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Recall:

Suppose x ∈ D such that x = x1 · · · xk with xi irreducible in D.
Then

I k is the length of this factorization

I `D(x) is the shortest length

I LD(x) is the upper bound of the set of lengths

I ρ(x) = LD(x)
`D(x) , the elasticity of x

I ρ(D) = sup{LD(x)/`D(x)|x ∈ D}, the elasticity of D
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Proposition (1.4)

The elasticity of Int(D) is greater than or equal to the elasticity of
D.

I Recall Lemma 1.1:
I units of Int(D) are units of D
I d ∈ D is irreducible in D ⇐⇒ d is irreducible in Int(D)

I For d ∈ D, factorization into irreducibles is the same in D and
Int(D).
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Proof of Proposition 1.4

Proof.

ρ(D) = sup{L(c)/`(c)|c ∈ D ⊂ Int(D)}

≤ sup{L(f )/`(f )|f ∈ Int(D)}
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Proposition (1.5)

Let D be a BFD. For each α ∈ D and each f ∈ Int(D),

LInt(D)(f (x)) ≤ LK [x](f (x)) + LD(f (α)) ≤ deg(f (x)) + LD(f (α))

with the following conventions:

I LD(u) = 0 if u is a unit in D

I LD(0) =∞
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Proof of Proposition 1.5

I D a BFD ⇒ ACCP ⇒ atomic

I D satisfies ACCP ⇒ Int(D) satisfies ACCP ⇒ Int(D) is
atomic

I factorization into a finite number of irreducibles is possible
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Proof of 1.5, cont.

Suppose
f (x) = λ1 · · ·λsg1(x) · · · gt(x)

where λi ∈ D is nonzero, nonunit, and gj(x) ∈ Int(D) is
nonconstant.

s ≤ LD(λ1 · · ·λs)

LD(λ1 · · ·λs) ≤ LD(λ1 · · ·λsg1(α) · · · gt(α)) = LD(f (α))

Recall:

I LD(u) = 0

I LD(0) =∞
Conclude s ≤ LD(f (α)).
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Proof of 1.5, cont.

Combine these inequalities to get

t + s ≤ LK [x](f (x)) + LD(f (α)) ≤ deg(f (x)) + LD(f (α)).

Since LInt(D)(f (x)) = sup{s + t|f (x) = λ1 · · ·λsg1(x) · · · gt(x)},
we have that

LInt(D)(f (x)) ≤ LK [x](f (x))+LD(f (α)) ≤ deg(f (x))+LD(f (α)). �
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