1 GROUPS Algebra Study Guide
1 Groups

1.1 TIsomorphism Theorems

TuM: “First Isomorphism Theorem” If ¢ : G — H is a homomorphism of groups, then kerp < G and G/kerp =
ime.!
CoRr: Let ¢ : G — H be a homomorphism of groups.
(i) ¢ is injective if and only if ker p = {e}.
(ii) [G : ker ¢] = [im ¢|.2
TuM: “Second/Diamond Isomorphism Theorem” Let G be a group, let A and B be subgroups of G and assume A <
N¢(B). Then:
(i) AB is a subgroup of G,
(i) B 4 AB,
(iii) ANB <4 A,
(iv) AB/B~ A/(ANB).2
TuM: “Third Isomorphism Theorem” Let G be a group and let H, K < G. Then,
(i) K/H < G/H,
(i) (G/H)/(K/H) = G/K A
THM: “Fourth/Lattice Isomorphism Theorem” Let G be a group and let N < G. THen there is a bijection from the set
of subgroups A of G which contain N onto the set of subgroups A = A/N of G/N. In particular, every subgroup of G
is of the form A/N for some subgroup A of G containing N (namely, its preimage in G under the natural projection
homomorphism from G to G/N). This bijection has the properties for all A,B < G with N < A, N < B:
(i) A < B if and only if A < B,
(ii) if A < B, then [B: A] = [B, A,
(111) <A=B> = <Z’§>7
(iv) ANB=ANB,
(v) AQGif and only if A <G5
TuaM: “Fundamental Theorem of Finitely Generated Abelian Groups” Let G be a finitely generated abelian group, then
G 27" X Lipy X Lipy X -+ X L, for r,ny,...,ns € Z with r > 0, n; > 2 and n; | n;1. Also, this form is unique.®
DEF: The integer r in the FTFGAG is called the free rank or Betti number of G. The numbers ny,...,ns are the
invariant factors of G. This form is the invariant factor decomposition of G.
THM: “Elementary Divisors Form” Let G be an abelian group with |G| = n > 1. Let the unique prime factorization of
n ben=pi*---pp*. Then,
(i) G = Ay x --- x Ay where |4;] = pf.
(ii) Each A; has A; %Zpgl NEEE Xprt where 8; <--- < fB;and 81 +---+ B = .

(iii) The decomposition in (i) and (ii) is unique.”

DEF: The integers pfj in the elementary divisor form above are the elementary divisors of G.%
DEF: If G is a finite abelian group of type (ni,...,n;), the integer ¢ is called the rank of G. If G is a group, the ezponent
of G is the smallest n > 0 such that ™ = e for all z € G (if no such integer exists, then the exponent of G is o).’

1.2 Subgroup Technology

DEF: Let ¢ : G — H be a homomorphism with kernel K. The quotient group or factor group, G/K is the group
whose elements are the fibers of ¢ with operation defined by representatives of the fibers.!°
DEF: Let H < G. If tH2z ' = H for all x € G, then H is normal in G, written H < G.
PRrRoOP: Let N < G. The set of left cosets of N partitions G, and u,v € G have that uN = vN if and only if v —'u € N.!
DEF: Let S be a subset of G. Let N = Ng = {2 € G|zSz~! = S} be called the normalizer of S in G.'2
DEF: Let S be a subset of G. Let Z = Zg = {x € Glzyz™' = y,Vy € S} be called the centralizer of S in G.*?
PrOP: Let G be a finite group of order n > 1. Let a be an element of G \ {e}. Then the period of a divides n. If the
order of G is a prime number p, then G is cyclic and the period of any generator is equal to p.'4
Prop: Let G be a group and let z € G and a € Z\ {0}.
(i) If |z| = oo, then |z%| = cc.
(ii) If || = n < o0,, then [2°] = =
(iii) In particular, if |2| = n < loo, a | n, then |z%| = 2.1
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1 GROUPS Algebra Study Guide 1.2 Subgroup Technology

Prop: Let H = (z).
(i) Assume |z| = co, then H = (z®) if and only if a = £1.
(ii) Assume |z| =n < oo, then H = (z*) if and only if ged(a,n) = 1.16
PRroP: Let G be a cyclic group. Then every subgroup of G is cyclic. If f is a homomorphism of G, then the image of f
is cyclic.!”
PRrop: “Properties of Generators in Cyclic Groups”
(i) An infinite cyclic group has exactly two generators (if a is a generator, then a~! is the only other generator).
(ii) Let G be a finite cyclic group of order n, and let = be a generator. The set of generators of G consists of those
powers zv of x such that v is relatively prime to n.
(iii) Let G be a cyclic group, and let a, b be to generators. Then there exists an automorphism of G mapping a onto
b. Conversely, any automorphism of G maps a on some generator of G.
(iv) Let G be a cyclic group of order n. Let d be a positive integer dividing n. Then there exists a unique subgroup
of G of order d.
(v) “Chinese Remainder Thm” Let G, G2 be cyclic or orders m,n. If m,n are relatively prime, then G; x G2 = Cy,,.
(vi) Let G be a finite abelian group. If G is not cyclic, then there exists a prime p and a subgroup of G isomorphic
to C x C where C is cyclic of order p.!®
THM: “Properties of Isomorphisms” Let ¢ be an isomorphism from G to H. Then, for a,b € G,k,n € Z:
() dlec) =en (i) da™) = o(a)* (i) G = (a) & H = (¢(a))
(iv) ab = ba & B(a)o(b) = 6(D)p(a).  (v) |al = |9(a)
(vi) The equation z* = b has the same # of solutions in G as z* = ¢(b) in H.
(vii) G is abelian/cyclic iff H is abelian/cyclic. (viii) ¢~! is an isomorphism from H to G.
(ix) If K < G, then ¢(K) < H.'?
CoRr: G 2 H if any of these conditions fail.
THM: Some automorphism groups:
(i) For every positive integer n, Aut(Z,) 2 7Z;. |ZX| = ¢(n) := the Euler ¢ function.
(ii) For p an odd prime, Aut(Z,) & Z,_;.
(iii) For p an odd prime and m = p”, Aut(Z,,) is cyclic of order p"~!(p — 1).
(iv) For m = 2", Aut(Z,) = Zo X Z, where r = 2”2 (not cyclic, but has a cyclic subgroup of index 2).
(v) If p is prime and V' is an abelian group of order p™ such that pv = 0, for all v € V, then V is an n-dim vector
space over the field Z,, and Aut(V) = GL(V) = GL,(Z,).
(vi) If n # 6, then Aut(S,) = Inn(S,) 2 S,, (every automorphism is inner). (vii) [Aut(Sg) : Inn(Ss)] = 2 and there
exists an automorphism Sg — Sg.20 (viii) Aut(Dg) = Dg and Aut(Qg) = S4.2*
(ix) If G = C}, x C, for some p prime, G acts as a 2-dim v.s. over F,. 0 € Aut(G) can take (a,0) to any non-zero
element (for a # 0) since every nonzero element has order p. Now, o(a,0) is determined, so o (0, b) has p* — p choices
left. | Aut(G)| = (p* — 1)(p* — p).
THM: If ¢ is a homomorphism from G to H, a,b,g € G, n € Z, then
() dlec) = en (i) (™) = dg)"  (iid) If |g| < oo, then |6(9)] | |gl  (iv) ker < G.
(v) ¢(a) = ¢(b) & b 'a € ker ¢ & aker ¢ = bker ¢. (vi) If ¢(a) = b, then ¢~ (b) = {z € G|p(x) = b} = aker ¢.22
TuM: “Properties of Subgroups under Homomorphisms” If H < G and ¢ : G — L a group homomorphism,
(i) ¢(H) is a subgroup of L. (ii) If H is cyclic/abelian/normal, then ¢(H) is cyclic/abelian/normal.
(iii) If | ker ¢| = n, then ¢ is n-to-1 mapping from G to ¢(G). (iv) If ker ¢ = {e}, then ¢ is injective.
(v) If |H| = n, then |¢(H)| divides n. (vi) If K < L, then ¢~}(K) = {x € G|¢(x) € K } is a subgroup of G.
(vii) If K < L, then ¢~ (K) < G. (viii) If ¢ surjective and ker ¢ = {e}, then ¢ is isomorphism.??
Propr: “Recognition Theorem” Let H and K be subgroups of a group G.
(i) If H N K = {1}, the product map p : H x K — G defined by p(h, k) = hk is injective. imp = HK C G.
(ii) If either H or K is a normal subgroup of G then the product sets HK and K H are equal, and HK < G.
(iii) If H and K are both normal, HN K = {1}, and HK = G, then G &= H x K.*
(iv) |[HK| = \lg#lffll 25 (v) HK is a subgroup if and only if HK = KH.?% (vi) The number of distinct ways to write
each element of HK in the form hk for some h € H and some k € K is |H N K|.*7
DeF: Let H be a subgroup of G. A subgroup K < G is called a complement for H in G if G = HK and HNK = {e}.?®
DEF: For an action of G on S, a fized point of G is an element s € S such that xs = s for all z € G. The subset of S
consisting of all elements xs for x € G is the orbit of s under G, denoted G's. The set of all € G such that zs = s
is called the stabilizer of s in G, denoted G .2
DEF: An action of G on S is faithful if the map ¢ : G — Perm(S) is injective. the action is transitive if there is only
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1 GROUPS Algebra Study Guide 1.3 Sylow/Solvability Problems

one orbit.3?

PRroP: Let S be a G-set, and let s be an element of S. Let H be the stabilizer of s, and let O be the orbit of s. There
is a natural bijective map G/H —5 O, defined by aH ~ as. This map is comparible with the operations of G in
the sense that ¢(gC) = go(C) for every coset C' and every element g € G.3!

ProP: Let S be a G-set, and let s € S. Let s’ be an element in the orbit of s, say s’ = as. Then A. the set of elements
g of G such that gs = s’ is the left coset aGs = {ah | h € H }. B. The stabilizer of s’ is a conjugate subgroup of the
stabilizer of s: G5 = aGsa™' = {aha™ | h € H }.3

Prop: “LOIS” If G is a group operating on a set S, and s € S, then |Gs| = [G : G,]. 33

PRroP: The number of conjugate subgroups to H is equal to the index of the normalizer in H. 34

THM: “Orbit Decomposition Formula” Let a group G act on aset S. Let I be an indexing set where G,,NGy; # 0 =i =j
for all i,j € I. Then, |S| =3, ,(G:G,,). *

CoRr: “Class Equation” Let G be a group acting on itself by conjugation. Let X be a system of distinct representatives
for the conjugacy classes of G. Then, |G| =3 (G : G,).*

TuM: “Conjugation Action Rules” Let a,b € G and suppose aba~! = b". Then, Vt, s,

(i) abta=! = b"t. (ii) a*bta=* = b7t

DEF: If N, H are groups and % : H — Aut(N) is a homomorphism (written (h) = 13,), then there exists a semidirect
product group G = {(n,h) | n € N,h € H} with multiplication (n1,h1) - (n2, he) = (n1¢n, (n2), hihs). Then also,
Ny ={(n,emg)in € N} QG and H; ={(en,h)|lh € H} <G, and G = N1H;,N; N H, = {e}.

DEF: A subgroup H < G is characteristic, written H char G, if o(H) = H for all o € Aut(G). A group G is character-
istically simple if G has no non-trivial proper subgroups that are characteristic.?”

THM: (i) If H char K and K char G, then H char G. (i) If H char K and K < G, then H < G.

(iii) If H <4 G, then (H)g < G for any automorphism ¢ of G.
(iv) If H C K are subgroups of G such that H char G and K/H char G/H, then K char G.38

TuMm: If H is a normal subgroup of G whose order and index are relatively prime, then H char G. 3°

THM: A characteristically simple group is the direct product of isomorphic simple groups. 4°

DEF: An elementary abelian p-group for p prime is Z, x -+ - x Z,. !

THwM: If H is a minimal normal subgroup of G, then either H is an elementary abelian p-group for some prime p or H
is the direct product of isomorphic nonabelian simple groups. *?

PropP: If A is any nonempty collection of subgroups of G, then the intersection of all members of A is also a subgroup

of G.#3

1.3 Sylow/Solvability Problems

THM: “Sylow Theorems” Let G = p*m with p prime, and ged(p,m) = 1.
(I) If H is a p-subgroup of G, H < P, a p-Sylow subgroup of G.
(IT) All p-Sylow subgroups are conjugate in G.
(I11) Let s, denote the number of p-Sylow subgroups in G. s, =1 (mod p), and s, | m.
LMA: Let P be a p-Syslow subgroup of G. If Q is any p-subgroup of G, then Q@ N Ng(P) = Q N P.#°
LMaA: Let H be a p-group acting on a finite set S. Then:
(a) The number of fixed points of H is = |S| (mod p).
(b) If H has exactly one fixed point, then |S| =1 (mod p).
(c) If p| |S|, then the number of fixed points of H is =0 (mod p).*¢
THM: Let G be a finite p-group. Then G is solvable. If |G| > 1, then G has non-trivial center.*”
CoR: Let G be a p-group which is not of order 1. Then there is a normal, cyclic tower {e} =Gy < G; <--- <G, =G.
LMA: Let G be a finite group and let p be the smallest prime dividing the order of G. Let H be a subgroup of index p.
Then H is normal.*®
PRroP: Let p, ¢ be distinct primes and let G be a group of order pg. Then G is solvable.*?
Tuwm: “Little Cayley” For H < G, there exists a homomorphism 6 : G — Perm(G/H) by the action of left-multiplcation
on the cosets of H. Then, ker§ < H.5°
THaM: Let H < G and have G act on the left cosets of H by left-multiplication. Then,
(i) G acts transitively on the left cosets of H.
(ii) The stabilizer of 1H is H.
(iii) The kernel of the action is K = N,cqgezHz !, and K is the largest normal subgroup of G' contained in H.%!
LMA: If G is a finite group, H < G, and |H| = p", p prime, then [G : H] = [Ng(H) : H] (mod p).>?
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1 GROUPS Algebra Study Guide 1.4 Symmetric Group

LMA: In a finite group G, if s, Z 1 (mod p?), then there are distinct p-Sylow subgroups P and R of G such that PN R
is of index p in both P and R (hence is normal in each).?®
Prop: If the number of p-Sylow subgroups in G is given by s, = k, there exists a homomorphism § : G — S.
Propr:If H < G and N 4 G, then there exists a homomorphism 6 : H — Aut(N). The kernel, ker = Zy, the
centralizer of H. And, G/Zy is isomorphic to a subgroup of Aut(N).>*
Cor: For any H < G, Ng(H)/Zg is isomorphic to a subgroup of Aut(H). In particular, G/Z(G) is isomorphic to a
subgroup of Aut(G).5®
Propr: “Methods for finding subgroups” Consider a group G.
(i) Find p-Sylow subgroups. (ii) Ng(H) for H < G@.
(iii) Nx(H) for H,K < G. (iv) HN for H < G, N 4 @G. (v) HNK for H,K < @G.
Prop: For p, q prime, p # ¢, groups of the following orders are solvable (requires proof):
() pg () pPq (i) p*¢°
LmA:Let S,N,H,K <G, N 4 G,S < H. Then
(i) SN=NS & NH=HN. (i) HNN<H. (i) SOAN<HSNK<IHNK. (iv) NS<NH.®
LMA: “Butterfly Lemma” Let U,V be subgroups of a group. Let v < U and v < V. Then:
1) w(UnNov) du(UNV).
(il) (wnNV)r < (UNV)w.
(iii) w(UNV)/u(Unv) 2 (U NV)v/(unV)v.57
PROP: Let G be a finite group. An abelian tower of G admits a cyclic refinement. Let G be a finite solvable group.
Then G admis a cyclic tower whose last element is {e}.
THM: Let G be a group and H < G. Then G is solvable if and only if H and G/H are solvable.??
DEF: A commutator in G is an element of the form zyz 'y~ '. Let G be the subgroup of G' generated by the
commutators, called the commutator subgroup of G.5°
DEF: The commutator of two subgroups A, B < G is noted as [4, B] = {aba='b"' |a € A,b € B}.%!
Prop: Let G be a group and G¢ be the commutator of G.
(i) GY 4 G, G/GY abelian. (ii) N < G,G/N abelian implies G C N. (So, GY is smallest normal subgroup
with an abelian factor group).
(iif) G is solvable if and only if 3n so that (--- (G“)Y)---)¢ = {e}.

~~
n commutators

(iv) For H < G, H <4 G if and only if [H,G] < H.
(v) If ¢ : G — A is any homomorphism of G into an abelian group A, then there is a map ¢ : G/G® — A such that
’(/J o = ()0162

LMA: Suppose G is solvable, and has a solvable series of length r. Then, GC = {e} (where G¢" denotes the nth
commutator of G).

PRrop: Let H be a group which operates on a set S, and let U be a subset of S. Then H stabilizes U if and only if U is
a union of H-orbits.53

THuM: The finite group @G is solvable if and only if for every divisor n of |G| such that ged (n,

64

1G]
n

) =1, G has a subgroup

of order n.
TuM: “The Unusables!” Let G be a finite group.

(i) [Burnside] If |G| = pq® for p,q primes, then G is solvable.

(ii) [Philip Hall] If for every prime p dividing |G| we factor the order of G as |G| = p*m where gcd(p,m) =1, and G

has a subgroup of order m, then G is solvable (i.e. if for all prime p, G has a subgroup whose index equals the order

of a Sylow p-subgroup, then G is solvable — such subgroups are called Sylow p-complements).

(iii) [Feit-Thompson] If |G| is odd, then G is solvable.

(iv) [Thompson] If for every pari of elements x,y € G, (x,y) is a solvable group, then G is solvable.®

1.4 Symmetric Group

Prop: “Conjugation in S,,” For 7 = (i1 iy ... i,) and r-cycle in S,, and o € S,,, o700~ = (0(iy) o(i2) ... o(i,)).5
THM: Recall automorphisms of S,,:
(vi) If n # 6, then Aut(S,) = Inn(S,) = S,, (every automorphism is inner). (vii) [Aut(Sg) : Inn(Ss)] = 2 and there
exists an automorphism Sg — S5°7.
THM: If n > 5, then S,, is not solvable.%8
PRroOP: A,, is generated by the 3-cycles. If n > 5, all 3-cycles are conjugate in A,,. If n > 5, A,, is simple.
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1 GROUPS Algebra Study Guide 1.5 Free/Dual Groups

PropP: The permutation o € S, is odd if and only if the number of cycles of even length in its cycle decomposition is
odd.%®

DEF:If 0 € S, is the product of disjoint cycles of length n1,ns,...,n, with n; < n;41, then the integers ni,ns,...,n,
are the cycle type of 0.7

PropP: Two elements of S, are conjugate in S,, if and only if they have the same cycle type. The number of conjugacy
classes of S, equals the number of partitions of n, or the nth Bell number B,,.”"

Prop: (i) If G has no subgroup of index 2 and G < S, then G < Ay.
(ii) If P is a p-Sylow subgroup of Sy for some odd prime p, then P is a p-Sylow subgroup of A; and [Ny, (P)| =
%|N5k(P)|'72

1.5 Free/Dual Groups

DEF: Let G be a finite abelian group. Let G = Hom(G,Q/Z).
Fact:If f : Gy — Gs, then 3f : G5 — G4 with f(o) =0 o f.
FACT: G; x Gy = Gy x @2, for GG1, G-, finite abelian groups.

Facr: If G4 i) G is surjective, then ég i) le is surjective.

DEF: Let X be a set. We construct F(X) defined to be the free group on X. If X =0, F(X) = {e}. If X # 0, let X!
be disjoint from X, |X| = |X!|. Let f: X — X! be a bijection, label f(z) =: 27!. Add an element e ¢ X U X *
to S =X UX~tU{e}. F(X) is the group of reduced concatenations of words over S.

DEF: A word on X is a sequence (a1, as, - ..) with each a; € S, and existing a k with a,, = e for all n > k. The contstant
(e,e,...) is denoted ¢, the empty word.

DEF: A word is reduced if (i) Vr € X, z and ™! are not adjacent. (ii) a, = 1 = a3 = 1 for all k¥ > n. Denote reduced
words as x‘fl :1:32 - 2% where z; € X,6 = %1, or ¢ for the empty word.

TaM: If X # (), then F(X) is a group and F = (X ) (F is generated by X C F(X)).

TuM: “Universal Property of Free Groups” there exists an i : X — F(X) injective and: if G is a group and f: X — G
is a set map then there exists a unique f : F' — G such that foi= f.

Cor: Every group G is the homomorphic image of a free group: Take F to be free on the generators of G. Then,
G = F/W where W is the set of relations satisfied by generators of G.

DEF: Let X be a set and Y a set of reduced words on X. A group G is said to be the group defined by the generators X
and relations w = e (with w € Y') provided G 2 F//N, where F is the free group on X and N the normal subgroup
of F generated by Y. One says that ( X|Y) is a presentation of G.

THM: Let X be a set, Y a set of reduced words on X and G = (X|Y'). If H is any group such that H = (X ) and H
satisfies all the relations w = e (with w € V') then there is a homomorphism G — H.

1.6 Cardinality

THM: Let A be an infinite set. Then card(A x A) = card(A).”™
CoR: Let A be an infinite set, and let ® be the set of finite subsets of A. Then card(®) = card(A).
THM: Let A be an infinite set, and 7' = {0,1}. Let M be the set of all maps of A into 7. Then, card(A) $ card(M).™
Cor: Let A be an infinite set, and S the set of all subsets of A. Then card(A) $ card(S).”

1.7 Category Theory

DEF: A category C consists of a collection of objects and for two objects A, B € C, a set Hom(A, B) is called the set of
morphisms from A to B. For three objects A, B, C' € C, alaw of composition: Hom(B, C)) xHom(A4, B) — Hom(A4, C),
satisfying the axioms:
(CAT 1) Two sets Hom(A, B) and Hom(A’, B') are disjoint unless A = A’ and B = B’, in which case they are equal.
(CAT 2) For each object A of C, there is a morphism id4 € Hom(A, A) which acts as right and left identity on the
elements of Hom(A, B) and Hom(B, A), respectively.
(CAT 3) The law of composition is associative.”

DEF: The product of { A; }icr in the category C is a P € C such that there exist maps m; : P — A; so that if there exists
a D € C with maps ¢; : D — A; there exists a unique ¢ : D — P so that ¢; = m; 0.”"

DEF: The coproduct of { A; };er in the category C is a P € C such that there exist maps 7; : A; — P so that if there
exists a D € C with maps 1; : A; — D there exists a unique 1 : P — D so that v¢; = 7; 0 .™®
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DEF: For some X,Y, Z € C, with morphisms f: X — Z and ¢g: Y — Z, the fiber product (or pull-back) of f and g in C
is an object P € C with morphisms p; : P — X, p» : P — Y such that fop; = gops with the addition that if Q) € C
with morphisms ¢ : @ — X and v: Q — Y with f o ¢ = g o, there exists a unique morphism p : ) — P such that
fepiop=gopyop.

DEF: For some X,Y, Z € C, with morphisms f: Z — X and g : Z — Y, the fiber coproduct (or push-out) of f and g in
C is an object P € C with morphisms p; : X — P, ps : Y — P such that p; o f = ps o g with the addition that if
@ € C with morphisms ¢ : X — @ and v : Y — @ with ¢ o f = v 0 g, there exists a unique morphism p : P — @
such that popyo f =popyog.

ProP: Products/Coproducts/Pull-backs/Push-outs, if they exist, are unique.

DEF: Let C,D be categories. A covariant functor F : C — D is a rule so that VC € C, F(C) € D, Vf € Arr(C), say
f:A—=>B A BeC,F(f): F(A) —» F(B). F satisfies
(F1) VC € C, F(id¢) = idF(C).

(F2) If A -5 B -4 €' in €, then F(go f) = F(g) o F(f).
DEF: A contravariant functor G satisfies simiilar properties, except f: A — B = G(f) : G(B) — G(A).
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2 Rings

2.1 Definitions

DEF: A ring is a nonempty set R together with binary operations (addition and multiplication) such that
(i) (R, +) is an abelian group. (if) Multiplication is associative. (iii) a(b+c) = ab+ac,Va,b,c € R (distributive
law)
If in addition, (iv) ab = ba for all a,b € R then R is commutative. If R contains an element 1g such that
(v) 1ga = a = alp for all @ € R, then R is said to be a ring with identity.”
THM: Let R be a ring, a,b € R, and 0 be the additive identity. Then
(i) Oa = a0 = 0; (i) (—a)b = a(—b) = —(ab); (iii) (—a)(—b) = ab;
(iv) (na)b = a(nb) = n(ab) for all n € Z;  (V)(X, as) (zm bj) = Y0 Y™ ab; for all a;, b € R

j=1

DEF: A nonzero element a in a ring R is a left [right] zero divisor if there is a nonzero b € R such that ab =0 [ba = 0].
A zero divisor is an element of R which is both a left and right zero divisor.?!

DEF: An element a in a ring R with identity is said to be left [right] invertible if there exists a ¢ € R [b € R] such that
ca =1, [ab=1g]. The element c [b] is called a left [right] inverse of a. An element a € R that is both left and right
invertible is said to be invertible or to be a unit.3?

THM: “Binomial Theorem” Let R be a ring with identity, n a positive integer, and a, b, a1, as,...,as € R.

(i) if ab = ba, then (a +b)" = > p_, (¥)a*o"*; o
(ii) If a;a; = aja; for all 4,7, then (a1 + as +---+as)" = > Wa?a? ceeale
where the sum is over all s-tuples (i, iy, ...,is) such that iy + iy + -+ + i, = n.33

DEF: Let R and S be rings. A function f : R — S is a homomorphism of rings provided that for all a,b € R, f(a+b) =
f(a) + f(b) and f(ab) = f(a)f(b).3* A monomorphism [epimorphism,isomorphism] of rings is a homomorphism of
rings which is injective [surjective, bijective]. A monomorphism of rings R — S is also called an embedding of R in
S. An isomorphism R — R is an automorphism of R. The kernel of a homomorphism is the kernel as a map of
additive groups.?

DEF: Let R be a ring. If there is a least positive integer n such that na = 0 for all ¢ € R, then R is said to have
characteristic n, written char R = n. If no such n exists, R is said to have characteristic zero.®%

THM: Let R be a ring with identity 1z and characteristic n > 0.

(i) If ¢ : Z — R is the map given by m — mlg, then ¢ is a homomorphism of rings with kernel (n) = {kn|k € Z}.
(ii) m is the least positive integer such that nlg = 0.
(iii) If R has no zero divisors (in particular if R is an integral domain) then n is prime.

TuwMm: Every ring R may be embedded in a ring S with identity. The ring S (which is not unique) may be chosen to be
either characteristic zero or of the same characteristic as R.%8

DEF: An element of a ring is nilpotent if a™ = 0 for some n.5?

87

2.2 Ideals

DEF: Let R be aring and S a nonempty subset of R that is closed under the operations of addition and multiplication
in R. If S is itself a ring under these operations then S is called a subring of R. A subring I of a ring R is called a
left ideal provided r € R and x € I implies rx € I. I is a right ideal provided r € R and x € I implies xr € I. I is
an ideal (or two-sided ideal for emphasis) if it is both a left and right ideal.°

DEF: The center of R is the set C' = {c € R | cr = rc¥Vr € R}. C is a subring of R but may not be an ideal.”!

DEF: Every ring R has at least two ideals, R itself and the trivial ideal: the set 0 = {Og}. An ideal I is called proper if
I#0and I # R

THM: A nonempty subset I of a ring R is a left [right] ideal if and only if for all a,b € I and r € R:
(i) a—be I; and (ii) ra € 1.93

CoR: Let {A; | i € I'} be a family of [left] ideals in a ring R. Then N;crA; is also a [left] ideal %

DEF: Let X be a subset of a ring R. Let {A; | i € I} be the family of all [left] ideals in R which contain X. Then
NicrA; is called the [left] ideal generated by X. This ideal is denoted ( X ). The elements of X are called generators
of the ideal ( X ). If X is finite, then ( X' ) is finitely generated. An element generated by a single element is called a
principal ideal. A principle ideal ring is a ring in which every ideal is principal.?®

TuM: Let R be a ring and a € R and X C R.
(i) The principal ideal (a) consists of all elements of the form ra + as + na + ;" | rjas; for r,s,7;,s; € R,m € N,
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and n € Z;
(ii) If R has an identity, then (a) = {>°1" | ras; | r;, s; € R,n € N};
(iii) If @ is in the center of R, then (a) = {> i~ ria+na|r; € R,m € N,n € Z};
(iv) Ra = {ra|r € R} is a left ideal in R. If R has an identity, then a € Ra. Define aR similarly as a right ideal.
(v) If R has an identity and a is in the center of R, then Ra = (a) = aR.
(vi) If R has an identity and X is in the center of R, then the ideal ( X ) consists of all finite sums riay +--- + rpan,,
where n € N,r; € R,a; € X.%

THM: Let A, Ay,...,A,, B and C be [left] ideals in a ring R.
(i) A1+ As+---+ A, and A1 Ay - -+ A, are [left] ideals;
(i) (A+B)+C=A+(B+C); (iii) (AB)C = ABC = A(BC);
(iv) B(A; + Ao+ -+ A,) = BA; +---+ BA, and (A1 + -+ A4,)C = A,.C +--- + A,C.°7

THM: Let R be a ring and I an ideal of R. Then the additive quotient group R/I is a ring with multiplication given by
(a+I)(b+1)=ab+ I. If R is commutative or has an identity, then the same is true of R/I.9

TuMm: If f: R — S is a homomorphism of rings, then the kernel of f is an ideal in R. Conversely, if I is an ideal in R,
then the map = : R — R/I given by r — r + I is an epimorphism of rings with kernel 7. The map 7 is called the
canonical epimorphism (or projection) onto R/I.%°

TaMm: If f : R — S is a homomorphism of rings and I is an ideal of R which is contains in the kernel of f, then
there is a unique homomorphism of rings f : R/I — S such that f(a + I) = f(a) for all @ € R. im f = im f and
ker f = (ker f)/I. f is an isomorphism if and only if f is an epimorphism and I = ker f.19

CoR: “First Isomorphism Theorem of Rings” If f : R — S is a homomorphism of rings, then f induces an isomorphism
of rings R/ ker f = im f.101

Cor:If f: R — S is a homomorphism of rings, I is an ideal in R and J is an ideal in S such that f(I) C J, then f
induces a homomorphism of rings f : R/I — S/J, given by a + I ~ f(a) + J, f is an isomorphism if and only if
imf+.J =S8 and f~'(J) C I. In particular, if f is an epimorphism such that f(I) = .J and ker f C I, then f is an
isomorphism.!02

THM: Let I and J be ideals in a ring R.
(i) “Second Isomorphism Theorem” there is an isomorphism of rings I/(INJ) = (I + J)/J;
(ii) “Third Isomorphism Theorem” if I C J, then J/I is an ideal of R/I and there is an isomorphism of rings
(R/I)/(J/I) = R/J.103

THM: “Ideal Correspondence Theorem” If I is an ideal in a ring R, then there is a one-to-one correspondence between
the set of all ideals of R which contain I and the set of all ideals of R/I, given by J + J/I. Hence every ideal in
R/I is of the form J/I, where J is an ideal of R which contains .10

DEF: An ideal P in a ring R is said to be prime if P # R and for any ideals A, B in R, AB C P implies A C P or
B C P10

TuwM: If P is an ideal in a ring R such that P # R and for all a,b € R ab € P implies a € P or b € P, then P Is prime.
Conversely, if P is prime and R is commutative, then the reverse holds.'%

DEF: An ideal [left ideal] M in a ring R is mazimal [left mazimal] if M # Rand for every [left] ideal N such that
M C N C R then either N = M or N = R.1%7

Propr: Let R be a commutative ring with an ideal I.
(i) I is prime if and only if R/I is an integral domain.
(ii) I is maximal if and only if R/I is a field.'%®

THM: In a nonzero ring R with identity maximal [left] ideals always exist. In fact, every [left] ideal in R (except R itself)
is contained in a maximal [left] ideal.t%?

THM: If R is a commutative ring such that R? = R (in particular if R has an identity), then every maximal ideal M in
R is prime.'10

Ex: Given a ring R with R? = R, it is not true that every prime ideal is maximal: Consider 0 C Z, prime but not
maximal .1t

Tum: Let {R; | i € I} be a nonempty family of rings and [[,o; R; the direct product of the additive abelian groups R;;
(i) II;e7 Ri is a ring with multiplication defined by {a;}icr{bi}icr = {@ib;}icr, called the (external) direct product
of the family {R;}; (ii) If R; has an identity [is commutative] for every ¢ € I, then [],.; R; has an identity [is
commutative].
(iii) for each k € I the canonical projection 7y : [, ,; Ri = Ry given by {a;} — ay, is an epimorphism of rings;
(iv) for each k € I the canonical injection 2 : Ry — [[;c; Rs, given by ap +— {a;} where a; = 0 for i # k, is a
monomorphism of rings.!!?

icl
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THM: Let {R; | i € I} be a nonempty family of rings, S a ring and {¢; : S = R; | i € I} a family of homomorphisms of
rings. Then there is a unique homomorphism of rings ¢ : S — [[;c; R: such that m;p = ¢; for all i € I. The ring
Hz’e ; Ri is uniquely determined up to isomorphism by this property. In other words, [],.; R; is a product in the
category of rings.'!3

THM: Let Ay,...,a, be ideals in a ring R such that (i) A1 + -+ A, = R and (ii) For each k, Ay N (A1 +-+-+ Ap_1 +
Ag+1+ -+ Ay) = 0. Then there is a ring isomorphism R = A; x -+ x A,. R is said to be the (internal) direct
product of the ideals A4;.1™

DEF: Let A be an ideal in a ring R and a,b € R. The element a is said to be congruent to b modulo A (denoted a = b
(mod A)) ifa—be€ A. Thus,a=b (mod A) a—be A a+A=b+ Al

THM: “Chinese Remainder Theorem” Let A1,..., A, be ideals in a ring R such that R*+ 4; = Rforalli and A;+A; = R
foralli# j. If by,...,b, € R, then there exists b € R such that b = b; (mod A4;) for all 4. Furthermore, b is uniquely
determined up to congruence modulo the ideal 4; N AN ---N A,.116

i€l

CoRr: Let mq,ma,...,my be positive integers such that gcd(m;,m;) = 1 for i # j If by,...,b, are any integers,
then the system of congruences x = b; (mod m;) has an integral solution that is uniquely determined modulo
_ 117
m = mimg - M.

Cor:If Ay, ..., A, areidealsin aring R, then there is a monomorphism of rings 6 : R/(A1N---NA,) = R/A1%x---XR/A,.
If R?4+ A=Rforalliand A; + A; = R for all i # j then 6 is an isomorphism.!!?

DEF: An element e in a ring R is said to be idempotent if e = e. Idempotent elements eq,...,e, in a ring R are said
to be orthogonal if e;e; = 0 for i # j. An element of the center of the ring R is said to be central.'*®

2.3 Domains and Factorization

DEF: A commutative ring R with identity 1g 7# 0 and no zero divisors is called an integral domain. A ring D with
identity 1p # 0 in which every nonzero element is a unit is called a division ring. A field is a commutative division
ring.120
EX: The zero ideal in any integral domain is prime since ab = 0 if and only if @ = 0 or b = 0.12!
THM: In a commutative ring R with identity 1g, an ideal P is prime if and only if the quotient ring R/P is an integral
domain.!22
TuM: Let M be an ideal in a ring R with identity 15 # 0.
(i) If M is maximal and R is commutative, then the quotient ring R/M is a field.
(ii) If the quotient ring R/M is a division ring, then M is maximal.'?3
CoR: The following conditions on a commutative ring R with identity 1r # 0 are equivalent:
(i) R is a field; (ii) R has no proper ideals; (iii) 0 is a maximal ideal in R;
(iv) every nonzero homomorphism of rings R — S is a monomorphism.'?4
DEF: A principal ideal ring which is an integral domain is called a principal ideal domain.
DEF: A nonzero element a of a commutative ring R is said to divide an element b € R (noted a | b) is there exists z € R
such that az = b. Elements a,b of R are said to be associates if a | b and b | a.}?%
THM: Let a,b and u be elements of a commutative ring R with identity.
(i) a | b if and only if (b) C (a);
ii) a and b are associates if and only if (a) = (b);
iii) u is a unit if and only if u | r for all r € R;
iv) w is a unit if and only if (u) = R;
v) The relation “a is an associate of b” is an equivalence relation on R.
(vi) If @ = br with 7 € R a unit, then a and b are associates. If R is an integral domain, the converse is true.?
DEF: Let R be a commutative ring with identity. An element ¢ of R is irreducible provided that :

125

(
(
(
(

7

(i) ¢ is a nonzero nonunit; (ii) ¢ = ab implies a or b is a unit.
An element p of R is prime provided that:
(i) p is a nonzero nonunit; (ii) p | ab implies p | a or p | b.128

THM: Let p and ¢ be nonzero elements in an integral domain R.
(i) p is prime if and only if (p) is a nonzero prime ideal;
(ii) ¢ is irreducible if and only if (¢} is maximal in the set S of all proper principal ideals of R;
(iii) Every prime element of R is irreducible;
(iv) If R is a principal ideal domain, then p is prime if and only if p is irreducible;
(v) Every associate of an irreducible [prime] element of R is irreducible [prime].
(vi) The only divisors of an irreducible element of R are its associates and the units of R.1%°
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DEF: An integral domain R is a unique factorization domain provided that:
(i) every nonzero nonunit element a of R can be written a = ¢y¢s -+ - ¢, with ¢y, ..., ¢, irreducible.
(ii) f @ = ¢1ea -+ ¢y and a = dyds - - - dyy, (¢, d; irreducible), then n = m and for some permutation o € S, ¢; and
d,(iy are associates for every i.'3

LMA: If R is a principal ideal ring and (a1 ) C (a2) C --- is a chain of ideals in R, then for some positive integer n,
(a;) = (a,) for all j > n.t3!

TuM: Every principal ideal domain R is a unique factorization domain.

DEF: Let Ny be the set of nonnegative integers and R a commutative ring. R is a Fuclidean ring if there is a function
¢ : R\ {0} — Ny such that
(i) if a,b € R and ab # 0, then ¢(a) < ¢(ab);
(ii) if @,b € R and b # 0, then there exist ¢,r € R such that a = gb+ r with 7 = 0, or r # 0 and ¢(r) < ¢(b).
A Euclidean ring that is an integral domain is called a Euclidean domain.'3

Ex: The Gaussian integers, Z[i], are a Euclidean domain. Define p(a + bi) = a® + b*.134

THM: Every Euclidean ring R is a principal ideal ring with identity. Consequently every Euclidean domain is a unique
factorization domain.!3

DEF: Let X be a nonempty subset of a commutative ring R. An element d € R is a greatest common divisor of X
provided:
(i) d | a for all a € X; (ii) ¢ | a for all a € X implies ¢ | d.

132

If R has an identity and ay,...,a, have greatest common divisor 1, then these elements are relatively prime.'>¢
THM: Let aq,...,a, be elements of a commutative ring R with identity.

(i) d € R is a greatest common divisor of {ay,...,a,} such that d =rya; + - -- + rpa, for some r; € R if and only if

(d) = (ar)+- -+ (an);

(ii) If R is a principal ideal ring, then a greatest common divisor of ay,...,a, exists and every one is of the form

ria; + - -+ rpay, 7; € R;

(iii) if R is a unique factorization domain, then there exists a greatest common divisor of ay,...,a,.!3"

2.4 Polynomial Rings

Sections: Hungerford III.5,
THM: Let R be a ring and let R[z] denote the set of all sequences of elements of R(ag,a1,...) such that a; = 0 for all
but a finite number of indices i, called the ring of polynomials over R.
(i) R[x] is a ring,.
(ii) if R is commutative [ring with identity, integral domain], then so is R[z].
(iii) The map R — R[z] given by r +— (r,0,0,...) is a monomorphism of rings.'*®
THM: Let R be a ring and denote by R[z1,...,z,] the set of all functions f : NJ — R such that f(u) # 0 for at most a

finite number of elements u € Nf. R[z1,...,2,] is called the ring of polynomials in n indeterminants over R.

(i) R[z1,...,z,] is a ring,.

(i) If R is commutative [ring with identity, has no zero divisors, integral domain], then so is R[z1,...,z,].

(iii) The map R — R[zy,...,x,] given by r — f,., where f,.(0,0,...,0) = r and f(u) = 0 otherwise, is a monomor-

phism of rings.'3"

TuM: “Evaluation Principle” Let R and S be commutative rings with identity and ¢ : R — S a homomorphism of rings

such that ¢(1g) = 1s. If s1,82,...,5, € S, then there is a unique homomorphism of rings @ : R[z1,...,z,] =& S
such that |gp = ¢ and @(z;) = s; for i = 1,2,...,n. This property completely determines the polynomial ring
R[x1,...,x,] up to isomorphism.4?

Cor: If p : R — S is a homomorphism of commutative rings and s1,...,s, € S, then the map R[zy,...,z,] = S given
by f+ ©f(s1,...,8y,) is a homomorphism of rings.'4!

CoR: Let R be a commutative ring with identity and n a positive integer. For each k(1 < k < n) there are isomorphisms
of rings R[z1, ..., 21][Thi1,- - Tn] 2 R[@1, .. 20 = RlTps, .- 2n][21, oy 2] 112

PrOP: Let R be a ring and denote by R[[z]] the set of all sequences of elements of R(ag,a1,...). This is called the ring
of formal power series over R.
(i) R[[z]] is a ring.
(ii) The polynomial ring R[z] is a subring of R[[z]].
(iii) If R is commutative [ring with identity, has no zero divisors, integral domain] then so is R[[z]]
PROP: Let R be a ring with identity and f = Y o, a;z’ € R[[z]].
(i) f is a unit in R[[z]] if and only if its constant term ao is a unit in R.

143
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(ii) If ag is irreducible in R, then f is irreducible in R[[z]].}44

Cor: If R is a division ring, then the units in R[[z]] are precisely those power series with nonzero constant term. The
principal ideal () consists precisely of the nonunits in R[[z]] and is the unique maximal ideal of R[[z]]. Thus if R
is a field, R[[z]] is a local ring.14°

DEF: The degree of a monomial az’*z%* ... z%» € R[z,,... x,] is the nonnegative integer k; + ks + - - - k. The (total)
degree of the polynomial f € R[xy,...,x,] is the maximum of the degrees of the monomials ai.’r’f"’l e me" such that

a; # 0. A polynomial which is a sum of monomials, each of which has degree k, is homogeneous of degree k.14

THM: Let R be aring and f,g € R[z1,...,%,).

(i) deg(f +g) < max{deg f,degg}. (i) deg(fg) < deg f + degg.

(iii) If R has no zero divisors, deg(fg) = deg f + degg.

(iv) If n = 1 and the leading coefficient of f or g is not a zero divisor in R (in particular, if it is a unit), then
deg(fg) = deg f + deg g.**"

THM: “Division Algorithm” Let R be a ring with identity and f,g € R[z] nonzero polynomials such that the leading
coefficient of g is a unit in R. Then there exist unique polynomials ¢,r € R[z] such that f = qg + r and degr <
degg.”g

Cor: “Remainder Theorem” Let R be a ring with identity and f(z) = Y. ,a;2* € R[z]. For any ¢ € R there exists a
unique ¢(z) € R[x] such that f(z) = q(z)(z — ¢) + f(c).**?

CoRr:If F is a field, then the polynomial ring F[z] is a Euclidean domain, whence F[z] is a PID, UFD. The units in

F[z] are precisely the nonzero constant polynomials.*?°
DEF: Let R be a subring of a commutative ring S, ¢1,¢,...,¢, € S and f = Y ", aimlfi’l gk g Rlzy,...,z,) &
polynomial such that f(cy,...,¢,) = 0. Then (¢1,...,¢,) is a root or zero of f (or a solution of the polynomial

equation f(zi,...,z,) =0).1%!

TuM: Let R be a commutative ring with identity and f € R[z]. Then ¢ € R is a root of f if and only if z — ¢ divides
152

TuM: If D is an integral domain contained in an integral domain E and f € D[z] has degree n, then f has at most n
distinct roots in E.153

Prop: “Rational Roots Theorem” Let D be a UFD with quotient field F and let f = > " ja;z’ € D[z]. fu=c¢/d € F
with ¢ and d relatively prime, and u is a root of f, then ¢ divides ag and d divides a,,.'**

LMA: Let D be an integral domain and f = Y1 ja;z* € D[z]. Let f' € D[z] be the polynomial f' = Y}, kayz*~1,
the formal derivative of f. Then for all f,g € D[z] and ¢ € D:
(i) (cf) =cf's () (f+9)=f+g; (i) (fg) =f9+fgs (¢") =ng" g1

THM: Let D be an integral domain which is a subring of an integral domain E. Let f € D[z] and ¢ € E.
(i) ¢ is a multiple root of f if and only if f(¢) = 0 and f'(¢) = 0.
(ii) If D is a field and f is relatively prime to f’, then f has no multiple roots in E.
(iii) If D is a field, f is irreducible in D[z] and E contains a root of f, then f has no multiple roots in E if and only
if fl ;é 0‘156

DEF: Let D be a UFD and let f = Z?:o a;x' a nonzero polynomial in D[z]. A greatest common divisor of ag,ay,...,a,
is called a content of f, denoted C(f). If a € D and f € Dlz], then C(af) and aC(f) are the same up to associates.
If f € D]x] and C(f) is a unit in D, then f is said to be primitive.'5”

LMA: “Gauss’s Lemma” If D is a unique factorization domain and f,g € Dlz], then C(fg) = C(f)C(g). In particular,
the product of primitive polynomials is primitive.!?®

LMA: Let D be a UFD with quotient field F and let f and g be primitive polynomials in D[z]. THen f and g are
associates in D[z] if and only if they are associates in F[z].'%°

LMA: Let D be a UFD with quotient field F' and f a primitive polynomial of positive degree in D[z]. Then f is irreducible
in D[] if and only if f is irreducible in F[x].160

Tum: If D is a UFD, then so is the polynomial ring D[z, ..., z,].15

TuM: “Eisenstein’s Criterion” Let D be a UFD with quotient field F. If f = """  a;z' € D[z], deg f > 1 and p is an
irreducible element of D such that p |/an,p | a; for i = 0,1,...,n — 1, and p? |/ag then f is irreducible in F[z]. If f
is primitive, then f is irreducible in D[z].162

2.5 Localizations

Sections: Hungerford I11.4
DEF: A nonempty subset S C R, a ring, is multiplicative provided that a,b € S = ab € S.1%3
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TuM: Let S be mult-closed of commie ring R. The relation ~ on R x S given by (r,s) ~ (', s') < s1(rs’ —r's) =0 for
some s; € S is an equivalence relation.'54

THM: Let S be mult-closed of commie ring R and let S™!R be the equiv-classes of ~ above.!®
(i) S7'R is a commie ring w/ identity.

(i) If R is a nonzero ring with no zero divisors and 0 ¢ S, then S~ R is an integral domatin.
(iii) If R is a nonzero ring with no zero divisors and S is the set of all nonzero elements of R, then S™!R is a field,
called the field of fractions over R.

THM: Let S be mult-closed of commie ring R.¢¢
(i) ps: R — S7'R given by r + rs/s is well-defined hom. of rings with ¢g(s) is a unit in S™'R for all s € S.

(ii) If 0 ¢ S and S contains no zero divisors, then ¢g is injective. In particular, any integral domain is embedded in
its quotient field.

(iii) If R has an identity and S consists of units, then ¢g is an isomorphism. In particular, the complete ring of
quotients of a field is isomorphic to F'.

TuM: Let S be mult-closed of commie ring R and let T' be any commie ring with identity. If f : R — T is a hom. of
rings such that f(s) is a unit in T for all s € S, then there exists a unique homomorphism of rings f : ST'R — T
such that f o pg = f. The ring S~ R is completely determined by this property.'67

CoR: Let R be an integral domain considered as a subring of its quotient field F. If E is a field and f : R - E an
injection of rings, then there is a unique injection of field f : F — E so that f|gp = f. In particular any field E;
containing R contains an isomorphic copy Fy of F with R C F; C E,.'%8

THM: Let S be mult-closed of a commie ring R.1%% (i) If I is an ideal in R, then S7'I = {a/s | a € I,s € S} is an ideal
in SR, called the extension of I.

(ii) If J is another ideal in R, then
() STY(I+J)=8"11+S1J (b) S7YHIJ) = (S7I)(S~LT) () STtINnJ)y=8S"1tInsStJ

5

TuM: Let S be a mult-closed of commie ring R with identity and I and ideal of R. Then S~'I = S~!'R if and only if
SNI=prm

LMA: Let S be mult-closed of a commie ring R with identity and let I be an ideal of R.
() IC 5 (S11)
(i) If I = pg'(J) for some ideal J in S™'R, then S~'I = J. In other words, every ideal in S™'R is of the form
ST for some ideal I in R.
(iii) If P is a prime ideal in R and SN P = (), then S™'P is a prime ideal in S™'R and ¢5'(S™*P) = P.

THM: Let S be mult-closed of a commie ring R with identity. Then there is a one-to-one correspondence between the
prime ideals of R disjoint from S and the set of prime ideals of S™!R given by P~ S~1P.172

DEF: Let R be a commie ring with identity and P a prime ideal of R. Then S = R — P is mult-closed and define
Rp = S7'R to be the localization of R at P17

DEF: A local ring is a commutative ring with identity which has a unique maximal idea

THM: Let P be a prime ideal in a commie ring R.1”® (i) There is a one-to-one correspondence between the set of prime
ideals of R which are contained in P and the set of prime ideals of Rp, given by Q — Qp.
(ii) The ideal Pp in Rp is the unique maximal ideal of Rp. Hence, Rp is local.

TuM: If R is a commutative ring with identity, then the following conditions are equivalent.
(i) R is a local ring;
(ii) all nonunits of R are contained in some ideal M # R;

(iii) the nonunits or R form an ideal.l"®

171

1 174

2.6 Dedekind Domains

DEF: A Dedekind domain is an integral domain R in which every ideal (# R) is the produce of a finite number of
prime ideals.'””

DEF: Let R be an integral domain with quotient field K. A fractional ideal of R is a nonzero R-submodule I of K such
that al C R for some nonzero a € R.'78

THwMm: If R is an integral domain with quotient field K, then the set of all fractional ideals of R forms a commutative
monoid, with identity R and multiplication given by IJ = {3 a;b; | a; € I,b; € JU,n € N}.17

DEF: A fractional ideal I of an integral domain R is said to be invertible if I.J = R for some fractional ideal J of R.'8°

LMa: Let I,1,..., I, be ideals in an integral domain R.'8!
(i) The ideal I1I5 - - - I,, is invertible if and only if every I; is invertible.
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({) P ---Pp=1I=0Q1 -Qp where each P;,Q; is prime in R and P; is invertible, then m = n and P; = @; with
a suitable reordering.
TuM: If R is a Dedekind domain, then every nonzero prime ideal of R is invertible and maximal.!8?
LMA: If T is a fractional ideal of an integral domain R with quotient field K and f € Hompg(I, R) then for all a,binl,
af(b) =bf(a).'*
LMmA: Every invertible fractional ideal of an integral domain R with quotient field K is a finitely generated R-module.
TuM: Let R be an integral domain and I a fractional ideal of R. Then I is invertible if and only if I is a projective
R-module.'®
LmA: If R is a Noetherian, integrally closed integral domain and R has a unique nonzero prime ideal P, then R is a
discrete valuation ring.!8¢
THM: The following conditions on an integral domain R are equivalent:'®7 (i) R is a Dedekind domain.
(ii) Every proper ideal in R is uniquely a product of a finite number of prime ideals.
(iii) Every nonzero ideal in R is invertible.
(iv) Every fractional ideal of R is invertible.
(v) The set of all fractional ideals of R is a group under multiplication.
(vi) Every ideal in R is projective.
(
(
(

184

vii) Every fractional ideal of R is projective.
viii) R is Noetherian, integrally closed, and every nonzero prime ideal is maximal.
ix) R is Notherian and for every nonzero prime ideal P of R, the localization Rp of R at P is a discrete valuation
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3 Modules

3.1 Definitions

DEF: Let R be aring. A [left] R-module is an additive abelian group A together with a function R x A — A (written
as multiplication) such that for all r;s € R and a,b € A:

(i) r(a +b) = ra + rb. (ii) (r + s)a = ra + sa. (iii) r(sa) = (rs)a.

If R has an identiy element 1g, and

(iv) 1ga = a for all a € A,

then A is a unitary R-module. If R is a division ring, then a unitary R-module is called a [left] vector space.!

Ex: If R is a ring, every abelian group A can be made into an R-module with trivial module structure by defining ra = 0
forallr € Rand a € A.H Eg p.170

DEF: A non-zero unitary R-module A is simple if its only submodules are 0 and A4.'3°

DEF: Let A and B be modules over a ring R. A function f: A — B is an R-module homomorphism provided for all
a,c€ Aandr € R, f(ra+c¢) =rf(a) + f(¢). If R is a division ring, then an R-module homomorphism is called a
linear transformation. Define similarly monomorphism, epimorphism, isomorphism, image and kernel.'%°

DEF: Let R be a ring, A and R-module and B a nonempty subset of A. B is a submodule of A provided B is an additive
subgroup of A and rb € B for all 7 € R, b € B. A submodule of a vector space is called a subspace.'®!

DEF: If X is a subset of a module A over a ring R, then the intersection of all submodules of A containing X is called
the submodule generated by X (or spanned by X). If X is finite and X generates the module B, then B is said to
be finitely generated. If X consists of a single element X = {a}, then the submodule generated by X is called the
cyclic (sub)module generated by a. If {B; | i € I} is a family of submodules of A, then the submodule generated by
X = UserB; is called the sum of the modules B;. If T is finite, label this as By + By + - - - + B,,.1%?

THM: Let R be aring, A and R-mod, X C A, {B; | i € I} afamily of submodules of A and @ € A. Let Ra = {ra | r € R}.
(i) Ra is a submodule of A and the map R — Ra given by r — ra is an R-mod epimorphism.

(i) The cyclic submodule C generated by a is {ra+na | r € R,n € Z}. If R has an identity and C' is unitary, then
C = Ra.
(iii) The submodule D generated by X is {Zle ria; + 22:1 n;b; | s,t € N,a;,b; € X,r; € R,n; € Z}.

If R has an identity and A is unitary, then D = RX = {}"!_ r;a; | s € N,a; € X,r; € R}.
(iv) The sum of the family {B; | i € I} consists of all finite sums b;, + - -+ + b;, with b;, € B;, 1?3

THM: Let B be a submodule of a module A over a ring R. Then the quotient group A/B is an R-module with the action
of R on A/B given by r(a+ B) =ra+ B for all r € R,a € A. The map 7 : A - A/B given by a — a + B is an
R-mod epimorphism with kernel B, called the canonical epimorphism or projection.'**

TuM: “First Isomorphism Theorem of Modules” If R is a ring and f : A — B is an R-module homomorphism and C is
a submodule of ker f, then there is a unique R-mod homomorphism f : A/C — B such that f(a + C) = f(a) for all
a€ A, imf=1im f, and ker f = (ker f)/C. f is an R-mod isomorphism if and only if f is an R-module epimorphism
and C' = ker f. In particular, A/ ker f = im f.19°

Cor: If R is aring and A’ is a submodule of the R-module A and B’ a submodule of the R-module B and f : A — B is
an R-module homomorphism such that f(A') C B’, then f induces an R-module homomorphism f : A/A' — B/B'
given by a + A’ + f(a) + B'. f is an R-module isomorphism if and only if im f + B’ = B and f~!(B') C A’. In
particular if f is an epimorphism such that f(A') = B’ and ker f C A',t hen f is an R-module isomorphism.'?¢

TuM: Let B and C be submodules of a module A over a ring R.

(i) “Second Isomorphism Theorem of Modules” There is an R-module isomorphism B/(BNC) = (B + C)/C;
(if) “Third Isomorphism Theorem of Modules” if C C B, then B/C is a submodule of A/C, and there is an R-module
isomorphism (A4/C)/(B/C) = A/B.1%7

TuwMm: If R is a ring and B a submodule of an R-mod A, then there is a one-to-one correspondence between the set of all
submodules of A containing B and the set of all submodules of A/B given by C — C/B. Hence every submodule of
A/B is of the form C/B, where C' is a submodule of A which contains B.1%8

THM: Let R be a ring and {4; | ¢ € I} a nonempty family of R-modules, [],c; A; the direct product of the abelian
groups A;, and ), A; the direct sum of the abelian groups A;. If I is finite, then [TA; =Y A= A1 © - - © A,
(i) TL;cs A is an R-module with the action of R given by r{a;} = {ra;}.

(ii) > ;cs As is a submodule of [],., A4;.
(iii) For each k € I, the canonical projection mj : [[ A; — Ay is an R-module epimorphism.
(iv) For each k € I, the canonical injection vy, : Ay — > A; is an R-module monomorphism.!

88

99
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THM: If R is a ring, {A; |7 € I'} a family off R-modules, C' an R-mod, and {¢; : C' — A; | i € I} a family of R-module
homomorphisms, then there is a unique R-mod homomorphism ¢ : C' — [] 4; such that m;0 = @, for alli € I. ] A4;
is uniquely determined up to isomorphism by this property, so [] 4; is a product in the category of R-modules.?%

TuM: If R is a ring, {A; | ¢ € I'} a family of R-modules, D an R-module, and {¢; : A; — D | i € I} a family of
R-module homomorphisms, then there is a unique R-module homomorphism ¢ : >~ A; — D such that ¢u; = ¢; for
all i € I. > A; is uniquely determined up to isomorphism by this property, so ) A; is a coproduct in the category
of R-modules.20!

TuM: Let R be aring and A, A;,..., A, R-modules. Then A =2 A; ®---® A, if and only if for each i = 1,2,...,n there
are R-module homomorphisms m; : A — A; and ¢+ : A; — A such that
(i) w1y = id 4, for all 4;

(ii) w0 = 0 for i # j;
(111) PTL + -+ 1Ty = 1A.202

THM: Let R be a ring and {A; | i € I} a family of submodules of an R-mod A such that
(i) A is the sum of the family {A; | i € I'};

(i) for each k € I, Ay N A} =0, where A} is the sum of the family {4; | i # k}.
Then there is an isomorphism 4 2 3" 4; and A is called the (internal) direct sum of {A; |i € I}.293

DEF: A pari of module homomorphisms, A 5 B 4% Cis ezact at B if im f = kerg. A finite sequence of module

fn
homomorphisms, Ag Iy Ay LS A, is exact provided im f; = ker f;1 fori =1,...,n—1. An infinite sequence of
module homomorphisms is ezact provided im f; = ker f;;1 for all i € Z. A finite exact sequence starting and ending
with the trivial module is a short ezact sequence.?*

3.2 Free and Projective Modules

DEF: A subset X of an R-mod A is linearly independent provided that for distinct zy,...,z, € X and r; € R,
> riw; = 0 implies 7; = 0 for all ¢. A set that is not linearly independent is linearly dependent. If A is generated
by linear combinations of the elements of X, then X spans A. A linearly independent subset of A that spans A is a
basis of A. An R-mod F that has a nonempty basis is called a free R-module.?%

THM: Let R be a ring with identity. The following conditions on a unitary R-module F' are equivalent:
(i) F has a nonempty basis;
(ii) F is the internal direct sum of a family of cyclic R-modules, each of which is isomorphic as a left R-module to R;
(iii) F' is R-module isomorphic to a direct sum of copies of the left R-module R; (iv) there exists a nonempty set
X and a function ¢ : X — F with the following property: given any unitary R-module A and function f: X — A,
there exists a unique R-module homomorphism f : F — A such that fi = f. In other words, F is a free object in
the category of unitary R-modules.2%6

Cor: Every [unitary] module A over a ring R [with identity] is the homomorphic image of a free R-module F. If A is
finitely generated, then F may be chose to be finitely generated.?°”

LMA: A maximal linearly independent subset X of a vector space V over a division ring D is a basis of V298

TuM: Every vector space V over a division ring D has a basis and is therefore a free D-module. More generally every
linearly independent subset of V is contained in a basis of V.29

Tum: If V is a vector space over a division ring D and X is a subset that spans V, then X contains a basis of V/.210

THM: Let R be a ring with identity and F' a free R-module with an infinite basis X. Then every basis of F' has the
same cardinality as X .21

TuwMm: If V is a vector space over a division ring D, then any two bases of V' have the same cardinality.

DEF: Let R be a ring with identity such that for every free R-module F', any who bases of F' have the same cardinality.
THen R is said to have the invariant dimension property and the cardinal number of any basis of F' is called the
dimension (or rank) of F over R.2'* A vector space V over a division ring D is finite dimensional if dimp V is
finite.2

PropP: Let E and F be free modules over a ring R that has the invariant dimension property. Then E 2 F' if and only
if E and F have the same rank.?!%

LMA: Let R be a ring with identity, I(# R) an ideal of R, F a free R-module with basis X and = : F — F/IF the
canonical epimorphism. Then F/IF is a free R/I-module with basis 7(X) and |r(X)| = |X|.216

PRrop: Let f: R — S be a nonzero epimorphism of rings with identity. If S has the invariant dimension property, then
so does R.217

212
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Cor: If R is a ring with identity that has a homomorphic image which is a division ring, then R has the invariant
dimension property. In particular, every commutative ring with identity has the invariant dimension property.2'®

THM: Let W be a subspace of a vector space V over a division ring D.
(i) dimp W < dimp V; (ii) if dimp W = dimp V and dimp V is finite, then W = V;
(iii) dimpV =dimp W + dimD(V/W).219

Cor:If f : V — V' is a linear transformation of vector spaces over a division ring D, then there exists a basis X
of V such that X Nker f is a basis of ker f and {f(z) | f(z) # 0,z € X} is a basis of im f. In particular,
dimD V= dln’lD (ker f) + dlmD (Im f).220

Cor: If V and W are finite dimensional subspaces of a vector space over a division ring D, then dimp V + dimp W =
dimp(V N W) + dimp(V + W).22s

TuwM: Let R, S,T be division rings such that R C .S C T. Then dimg T = (dimg 7T)(dimpg S). Furthermore, dimg T is
finite if and only if dimg T and dimp S are finite.???

DEF: A module P over a ring R is projective if given any R-hom f : P — B and exact sequence A 4 B — 0, there
exists a map h: P — A so that go h = f.223

TuM: Every free module F over a ring R with identity is projective.??

CoRr: Every module A over a ring R is the homomorphis image of a projective R-module.

THM: Let R be a ring. The following conditions on an R-mod P are equivalent:22¢ (i) P is projective.

4
225

(ii) Every short exact sequence 0 — A Lpspo 0 is split exact, hence B 2 A ® P.
(iii) there is a free module F' and an R-mod K so that FF = K & P.

PRrOP: Let R be a ring. A direct sum of R-mods Z P; is projective if and only if each P; is projective.?2”

3.3 Modules over PIDs

3.4 Exact Sequences and Homs

TuawMm: Let A, B,C,D be module over a ring R and ¢ : C — A, ¢ : B — D are R-homs. Then the map 6 :
Hompg (4, B) = Hompg(C, D) given by f + 1 f, is a homomorphism of abelian groups.??®

TuM: Let R be a ring. 0 —» A 24 B % Cis an exact sequence or R-modules if and only if for every R-module D,
0 — Homp (D, A) 5 Homp(D, B) % Hompz (D, C) is an exact sequence of abelian groups.?2”
Prop: Let R be aring. A 5 B % ¢ = 0 is an exact sequence or R-modules if and only if for every R-module D,

0 — Hompg(C, D) % Homp(B, D) % Hompg(A, D) is an exact sequence of abelian groups.2%°
DEF: The theorems above show that Homp (A, B) is left ezact.??!

Prop: The following conditions on modules over a ring R are equivalent:32

(H)0—- A3 B Ko o0isa split exact sequence of R-modules.
(ii) 0 = Hompg(D, A) % Hompg(D, B) 4 Homp(D, C) is an exact sequence of abelian groups for every R-mod D.

(iii) 0 » Hompg(C, D) % Homp(B, D) % Hompg(A, D) is an exact sequence of abelian groups for every R-mod D.
TuM: The following conditions on a module P over a ring R are equivalent.?33

(i) P is projective.

(ii) If ¢y : B — C is any injective R-hom then ¢ : Homg (P, B) — Homg(P,C) is an injective homomorphism of

abelian groups.

(iii) If0 - A 5 B KO = 0is any short exact sequence of R-mods, then 0 — Hompg(P, A) RN Hompg (P, B) %
Hompg(P,C) — 0 is an exact sequence of abelian groups.

Tum: Let A,B,{A; |i € I},{B; | j € J} be R-mods. Then there are isomorphism of abelian groups: (i) Hompg <Z A;, B) ~
icl
H Hompg(A;, B)
icl
(i) Homp | A, [[ B; | = [] Homr(4, B;).2
jEJ jeJd
DEF: An abelian group A is an R — S bimodule provided that A is both a left R-module and a right S-module and
r(as) = (ra)s for all r € R,s € S.23°
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THM: Let R and S be rings and gA,g Bs,r Cs,r D be (bi)modules as indicated.?3
(i) Homg (A, B) is a right S-module, with the action of S given by (fs)(a) = (f(a))s, f € Homg (A4, B),s € S,a € A.
(ii) If p: A —» A’ is a left R-hom, then the induced map ¥ : Homg(A’, B) - Hompg(A, B) is a right S-hom.
(iii) Hompg(C, D) is a left S-mod with the action of S given by (sg)(c) = g(cs) for g € Hompg(C, D),s € S,c € C.

THM: If A is a unitary left R-mod, then there is an isomorphism of left R-modules A = Hompg(R, A).237

DEF: Given A a left R-module, consider R as a right R-mod and define A* = Hompg (A4, R), the dual module of A. The
elements of A* are sometimes called linear functionals.?>®

TuM: Let A, B and C be left R-mods.??® (i) If ¢ : A — C o0s a R-hom, then the induced map @ : C* = Homp(C, R) —
Homp(A, R) = A* is a right R-hom.
(ii) There is an R-mod isomorphism (A & C)* = A* & C*.
(iii) If R is a division ring, and 0 - A — B — C — 0 is a short exact sequence of left vector spaces, then
0— C* - B* - A* — 0 is a short exact sequence of right vector spaces.

OR 27&] 240

g i=j

THM: Let F be a free left R-Omod. Let X be a basis of F' and for each x € X let f, : FF — R be defined by the operation
on the basis f;(y) = 0. Then,
(i) {fz | € X} is a linearly independent subset of F™* of cardinality |X]|;
(ii) if X is finite, then F* is a free right R-module with basis {f, | z € X}, called the dual basis.?*!

DEF: The Kronecker delta notation is the symbol §;; =

3.5 Tensor Products

DEF: A middle linear map from Agr X g B to C is a function f : A x B — C such that for all a,a; € A,b,b; € B, and
r € R,
(i) f(ar + a2,b) = f(a1,b) + f(az,b) (ii) f(a,by + b2) = f(a,b1) + f(a,bs) (iii) f(ar,b) = f(a,rb).242

DEF: Let A be a right R-mod and B a left R-mod. Let F' be the free abelian group on the set A x B. Let K be the
subgroup of F' generated by all elements of the forms:
() (a-+a',b) - (a,0) — (@) (i) (a,b+) — (a,b)— (@) (i) (ar,d) - (a,rb).
The quotient group F/K is called the tensor product of A and B, denoted A ®g B. The coset (a,b) + K is denoted
a® b.243

TuM: Let Ag and gB be R-mods and let C be an abelian group. If g : A x B — C' is a middle linear map, then there
exists a unique group hom g : A ®gr B — C so that g» = g where 1: A x B — A ®pg B is the canonical middle linear
map. A®p B is uniquely determined up to isomorphism y this property. Therefore, 1 : A x B — A®pg B is universal
in the category of all middle linear maps on A x B.24

Cor:If Ap, Ay,r B and gB’ are R-mods and f: A - A’ and g : B — B’ are R-homs, then there is a unique group
hom A®r B —+ A’ ®g B’ such that a ® b f(a) ® g(b) for all a € A,b € B.25

Propr:If A - B — C' — 0 is an exact sequence of left R-mods and D is a right R-mod, then D g A - D ®g B —
D®rC — 0is an exact sequence of abelian groups. An analogous statement hods for exactness in the first position.246

THM: Let R and S be rings and sAg,r B,Cgr,r Ds (bi)mods as indicated.?*7
(i) A®g B is a left S-mod so that s(a ®b) = sa® b for all s € S,a € A.
(i) If f: A— A'isan S — R-hom and g : B — B’ is an R-hom, then the induced map f ® g: A®r B — A’ ®g B’
is a left S-hom.
(iii) If h : C — C" is an R-hom and k : D — D' is an R — S-hom, then the induced map h®@k: C®r D — C' ®gr D'
is a right S-hom.
Tawm: If A, B,C are modules over a commutative ring R and g : A x B — C'is a bilinear map, then there is a unique
R-hom g: A®gr B — C so that go = g. A ®g B is uniquely determined up to isomorphism by this property.24®
Tum: If R is a ring with identity and Ag,r B are unitary R-mods, then there are R-mod isomorphisms A ®p R =2 A
and R ®p B = B.>

TuM: If R and S are rings and Ag,r Bs,s C are (bi)modules, then there is an isomorphism (A ®r B) s C = A Qg
(B ®s C). The isomorphism is unique given the restriction (a ® b) ® ¢ = a ® (b ® c¢).?5°

PRrop: Let E, F be modules of a commie ring R. Then there is a unique isomorphism F ®p F — F ®p E so that
e® fr fe?t

THM: Let R be a ring, A and {4; | i € I} right R-mods, B and {B; | j € J} left R-modes. Then there are group
isomorphisms
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@) (X 4) ©r B2 Y (4 05 B;
(il) A®g (ZB]') &~ Z(A ®r Bj).252

THM: “Adjoint Associativity” Let R and S be rings and Ag,g Bs,Cs (bi)modules. Then there is an isomorphism of
abelian groups « : Homg(A ® B, C') =2 Hompg(A, Homg (B, C)), defined for each f: A®r B — C by [(af)(a)](b) =
fla®b).?3

THM: Let R be a ring with identity. If A is a unitary right R-mod and V is a free left R-mod with basis Y, then every

n

element u of A ®r F may be written uniquely in the form u = Z a; ® y; where a; € A and y; are distinct elements
of Y.254 =

Cor: If R is a ring with identity and Ag and rB are free R-modules with bases X and Y, then A®p B is a free (right)
R-mod with basis W = {z®y |z € X,y € Y} of cardinality |X|-|Y|.2®

CoR: Let S be a ring with identity and R a subring of S that contains 1g. If F' is a free left R-mod with basis X, then
S ®pg F is a free left S-module with basis {ls ® z | z € X }.2°¢

Prop: Let E, F be free commie R-mods of finite dimension. Then we have an isomorphism Endg(E) ® Endg(F) —
Endg(E ® F) which is the unique maps such that f ® g — T(f,g) for f € Endg(E), g € Endg(F).?"

DEF: Let E, F, G be modules of a commie ring R. Then L(E, F) is the set of linear maps E — F. The set L?(E, F; G)
is the set of bilinear maps E x F — G.2%8

PRroP: For a commie ring R and three R-mods E, F, and G, L(E,L(F,G)) = L*(E,F;G) 2 L(E ® F,G).?%

Pror:Let 0 » E' - E — E" — 0 be an exact sequence, and F' andy module. Then the sequence F Q E' - F Q E —
F ® E" — 0 is exact. Therefore, the tensor product is right exact.?%°

Prop: Let I be an ideal of a commie ring R. Let E be an R-mod. Then the map (R/I) x E — E/IE induced by
(a,z) — az (mod IE),a € R,z € E is bilinear and induces an isomorphism (R/I) @ E = E/IE.*%!

3.5.1 Flat Modules
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4 Field Theory

4.1 Basic Extensions

DEF: A field F is said to be an extension field of k provided that k is a subfield of F.262

DEF: A field extension k C F operates as a vector space. The dimension of this vector space is written as [F' : k] = dimy F’
and called the degree of the field extension.263

DEF: Let F/k be a field extension. An element u € F is algebraic over k if u is a root of some polynomial in k[z].
Otherwise, u is transcendental over k. F is called an algebraic extension if every element of F' is algebraic over k.
Otherwise, F is called a transcendental extention if at least one element of F is transcendental over k.26

PRroP: Let F be a finite extension over k, then F/k is algebraic.?5?

DEF: A field E is called an intermediate field of F/k if k C E C F are field extensions.?%6

THM: Let F' be an extension field of E and E and extension field of k. Then [F : k] = [F' : E][E : k]. Furthermore,
[F : k] is finite if and only if [F': E] and [E : k] are finite.?®” Also, if {z;};c/ is a basis for E over k and {y,};cs is a
basis for F' over E, then {;y;} jyerx is a basis for F' over k.2%®

DEF: A tower of fields is a sequence k C Fy C Fy, C --- C F,,. A tower is finite if every step of the sequence is finite.26°
DEF: The field k(uy,...,u,) is called a finitely generated extension of k. An extension k(u) is called simple.>7®
PRrOP: Let F be a finite extension over k. Then F is finitely generated.?”!
TuwM: If F/k a field extension, u,u; € F and X C F, then
(i) the subring k[u] consists of all elements of the form f(u) where f € k[z].
(ii) the subring k[uy, ..., u,,] consists of all elements of the form g(uy,...,uy) where g € k[z1,..., 2]
(iii) The subring k[X] consists of all elements of the form h(uy,...,u,,) where h € k[zy,...,z,] and each u; € X,

for some m.
(iv) The subfield k(u) consists of all elements of the form f(u)/g(u) = f(u)g(u) ! where f, g € k[z] and g(u) # 0.
(v) The subfield k(uq, . .., u,,) consists of all elements of the form f(uy, ..., um)/g(u1,-..,uy) where f, g € k[z1,..., 2]
and g(u1,...,uy) # 0.
(vi) The subfield k(X) consists of all elements of the form f(uy,...,un)/g(ui,...,uy) where u; € X for some m,
£,9 € kw1, vy and glus, ..., ) # 0272
DEF: If L and M are subfields of a field F, the compositum (or sometimes composite) of L and M in F', denoted LM is
the subfield generated by the set L U M.2™ Given two extensions E and F of a base field k, the extension EF over
F as the translation or lifting of E to F.2™
DEF: K(z1,...,%y,) is called the field of rational functions in x4, ..., z, over k.
THM: If F/k a field extension, and u € F transcendental over k, then there is an isomorphism of fields k(u) = k(z)
which is the identity on k.276
TuwM: If F/k a field extension, u,u; € F algebraic over k, then
(1) k(u) = k[u].
(ii) k(u) = klz]/ (f), where f € k[z] is an irreducible monic polynomial of degree n > 1 uniquely determined by the
conditions that f(u) = 0 and g(u) = 0(g € k[z]) if and only if f divides g.2""
(iii) [k(u) : k] = deg f = n.2"®
(iv) {1g,u,u?, ..., u™ 1} is a basis for k(u) over k.27 (v) k(uy,...,un) = k[uy, ..., upn)].
(vi) k[u, ..., u,]/k algebraic.?80
DEF: Let F/k a field extension and w € F algebraic over k. The monic irreducible polynomial such that f(u) = 0 is
called the irreducible polynomial of u, written f = IrrPoly,(u). The degree of u over k is deg f = [k(u) : k].28!
THuM: Let o : k — L be an isomorphism of fields, u and element of some extension field of ¥ and v an element of some
extension field of L. Assume either
(i) u is transcendental over k and v is transcendental over L; or
(ii) w is a root of an irreducible polynomial f € k[z] and v is a root of o(f) € L[x].
Then o extends to an isomorphism of fields k(u) = L(u) which maps u onto v.282
CoR: Let E and F each be extensions of £ and let u € E and v € F be algebraic over k. Then u and v are roots of the
same irreducible polynomial f € k[z] if and only if there is an isomorphism of fields k[u] = k[v] which sends u onto
v and is the identity of k.283
TaMm: If k is a field and f € k[z] a polynomial of degree n, then there exists a simple extension field F' = k[u] of k such
that:
(i) u € F is a root of f.

275

Derrick Stolee



4 FIELD THEORY Algebra Study Guide 4.2 Normal Extensions

(ii) [k[u] : k] < n with equality holding if and only if f is irreducible in k[x].
(iii) If f is irreducible in k[z], then k[u] is unique up to an isomorphism which is the identity on
THM: If F is a finite dimensional extension field of k, then F is finitely generated and algebraic over k.28
THM: If F/k a field extension and X is a subset of F' such that F' = k(X) and every element of X is algebraic over k,
then F is an algebraic extension of k. If X is a finite set, then F is finite dimensional over k.236
Tuwm: If k C E C F with E/k algebraic and F/E algebraic, then F/k is algebraic.28”
TuM: Let F/k be a field extension and E the set of all elements of F' algebraic over k. Then E is a subfield of F,
algebraic over k.?88

k 284

4.1.1 Distinguished Classes of Field Extensions

DEF: Let C be a certain class of extension field F' C E. C is distinguished if it satisfies the following conidtions:
(i) Let k C F' C E a tower of fields. The extension k C F is in C if and only if ¥k C F and F C E are in C.
(ii) If k C E is in C and F any extension of k, and E, F' are both contained in some field, then F' C EF is in C.
(iii) If k C F and k C E are in C and F, E are subfields of a common field, then k C EF is in C.?%°

PRroP: The class of algebraic extensions is distinguished, and so is the class of finite extensions.2%°

TuM: Separable extensions form a distinguished class of extensions.?*!

4.2 Normal Extensions

DEF: Let k be a field and f € k[z] with deg f > 1. An extension F'/k is a splitting field for f if f splits into linear
factors in F[z].292 For a family {f;}ic; C k[z], the splitting field of this family is an extension F/k such that each
fi splits in F.293

THM: Let K be a splitting field of the polynomial f(z) € k[z]. If E is another splitting field of f, then there exists an
isomorphism ¢ : E — K inducing the identity on k. If ¥ C K C k%, where k% is an algebraic closure of k, then any
embedding of F in k® inducing the identity on k& must be an isomorphism of E onto K .29

Cor: Let K be a splitting field for the family {f;}icr and let E be another splitting field. Any embedding of E into K*
inducing the identity on k gives an isomorphism of E onto K.?9°

TuM: “Conditions for Normal Extensions” Let K be an algebraic extension of k, contained in an algebraic closure k% of
k. THen the following conditions are equivalent:
(i) Every embedding of K in k* over k induces an automorphism of K.
(ii) K is the splitting field of a family of polynomials in k[z].
(iii) Every irreducible polynomial of k[z] which has a root in K splits into linear factors in K .2%¢

DEF: An extension K/k that satisfies the normality conditions is called a normal extension.?*7

THM: Normal extensions remain normal under lifting:
(i) If k C E C K and K is normal over k, then K is normal over E.
(i) If K, K> are normal over k and are contained in some field L, then K; K> is normal over k and so is K; N K».2%8

4.3 Separable Extensions

Prop: Let p(z) = IrrPoly,(a) and let o : kK — L be an embedding of k into an algebraically closed field L. The
number of possible extensions of o to k() is < degp, and is equal to the number of distinct roots of p in k2.299
DEF: Given an extension E/F, the separable degree of E over F, written [E : F], is the cardinality of the set of
embeddings of E — F*® over F.3%°

THM: “Separable Degrees Multiply” Let kK C F C E be a tower. Then [E : k], = [E : F|s[F : k];. Furthermore, if E is
finite over k, then [E : k], is finite and [E : k], < [E : k]. The separable degree is at most equal to the degree.3%!

CoR: Let E be finite over k and k C F' C E. The equality [E : k]; = [E : k] holds if and only if the corresponding
equalities hold for each step of the tower (for E/F and F/k).3

DEF: An extension E/k is separable over k if [E : k]; = [E : k]. An element « € k® is seperable if k[a] is separable over
k. A polynomial f(z) € k[x] is separable if it has no multiple roots.?%?

THM: Let E be a finite extension of k. Then E is separable over k if and only if each element of E is separable over
k.304

DEF: A field E is seperable over k if every finitely generated intermediate extension is separable over k.39

THM: Let E be an algebraic extension of k, generated by a family of elements {a;}icr. If each «; is separable over k,
then E is separable over k.306
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DEF: The compositum of all separable extensions of a field k in a given algebraic closure k® is called the separable
closure, denoted k* or kseP 307

DEF: If E is an algebraic extension of k¥ and ¢ any embedding of E over k, then o(E) is a conjugate of E in k*. For
a € k%, if o1,...,0, are distinct embeddings of k[a] into k%, then o(«) is a conjugate of a in k®.308

DEF: If a field E = k[a], then « is called a primitive element of E over k.3

TuM: “Primitive Element Theorem” Let E be a finite extension of a field k. There exists an element a € E such that
E = k[a] if and only if there exists only a finite number of intermediate fields F'. If E is separable over k, then there
exists such an element .?10

4.4 Splitting Fields

Prop: Let K/F be a splitting field of f € F[z], let ¢ : F — F be a field isomorphism, and let f € F[z] be the
corresponding polynomial. Let K /F be a splitting field on f. Then there are [K : F] distinct isomorphisms K — K
that agree with ¢ on F.3!!

CoR: “Uniqueness of Splitting Fields” If K/F and K /F are splitting fields of f € F[z], then there is an isomorphism
K — K that fixes the elements of F.3!2

THM: “Characterization of Galois Extensions” Let K/F be a field extension of finite degree n. The following are
equivalent:
(i) K/F is Galois (|Gal(K/F) =n|) (i) |Gal(K/F)| >n  (iii) K&/ = .
(iv) K/F is a splitting field of some f € F[z]. (v) K/F is a splitting field of some irreducible f € F[z].

(vi) If f is an irreducible polynomial in F[z] and f has at least one root in K, then f splits into linear factors in

Kl[z] 313

4.5 Galois Extensions in Characteristic 0

DEF: Let K/F be a field extension of finite degree, and let Gal(K/F) be the Galois group of automorphisms of K
that fix every element of F. The extension K/F is Galois provided |Gal(K/F)| = [K : F].31

THM: “Primitive Element Theorem” Given an extension K/F of finite degree, there exists an @ € K such that K =
F(a)31

ProP: Let K/F be a field extension and let f € F[x].
(i) Suppose a € K, f(a) =0, and 0 € Gal(K/F). Then f(o(a)) = 0.
(ii) Suppose « and § are roots of f in K. Assume f is irreducible over F. Then there is an isomorphism F(a) — F(3)
taking a to 8 and fixing every element of F.316

TuM: Let K be a field, and let G be a finite group of automorphisms of K and let K¢ = {a € K | g(a) = aV¥g € G }.
Then K/K¢ is a Galois extension, and G = Gal(K/K%).317

THM: “Fundamental Theorem of Galois Theory” Let K/F be a Galois extension. Let L, with FF C L C K be an
intermediate field.
(i) For each intermediate field L, K/L is Galois, and Gal(K/L) < Gal(K/F).
(ii) For each subgroup H < Gal(K/F), K is an intermediate field.
(iii) The mappings L + Gal(K/L) and H ~ K are reciprocal, order-reversing bijections between intermediate
fields and subgroups of Gal(K/F).
Suppose L is an intermediate field with corresponding subgroup Gal(K/L) = H.
(iv) [K : L] = |H| and [L : F] = [Gal(K/F) : Gal(K/L)].
(v) L/F is Galois <= Gal(K/L) < Gal(K/F) <= ¢(L) = L for every g € Gal(K/F).
(vi) When the equivalent conditions of (v) are true, the restriction map p : g — g|g is a surjection Gal(K/F) —
Gal(L/F) with kernel Gal(K/L). In particular, Gal(K/F)/Gal(K/L) = Gal(L/F).?!8

4.6 Galois Theory

4.7 Radical Extensions and Solvable Groups

DEF: A field extension K/F is a radical extension provided there exist positive integers r,nq,...,n,, and elements

Bi,..., B € K such that /3;” € F(f1,...,8i=1) for j =1,...,r. The numbers n; are called the associated exponents.

These are not necessarily unique.*?

ProP: Let E/F be a splitting field of z™ — 1 over F' . Then Gal(E/F) is abelian.??°
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Propr: Let K = E(8), where " € E for some integer n, and suppose E contains a primitive nth root of unity ¢. The
K/E is Galois and Gal(K/E) is abelian.??!

Prop: Let E/F be a Galois extension and K/E a radical extension. Then there is an extension L/E sucht that
(i) L/F is Galois, (ii) L/E is a radical extension, and (iii) no new exponents are introduced.??

TuM: Let f € F[z] be an irreducible polynomial with a root in some radical extension of F. Then the Galois group of
f is solvable.323

4.8 Algebraic Closure

DEF: Let E be an extension field of F' and let o : F' — L be an embedding. An embedding 7 : E — L is said to be
over o (or T extends o) if the restriction of 7 to F is equal to 0. If o = idp, then 7 is an embedding of E over F.32*

LMA: Let E be an algebraic extension of k, and let ¢ : E — E be an embedding of F into itself over k. Then ¢ is an
automorphism.3?®

LmA: Let Eq, E5 be extensions of k, contained in some bigger field E and let ¢ be an embedding of E in some field L.
Then U(E1 Eg) = O'(El)O'(EQ).326

Prop: Let k be a field and f a polynomial in k[z] of degree > 1. Then there exists an extension E of k in which f has
a root.3%7

CoR: Let k be a field and let fi,..., f, be polynomials in k[x] of degrees > 1. Then there exists an extension field E of
k in which each f; has a root.???

DEF: A field L is algebraically closed if every polynomial in iL[z] of degree > 1 has a root in L.3?°

THM: Let k be a field. There exists an algebraically closed field with k as a subfield.?3°

Cor: Let k be a field. There exists an extension k% which is algebraic over k and algebraically closed.?3!

THM: Let k£ be a field, E an algebraic extension of k, and ¢ : kK — L an embedding of k into an algebraically closed field
L. Then there exists an extension of ¢ to an embedding of E in L. If E is algebraically closed and L is algebraic
over o(k), then any such extension of ¢ is an isomorphism of E onto L.332

CoR: Let k be a field, and let E, E' be algebraic extensions of k. If E and E' are algebraically closed, then there exists
an isomorphism 7 : E — E' over k.33

DEF: The unique (up to isomorphism) field extension of k that is algebraic and is algebraically closed is the algebraic
closure of k, written k.

4.9 Finite Fields

THM: For each prime p and integer n > 1 there exists a finite field of order p™ denoted F,~, uniquely determined as
a subfield of an algebraic closure Fy. It is the splitting field of the polynomial 2P" — z and its elements are the roots
of this polynomial. Every finite field is isomorphic to exactly one field F..?34

CoR: Let F; be a finite field. Let n be an integer > 1. In a given algebraic closure [y, there exists one and only one
extension of F, of degree n, and this extension is the field F. .33

Tum: The multiplicative group of a finite field is cyclic.336

DEF: Let ¢ be a prime power. Consider the extension Fy» /F;. The Frobenius map, ¢4 : Fgn — Fyn, such that ¢, (z) = 27
is an automorphism of F . over F.337

TuM: The group of automorphisms of Fy» is cyclic of degree n, generated by ¢,.>8

TuwMm: Let m,n be integers > 1. Then in any algebraic closure of I, the subfield Fy» is contained in F,= if and only
if n divides m. If that is the case, let ¢ = p™ and let m = nd. Then F,. is normal and separable over F,, and the
group of automorphisms of Fym over Fy is cyclic of order d, generated by ¢f = .53
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5 Proofs to Know

THM: “Hilbert Basis Theorem” Let R be a commutative ring with identity. If R is Noetherian, then so is R[x].?*°
Proof. Let I be an ideal in R[z]. Define a sequence of ideals A; (i > 0) consisting of 0 and all the elements of R
that are leading coefficients of a polynomial in I of degree i. Each A; is an ideal since R C R[z], and I has closure
under multiplication and addition. Also, A; C A;; since for each a € A; there is a polynomial f, € I of degree i
with leading coefficient a. Then xf, € I as well, has degree i + 1 and leading coefficient a, so a € A;41.

This leads to an ascending chain of ideals Ag C A; C --- in R. Since R is Noetherian, this sequence eventually stabilizes
at A, for some m > 0, that is A,, = A,, for all n > m. By a theorem, these ideals are finitely generated. So, let
T1,T2,...,Tyn,; be generators for A;, appending new generators for each ascending ideal until A,,. If A; = 0, then set

Choose polynomials f;; € I such that f;; has leading coefficient r; and is of degree j for all 0 < j <m and 0 <% < nj.
I claim that this finite list of polynomials generates J.

Let X be the ideal generated by the f;;’s. Clearly X C J. Given g € J with g # 0. Prove by induction on degg. Case
degg = 0, then g is a constant, so its leading term is r € Ay, which has r = syry + -+ + s;4,75, With s1,...,5;, € R.
Thus, g = s1.fo,1 + -+ Si fo,i, € X. Assume g € X for all g with degg < k.

ik
If & < m, then the leading coefficient of ¢ is r = syry + -+ + s;, 75, € Ag. Then, g — Z s; fr,i € J has degree strictly
i=1
less than k, so must have g — :* | s;f.; € X and therefore g € X.
i
If £ > m, then the leading coefficient of g is r = sy + --- + 85,7, € Ax = Ap. Then, g — Zsifm’imk*m € J has
i=1
degree strictly less than k, so is in X. This implies g € X.
Therefore, J C X, so equality holds and J is finitely generated. Since every ideal of R[z] is finitely generated, then R|[z]
is Noetherian. O
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Tuwm: “Spectral Theorem” Every normal matrix over C is unitarily similar to a diagonal matrix. [Recall a square matrix
P is unitary given PP* = I. A square matrix P is normal if PP* = P*P. Two square matrices are unitarily similar
if there is a unitary matrix P such that P*AP = B.]

Proof. Proceed by induction on n. When n = 1, a normal matrix N has a single entry, so is diagonal. Assume every
normal matrix over C of size n x n is unitarily similar to a diagonal matrix for n < k for some k£ > 1.

Let A be a k x k normal matrix. Let v be an eigenvector for an eigenvalue A. Without loss of generality, assume v has
length 1 by resizing. v can be extended to an orthonormal basis {v,vs,...,v;}. Let @ = [1} vy e Uk] €U, a
unitary matrix. Then, define

Al as [P ar
- I A ’
0
where A is a (k — 1) x (k — 1) matrix acting as a minor of A’. Note that

=Q"ATAQ
= Q*AA™Q (normality of A)
=QRTAQRA™Q
— AI(AI)* A

Therefore, A’ is normal. Now consider

F)\l
DOATA
_ (A’)(A’)* _ )\1/\1 +ﬁa1‘+---+ﬁak

. AlAT

Therefore, A1 A1 + @Grai + - - - + Gpar = A A1. Since Gza; € R>o, then each a; = 0. So,

= (A")"(4")

M 0 - 0

0
A=
Ay

Now, A; is a normal matrix since

All)\l _ F *:| |:A1 A:| _ (A,)*A/ :A/(AI)* — F *:| |:A1 4 j| — )\1.)\1
LA, A ! A 1 A

Thus, ATA; = A1 A} so Ay is normal. By induction, there is a unitary matrix P € Ug—_; such that P*A; P = A,

a diagonal matrix. So, Let P' = 1 € Ug. Then P*A'P' = P*Q*AQP' = (QP")*A(QP') = [Al A ], a
2
O

P
diagonal matrix. Therefore, A is unitarily similar to a diagonal matrix.
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PRroP: There are no simple groups of order pg where p and ¢ are distinct primes.

Proof. Let G be a group of order pg where p and g are distinct primes. Assume p < ¢q. Consider any Sylow g-subgroup
Q. Since [G : Q] = p, the smallest prime divisor of G, then Q < G. O
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