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Proof.

Recall that the binomials

()i

i=0

are integral-valued (and form a basis of Int(Z) as a Z-module). Write

() =Tl

i=0

it is clear that (X — i) is irreducible (and will follow from more general
results below, Example 2.3), hence there are n irreducible factors on the
right-hand side whereas, on the left-hand side, n! admits as many
irreducible factors in Int(Z) as it does in Z (Lemma 1.1). We conclude
with a proof that this number of factors may eventually be greater than
nm, whatever m. Let n = p!, where p is prime. Among the factors
1,2,...,n of nl, there are n/2 multiples of 2, n/3 multiples of 3, n/5
multiples of 5, and so on up to p, hence n! admits (at least)

n(% + % +-+ %) irreducible factors. We are done, since the series of
inverses of primes is divergent. Ul
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Let n = p! =5!:

6

Among the factors 1,2, ..., n of nl, (n! will be divisible by all integer values less
than itself) there are n/2 multiples of 2, n/3 multiples of 3, n/5 multiples of 5,
and so on up to p.

ﬁ(x —0);

() (x = D)(x = 2)(x = 3)(x — 4)

= — = 60 multiples of 2
= —— = 40 multiples of 3

= — = 24 multiples of 5
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