b, < ¢, and lim,_, o @, = lim, o0 ¢, =
L. Then lim,_ 0o b, = L.5
ProP: If (a,)2%, converges, then the set {a,|n € N} is bounded.®
TuwMm: If lim, .o a, = L, lim,, oo b, = M, and a € R, then
(i) limy— o0 @y + by = L+ M.
(ii) limy— 00 @, = aL.
(iil) limy, o0 anb, = LM.
(iv) limy o §2 = 47 if M £ 0.7
Tum: For a sequence a, > 0, we have lim,,_, o a, = 400 if an only if lim,,_, i =028
THwMm: “Least Upper Bound Principle” Every nonempty subset S of R that is bounded above has a supremum. Similarly,
every nonempty subset S of R that is bounded below has an infimum.”
Tum: “Monotone Convergence Theorem” A monotone increasing sequence that is bounded above converges. A monotone
decreasing sequence that is bounded below converges.®
TuwMm: Let (a,) be a sequence.
(i) If lim a,, is defined, then lim inf a,, = lim sup a,, = lim a,,.
(ii) if liminf a,, = limsup a,, = L, then lima,, = L.!!
DEF: A subsequence (a,)5%, is a new sequence (Gn, )72 = (Gny,ny,-..) Where ng <ng < ---.
THM: If the sequence (a,) converges, then every subsequence converges to the same limit.'3
TuM: Every sequence (a,,) has a monotonic subsequence.*
Cor: Let (a,) be a sequence. There exists a monotonic subsequence whose limit is limsupa, and there exists a
monotonic subsequence shows limit is liminf a,,.'®
DEF: Let (a,) be a sequence in R. A subsequential limit is any real number (or symbol +o00, —0c0) that is the limit of
some subsequence (ay, ).t°
THuM: Let (a,) be any sequence in R, and let S denote the set of subsequential limits of (a.,).
(i) S is nonempty.
(ii) sup S = limsup a,, and inf S = liminf a,.
(iii) lim a,, exists if an only if S has a single element, namely lim a,,.
THM: Let S denote the set os subsequential limits of a sequence (a,). Suppose (b,) is a sequence in S N R and that
t =limt,. Then t € S.'8
LMA: “Nested Intervals Lemma” Suppose that I, = [an,b,] = {2 € R | a, < z < b, } are nonempty closed intervals
such that I,,41 C I,, for each n > 1. Then the intersection N,>11, is nonempty.*
TuwMm: “Bolzano-Weierstrass Theorem” Every bounded sequence of real numbers has a convergent subsequence.
Fact: For a bounded sequence (a,), limsupa, (liminfa,) is the largest (smallest) possible value for a convergent
subsequence.?!
DEF: A sequence (a,,)%2 is called a Cauchy sequence if for every € > 0, there is an integer N such that |a,, —a,| < €
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n=1
for all m,n > N.??
DEF: A subset S of R is said to be complete if every Cauchy sequence converges to a point in S.2?
TuMm: “Completeness Theorem” A sequence of real numbers converges if and only if it is a Cauchy sequence. In particular,
R is complete.?*
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2 Series

DEF: Given a sequence (a, )52, the infinite series Y - | an = limy, 00 D p_; @ converges if the limit exists, diverges
otherwise.??
FACT: Some series can be solved using a telescoping sum, by cancelling elements between sequence terms.
THM: “nth term test” If lim a,, # 0, then Y_ a,, diverges.?”
THM: “Cauchy Criterion for Series” The following are equivalent for a series > 7 | ay,.
(i) The series converges.
(ii) For every & > 0, there is an N € N so that |72, ax| <& for all n > N.
(iii) For every ¢ > 0, there is an N € N so that |}, . ax| <eif n,m > N.28
Prop:If a;, > 0 for k > 1 and s,, = > _,_, a, then either
(i) (sn)$; is bounded above, in which case >~ | a,, converges.
(ii) (s5,)22, is unbounded, in which case Y ° | a, diverges.?
DEF: A sequence (a,)52 is a geometric series with ratio r if a,1 = ra, for all n > 0, or equivalently a,, = agr™.
Tum: “Convergence of Geometric Series” A geometric series Y~ ar™ converges to 1% if |r| < 1.30
DEF: A sequence (a, )5, is a p-series with power p if a,, = -% for some a,p € R.
Tum: “Convergence of p-series” A p-series ) ° | -% converges if and only if p > 1.3
TuM: “Comparison Test” Consider two sequences (ay,), (by) with |a,| < b, for all n > 1. If (b,,) is summable, then (a,)
is summable and > | a,| < 37, by. If (ay) is not summable, then (by,) is not summable.*?
THM: “Ratio Test” A series ) a,, of nonzero terms
(i) Converges absolutely if lim sup |ap11/an| < 1,
(ii) Diverges if liminf |a, 41 /a,| > 1.3
TuM: “Root Test” Suppose that a,, > 0 for all n and let £ = limsup {/a,. If £ <1, then Y ° | a, converges absolutely,
and if £ > 1, the series diverges.**
ThM: “Integral Test” If f : R — R is positive and decreasing, then Y , f(n) converges if and only if lim,_,, fj f(z)dx
exists (and is finite).?®

26

TuM: “Limit Comparison Test” If 220:1 b, is a convergent series of positive numbers b,, and lim sup |Z:‘ < oo then
Y02 | an converges.®6

DEF: A sequence is alternating if it has the form (—1)"a,, or (—1)"*'a,, where a,, > 0 for all n > 1.%7

LMa:Forz > —1,meN, (14 z)™ > 1+ ma.®®

THM: “Leibniz Alternating Series Test” Suppose that (a,)52; is a monotone decreasing sequence a; > as > a3 > --- > 0
and that lim,,_, a, = 0. Then the alternating series Y - (—1)"a,, converges.>®

CoR: Suppose that (a,)5; is a monotone decreasing positive sequence and that lim,_, . a, = 0. Then the difference
between the sum of the alternating series > ° | (—1)"a, and the Nth partial sum is at most |ax|.

DEF: A series Y. | ay, is called absolutely convergent if the series Y | |a,| converges. A series that converges but is
not absolutely convergent is called conditionally convergent.*°

DEF: A rearrangement of a series y | a, is another series with the same terms in a different order. This can be
described by a permutation 7 of the natural numbers N determining the series > " | ar(n)-*!

THM: For an absolutely convergent series, every rearrangement converges to the same limit.

LMA: Let ZZOZI a, be a convergent series. Denote the positive terms as by, bs,... and the other terms as ¢y, c¢s, .. ..
(i) If 37, ap is absolutely convergent, then so are both > ° b, and Y7 |¢,], and Y " an = Y00 by —
>t len)-
(ii) If 3-°7 | a, is conditionally convergent, then > > b, and Y. -, |¢,| both diverge.*?

TuM: “Rearrangement Theorem” If Y >° | is a conditionally convergent series, then for every real number L, there is a
rearrangement that converges to L.*3

LMA: “Summation by Parts Lemma” Suppose (z,,) and (y,) are sequences of real numbers. Define X,, = Y}, 2 and
Y= 4 1Yn Then 30" 2,V + 30" Xpyng1 = XYy M

TuM: “Dirichlet’s Test” Suppose that (a,)S2; is a sequence of real numbers with bounded partial sums. If ()52, is a
sequence of postive numbers decreasing monotonically to 0, then the series Y 7 | a,b,, converges.*®

THuM: “Abel’s Test” Suppose that Y~ | a, converges and (by,) is a monotonic convergent sequence. Then, >

n=1
converges.16

apby
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3 Topology of R"

DEF: The dot product or inner product of two vectors x,y € R"is (x,y) =Y o0, zy;.*"

Tum: “Schwarz Inequality” For all x,y € R”, | (x, y)| <|x||-|ly]|- Equality holds if and only if x and y are colinear.*®

TuM: “Triangle Inequality” The triangle inequality holds for the Euclidean norm on R™: ||x +y|| < ||x|| + |ly]| for all
X,y € R™. Moreover, equality holds if and only if either x = 0 or y = cx with ¢ > 0.4°

DEF: A set V = {x1,...,xn} C R™is orthonormal if (v;,v;, =)0 when i # j and (v;,v;, =) 1. If m =0, then V' spans
R™ and is called an orthonormal basis.> ‘

LMA: Let {vy,...,v,} be an orthonormal set in R™. Then ||} a;z;]| = (X0, |ai|2)1/z.51

DEF: A sequence of points (x) in R converges to a point a if for every € > 0, there is an integer N so that ||x; —al| < e
for all k> N. In this case, write lim,_,o X3 = a.>?

LMA: Let (x) be a sequence in R”. Then limy,_ ., X}, = a if and only if limg . ||xx — a|| = 0.53

LMA: A sequence x;, = (Zg,1,...,%,n) in R"™ converges to a point a = (ai,...,a,) if and only if each coordinate
converges: limy_yo0 2 ; = a; for 1 <i < n.5

DEF: A sequence x;, in R™ is Cauchy if for every € > 0, there is an integer N so that ||x; — x¢|| < e for all k,£ > N. A
set S C R™ is complete if every Cauchy sequence of points in S converges to a point in S.%?

TuM: “Completeness Theorem for R®” Every Cauchy sequence in R” converges. Thus, R™ is complete.?®

DEF: A point x is a limit point of a subset A C R™ if there is a sequence (aj)°, with ar € A such that x = limy_, o ag.
A set A C R™ is closed if it contains all of its limit points.?”

DEF: A point x is a cluster point of a subset A C R™ if there is a sequence (a,)>>; with a, € A\ {x} such that
x = lim,, s o0 a,,.%8

Prop: If A, B C R" are closed, then AU B is closed. If { 4; | i € I} is a family of closed subsets of R™, then N;crA; is
closed.??

Ex: Let A,, = B»-1(0). The family of sets {A,,},en has every set closed, but U,enA,, = B1(0), which is not closed.5"

DEF: If A is a subset of R”, the closure of A is the set A consisting of all limit points of A.5!
DEF: The ball about a in R™ of radius r is the set B.(a) = {x € R" | |[x —a|| < r}. A subset U C R" is open if for
every a € U, there is some 7 > 0 so that the ball B,.(a) is contained in U.5

ProP: Let A C R™. Then A is the smallest closed set containing A. In particular, A=A453
TaM: “Duality of Open and Closed Sets” A set A C R™ is open if and only if the complement of 4, A’ = {x € R" | x ¢
A} is closed.5

-HERE MARKS THE END OF EXAM 1 MATERIAL-

Prop: If U and V' are open subsets of R” then U NV is an open subset of R™. If {U; | i € I } s a family of open subsets
of R?, then U;crU; is open.%?

EX: Let A, = Bz11(0). The family of sets {4, }nen has every set open, but N,enA, = B;(0), which is closed.5

DEF: The interior, int X, of a set X is the largest open set contained in X. If int X = (), then X has empty interior.’

DEF: A subset A C R” is compact if every sequence (a;)32, of points in A has a convergent subsequence (ay, )52 with
limit a = lim; ,, a;, in A.%8

DEF: A subset S of R™ is called bounded provided that there is a real number R such that S is contained in the ball
Br(0).%°

LMA: A compact subset of R™ is closed and bounded.™

LMA: If C is a closed subset of a compact subset of R", then C is compact.”™

LMA: The cube [a,b]"™ is a compact subset of R?.7

TuMm: “Heine-Borel Theorem” A subset of R” is compact if and only if it is closed and bounded.”

TuaM: “Cantor’s Intersection Theorem” If A1 D Ay D A3 D .-+ is a decreasing sequence of nonempty compact subsets
of R™, then Ng>1 Ay is not empty.”

DEF: A set whose closure has no interior is nowhere dense. A point x of a set A is isolated if there is an € > 0 such
that the ball B.(x) intersects A only in the singleton {x}. A set A is perfect if each point x € A is the limit of some
sequence in A4\ {x}.7

7
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4 Functions

DEF: Let S C R™ and let f: S — R™. If a € S is a cluster point (limit point of S\ {a}) then a point v € R" is a
limit of f at a if for every € > 0 there is an r > 0 so that ||f(x) — v|| < € whenever 0 < ||x —a|| < r and x € S.
Write limy_,a f(x) = v.7

DEF:Let S C R™ and let f : S — R™. f is continuous at a € S if for every £ > 0, there is an r > 0 such that, for all
x € S with ||x — a|| < r, we have ||f(x) — f(a)|| < e. Moreover, f is continuous on S if it is continuous at each point
ac S. If fis not continuous at a, f is discontinuous at a.””

DEF: A function f : S — R™ is called Lipschitz if there is a constant C such that ||f(x) — f(a)|| < C||x — a]| for all
x,a € S. The Lipschitz constant of f is the smallest choice of C' for this condition to hold.”®

DEF: A function f : [a,b] — R satisfies a Lipschitz condition of order a > 0 if there is some positive constant M so that
|f(z1) = fl@2)] < M2y — 2|7

PrOP: Every Lipschitz function is continuous.

CoR: Every linear transformation A from R™ to R™ is Lipschitz, and therefore continuous.

DEF: The coordinate functions are, m; : R" — R is given as mj(21,...,2,) = z; for 1 < j <n, and €(t) = te;.>?

DEF: A function f : R® — R™ has a removable singularity at a if limy_,, f(x) exists, but does not equal f(a).53

DEF: The limit of f as x approaches a from the right is L if for every € > 0, there is an § > 0 so that |f(z) — L| < € for
all a < x < a+ J, written lim,_,,+ f(z) = L. Similarly, define the limit from the left, lim,_,,~ f(z) = L.

DEF: When a function f on R has limits from the left and right that are different, we say f has a jump discontinuity.
A function on an interval is called piecewise continuous if on every finite subinterval, it has only a finite number of
jump discontinuities and is continuous at all other ponts.??

EX: The Heaviside function H(x) is defined to be 0 for all # < 0 and 1 for z > 0.86

EX: The ceiling function [x] has countably many jump discontinuities.?”

Ex: For any subset A C R"™, the characteristic function of A is x4(x), which equals 1 if z € A, and 0 otherwise.

Ex:Let f(z) = 0 when « ¢ Q and then f(z) = % when z = L, in reduced form. Then, f(z) is continuous only at

irrational points, and discontinuous on the rationals.??

DEF: Say that the limit of a function f(z) has x approaches a is +o00 if for every positive integer N, there is an r > 0
so that f(z) > N for all 0 < |z —a| < r. We write lim,_,, f(z) = +00. We define the limit lim,_,, f(z) = —c0
similarly.”°

DEF: A function f is asymptotic to the curve g if lim, ., | f(z) — g(z)| = 0.%

DEF: A subset V C .S C R" is open in S (or relatively open) if there is an open set U in R™ such that U NS = V.92

TuwMm: For a function f mapping S C R"™ into R™, the following are equivalent:

(i) f is continuous on S.

(ii) “Sequential characterization of continuity” For every convergent sequence (xp)5>; with lim, 0o %, = a € S.
lim,, o f(x,) = f(a).

(iii) “Topological characterization of continuity” For every open set U in R™, the set f~1(U) = {x € S| f(x) € U}
is open in 5.93

Tuwm: If f,g are functions from a common domain S into R™, a € S such that limyx_,, f(a) = u and limx_,, g(x) = v,
then
(i) limy 5 f(x) + g(x) =u+v.

(ii) limx—,a af (x) = au.

When the range is contained in R, say limy_a f(x) = v and limy_,, g(x) = v, then
(iil) limyx—a f(x)g(x) = uv, and

(iv) limy_,a f(x)/g(x) = u/v provided v # 0.%4

TuawMm: If f, g are functions form S to R™ that are continuous at a € S and a € R, then

(i) f + g is continuous at a.

(ii) af is continuous at a.

When the range is contained in R,

(iii) fg is continuous at a

(iv) f/g is continuous at a provided that g(a) # 0.9°

DEF: A function f is a rational function if f(xz) = p(z)/q(x) where p,q € R[z] and ¢ # 0. Rational functions are
continuous except where g(z) = 0.%6

DEFr: If a function f :.S — T and g : T — R™, then the composition of g and f, denoted go f is the function that sends

z to g(f()).”

80
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THM: Suppose f: S — T and g : T — R™. If f is continuous at a € S and g is continuous at f(a) € T, then go f is
continuous at a.%®

THM: Let C be a compact subset of R, and let f be a continuous function from C into R™. Then the image set f(C)
is compact.??

THM: “Extreme Value Theorem” Let C' be a compact subset of R™ and let f be a continuous function from C into R. Then
there are points a and b in C attaining the minimum and maximum values of f on C. That is, f(a) < f(x) < f(b)
for all x € C.100

DEF: A function f: R — R™ is a periodic function if there exists a d > 0 such that f(z) = f(z + d) for all z € R. The
least such d is called the period of f. Then, f is d-periodic.'®!

DEF: A function f : S — R™ is uniformly continuous if for every € > 0 there is a § > 0 so that ||f(x) — f(a)|| < e
whenever ||x — a|| < § for x,a € 5.1

PRroP: Every Lipschitz function is uniformly continuous.

CoRr: Every linear transformation from R™ to R™ is uniformly continuous.

CoRr: Let f be a differentiable real-valued function on [a,b] with a bounded derivative; that is, there is M > 0 so that
\f'(z)] < M for all a < x < b. Then f is uniformly continuous on [a, b].1°?

THM: Suppose that C C R™ is conpact and f : C — R” is continuous. Then f is uniformly continuous on C.

THM: “Intermediate Value Theorem” If f is a continuous real-valued function on [a,b] with f(a) < 0 < f(b), then there
exists a point ¢ € (a,b) such that f(c) = 0.107

Cor: If f is a continuous real-valued function on [a, b], then f([a,b]) is a closed interval.1%®

DEF: A path in S C R" from a to b, both poionts in S, is the image of a continuous function « from [0, 1] into S such
that v(0) = a and (1) = b.10®

COR: Suppose that S C R™ and f is a continuous real-valued function on S. If there is a path from a to b in S and
f(a) <0< f(b), then there is a point ¢ on the path so that f(c) = 0.11°

DEF: A function f is increasing on an interval (a,b) if f(z) < f(y) whenever a < xz <y < b. It is strictly increasing on
(a,b) if f(z) < f(y) whenever a < < y < b. Similarly, define decreasing and strictly decreasing functions. All of
these functions are called monotone.!!

Prop: If f is an increasing function on the inerval (a,b), then the one-sided limits of f exist at each point ¢ € (a,b) and
lim, ,.- f(z) = L < f(z) <lim,_,.+ f(x) = M. For decreasing functions, the inequalities are reversed.!!?

CoR: The only type of discontinuity that a monotone function on an interval can have is a jump discontinuity.

Cor: If f is a monotone function on [a, b] and the range of f intersects every nonempty open interval in [f(a), f(b)] then
f is continuous.'*

THM: A monotone function on [a, b] has at most countably many discontinuities.'!

THM: Let f be a continuous strictly increasing function on [a,b]. Then f maps [a,b] one-to-one and onto [f(a), f(b)].
Moreover the inverse function f~' is also continuous and strictly increasing.!'®

Prop: Let f: S — R™, S C R" be a continuous function. If T C S is compact, f(T) is compact.!!”

Ex: The Cantor function ¢ : [0,1] — [0,1] is an onto function defined such that ¢ is constant over the intervals not in
the Cantor set, but is strictly increasing over the Cantor set. Also, ¢(C) = [0,1].118

103
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5 Intro to Calculus

DEF: A function f : (a,b) — R is differentiable at a point xo € (a,b) if limy_o w exists. We write f'(xo)
for this limit.!?

DEF: When f is differentiable at xg, we define the tangent line to f at xo to be the linear function T(z) = f(z¢) +
f’(l'o)(l’ _ 1'0)-120

Prop: If f is differentiable at zq, then it is continuous at xq. Differentiable functions are continuous.

LMA: Let f be a function on [a, b] that is differentiable at zy. Let T'(z) be the tangent line to f at zg. Then T is the
unique linear function with the property lim,_,, w =0.122

Cor:If f(z) is a function on (a,b) and zo € (a,d), then the following are equivalent:

(i) f is differentiable at zg.
(ii) There is a linear function T'(z) and a function e(z) on (a,b) such that lim, ., e(z) = 0 and f(z) = T(z) +
e(x)(z — xo).
(iii) There is a function ¢(x) on (a,b) such that f(z) = f(zo) + ¢(x)(z — o) and lim,_,,, ¢(z) exists.

THM: “Arithmetic of Derivatives” Let f and g be differentiable functions at the point a. Each of the functions cf (c a

constant), f + g, fg, and f/g are differentiable at a, except f/g if g(a) = 0. The formulas are'?*
(i) (¢f)(a) =c- f'(a) (i) (f +9)'(a) = f'(a) + ¢'(a)
(iii) “Product rule” (fg)'(a) = f(a)g'(a) + f'(a)g(a)
(iv) “Quotient rule” (f/g)'(a) = W if g(a) # 0.

THM: “The Chain Rule” Suppose that f is defined on [a,b] and has range contained in [¢,d]. Let g be defined on [e, d].
Suppose that f is differentiable at zo € [a,b] and g is differentiable at f(xo). Then the composition h(z) = g(f(z))
is defined, and h/(zo) = ¢'(f(x0)) f'(z0).1?®

Ex: The class of functions f(z) = x®sin(1/z) for x > 0 and f(0) = 0 for a > 0 is differentiable on [0, 00), but the
derivative function is not continuous at 0.!26

DEF: A function f(x) is even if f(—2x) = f(z) and odd when f(—2) = —f(z).**7

121

123

-HERE MARKS THE END OF EXAM 2 MATERIAL-

TuM: “Fermat’s Thoerem” Let f be a continuous function on an interval [a,b] that takes its maximum or minimum
value at a point 9. Then, exactly one of the following holds:
(i) zo is an endpoint a or b, (ii) f is not differentiable at g, (iii) f is differentiable at zo and ' f(xo) = 0.128

Tuwm: “Rolle’s Theorem” Suppose that f is a function that is continuous on [a,b] and differentiable on (a,b) such that
f(a) = f(b) = 0. THen there is a point ¢ € (a,b) such that f'(c) = 0.12°

THM: “Mean Value Theorem” Suppose that f is a function that is continuous on [a, b] and differentiable on (a, b). Then
there is a point ¢ € (a,b) such that f'(C) = W‘BO

CoR: Let f be a differentiable function on [a, b].13!
(i) If f'(z) is (strictly) positive, then f is (strictly) increasing.
(i) If f'(x) is (strictly) negative, then f is (strictly) decreasing.!32
(iii) If f'(z) = 0 at every z € (a,b), then f(x) is constant.!*® (iv) If g is differentiable on [a,b] with ¢'(z) = f'(x),
then there is a constant ¢ such that f(z) = g(z) + ¢.!3*

DEF: If a twice differentiable function f has f"(z) positive on an interval [a, b] then f is convez or concave up. If f"(x)
is negative, then f is concave or concave down. The points where f”(z) changes sign are called inflection points.!3®

THM: “Darboux’s Theorem /Intermediate Value Theorem for Derivatives” If f is differentiable on [a,b] and f'(a) < L <
f'(b), then there is a point zg in (a,b) at which f'(x¢) = L.136

TuwMm: Let f is a one-to-one continuous function on an open interval I, and let J = f(I). If f is differentiable at zy € T

and if f'(zg) # 0, then f~! is differentiable at yo = f(wo) and (f~1)'(yo) = f/(lwo)‘137
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6 Integration

DEF: Let f : [a,b] — R be a bounded function.!3®
(i) A partition of [a,b] is a finite set P = {a =20 < 1 < -+ < &p—1 < 2, =b}. Set Aj = x; — x;_; and define the
mesh of a partition P as mesh(P) = max <<, ;.1
(ii) Let the mazimum and minimum be M;(f, P) = sup{ f(z) | z;—1 < 2 < z; } and m;(f, P) = inf{ f(z) | ;1
z <uz;}
(iii) Let the wupper (Darbouz) sum and lower (Darbouz) sum be U(f,P) = 2?21 M;(f,P)A; and L(f,P) =
S m(f P)A,.
(iv) If given an evaluation sequence X = {z; | 1 < j < n} with 2} € [z;_1,7;] the Riemann sum is I(f,P,X) =
S, f) A0
(v) A partition R is a refinement of a parition P provided P C R. If P and () are partitions, then R is a common
refinement if PUQ C R.

LMA: If R is a refinement of P, then L(f,P) < L(f,R) < U(f,R) < U(f, P).**

CoRr:If P and @ are any two partitions of [a,b], L(f, P) < U(f,Q).'*?

DEF: Define the lower Darbous integral, L(f) = supp L(f, P) and the upper darbouz integral, U(f) = infp U(f, P). Note
that L(f) < U(f).'** A bounded function f on a finite interval [a,b] is called Riemann integrable if L(f) = U(f).
In this case, we write L(f) = f; f(z)de =U(f).144

THM: “Riemann’s Condition” Let f(z) : [a,b] — R be a bounded function. The following are equivalent:
(i) f is Riemann integrable.
(ii) For each £ > 0, there is a partition P so that U(f, P) — L(f, P) < e.1%5

CoRr: Let f be a bounded real-valued function on [a,b]. If there is a sequence of partitions of [a,b], P, so that
limy, o0 U(f, Py) — L(f,P,) = 0, then f is Riemann integrable. Moreover, if X, is any choice of points z;, ;

J
selected from each interval of P,, then lim, o I(f, Py, X,,) = fab flx)dx.

Tum: Let f() : [a,b] = R be a bounded function. The following are equivalent:!4®
(i) f is Riemann integrable.
(ii) For each € > 0, there is a partition P so that U(f, P) — L(f, P) < e.
(iii) “Cauchy Criterion for Integrability” For every € > 0, there is a 6 > 0 so that every partition @ such that
mesh(Q) < § satisfies U(f,Q) — L(f,Q) < .47

TuM: Let f(z) : [a,b] = R be a bounded function, then f is Riemann integrable with f; f(z)dx = L if and only if for
every € > 0, there is a § > 0 so that every partition @) such that mesh(Q) < ¢ and every choice of evaluation sequence
X satisfies [I(f,Q,X) — L| < .18

THM: Every monotone function on [a, b] is Riemann integrable.

THM: Every continuous function on [a, b] is integrable.*?°

IN

149

DEF: Say that f is Riemann integrable on [a, o) if the improper integral [ f(x)dz := limp_, o0 fab f(z)dz exists.'?!

THuM: “Arithmetic of Integrals” Let f and g be integrable function on [a,b] and ¢ € R. Then
(i) cf is integrable and f; cf(z)dr = cf; f(z)dz. (i) f + g is integrable and fab(f + g)(z)dx = f;f(a:)dx +
f; g(z)dx. 152

THM: If f and g are integrable on [a,b] and if f(z) < g(z) for all x € [a, b], then f; f(z)dz < f; g(z)dz.*>?

TuM: If f is integrable on [a,b], then |f| is integrable on [a,b] and |f; f(z)dz| < f; |f(2)|dz. 154

TuM: If f : [a,b] = R with ¢ € (a,b) and f is integrable on [a, ] and [c, b] then f is integrable on [a, b] with f; flz) =
f: f(z)dz + fcb f(x)dz.155

TuM: “Fundamental Theorem of Calculus I” Let f be a bounded Riemann integrable function on [a,b] and let F :
[a,b] — R be defined as F(z) = [ f(t)dt. Then F is continuous, and if f is continuous at a point o, then F is
differentiable at xo with F'(z¢) = f(z).156

DEF: A function f on [a,b] has an antiderivative if there is a continuous function F' : [a,b] — R such that F'(z) = f(z)
for all = € [a, b].157

Cor: “Fundamental Theorem of Calculus II” Let f be a continuous function on [a,b]. Then f has an antiderivative.

Moreover, if G is any antiderivative of f, then fab f(z)dz = G(b) — G(a).*?8
LMA: Suppose that f : [a,b] — R is an integrable function bounded by M : [a,b] — R. Then |f;7 f(t)dt| < M(b—a).t?®
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THM: “Integration by Parts GIven two differentiable functions f : [a,b] — R and g : [a,b] — R, the integral

i P (@)g(x)de = f(z ~ [} (= 100

THM: “Substltutlon/Change of Varlable” Let u be a C! function on [a,b] and let f be continuous on [c,d] containing

the range of u. Then fab fu(z)u'(z)dz = fu((a) f(t)dt. 161

THM: “Intermediate/ Mean Value Theorem for Integrals” If f is a continuous function on [a,b], then there is a point
€ (a,b) = f(e).1?

6.1 Riemann-Stieltjes Integration

DEF: Consider f,g : [a,b] = R. Given a partition P = {a = 29 < 21 < --- < x,, = b} and an evaluation sequence
X for P, define the Riemann-Stieltjes sum or R-S sum for f with respect to g using P and X as I,(f,P,X) =
Yor g F@)lg(x;) — g(aj-1)].%°

DEF: f is Riemann-Stieltjes integrable with respect to g (f € R(g)) if there is a number L so that for all € > 0, there is
a partition P. so that for all partitions P D P. and evaluation sequences X on P, we have |I,(f, P,X) — L| <e. In
this case, we say L is the Riemann-Stieltjes integral of f with respect to g, written L = fab fdg.'%*

THM: ()If f1, f2 € R(g) on [a,b] and ¢1,c2 € R, then ¢; fo + c2fa € R(g) on [a,b] and fab cifi +eafodg=cy f; fidg +
¢ [ f2dg.
(ii) If f € R(g1) N R(g2) on [a,b], then f € R(g1 + g2) on [a,0] and [7 fd(gi +g2) = [o fdgi + [, f dgo.
(iii) If a < b < c and f € R(g) on both [a,b] and [b,c], then f € R(g) on [a,c] and [’ fdg = fffdg + [y fdg.t%®

THM: Suppose f,g : [a,b] = R are bounded and ¢ : [¢,d]
tola, b] is a strictly increasing, continuous function onto [a,b]. Let F' = fop and G = go . If f € R(g) on [a, ],
then F € R(G) on [¢,d] and [ FdG = [ f dg."6

THM: “Integration by Parts” Let f,g : [a,b] = R be bounded functions. If f € R(g) on [a,b], then g € R(f) on [a,b]
and [ fdg+ [ gdf = g(b)f(b) = g(a) f(a)."

THM: “Substitution Rule” If f : [a,b] — R has f € R(g) where g : [a,b] — R is C*, then fg' is Riemann integrable on
[a,b] and fab fdg = fub f(x)g' (z)dx. 158

DEF: Let f,g be bounded functions on [a, b], and P a partition on [a, b]. Define
(i) upper sum with respect to g: Uy (f, P) = >, M;(fi, P)[g(z;) — g(@i_1)]-
(ii) lower sum with respect to g: Ly(f,P) = Y1, mi(fi, P)lg(x:) — g(wi—1)].*%°

DEF: Define Ly(f) =supp L,(f, P) and U,(f) = infp U,(f, P).'7°

LMA: “Refinement Lemma” Let f,g be bounded functions on [a,b] and P, R partitions of [a,b]. Assume that g is
increasing. If R is a refinement of P, then L,(f, P) < L,(f,R) < U,(f,R) < U,(f,P).1™

Cor: Let f, g be bounded functions on [a, b] and assume that g is increasing. If P and @ are any two partitions of [a, b],
then Ly(f, P) < U,(f,Q).*™

THM: “Riemann-Stieltjes Condition” Let f,g be bounded functions on [a,b] and assume that g is increasing on [a, b].
The following are equivalent;:
() f € R(g). (i) UylF) = Ly(f)
(iii) For every & > 0 there is a partition P so that U, (f, P) — L,(f,P) < e.1™

DEF: Given a function f : [a,b] — R and a partition P of [a,b], the variation of f over P is V(f,P) = > 1 |f(z;) —
flziz1)]-

Der: The total variation of f on [a,b] is VP f = supp V(f, P). f is of bounded variation on [a,b] if V! f is finite.

Lvma:Ifa<b<cand f:[a,c] — Ris given, then VEf = V2 f + Vef.

TuM: If f : [a,b] — R is of bounded variation on [a,b], then there are increasing functions g,k : [a,b] — R so that
f=g9—h

THM: If f : [a,b] — R is bounded by M, g : [a,b] = R is of bounded variation and f € R(g), then ‘f; fdg‘ <M -Vhg.

TuM: If f : [a,b] — R is continuous and g : [a,b] = R is increasing, then f € R(g) on [a, b].

Cor:If f : [a,b] — R is continuous and g : [a,b] — R is of bounded variation, then f € R(g) on [a,b].
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7 Vectors and Distance

7.1 Normed Vector Spaces

DEF: Let V be a vector space over R. A norm on V is a function ||-|| on V taking values in [0, +00) with
() Ixll=0ex=0. () flaxl| = [alllxl. (i) |x+y] < x|+ [yl
The pair (V,||-]|]) is called a normed vector space.

DEF: In a normed vector space V, a sequence (xp)52; converges if there is x € V so that lim,_, ||x, — x|| = 0.

DEF: A sequence (x,,)52; is Cauchy if (||x,]])22, is Cauchy. That is, lim, o0 SUP,,>p [1Xn — Xm|| = 0.

DEF: V is complete if every Cauchy sequence in V' converges to some vector x € V. A complete normed vector space is
called a Banach space.

DEF: For a normed vector space V', define the open ball B.(x) = {v eV |||v—x]| <r}. A subset U CV is open if for
every a € U there is 7 > 0 so that B.(a) CU. A subset C C V is closed if it contains all of its limit points.

PRrROP: A sequence x,, in a normed vector space V' converges to a vector x if and only if for each open set U containing
x, there is an ingeger N so that x,, € U for all n > N.

DEF: A subset K of a normed vector space V is compact if every sequence (x,) of points in K has a convergent
subsequence.

7.2 Inner Product Space

DEF: An inner product on a vector space V' is a function (x, y) so that

(i) (x,x) >0, and (x, x) =0 if and only if x = 0.

(i) (x, y) = (y. x).

(iii) For all x,y,z € V,a,b € R, (ax + by, z) = a(x,z)+b(y, z). An inner product defines a norm on V given by

Il = (x, x)*72.

Ex: The space C[0,1] can be given an inner product ( f, g) = ff f(@)g(z)dx.

THM: “Cauchy-Schwarz Inequality” For all x,y in an inner product space V, | (x, y )| < ||x]| |[ly]|- Equality holds if and
only if x,y are colinear.

1/2 1/2
Cor: For f,g € Cla,b], we have ‘f; f(a:)g(:v)dac‘ < (ff f(w)Qdac) (f;g(x)Qda:) i
CoOR: An inner product space V satisfies the triangle inequality. Moreover, if equality occurs, then x and y are colinear.

CoRr: Let V be an inner product space with induced norm ||-||. Then the inner product is continuous (i-e. if x, — x
and y, =y, then (xn, yn) = (X, ¥)).
DEF: A normed vector space is strictly convez if ||u|| = ||v|| = ||(u + v)/2|| = 1 for vectors u,v € V implies that u = v.

PRrop: All inner product spaces are strictly convex.

7.3 Orthonormality

DEF: Two vectors x and y are orthogonal if (x,y) = 0. A collection of vectors {v; |i € I} in V are orthonormal if
||[vi]| =1 and (v;, v;) = 6;;. This set is called an orthonormal basis if it is a maximal orthonormal set.

PROP: An orthonormal set is linearly independent. An orthonormal basis in a finite-dimensional inner product space is
a basis.

LMaA: The functions {1,v/2sinnf,v/2cosnd | n > 1} form an orthonormal set in C[—, 7] with the inner product
(f.9) =5 ", F(6)g(6) db.

DEF: A trigonometric polynomial is a finite sum f(6) = Ao + Z,ivzl Ay, cos kb + By, sin k6.

DEF: Denote the Fourier series of f € Cl—m,m] by f ~ Ao + >, Apcosnb + B, sinnd, where 49 = (f, 1),4, =
(f, V2 cos n0> ,B, = (f, V/2sinnd > The sequences A,, and B,, are the Fourier coefficients of f.

LMA: Let {v1,...,v,} be an orthonormal set in an inner product space V. If M is the subspace spanned by {vy,...,v,},
then every vector x € M can be written uniquely as Y., a;v;, where a; = (x, v;). Moreover, for x,y € M with
a; = (X, Vi > 7bi = (y; Vi)? <X7 y) = Z?:l albl In partiCUIa‘r7 ||X||2 = Z?:l azz

Cor: If V is an inner product space of finite dimension n, then it has an orthonormal basis {vy,...,v,} and the inner
product and norm are defined by the lemma.
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7.4 Projections

DEF: A projection is a linear map P so that P2 = P. In addition, P is an orthogonal projection if ker P L im P.
Tuwm: “Projection Theorem” Let B = {vy,...,v,} be an orthonormal set in an inner product space V and let M =
span B. Define P : V. — M by Py = > (y, vi;)v;. Then P is the orthogonal projection onto M and lyll? >
2
Z?:l <Y7 Vi> -
Moreover, for all v € M, |ly — v||* = |ly — Py|]> + ||Py — v||*>. In particular, Py is the closest vector in M to y.
TuM: “Bessel’s Inequality” Let {v; | i € I} be an orthonormal set in an inner product space V. For each vector x € V,
2
Dier | (%, vi) |2 < I
DEF: A complete inner product space is called a Hilbert space.

EX: The space (2 consists of all sequences x = ()5, such that ||x]|, := (X, :z:?l)l/2 is finite. The inner product on

% is given by (x,y) = > 02| Tnyn.

TuM: The space £? is complete.

DEF: In a Hilbert space, the closed span of a set of vectors S, denoted span S is the closure of the linear subspace
spanned by S.

TuM: “Parseval’s Theorem” Let I C N and E = {v; | i € I} be an orthonormal set in a Hilbert space H. Then the
subspace M = span £ consists of all vectors x = ), ; a;v; where the coefficient sequence (a;)i2; belongs to 12z
Further, if x € H, then x € M if and only if 3, ;| (x, v;) | = ||x||2

Cor: Let E = {v; | i € I} be an orthonormal set in a Hilbert space H. Then there is a continuous linear orthogonal
projection Pg of H onto M = span E given by Ppx =Y., (X, v;) v;.

Cor:If E = {v; | i € N} is an orthonormal basis for a Hilbert space H, every vector x € H may be uniquely expressed
as X = )0, a;v; where a; = (x, v;).

DEF: If M is a closed subspace of a Hilbert space H, define the orthogonal complement of M to be M+ = {x | (x, v) =
Ovv € M}.

PRroP: Every vector in H can be written uniquely as x = v+y where v e M and y € M~. Moreover, ||x||* = [|v|]*+|ly]|*.

Prop: (MY)t = M.

7.5 Finite Dimensions

LMA:If {vy,...,v,} is a linearly independent set in a normed vector space V, then there exist positive constants
0 < ¢ < C so that for all a € R™ we have c|lal|, < [|>1, a;vi|| < Cllal,.

CoR: “Hiene-Borel for Finite-Dimensional Normed Vector Spaces” A subset of a finite-dimensional normed vector space
is compact if and only if it is closed and bounded.

CoOR: A finite-dimensional subspace of a normed vector space is complete, and in particular it is closed.

THMm: Let V' be a normed vector space, and let W be a finite dimensional subspace of V. Then for any v € V there is
at least one closest point w* € W so that ||v — w*|| = inf{||[v — w|| | w € W}.
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7.6 Limits Of Functions

DEF: Let (fy) be a sequence of functions from S C R™ into R™. This sequence converges pointwise to a function f
if imy, iy fr(x) = f(x) for all x € S.

DEF: Let (fr) be a sequence of functions from S C R™ to R™. This sequence converges uniformly if for every € > 0
there is N € N so that for alln > N and all x € S, [|fn(x) — f(X)]| < &.

TuwMm: For a sequence of functions (f,) in Cy(S,R™), (f,) converges uniformly to f if and only if lim,,_, || fn — f|l., = 0.

THM: “Dini’s Theorem” Suppose that f and f, are continuous functions on [a,b] so that f,, < fn41 for all n > 1 and
(fn) converges to f pointwise. Then (f,) converges to f uniformly.

Tuwm: Let (fr) be a sequence of continuous functions mapping a subset S C R™ to R™ that converges uniformly to a
function f. Then f is continuous.

THM: “Completeness Theorem for C(K)” If K is a compact set, the space C(K) of all continuous functions on K with
the co norm is complete.

THM: “Integral Convergence Theorem” Let (f;) be a sequence of continuous functions on [a, b] converging uniformly to
f(z) and fix ¢ € [a,b]. Then the functions Fj(z) = [ fi(t)dt, k > 1 converge uniformly on [a,b] to the function
F(z) = [T f(t)dt.

CoR: Suppose that (f,,) is a sequence of continuously differentiable functions on [a, b] such that (f}) converges uniformly
to a function g and there is a point ¢ € [a,b] so that lim,_, fr(c) = v exists. Then (f,,) converges uniformly to a
differentiable function f with f(c) =y and f' = g.

Prop: Let f(z,t) be a continuous function on [a, b] X [c,d]. Define F(z) = fcd f(z,t)dt. Then F is continuous on [a, b].

THuM: “Liebniz’s Rule” Suppose that f(x,t) and % (z,t) are continuous functions on [a,b] x [¢,d]. Then F(z) =
[ f(a,t)dt is differentiable and F'(z) = [* 2 f(x,t)dt.

THuM: Let (f;) be a sequence of functions from S C R™ to R™. If Y ° | fx(z) converges uniformly, then it is continuous.

DEF: Let S C R™. We say that a series of functions f from S to R™ is uniformly Cauchy on S if for every ¢ > 0, there

is an N so that HZ;;:m_H fk(x)H <& whenever x € S and £ > m > N.

THM: A series of functions converges uniformly if and only if it is uniformly Cauchy.

THM: “Weierstrass M-Test” Suppose that a, (x) is a sequence of functions on S C R* to R™ and (M,,) is a sequence of
real numbers so that ||a,||, < M,. If Y°° | M, converges, then Y >~ a,(x) converges uniformly on S.

TuM: “Hadamard’s Theorem” Given a power series Y~ , a,a™ there is R in [0, +00) U{+00} so that the series converges
for all z with |z| < R and diverges for all  with |z| > R. Moreover, the series converges uniformly on each interval
[a,b] contained in (=R, R). Finally, if a = limsup,, , ., |a,|"/™, then

4+ ifa=0
R=4¢0 if a=+00 We call R the radius of convergence of the power series.
1 if a € (0, 400).

THM: “Term-By-Term Differentiation” If f(z) = > °_ a,z" has radius of convergence R > 0, then Y 7 na,z"*
has radius of convergence R, f is differentiable on (—R, R), and for z € (—R, R), f'(z) = Znanw”_l. Further,
n=1

Yonlo mza™™ has radius of convergence R and, for x € (=R, R), [y f(t)dt = Y02 ;eram .

7.7 Compactness of S C C(K,R™)

DEF: A family of functions F mapping S C R"” into R™ is equicontinuous at a point a € S if for every € > 0 there is
an r > 0 such that ||f(z) — f(a)|| < ¢ whenever ||x — a|| < r and f € F. The family F is equicontinuous on S if it
is equicontinuous at every a € S. The family F is uniformly equicontinuous on S if for each € > 0, there is an r > 0
so that ||f(x) — f(y)|| < € whenever ||x —y|| <r,x,y € Sand f € F.

LMA: Let K be a compact subset of R*. A compact subset F of C(K,R™) is equicontinuous.

Prop: If F is an equicontinuous family of functions on a compact set, then it is uniformly equicontinuous.

DEF: A subset S of K is called an e-net of K if K C UaegB-(a). A set K is totally bounded if it has a finite e-net for
every € > 0.

LMA: Let K be a compact subset of R™. Then K is totally bounded.

Cor: Let K be a compact subset of R™. Then K contains a sequence {x; | ¢ > 1} that is dense in K. Moreover, for
any € > 0, there is an integer N so that {z1,...,zx} forms an e-net for K.

Derrick Stolee



7 VECTORS AND DISTANCE Analysis Study Guide 7.7 Compactness of S C C'(K,R™)

Tuwm: “Arzela-Ascoli Theorem” Let K be a compact subset of R”. A subset F of C(K,R™) is compact if and only if it
is closed, bounded, and equicontinuous.
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8 Problems

QUESTION: Define a sequence (z,,) by 1 = 2 and, for n > 2, z,, =1+ wllﬁ Show that there is an integer m so
that 1 -z, > 100.

QUESTION: Fix an integer N > 2. Consider the remainders ¢(n) obtained by dividing the Fibonacci number F(n) by
N, so that 0 < g(n) < N. Prove that this sequence is periodic with period d < N? as follows:
(i) Show that there are integers 0 < i < j < N? such that ¢(i) = ¢(j) and ¢(i + 1) = ¢(j + 1).
(if) Show that if q(i + d) = ¢(i) and q(i + 1 + d) = ¢(i + 1), then ¢(n + d) = ¢(n) for all n > 4. (iii) Show that if
q(i+d) =q(7) and ¢(i + 1 +d) = g(i + 1), then q(n +d) = q(n) for all n > 0.

QUESTION: If m and n are integers, show that |v/3 — 2| > ;.

QUESTION: Compute the limit, and for ¢ = 107°, find an integer N that satisfies the limit equation: lim,_,.
Optional: What is the smallest value of N that satisfies the limit definition for & = 10757

QUESTION: (i) Prove that if a,, < b, for n > 1, L = lim,,_, a5, and M = lim,,_, b,,, then L < M.
(ii) Find convergent sequences (a,) and (b,) so that
(a) an < by, for all n, (b) there is no N so that for all n > N, a,, < 7}1—>H;o by, and

(c) there is no N so that for all n > N, b, > lim a,,.
n—o0

QUESTION: Consider (z1, s, ...) and (y1,y2,-...). Show that the new sequence (z1,ya, Z2,ya, ... ) converges to a number
L if and only if the two original sequences both converge to L.

QUESTION: Define a sequence (a,)5; so that lim, ., a,2 exists but lim,_,., does not exist.

QUEsTION: (i) Let @, = 3/n — 1. Use the fact that (1 + z,,)” = n to show that 22 < 2/n.
(ii) Hence compute lim,,_ o nt/m,

QUESTION: Show that the set S = {n + m+/2|m,n € Z} is dense in R.

QUESTION: Suppose that lim,, .., a, = L. Show that lim,, . w =L.

QUESTION: (i) Let (a,)22; be a bounded sequence. Define a sequence b,, = sup{ay : k > n} for n > 1. Prove that (b,)
converges. This limit is called the limit superior of (a,), almost always abbreviated to lim sup a,,.
(ii) Without redoing the proof, do the same for the limit inferior of (a,), which is defined as lim inf a,, := lim,_, o (infz>y az,)-

QUESTION: Given two sequences of real numbers (z,,) and (y,), prove that limsup(z,, + y,) < limsup z,, + lim sup y,,.
Give an example where all three lim sup’s are finite and the inequality is strict.

QUESTION: Define z; = 2 and Tpy1 = f(a:n + S/mn) forn > 1.
(i) Find a formula for 22, — 5 in terms of z2 — 5.
(ii) Hence evaluate lim,, o p,-
(iii) Compute the first ten terms on a calculator.
(iv) Show that the tenth term approximates the limit to over 600 decimal places.

QUESTION: Construct a sequence (z,)5%; so that for every real number L, there is a subsequence (z,, )52, with
limy o0 Zn, = L.

QUESTION: Suppose that (a,) is a sequence such that az, < azpt2 < d2p43 < agp41 for all n > 0. Show that this
sequence is Cauchy if and only if limy, o0 |an — apt1]| = 0.

QUESTION: Suppose that, for a sequence (a,), there is A € (0,1) so that |apt2 — apt1| < Aaps1 — ap]. Show that (a,)
is Cauchy.

QUESTION: (i) Show that a sequence (ay)52; converges if and only if lim sup a,, = liminf a,,.
(ii) Suppose a sequence (a,) has the property that for any sequence (b,), we have lim sup a,, + b, = limsup a,, +
lim sup b,,. Show that (a,) converges.

QUESTION: Find the sum of }_° %

n2+2n+1
2n2—n+2°

QUESTION: Construct a convergent series of positive terms with lim sup a"“ =00, 7
QUESTION: If a,, > 0 for all n, prove that > ° | a, converges if and only 1f > 1_7_" converges.! 7

QUESTION: Suppose that (an) is a strictly decreasing positive sequence, i.e., 0 < a,11 < a, for all n.
(i) Suppose that (gi) is a strictly increasing sequence of integers and there is a constant C so that for k = 2,3,...,
we have gp+1 — gr, < C(gr — gr—1)- Prove that 7 | a, converges if and only if "~ (gr+1 — gr)ay, converges.
(ii) By a suitable choice of (g ), prove that Y~ | a, converges if and only if 7 | 2"a,> converges.
iii) Similarly, prove tha a, converges if and only i nas converges
Similarl that Y ° ges if and only if 7 | na? ges. 176
UESTION: Suppose (a,,) is a decreasing positive sequence, i.e. 0 < ap11 < ay.
(i)Prove that if 220:1 a, converges, then lim,_, ., na, = 0.

(ii) Give a sequence (a,,) as above so that lim,_,o na, =0 but Y ., a, diverges.'””

Derrick Stolee



8 PROBLEMS Analysis Study Guide

QUESTION: Use summation by parts to prove Abel’s Test: Suppose that ) -, a, converges and (b,) is a monotonic
convergent sequence. Show that Y_°7 | a,b, converges.!™

QUESTION: Suppose that x and y are unit vectors in R™. Show that if || x';—y” =1, then x =y.

QUESTION: (i) Show that if (x,)32; is a sequence in R" such that }°, -, [[Xn — Xp41]| < 00, then (x5) is Cauchy.
(ii) Give an example of a Cauchy sequence for which this condition fails.
(iii) However, show that every Cauchy sequence (x;);%, has a subsequence (xy, )2, such that » -5, |[xk, — Xp, || <
0.

QUESTION: Suppose that x = (21,22,...) and y = (y1,y2,...) are sequences so that > ° 22 and Y > y2 converge.

Show that |Y 07 z,ys] < (e, m%)l/z (2 yi)l/g. In particular, you are showing that the series on the
left-hand side converges.

QUESTION: (i) Show that the sum of a closed subset and a compact subset of R™ is closed. Recall that A+ B = {a+b |
acAbeB}.
(ii) Is this true for the sum of two compact sets and a closed set?
(iii) Is this true for the sum of two closed sets?

QUESTION: Let (x,,)22; be a sequence in a compact set K that is not convergent. Show that there are two subsequences
of this sequence that are convergent to different limit points.
QUESTION: Let A and B be disjoint closed subsets of R™. Define d(A4, B) = inf{|la—b|||a € A,b € B}.
(i) If A = {a} is a singleton, show that d(A, B) > 0.
(ii) If A is compact, show that d(A4, B) > 0.
(iii) Find an example of two disjoint closed sets in R? with d(4, B) = 0.

QUESTION: Define a function on the set S = {0}U{ < |n > 1} by f(%) = a, and f(0) = L. Prove that f is continuous
on S if and only if lim,, , a, = L.

QUESTION: Find a bounded continuous function on R that is not Lipschitz.

QUESTION: Suppose that A C R™ and B C R™ are open. Show that the set

AxB={(x1,.. s ZTptm) | (@1,...,2n) € A, (Tpg1,---sTntm) € B}

is open in R™+™,

QUESTION: Define f on R by f(z) = zxo(z), where xg(z) is the characteristic function on Q. Show that f is continuous
at 0 and that this is the only point where it is continuous.

QUESTION: Let f and g be continuous mappings of S C R™ into R™. Show that the inner product h(x) = { f(x), g(x))
is continuous.

QUESTION: Suppose that f is a continuous function on [a, b] and g is a continuous function on [b, ¢] such that f(b) = g(b).
Show that

h(z) =

flx) ifa<z<d
gle) Ub<z<c

is continuous on [a, c|.
QUESTION: Give an example of a continuous function f and an open set U such that f(U) is not open.
QUESTION: (January 2007 Qual) Let f be a positive continuous function defined on R such that lim, .. f(z) =
lim,_, o f(z) = 0. Show that f attains its maximum value, that is there is b € R so that f(b) = sup f(R).
QUESTION: Let f be a continuous function on (0, 1]. Show that f is uniformly continuous if and only if lirfﬁ f(x) exists.
T

QUESTION: Let f be a continuous function from B = {x € R? | ||x|| < 1}, the closed ball in R? into R. Show that f
cannot, be one-to-one.
QUESTION: or z € [0, 1], express it as a decimal = xg.x12223.... Use a finite decimal expansion without repeating 9s
when there is a choice. Then define a function f by f(z) = 2¢.0210z20z5 .. ..
(i) Show that f is strictly increasing.
(ii) Compute lim f(z).
z—1-
(iii) Show that xlgg+ f(z)=f(a)for 0 <a< 1.
(iv) Find all discontinuities of f.
QUESTION: Let f be a real uniformly continuous function on the bounded set £ C R. Prove that f is bounded on E.
Show that the conclusion may be false if boundedness of E is not assumed.
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QUESTION: Define f : R — R by

f(x)z{ol fo¢Q

s ifz= % in lowest terms, and ¢ > 0.

Show that f'(1/3) exists and is zero. (HINT: Exercise 2.2.H could be useful).

QUESTION: Suppose that f : [0, +00) — R is twice differentiable on [0,+00) and satisfies f(0) = 0, f'(0) = 1, and
f"(z) <0 for all .
(i) Prove that f(z) < z for all z > 0.
(ii) Prove that f(z)/x is decreasing on (0, +00).

QUESTION: Suppose that f is continuous on an interval [a,b] and is differentiable at all points of (a,b) except possibly
at a single point xo € (a,b). If mll)n;() f'(z) exists, show that f'(xg) exists and f'(xq) = mlgn;() f'(z). HINT: Consider

the intervals [zg — h, zo] and [zg, 2o + h].
QUESTION: Suppose that f is differentiable on [a,b] and f'(a) < 0 < f/(b).
(i) Show that there are points a < ¢ < d < b such that f(c) < f(a) and f(d) < f(b).
(ii) Show that the minimum on [a, b] occurs at an interior point.
(iii) Hence show that there is a point o € (a,b) such that f'(zo) = 0.
QUESTION: Suppose that f : [a,b] — R is integrable and ¢ : [a,b] — R has g(z) = f(z) for all z in [a,b] except at
cg,...,Cn. Prove that g is integrable and ff g(z)dx = f; f(z)dz.
QUESTION: Suppose that f is Lipschitz with constant L on [0, 1]. Prove that

‘/Olf(w)dw—i;f (i) <L

QUESTION: If f and ¢ are both Riemann integrable on [a, b], show that fg is also integrable. HINT: Use the identity
f(x)g(z) — F(t)g(t) = f(x)(g(z) — g(t)) + (f(x) — F(2))(g(t)) to show that M;(fg, P) —mi(fg, P) is bounded by
71l (Mi(g, P) — mi(g, P)) + llgll (M:(f, P) — my(f, P)).

QUESTION: Let f be a continuous function on R, and fix € > 0. Define a function G by

Show that G is C' and compute G".

Notes 176Donsig, 825 Problem Set 5, # 3.
LT Donsig, 825 Problem Set 5 4.
174pg D, 3.2.K. & #
75D&D, 3.2.N. 178p&D, 3.4.G.
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