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ABSTRACT. Let R be a commutative noetherian local ring that is not Goren-
stein. It is known that the category of totally reflexive modules over R is
representation infinite, provided that it contains a non-free module. The main
goal of this paper is to understand how complex the category of totally reflexive
modules can be in this situation.

Local rings (R, m) with m3 = 0 are commonly regarded as the structurally
simplest rings to admit diverse categorical and homological characteristics. For
such rings we obtain conclusive results about the category of totally reflexive
modules, modeled on the Brauer—Thrall conjectures. Starting from a non-
free cyclic totally reflexive module, we construct a family of indecomposable
totally reflexive R-modules that contains, for every n € N, a module that
is minimally generated by n elements. Moreover, if the residue field R/m is
algebraically closed, then we construct for every n € N an infinite family of
indecomposable and pairwise non-isomorphic totally reflexive R-modules, each
of which is minimally generated by n elements. The modules in both families
have periodic minimal free resolutions of period at most 2.
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1. INTRODUCTION AND SYNOPSIS OF THE MAIN RESULTS

The representation theoretic properties of a local ring bear pertinent information
about its singularity type. A notable illustration of this tenet is due to Herzog
[10] and to Buchweitz, Greuel, and Schreyer [3]. They show that a complete local
Gorenstein algebra is a simple hypersurface singularity if its category of maximal
Cohen—Macaulay modules is representation finite. A module category is called
representation finite if it comprises only finitely many indecomposable modules up
to isomorphism. Typical examples of maximal Cohen—Macaulay modules over a
Cohen—Macaulay local ring are high syzygies of finitely generated modules.

Over a Gorenstein local ring, all maximal Cohen—Macaulay modules arise as
high syzygies, but over an arbitrary Cohen-Macaulay local ring they may not.
Totally reflexive modules are infinite syzygies with special duality properties; the
precise definition is given below. One reason to study these modules—in fact,
the one discovered most recently—is that they afford a characterization of simple
hypersurface singularities among all complete local algebras, i.e. without any a
priori assumption of Gorensteinness. This extension of the result from [3, 10] is
obtained in [5]. It is consonant with the intuition that the structure of high syzygies
is shaped predominantly by the ring, and the same intuition guides this work.

The key result in [5] asserts that if a local ring is not Gorenstein and the category
of totally reflexive modules contains a non-free module, then it is representation
infinite. The main goal of this paper is to determine how complex the category of
totally reflexive modules is when it is representation infinite. Our results suggest
that it is often quite complex; Theorems (1.1) and (1.4) below are modeled on the
Brauer—Thrall conjectures.

For a finite dimensional algebra A, the first Brauer—Thrall conjecture asserts
that if the category of A-modules of finite length is representation infinite, then
there exist indecomposable A-modules of arbitrarily large length. The second con-
jecture asserts that if the underlying field is infinite, and there exist indecomposable
A-modules of arbitrarily large length, then there exist infinitely many integers d
such that there are infinitely many indecomposable A-modules of length d. The
first conjecture was proved by Roiter (1968); the second conjecture has been ver-
ified, for example, for algebras over algebraically closed fields by Bautista (1985)
and Bongartz (1985).

k) ok ok

In this section, R is a commutative noetherian local ring. The central questions
addressed in the paper are: Assuming that the category of totally reflexive R-
modules is representation infinite and given a non-free totally reflexive R-module,
how does one construct an infinite family of pairwise non-isomorphic totally re-
flexive R-modules? And, can one control the size of the modules in the family in
accordance with the Brauer—Thrall conjectures?

A finitely generated R-module M is called totally reflexive if there exists an
infinite sequence of finitely generated free R-modules

F: i — Fy — Fy— F_ 1 — -+,

such that M is isomorphic to the module Coker(F; — Fp), and such that both F
and the dual sequence Hompg(F, R) are exact. These modules were first studied by
Auslander and Bridger [1], who proved that R is Gorenstein if and only if every R-
module has a totally reflexive syzygy. Over a Gorenstein ring, the totally reflexive
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modules are precisely the maximal Cohen—Macaulay modules, and these have been
studied extensively. In the rest of this section we assume that R is not Gorenstein.

Every syzygy of an indecomposable totally reflexive R-module is, itself, indecom-
posable and totally reflexive; a proof of this folklore result is included in Section 2.
Thus if one were given a totally reflexive module whose minimal free resolution is
non-periodic, then the syzygies would form the desired infinite family; though one
cannot exercise any control over the size of the modules in the family.

In practice, however, the totally reflexive modules that one typically spots have
periodic free resolutions. To illustrate this point, consider the Q-algebra

A = Qls, t,u,v]/(s% 13, u? v? uv, 25u + tu, sv + tv).

It has some easily recognizable totally reflexive modules—A/(s) and A/(s + u) for
example—whose minimal free resolutions are periodic of period at most 2. It also
has indecomposable totally reflexive modules with non-periodic free resolutions.
However, such modules are significantly harder to recognize. In fact, when Gasharov
and Peeva [8] did so, it allowed them to disprove a conjecture of Eisenbud.

The algebra A above has Hilbert series 1 4 47 + 372. In particular, A is a local
ring, and the third power of its maximal ideal is zero; informally we refer to such
rings as short. For these rings, [14] gives a quantitative measure of how challenging
it can be to recognize totally reflexive modules with non-periodic resolutions.

Short local rings are the structurally simplest rings that accommodate a wide
range of homological behavior, and [8] and [14] are but two affirmations that such
rings are excellent grounds for investigating homological questions in local algebra.

k) ko

For the rest of this section, assume that R is short and let m be the maximal ideal
of R. Note that m3 is zero and set e = dimp m/m2. A reader so inclined is
welcome to think of a standard graded algebra with Hilbert series 1 + et + ho72.

The families of totally reflexive modules constructed in this paper start from
cyclic ones. Over a short local ring, such modules are generated by elements with
cyclic annihilators; Henriques and Sega [9] call these elements exact zero divisors.
The ubiquity of exact zero divisors in short local algebras is a long-standing empiri-
cal fact. Its theoretical underpinnings are found in works of Conca [7] and Hochster
and Laksov [11]; we extend them in Section 8.

The main results of this paper are Theorems (1.1)—(1.4). It is known from work
of Yoshino [19] that the length of a totally reflexive R-module is a multiple of e. In
Section 4 we prove the existence of indecomposable totally reflexive R-modules of
every possible length:

(1.1) Theorem (Brauer—Thrall I). If there is an exact zero divisor in R, then
there exists a family { M, },ecn of indecomposable totally reflexive R-modules with
length p M,, = ne for every n. Moreover, the minimal free resolution of each module
M, is periodic of period at most 2.

Our proof of this result is constructive in the sense that we exhibit presentation
matrices for the modules M, ; they are all upper triangular square matrices with
exact zero divisors on the diagonal. Yet, the strong converse contained in Theo-
rem (1.2) came as a surprise to us. It illustrates the point that the structure of the
ring is revealed in high syzygies.
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(1.2) Theorem. If there exists a totally reflexive R-module without free sum-
mands, which is presented by a matrix that has a column or a row with only one
non-zero entry, then that entry is an exact zero divisor in R.

These two results—the latter of which is distilled from Theorem (5.3)—show that
existence of totally reflexive modules of any size is related to the existence of exact
zero divisors. One direction, however, is not unconditional, and in Section 9 we
show that non-free totally reflexive R-modules may also exist in the absence of
exact zero divisors in R. If this phenomenon appears peculiar, some consolation
may be found in the next theorem, which is proved in Section 8. For algebraically
closed fields, it can be deduced from results in [7, 11, 19].

(1.3) Theorem. Let k be an infinite field, and let R be a generic standard graded
k-algebra which (1) has Hilbert series 1 + hi7 + ha72, (2) is not Gorenstein, and
(3) admits a non-free totally reflexive module. Then R has an exact zero divisor.

If the residue field R/m is infinite, and there is an exact zero divisor in R, then
there are infinitely many different ones; this is made precise in Theorem (7.6).
Together with a couple of other results from Section 7 this theorem yields:

(1.4) Theorem (Brauer—Thrall II). If there is an exact zero divisor in R, and
the residue field k = R/m is algebraically closed, then there exists for eachn € N a
family { M} } xex of indecomposable and pairwise non-isomorphic totally reflexive R-
modules with lengthy M} = ne for every \. Moreover, the minimal free resolution
of each module M, is periodic of period at most 2.

X ok ok

The families of modules in Theorems (1.1) and (1.4) come from a construction that
can provide such families over a general local ring, contingent on the existence of
minimal generators of the maximal ideal with certain relations among them. This
construction is presented in Section 2 and analyzed in Sections 3 and 6. To establish
the Brauer—Thrall theorems, we prove in Sections 4 and 7 that the necessary ele-
ments and relations are available in short local rings with exact zero divisors. The
existence of exact zero divisors is addressed in Sections 5, 8, and 9. In Section 10 we
give another construction of infinite families of totally reflexive modules. It applies
to certain rings of positive dimension, and it does not depend on the existence of
exact zero divisors.

2. TOTALLY ACYCLIC COMPLEXES AND EXACT ZERO DIVISORS

In this paper, R denotes a commutative noetherian ring. Complexes of R-modules
are graded homologically. A complex

aF oF
F: ««.—F ——F —5F_ | —---

of finitely generated free R-modules is called acyclic if every cycle is a boundary;
that is, the equality Kerd = Im o/, holds for every i € Z. If both F and the
dual complex Hompg(F, R) are acyclic, then F is called totally acyclic. Thus an
R-module is totally reflexive if and only if it is the cokernel of a differential in a
totally acyclic complex.

The annihilator of an ideal a in R is written (0 : a). For principal ideals a = (a)
we use the simplified notation (0 : a).
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Recall from [9] the notion of an exact zero divisor: a non-invertible element x # 0
in R is called an exact zero divisor if one of the following equivalent conditions holds.
(i) There is an isomorphism (0 : z) =& R/(z).
(#) There exists an element w in R such that (0: z) = (w) and (0 : w) = ().
(#ii) There exists an element w in R such that

(2.0.1) o—-R“RSR%SR— -

is an acyclic complex.

For every element w as above, one says that w and x form an ezact pair of zero
divisors in R. If R is local, then w is unique up to multiplication by a unit in R.

(2.1) Remark. For a non-unit z # 0 the conditions (i)—(ii¢) above are equivalent to

(iv) There exist elements w and y in R such that the sequence
R R R-5R
is exact.

Indeed, exactness of this sequence implies that there are equalities (0 : y) = ()
and (0 : ) = (w). Thus there is an obvious inclusion (y) C (w) and, therefore,
an inclusion (0 : w) C (0 : y) = (x). As z annihilates w, this forces the equality
() = (0 : w). Thus (iv) implies (%) and, clearly, (iv) follows from (ii).

Starting from the next section, we shall assume that R is local. We use the
notation (R, m) to fix m as the unique maximal ideal of R and the notation (R, m, k)
to also fix the residue field k = R/m.

A complex F of free modules over a local ring (R, m) is called minimal if one
has Im 8 C mF;_; for all i € Z. Let M be a finitely generated R-module and let
F be a minimal free resolution of M it is unique up to isomorphism. The ith Betti
number, BE(M), is the rank of the free module F;, and the ith syzygy of M is the
module Coker 87, ;.

(2.2) Remark. The complex (2.0.1) is isomorphic to its own dual, so if it is acyclic,
then it is totally acyclic. Thus if w and = form an exact pair of zero divisors in R,
then the modules (w) = R/(z) and (z) & R/(w) are totally reflexive. Moreover,
it follows from condition (iv) that a totally acyclic complex of free modules, in
which four consecutive modules have rank 1, has the form (2.0.1). This means, in
particular, that over a local ring R, any totally reflexive module M with 8f(M) = 1
for 0 < @ < 3 has the form M = R/(x), where z is an exact zero divisor. For modules
over short local rings we prove a stronger statement in Theorem (5.3).

The next lemma is folklore; it is proved for Gorenstein rings in [10].
(2.3) Lemma. Let R be local and let T' be a minimal totally acyclic complex of
finitely generated free R-modules. The following conditions are equivalent:
(i) The module Coker 8} is indecomposable for some i € Z.
(#i) The module Coker 9} is indecomposable for every i € 7Z.
In particular, every syzygy of an indecomposable totally reflexive R-module is in-

decomposable and totally reflexive.

Proof. For every i € Z set M; = Coker &7. By definition, the modules M; and
Homp(M;, R) are totally reflexive and one has M; = Hompg(Hompg(M;, R), R)
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for every i € Z. Assume that for some integer j, the module M; is indecom-
posable. For every i < j, the module M; is a syzygy of M;, and every sum-
mand of M; has infinite projective dimension, as 7" is minimal and totally acyclic.
Thus M; is indecomposable. Further, if there were a non-trivial decomposition
M; =2 K & N for some ¢ > j, then the dual module Homg(M;, R) would decom-
pose as Hompg(K, R) ® Homg(N, R), where both summands would be non-zero
R-modules of infinite projective dimension. However, Hompg(M;, R) is a syzygy of
Homp(M;, R), so Homg(M;, R) would then have a non-trivial decomposition and
so would M; = Homp(Hompg(M;, R), R); a contradiction. O

(2.4) Lemma. Let T and F be complexes of finitely generated free R-modules.
If T is totally acyclic, and the modules F; are zero for i < 0, then the complex
T ®gr F is totally acyclic.

Proof. The complex T ®p F is acyclic by [4, lem. 2.13]. Adjointness of Hom and
tensor yields the isomorphism Hompg(T ®p F, R) = Homp(F, Homg(7T, R)). As the
complex Homp (T, R) is acyclic, so is Homp (F, Homg(T, R)) by [4, lem. 2.4]. O

(2.5) Definition. For n € N and elements y and z in R with yz = 0, let L"(y, z)
be the complex defined as follows

Ln(yv Z)i = {

R for0>i>-n+1 and 82»Ln(y’z) _ {y for 7 even

0 elsewhere —z for i odd.

If w and = form an exact pair of zero divisors in R, and T is the complex (2.0.1),
then the differentials of the complex T'®p L™ (y, z) have a particularly simple form;
see Remark (2.7). In Sections 3 and 6 we study modules whose presentation ma-
trices have this form.

(2.6) Construction. Let n € N, let I,, be the n x n identity matrix, and let r;
denote its ith row. Consider the n x n matrices 1%, IS, J°, and J¢ defined by
specifying their rows as follows

i1 odd 0 ¢odd
(19); = {g Lo and  (I9); = { Lo
1 even r; 1even
i ; odd 0 ; odd
(97)i = {0 o and (I = { o
1 even Tip1 1 even

with the convention r,41 = 0. The equality I} +1I¢ =1, is clear, and the matrix
Jn, =J0 + J7 is the n x n nilpotent Jordan block with eigenvalue zero.

For elements w, z, y, and z in R let M, (w,z,y, z) be the R-module with presen-
tation matrix O, (w,z,y, z) = wl;, + I}, +yJ; +2J7; it is an upper triangular n x n
matrix with w and x alternating on the diagonal, and with y and z alternating on
the superdiagonal:

@n (w7 ‘r’ y? Z) =

Lo o o o 8
oo o8 w
O O & nw O
o8 oo
E v © oo
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For n = 1 the matrix has only one entry, namely w. For n = 2, the matrix does
not depend on z, so we set My(w,x,y) = Ma(w,z,y, z) for every z € R.

Note that if (R, m) is local and w, z, y, and z are non-zero elements in m, then
M, (w,z,y, z) is minimally generated by n elements.

(2.7) Remark. Assume that w and = form an exact pair of zero divisors in R,
and let T' be the complex (2.0.1), positioned such that 97 is multiplication by w.
Let n € N and let y and z be elements in R that satisfy yz = 0. It follows from
Lemma (2.4) that the complex T ®r L™ (y, z) is totally acyclic. It is elementary to
verify that the differential 8Z-T®RLn(y’Z) is given by the matrix 0, (w,x,y, z) for 4
odd and by ©,,(z,w, —y, —z) for i even, cf. Construction (2.6). In particular, the
module M, (w,z,y, z) is totally reflexive.

3. FAMILIES OF INDECOMPOSABLE MODULES OF DIFFERENT SIZE

With appropriately chosen ring elements as input, Construction (2.6) yields the
infinite families of modules in the Brauer—Thrall theorems advertised in Section 1.
In this section we begin to analyze the requirements on the input.

(3.1) Theorem. Let (R, m) be a local ring and assume that w and x are elements
in m\m?, that form an exact pair of zero divisors. Assume further that y and z are
elements in m\m? with yz = 0 and that one of the following conditions holds:

(a) The elements w, z, and y are linearly independent modulo m?.
(b) One has w € (z) + m? and y, z € (x) + m?.
For every n € N, the R-module M,,(w,x,y, z) is indecomposable, totally reflexive,

and non-free. Moreover, M, (w, x,y, z) has constant Betti numbers, equal to n, and
its minimal free resolution is periodic of period at most 2.

The proof of (3.1)—which takes up the balance of the section—employs an aux-
iliary result of independent interest, Proposition (3.2) below; its proof is deferred
to the end of the section.

(3.2) Proposition. Let (R,m) be a local ring, let n be a positive integer, and let
w, x, y, and z be elements in m\m?.

(a) Assume that w, x, and y are linearly independent modulo m?.
e Ifn is even, then M, (w,z,y, z) is indecomposable.
e Ifn is odd, then M, (w,z,y, z) or M, (x,w,y, z) is indecomposable.

(b) Ify ¢ (w,x)+m? and z ¢ (z)+m? hold, then M, (w,x,y, z) is indecomposable.

Proof of Theorem (3.1). Let n be a positive integer; in view of Remark (2.7),
all we need to show is that the R-module M, (w,z,y, z) is indecomposable.

(a): Assume that w, x, and y are linearly independent modulo m?. By Re-
mark (2.7) the module M, (w,z,y,z) is the first syzygy of M, (z,w,—y,—z). If
the module M, (z,w,y,z) is indecomposable, then so is the isomorphic module
M, (x,w,—y,—z), and it follows from Lemma (2.3) that M, (w,z,y,2) is inde-
composable as well. Thus by Proposition (3.2)(a) the module M, (w,z,y,z) is
indecomposable.

(b): Under the assumptions w € (z) + m? and y,z ¢ () + m?, the conditions in
Proposition (3.2)(b) are met, so the R-module M,, (w, z,y, z) is indecomposable. [
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Proof of Proposition (3.2). Let n be a positive integer and let w, x, y, and z be
elements in m\m?. It is convenient to work with a presentation matrix ®,, (w, x, vy, 2)
for M = My (w,z,y, z) that one obtains as follows. Set p = [%] and let II be the
n X n matrix obtained from I,, by permuting its rows according to

1 2 3 4 5 6 n

1 p+1 2 p+2 3 p+3 ... ép+p)’
with § = 0if nisodd and 6 = 1if niseven. Set ®,,(w,z,y,2) = 110, (w, z,y, )1~ L.
If n is even, then ®,, is the block matrix

(I)n(wax7y72) = (1;};7 i%;) )
and if n is odd, then ®,,(w,z,y, z) is the matrix obtained from ®,,;(w,z,y, z) by
deleting the last row and the last column.

To verify that M is indecomposable, assume that ¢ € Hompg (M, M) is idempo-
tent and not the identity map 15;. The goal is to show that ¢ is the zero map.
The only idempotent automorphism of M is 1;;, so € is not an isomorphism. Thus
¢ is not surjective, as M is noetherian. Set ® = ®,(w,x,y, z) and consider the
commutative diagram with exact rows

R" 25 R —— M ——0

() J @ JA J

R R M 0

obtained by lifting €. Let A = (a;;) and B be the n x n matrices obtained from A
and B by reducing their entries modulo m.

To prove that ¢ is the zero map, it suffices to show that the matrix A is nilpotent.
Indeed, if A is nilpotent, then so is the map &: M/mM — M/mM. As £ is also
idempotent, it is the zero map. Now it follows from Nakayama’s lemma that the
map 1p; — € is surjective and hence an isomorphism. As 1;; — € is idempotent, it
follows that 15; — € is the identity map 1js; that is, e = 0.

Claim. If the matrix A is upper triangular with identical entries on the diagonal,
i.e. a11 = a2 = -+ + = Gy, then it is nilpotent.

Proof. Since e is not surjective, the matrix A does not represent a surjective
map and, by Nakayama’s lemma, neither does A. Therefore, the diagonal entries
of A cannot all be non-zero, whence they are all zero, and A is nilpotent.

Denote by w, Z, 7, and Z the images of w, z, y, and z in m/m?, and let V be the
k-subspace of m/m? spanned by @, &, 7, and Z. Consider the following possibilities:

(I) The elements w, Z, §, and Z form a basis for V.
(IT) The elements Z, g, and Z form a basis for V, and kw = k& holds.
(III) The elements w, Z, and § form a basis for V.
(IV) The elements & and g form a basis for V, and one has kw = k& and 2 ¢ kz.

Under the assumptions on w, x, and y in part (a), one of the conditions (I) or (III)
holds. Under the assumptions in part (b), one of the conditions (I)-(IV) holds.
Indeed, if V' has dimension 4, then (I) holds. If that is not the case, then the
dimension of V' is 2 or 3. In case dimy V = 2, the elements z and y form a basis
for V, whereas @ and & cannot be linearly independent; thus (IV) holds. In case
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dimy V' = 3, condition (II) or (IIT) holds, depending on whether or not the equality
kw = kz holds.

The rest of the proof is split in two, according to the parity of n. To prove that
M, (w, x,y, ) is indecomposable, it suffices to prove that the matrix A is nilpotent.
This is how we proceed under each of the conditions (I), (IT), and (IV), and under
condition (IIT) when n is even. When n is odd, and condition (IIT) holds, we show
that one of the modules M,,(w,z,y, z) and M, (x,w,y, z) is indecomposable.

Case 1: n is even. Let _CT) denote the matrix obtained from ® by reducing the
entries modulo m?. Write A and B as block matrices

- A11 A12 B11 B12
A= and = ,
<A21 Ao B21 Baa
where A;; and B;; are p x p matrices with entries from k. By (1), the equality
A® = OB holds; it implies an equality of block matrices

) WA +ZA12)p JAn +TA1\ _ ( wB11 +yBar wBi2 +¢Ba
WA21 + ZA2Jp, A2 + TAg zZJpB11 +2Bo1 ZJpBi2 +2Bas )

i

Assume first that condition (I) or (III) holds, so that the elements w, &, and § are
linearly independent. Then the equality of the upper right blocks, §A11 + ZA12 =
IIJBlg + gB227 ylelds

A11 = B22 and A12 =0= B12.
From the blocks on the diagonals, one now gets
Aq1 = By, Az =0 =Bo, and  Age = Bao.

Thus the matrix A has the form (3 Aou ). Finally, the equality of the lower left
blocks yields Ai1J, = JpA11. Since J, is non-derogatory, this implies that Aq;
belongs to the algebra k[J,] of polynomials in J,. That is, there are elements
o, -+ -, Cp—1 in k such that A1 = ¢l +c1J, +- - —&—cp,ng_l; see [13, thm. 3.2.4.2].
In particular, the matrices A;; and, therefore, A are upper-triangular with identical
entries on the diagonal. By Claim, A is nilpotent as desired.
Under either condition (IT) or (IV), the elements Z and § are linearly independent,
Z is not in kz, and the equality kw = kz holds. In particular, there is an element
t # 0 in k such that tw = Z. From the off-diagonal blocks in (2) one obtains the
following relations:
Ay =B AgoJ, =J,B1n

) tA1o = Bio and Ay = tBo.

If (II) holds, then the blocks on the diagonals in (2) yield
Ay = By, Agy = Bao, and Ay =0.

Thus the matrix A has the form (Aél ﬁﬁ ), and the equality Aq1J, = J,Aq; holds.
As above, it follows that the matrices A;; and, therefore, A are upper-triangular
with identical entries on the diagonal. That is, A is nilpotent by Claim.
Now assume that (IV) holds. There exist elements r and s # 0 in k such that
Z = rZ + sy. Comparison of the blocks on the diagonals in (2) now yields
A11 + TtA12Jp = B11 AQQ = ’I“JpB12 + B22

4 an
( ) SA12Jp = B21 A21 = SJpBlg.
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Combine these equalities with those from (3) to get

A A Aqo
stJpAis Ay +rtJpArn )
It follows from the equalities
JpA12 = tilJpBlg = (St)ilAgl = 871B21 = A12Jp,

derived from (3) and (4), that the matrix A;2 commutes with J,; hence it belongs
to k[Jp]. Similarly, the chain of equalities

JpAll = JpBH — ’/‘thAngp ZJpBH — TJpBngp
:AQQJp — ’I“JpBngp = B22Jp = AllJp
shows that Aj; is in k[J,]. Thus all four blocks in A belong to k[J,]. For notational

bliss, identify k[J,] with the ring S = k[x]/(x?), where x corresponds to tJ,. With
this identification, A takes the form of a 2 x 2 matrix with entries in S:

(i 5400)
sgx  f+rgx)’

As A is not invertible, the determinant f2? 4+ frgx — sg?x belongs to the maximal
ideal () of S. It follows that f is in (), whence one has A = 0 as desired.
Case 2: nis odd. Set ¢ =p—1, where p = [§] = "7“
® takes the form
_ (wl, yH
®= (zK qu> ’

where H and K are the following block matrices H = < L > and K = (0gx1 1y).

. The presentation matrix

Notice that there are equalities O1xq
X
(5) HX = (lem> and X'K = (Om/xl X/)

for every ¢ x m matrix X and every m’ x ¢ matrix X’. Furthermore, it is straight-
forward to verify the equalities

(6) HK =], and KH = J,.
As in Case 1, write
A=(l k) e m=(5n B2)

where,Nnow, A;; and B;; are matrices of siae mi X mgj, for m; = p and my = q.
With @ as defined in Case 1, the relation A® = ®B, derived from (1), yields:
(7) (’M:JAM + %AuK qulH + %Au) _ <'L?B11 + f/I:IBm 1?312 + 271:1322) .

WA + ZA0K  gAo1H + Ao ZKB11 + 2B21  ZKBj2 + ZBg2
Assume first that condition (I) or (III) holds, so that the elements @, Z, and §
are linearly independent. From the equality of the upper right blocks in (7) one gets
(8) A11H = HB»y and Ao =0 =Bys.
In view of (5), comparison of the blocks on the diagonals now yields

Ay =Bn Ay H=0

9 and
©) By =0 Agy = Boo.
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From the first equality in (8) and the last equality in (9) one gets in view of (5)
A.22 *
10 A= ;
( ) H (01><q *)

here and in the following the symbol ‘¢’ in a matrix denotes an unspecified block
of appropriate size. To glean information from the equality of the lower left blocks
in (7), assume first that @ and Z are linearly independent. Then one has

(11) A21 =0 and A22K = KB11.
Combine this with (10) and the second equality in (8) to see that the matrix A has
the form
B Ay x 0
(12) A= leq * pxq
Ogrp | Az

The equalities
Aj1J, = A HK = HBooK = HA9K = HKBqy = J, A1

and
AnaJy = ApoKH = KBy H = KA1 H = KHBys = J,Ag,
derived from (6), (8), (9), and (11), show that Aq; is in k[J,] and Agy is in k[J,].

It follows that A is upper triangular with identical entries on the diagonal. Thus
A is nilpotent, and M, (w, z,y, z) is indecomposable. If, on the other hand, Z and
w are linearly dependent, then Z and z are linearly independent, as w and Z are
linearly independent by assumption. It follows from what we have just shown that
M, (z,w,y, z) is indecomposable.

Under either condition (IT) or (IV), the elements Z and § are linearly independent,
Z is not in kz, and the equality ko = k& holds. In particular, there is an element
t # 0 in k such that tw = &. Compare the off-diagonal blocks in (7) to get

tA12 = Bio Az =tBgy

(13) AuH=HBy ™ ALK=KBy.

If (IT) holds, then a comparison of the blocks on the diagonals in (7) combined
with (5) implies

(14) A1 =B, Aip=0=DBg;, and Ay = Bas.

It follows from (13) and (14) that the matrix Agy is zero. In view of the equality
A;1H = HByy from (13), it now follows that A has the form given in (12). Using
the equalities in (13) and (14), one can repeat the arguments above to see that Ay
is in k[J,] and Ay is in k[J,], and continue to conclude that A is nilpotent.

Finally, assume that (IV) holds. There exist elements r and s # 0 in k such that
Z = rZ + sy. Comparison of the blocks on the diagonals in (7) yields

A1 +rtA1,K =By As1H = sKBjo
(15) and
8A12K = HB21 A22 = B22 + TKBlg.

The equality sAjsK = t"'HAs;, obtained from (13) and (15), shows, in view of
(5), that the matrices Aj2 and Ag; have the following form:

A = <E> and Aoy = (0gx1 T),
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where E and I' are ¢ X ¢ matrices, and the last row of E is zero. From the equalities
in (6), (13), and (15) one gets

A21Jp = SKBng = StKAng = tKHBgl = Jqul.

From here it is straightforward to verify that I' commutes with J,; i.e. I' belongs
to k[J,]. Similarly, from the equalities

A12Jq = S_lHBng = (St)_lHAng = t_lHKB12 = JpA127

it follows that E belongs to k[J,]. Since the last row in E is zero, all entries on the
diagonal of E are zero, and the matrix is nilpotent. The first equality in (15) can

Nnow be WI‘illen as
A - B
11 11 Ole £E .

Combine this with the last equality in (13) to get

_ aii * *
A= qul A22 —rtE E
Ogx1 r | Aoy

The equalities
AllJp = HBQQK = H(AQQ - ’I‘KBlz)K = HAQQK - ’I‘HKBng
= HKB11 - TtHKA12K = JpAll

show that Ay is in k[J,], and a similar chain of equalities shows that Ags is in k[J4].
It follows that all entries on the diagonal of A are identical. Let A be the matrix
obtained by deleting the first row and first column in A and write it in block form

_ AQQ—TtE E
]

As A is not invertible, one has 0 = det A = ay1(det A). If aqq is non-zero, then A
has determinant 0; in particular, it is not invertible. Considered as a 2 x 2 matrix
over the artinian local ring k[J,], its determinant (Ags)? — rtEAss — I'E belongs to
the maximal ideal (J;). As E is nilpotent, it belongs to (J;) and hence so does Ags;
this contradicts the assumption that aq; is non-zero. If the diagonal entry aq; is
0, then the matrix Aos is nilpotent, which implies that A is nilpotent and, finally,
that A is nilpotent. O

4. BRAUER—THRALL I OVER SHORT LOCAL RINGS WITH EXACT ZERO DIVISORS

Let (R, m, k) be a local ring. The embedding dimension of R, denoted emb.dim R,
is the minimal number of generators of m, i.e. the dimension of the k-vector space
m/m?. The Hilbert series of R is the power series Hg (1) = > o= ) dimy(m?/m**1)7%

In the rest of this section (R, m) is a local ring with m® = 0. The main result,
Theorem (4.4), together with (4.1.1) and Theorem (3.1), establishes Theorem (1.1).
Towards the proof of Theorem (4.4), we first recapitulate a few facts about totally
reflexive modules and exact zero divisors.

If R is Gorenstein, then every R-module is totally reflexive; see [1, thm. (4.13)
and (4.20)]. If R is not Gorenstein, then existence of a non-free totally reflexive
R-module forces certain relations among invariants of R. The facts in (4.1) are
proved by Yoshino [19]; see also [6] for the non-graded case.
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(4.1) Totally reflexive modules. Assume that R is not Gorenstein and set
e = emb.dim R. If M is a totally reflexive R-module without free summands and
minimally generated by n elements, then the equalities

(4.1.1) lengthy M =ne  and  BRE(M)=mn foralli>0
hold. Moreover, m? is non-zero and the following hold:
(4.1.2) (0:m)=m? dimym?=e—1, and lengthR = 2e.

In particular, e is at least 3, and the Hilbert series of R is 1 +e7 + (e — 1)72.

Let k be a field. For the Gorenstein ring R = k[z]/(23), two of the relations
in (4.1.2) fail. This ring also has an exact zero divisor, #2, in the square of the
maximal ideal; for rings with embedding dimension 2 or higher this cannot happen.

(4.2) Exact zero divisors. Set e = emb.dim R and assume e > 2. Suppose that w
and z form an exact pair of zero divisors in R. As m? is contained in the annihilator
of m, there is an inclusion m? C (x), which has to be strict, as (w) = (0 : x) is
strictly contained in m. Thus z is a minimal generator of m with

2

rm =m*.
By symmetry, w is a minimal generator of m with wm = m?. Let {vy,...,ve_1,w}
be a minimal set of generators for m, then the elements zv1, ..., 2v._1 generate m2,

and it is elementary to verify that they form a basis for m? as a k-vector space. It
follows that the relations in (4.1.2) hold and, in addition, there is an equality

lengthp(z) = e.

Note that the socle (0 : m) of R has dimension e — 1 over k, so R is Gorenstein if
and only if e = 2.

(4.3) Lemma. Assume that (R, m) has Hilbert series 1+e7 + (e — 1)72 with e > 2.
For every element x € m\m? the following hold:

(a) The ideal (x) in R has length at most e.

(b) There exists an element w € m\m? that annihilates x, and if w generates
(0: z), then w and x form an exact pair of zero divisors in R.

(¢) If the equalities wr = 0 and wm = m? = zm hold, then w and x form an
exact pair of zero divisors in R.

Proof. (a): By assumption, the length of m is 2e—1. As x and e—1 other elements
form a minimal set of generators for m, the inequality 2e — 1 > lengthp(z) +e—1
holds; whence lengthp(x) is at most e.

(b): Additivity of length on short exact sequences yields

lengthp (0 : ) = length R — lengthp(z) > e,
so m? is properly contained in (0 : x); choose an element w in (0 : x)\m?2. There is
an inclusion (z) C (0 : w), and if the equality (w) = (0 : z) holds, then two length
counts yield
length (0 : w) = length R — length z(w) = lengthp(z).

Thus (x) = (0 : w) holds; hence w and z form an exact pair of zero divisors in R.

(c): As both ideals (w) and (z) strictly contain m?, the equalities length,(z) =
e = lengthp(w) hold in view of part (a). As w and x annihilate each other, simple
length counts show that they form an exact pair of zero divisors in R. (]
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(4.4) Theorem. Let (R,m) be a local ring with m® = 0 and emb.dim R > 3.
Assume that w and x form an exact pair of zero divisors in R. For every element y in
m\(w, x) there exists an element z € m\m? such that the R-modules M,,(w, z,y, 2)
are indecomposable and totally reflexive for all n € N.

Proof. By (4.2) the equalities in (4.1.2) hold for R. Let y be an element in
m\(w,r). By Lemma (4.3)(b) the ideal (0 : y) contains an element z of m\m?.
Since y is not contained in the ideal (w,z) = (w, z) + m?2, the element z is not in
() = () + m?. The desired conclusion now follows from Theorem (3.1). O

The key to the theorem is that existence of an exact zero divisor in R implies
the existence of additional elements such that the conditions in Theorem (3.1) are
satisfied. This phenomenon does not extend to rings with m* = 0.

(4.5) Example. Let F be a field and set S = F[z,y, 2]/(22, y%2,y22, 33, 2%); it is a
standard graded F-algebra with Hilbert series 1+ 37 + 572 4+ 372, and x is an exact
zero divisor in S. Set n = (x,y,2)S and let v be an element in n\((z) + n?). A
straightforward calculation shows that the annihilator (0 : v) is contained in n.

5. EXACT ZERO DIVISORS FROM TOTALLY REFLEXIVE MODULES

Let (R, m) be a local ring with m3 = 0. If R is not Gorenstein, then a cyclic totally
reflexive R-module is either free or generated by an exact zero divisor. Indeed,
if it is not free, then by (4.1.1) it has constant Betti numbers, equal to 1, so by
Remark (2.2) it is generated by an exact zero divisor in R. The next results improve
on this elementary observation; in particular, Corollary (5.4) should be compared
to Remark (2.2).

(5.1) Lemma. Let (R,m) be a local ring with m3 = 0 and let

F: Fy—F R 2F,

be an exact sequence of finitely generated free R-modules, where the homomor-
phisms are represented by matrices with entries in m. Let W be any matrix that
represents 1. For every row V,. of ¥ the following hold:

(a) The ideal t, generated by the entries of ¥,., contains m?.

(b) If dimym? is at least 2 and Hompg(F, R) is exact, then ¥,. has an entry from
m\m?, the entries in ¥,. from m\m? generate v, and mr = m? holds.

Proof. Let U and ® be the matrices for 1) and ¢ with respect to bases Bi, By,
and B_, for Fy, Fy, and F_;. For every p > 1, let {e1,...,e,} be the standard
basis for RP. The matrix ® is of size [ x m, and ¥ is of size m x n, where [, m and
n denote the ranks of F_q, Fy, and F}, respectively. We make the identifications
F_ =R Fy=R™, and F; = R", by letting B_, By, and B; correspond to the
standard bases. The map v is now left multiplication by the matrix ¥, and ¢ is
left multiplication by ®. For every 2 € m? and every basis element e; in R™ one
has ¢(ze;) = 0; indeed, ® has entries in m, the entries of xe; are in m?, and m3 = 0
holds by assumption. By exactness of F, the element xe; is in the image of ¥, and
(a) follows.

(b): Fix g € {1,...,m} and let ¥, be the gth row of ¥ = (x;;); we start by
proving the following;:
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Claim. Every entry from m? in ¥, is contained in the ideal generated by the
other entries in ¥,.

Proof. Assume, towards a contradiction, that some entry from m? in ¥, is not in
the ideal generated by the other entries. After a permutation of the columns of ¥,
one can assume that the entry z,1 is in m? but not in the ideal (242, ..., Z4,). Since
the element z41¢e, belongs to Ker ¢ = Im 1, there exist elements a; in R such that
Y(X7 aie;) = zq1eq. In particular, one has > | a;xq; = xq1, whence it follows
that a; is invertible. The n X n matrix

ay 0 0

ag 1 0
A =

a, 0 1

is invertible, as it has determinant a;. The first column of the matrix WA, which is
the first row of the transposed matrix (?A)™, has only one non-zero entry, namely
T41. As WA represents v, the matrix (WA)T represents the dual homomorphism
Hompg (¢, R). By assumption the sequence Hompg(F, R) is exact, so it follows from
part (a) that the element z4; spans m?. This contradicts the assumption that m?
is a k-vector space of dimension at least 2. This finishes the proof of Claim.

Suppose, for the moment, that every entry of ¥, is in m?. Performing column
operations on W results in a matrix that also represents v, so by Claim one can
assume that ¥, is the zero row, which contradicts part (a). Thus ¥, has an entry
from m\m?2. After a permutation of the columns of ¥, one may assume that the
entries ,1,...,o.¢ are in m\m? while Tp(t41), -+ > Trp AT€ N m2, where t is in
{1,...,n}. Claim shows that—after column operations that do not alter the first
t columns—one can assume that the entries x,(s41),..., %, are zero. Thus the
entries x,1,..., %, from m\m2 generate the ideal t.

Finally, after another permutation of the columns of ¥, one can assume that
{Zr1,...,2rs} is maximal among the subsets of {x,1,..., 2.+ } with respect to the
property that its elements are linearly independent modulo m?. Now use column
operations to ensure that the elements x,(s41y,..., % are in m2. As above, it
follows that x,1,...,2.s generate v. To verify the last equality in (b), note first
the obvious inclusion met C m?. For the reverse inclusion, let € m? and write
T = x.1b1 + - + 2505 with b; € R. If some b; were a unit, then the linear
independence of the elements z,; modulo m? would be contradicted. Thus each b;
is in m, and the proof is complete. ([l

The condition dimym? > 2 in part (b) of the lemma cannot be relaxed:

(5.2) Example. Let k be a field; the local ring R = k[, y]/(22, zy,4*) has Hilbert
series 1 4 27 4+ 72. The sequence

()

R YV gp T g, R

is exact and remains exact after dualization, but the product (z,y)z is zero.
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(5.3) Theorem. Let (R,m) be a local ring with m® = 0 and e = emb.dim R > 3.
Let x be an element of m\m?; the following conditions are equivalent.

(i) The element x is an exact zero divisor in R.

(i) The Hilbert series of R is 1+eT+ (e—1)72, and there exists an exact sequence
of finitely generated free R-modules

F: Fy—F—F 2R —F,

such that Hompg(F, R) is exact, the homomorphisms are represented by ma-
trices with entries in m, and 1) is represented by a matrix in which some row
has x as an entry and no other entry from m\m?.

Proof. If x is an exact zero divisor in R, then the complex (2.0.1) supplies the
desired exact sequence, and R has Hilbert series 1 + e + (e — 1)72; see (4.2).

To prove the converse, let ¥ = (z;;) be a matrix of size m x n that represents
1 and assume, without loss of generality, that the last row of ¥ has exactly one
entry & = T, from m\m?. By Lemma (5.1)(b) there is an equality zm = m? and,
therefore, the length of (z) is e by Lemma (4.3)(a). As R has length 2e, additivity
of length on short exact sequences yields lengthr (0 : z) = e.

Let (w;;) be an n x p matrix that represents the homomorphism Fy, — Fi;. The
matrix equality (z;;)(w;;) = 0 yields zw,; = 0 for j € {1,...,p}; it follows that
the ideal vt = (wq1, . .., Wqp) is contained in (0 : ). By Lemma (5.1)(b) some entry
w = wy is in m\m?, and there are inclusions

(1) (w) +m? Ct C(0:x).
Now the inequalities
e < lengthp((w) +m?) < lengthz(0: ) =e

imply that equalities hold throughout (1); in particular, (w) +m? = t holds. This
equality and Lemma (5.1)(b) yield wm = mr = m?; hence w and x form an exact
pair of zero divisors by Lemma (4.3)(c). O

(5.4) Corollary. Let (R,m) be a local ring with m® = 0. If R is not Gorenstein,
then the following conditions are equivalent:

(i) There is an exact zero divisor in R.

(it) For every n € N there is an indecomposable totally reflexive R-module that
is presented by an upper triangular n X n matrix with entries in m.

(#ii) There is a totally reflexive R-module without free summands that is presented
by a matrix with entries in m and a row/column with only one entry in m\m?.

Proof. Set e = emb.dim R; it is at least 2 as R is not Gorenstein. If (¢) holds,
then e is at least 3, see (4.2), so (i7) follows from Theorem (4.4). It is clear from
Lemma (5.1) that (i¢) follows from (i7). To prove that (¢iz) implies (i), let ¥ be
a presentation matrix for a totally reflexive R-module without free summands and
assume—possibly after replacing W with its transpose, which also presents a totally
reflexive module—that some row of ¥ has only one entry in m\m?. By (4.1) the
Hilbert series of R is 1+ er + (e — 1)72%, and e is at least 3, so it follows from
Theorem (5.3) that there is an exact zero divisor in R. O



BRAUER-THRALL FOR TOTALLY REFLEXIVE MODULES 17

The corollary manifests a strong relation between the existence of exact zero di-
visors in R and existence of totally reflexive R-modules of any size. A qualitatively
different relation is studied later; see Remark (8.7). These relations notwithstand-
ing, totally reflexive modules may exist in the absence of exact zero divisors. In
Section 9 we exhibit a local ring (R, m), which has no exact zero divisors, and a
totally reflexive R-module that is presented by a 2 x 2 matrix with all four entries
from m\m?. Thus the condition on the entries of the matrix in (5.4)(444) is sharp.

6. FAMILIES OF NON-ISOMORPHIC MODULES OF THE SAME SIZE

In this section we continue the analysis of Construction (2.6).

(6.1) Definition. Let (R, m,k) be a local ring. Given a subset K C k, a subset of
R that contains exactly one lift of every element in K is called a lift of K in R.

(6.2) Theorem. Let (R, m,k) be a local ring and let L be a lift of k in R. Let w,
z,y, vy, and z be elements in m\m? and let n be an integer. Assume that w and x
form an exact pair of zero divisors in R and that one of the following holds.

(a) n =2 and the elements w, x, y, and y' are linearly independent modulo m?;

(b) n = 2, the elements x, y, and y' are linearly independent modulo m?, and the
element w belongs to (z) + m?;

(c) n > 3, the elements w, x, y, and y' are linearly independent modulo m?, and
the following hold: z & (w) +m?, 2 ¢ (z) + m?, and (y,y’) C (0: 2); or

(d) n > 3, the elements x, y, and y' are linearly independent modulo m?, and the
following hold: w € (x) +m?, 2 & (x) + m?, and (y,y') C (0: 2).

Then the modules in the family {M,(w,z,\y + v, 2)}rcr are indecomposable,
totally reflexive, and pairwise non-isomorphic.

The proof of (6.2) takes up the balance of this section; here is the cornerstone:

(6.3) Proposition. Let (R, m) be a local ring and let w, x, y, y', and z be elements
in m\m?. Assume that the following hold:

2 (w)+m?, z¢((x)+m? y¢&(wz)+m? and ¢ ¢ (w,y)+m?

If @ and X\ are elements in R with 8 — A\ & m, and n > 3 is an integer, then the
R-modules M, (w,z,0y + v, z) and M,,(w,x, \y + ¢, z) are non-isomorphic.

The next example shows that the condition n > 3 in (6.3) cannot be relaxed.
(6.4) Example. Let (R, m) be a local ring with emb.dim R > 3 and assume that

2 is a unit in R. Let w, z, and y be linearly independent modulo m?, and set
y' =1y — 271z, The equality

1 1 w ¥\ (w y -2y (1 O
0 —-1)\0 =) \O x 0 -1
shows that the R-modules My (w, 2,0y +y') and Ma(w, z, —2y +y') are isomorphic.

To get a statement similar to Proposition (6.3) for 2-generated modules, it suffices
to assume that 7’ is outside the span of w, x, and y modulo m?.
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(6.5) Proposition. Let (R,m) be a local ring and let w, x, y, and y' be elements
in m\m2. Assume that one of the following conditions holds:
(a) The elements w, x, y, and y' are linearly independent modulo m?.
(b) The elements x, y, and y' are linearly independent modulo m?, and the ele-
ment w belongs to (x) + m?.

If 0 and X\ are elements in R with 8§ — X\ € m, then the R-modules M (w, z, 0y +y')
and Msy(w,x, \y +y') are non-isomorphic.

Proof. Let # and A be in R. Assume that (a) holds and that the R-modules
Ms(w,z,0y 4+ y') and Ma(w,x, Ay +3') are isomorphic. It follows that there exist
matrices A and B in GLy(R) such that the equality

A(wI® + 2I° + (Oy + y')J°) = (wI° + 21° + (\y +3')J°)B

holds; here the matrices I° = I3, I¢ = IS, and J° = J§ are as defined in Construc-
tion (2.6). The goal is to prove that § — A is in m. After reduction modulo m, the
equality above yields, in particular,

AJ°—J°B=0=0AJ° - \J°B,
and, therefore, (§ — \)J°B = 0. As the matrix B is invertible and J° is non-zero,

this implies that 8 — X is in m as desired.
If (b) holds, the desired conclusion is proved under Case 1 in the next proof. O

Proof of (6.3). Let 6 and A be elements in R and assume that M, (w, z, 0y+y’, 2)
and M, (w,z, Ay + ¢/, z) are isomorphic as R-modules. It follows that there exist
matrices A and B in GL,,(R) such that the equality

(1) AMI’+ 21+ (0y + y')J° + 2J¢) = (wI® + 2I° + Ay + y')J° + 2J°)B

holds; here the matrices I° =17, I = I7, J° = J, and J® = J; are as defined in

n’

Construction (2.6). The goal is to prove that 6 — A is in m.
Case 1: w is in (z) +m2. Under this assumption, one can write w = ra + 6,
where § € m?, and rewrite (1) as
2(r(AI° — I°B) + AI° — I°B) + y(9AJ° — \J°B)
+4/(AJ° — J°B) + 2(AJ° — J°B) = A,
where A is a matrix with entries in m?. The assumptions on w, x, y, and ¥/
imply y ¢ (z) + m? and ¥ ¢ (z,y) + m?, so the elements z, y, and y' are linearly

independent modulo m?. There exist elements v; such that vy, ..., v._3,x,y,y’ form
a minimal set of generators for m. Write

e—3
z= sx+ty+uy'+2divi,
i1

substitute this expression into (2), and reduce modulo m to get
) 0 = 7(AI° = I°B) + AI° — I°B + 3(AJ° — J°B),
4) 0=0AJ° — A\J°B + t(AJ° — J°B),
) 0=AJ°—J°B+u(AJ° — J°B), and
) 0=d;(AJ° —J°B), fori e {1,...,e—3}.
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The arguments that follow use the relations that (3)—(6) induce between the entries
of the matrices A = (ai;) and B = (bi;). With the convention ap; = 0 = by, for
h,l € {0,n+ 1}, it is elementary to verify that the following systems of equalities
hold for ¢ and j in {1,...,n} and elements f and g in R/m:

a;j —bi; i odd, j odd
(7) (AI° —1°B);; = —by; 1 odd, j even
Y Gij i even, j odd
0 7 even, ] even
0 i odd, j odd
(8) (AI° —I°B);; = Qg i odd, j even
N —bij 1 even, j odd
a;j —bi; i even, j even
9bGi+1)s i odd, j odd
AJ° °B fai j—1) — gbz P Odd7 j even
(9) (fAJ - gJ B)zg = (3-1) (i+1)g - -
0 i even, j odd
fai(j—l) 7 even, j even
@i(j-1) i odd, j odd
A B 0  odd, j
(10) (AJ? = J°B);; = Z odd, j'even
ai(j—1) — bip1); % even, j odd
—b(i+1); 1 even, j even

Each of the equalities (3)—(6) induces four subsystems, which are referred to by
subscripts ‘00’ ‘oe’, ‘e0’, and ‘ee’, where ‘00’ stands for ’i odd and j odd’ etc. For
example, (4)e refers to the equalities 0 = fa;(;_1) — Ab(i11);, for i odd and j even.

Let n > 2; the goal is to prove the equality # = \, as that implies § — A € m.
First assume d; # 0 for some i € {1,...,e — 3}, then (6) yields AJ® — J°B = 0.
From (4) and (5) one then gets

AJ° —J°B=0=0AJ° - \J°B
and thus (§ — X\)J°B = 0. As B is invertible and J° is non-zero, this yields the
desired equality § = \. Henceforth we assume d; = 0 for all i € {1...,e — 3}.

By assumption, z is not in (x) +m?2, so 4 or f is non-zero. In case # is non-zero,
(5)oo and (5)eo yield bp; = 0 for 1 < h < n. If £ is non-zero, then (4),, and
(4)eo yield the same conclusion. The matrix B is invertible, so each of its columns
contains a non-zero element. It follows that by; is non-zero, and by (3),, one has
aiy = by1. From (4),c and (5)ee One gets aj; = byo and (0 — N)ay; = 0, whence the
equality @ = X holds.

For n = 2 the arguments above establish the assertion in Proposition (6.5) under
assumption (b) ibid.

Case 2: w is not in (z) +m?. It follows from the assumption y ¢ (w,x) + m?
that w, x, and y are linearly independent modulo m?, so there exist elements v;
such that vy, ...,v._3,w,z,y form a minimal set of generators for m. Write

e—3 e—3
y’:pw+qx+ry+20ivi and z:sw+tx+uy+2divi.
i=1 i=1
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Substitute these expressions into (1) and reduce modulo m to get

(11) 0= AI°-1°B + p(AJ° — J°B) + 5(AJ° — J°B),

(12) 0=AI° —I°B + q(AJ° — J°B) + #(AJ° — J°B),

(13) 0=0AJ° — \J°B + 7(AJ° — J°B) + 4(AJ° — J°B), and
(14) 0=¢(AJ° —J°B) +d;(AJ° — J°B), foric {1,...,e—3}.

As in Case 1, set A = (a;;) and B = (b;;) so that the equalities (7)—(10) hold. The
subscripts ‘00’, ‘o€’, ‘e0’, and ‘ee’ are used, as in Case 1, to denote the subsystems
induced by (11)—(14).

Let n > 3; the goal is, again, to prove the equality § = X. In the following, h and
[ are integers in {1,...,n}. First, notice that if ¢,, # 0 for some m € {1,...,e—3},
then (14)e implies a1 = bgs and, in turn, (13),, yields (8 —A)ai; = 0. To conclude
6 = ), it must be verified that a;; is non-zero. To this end, assume first d,, = 0;
from (14)ee and (14),, one immediately gets

(15) ap1 = 0=1by, for h even.

As z is in m\m?, one of the coefficients dy, . .., d._3, 5,%, @ is non-zero. If @ or one of
di,...,d._3 is non-zero, then (13)c, or (14)e, yields by =0 for h > 1 odd. If 5or ¢
is non-zero, then the same conclusion follows from (15) combined with (11)., or with
(12)e0- Now that bp; = 0 holds for all h > 2, it follows that by is non-zero. Finally,
(11)00 yields a11 = by1, so the entry aq; is not zero, as desired. Now assume dp, #0,
then (14),0 and (14)e, immediately give by, = 0 for h > 1. As above, we conclude
that b1y is non-zero, whence a1 # 0 by (11)40. This concludes the argument under
the assumption that one of the coefficients ¢; is non-zero. Henceforth we assume
¢ =0foralli€ {1,...,e—3}; it follows that ¢ is non-zero, as y’ ¢ (w,y) +m? by
assumption.

If d; # 0 for some i € {1,...,e— 3}, then (14),, yields ajo = 0, as n is at least
3. From (12),. one gets aj; = bgo, and then (13),. implies (6 — A)a;; = 0. To see
that aq; is non-zero, notice that (14), yields bp; = 0 for A > 1 odd, while (12)4,
yields bp1 = 0 for h even. It follows that by; is non-zero, and then ai; # 0, by
(11)eo. Thus the desired equality & = X holds. This concludes the argument under
the assumption that one of the coefficients d; is non-zero. Henceforth we assume
d; =0 foralli e {1,...,e — 3}.

To finish the argument, we deal separately with the cases u # 0 and u = 0.
Assume first @ # 0. By assumption one has n > 3, so (13)eo yields age = bz, and
then it follows from (12)e, that beg is zero. From (13),, one gets ajo = 0, and then
the equality a;; = byy follows from (12)ge. In turn, (13)e. implies (@ — X)ai; = 0.
To see that a1 is non-zero, notice that there are equalities by, = 0 for A > 1 odd
by (13)eo and bp; = 0 for h even by (12),. It follows that by; is non-zero, and the
equality a;; = by; holds by (11),,. As above we conclude § = ).

Finally, assume % = 0; the assumptions z ¢ (w) + m? and 2 ¢ (z) + m? imply
that § and ¢ are both non-zero. From (13)e. and (13),, one gets:

(16) (0 +7)ap; = 0= (A+7)by; for h even.

First assume that \ + 7 is zero. If § + 7 is zero, then the desired equality § = A
holds. If @ + 7 is non-zero, then (16) gives an; = 0 for h even. Moreover, (13)qe
implies (0 + 7)an; = (A + T)b(h1)2 = 0, s0 ap1 = 0 for h odd as well, which is
absurd as A is invertible. Now assume that A + 7 is non-zero. From (16) one gets
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bp1 = 0 for h even and, in turn, (12)e, yields by = 0 for A > 1 odd. It follows that
b11 is non-zero, an(j then one has a11 # 0 by (11),,. By assumption, n is at least
3,80 (13)00 gives (A +7)bez = 0, which implies baz = 0. Now (12),, yields a1z = 0,

and then (12),c implies aj; = bga. From (13), one gets (6 — Nayp, whence the
equality 6 = A holds. O

Proof of (6.2). Under the assumptions in part (a) or (b), it is immediate from
Theorem (3.1) that the module Ms(w,z, Ay + ¢') is indecomposable and totally
reflexive for every A € R. It follows from Proposition (6.5) that the modules in the
family {Ms(w, 2, \y + ¢) }rer are pairwise non-isomorphic.

Fixn > 3. Proposition (6.3) shows that, under the assumptions in part (c) or (d),
the modules in the family {M, (w,z, \y + v, z) }xer are pairwise non-isomorphic.
Moreover, for every A € R, one has (Ay+y')z = 0, so it follows from Theorem (3.1)
the module M, (w, z, \y + ¢/, z) is totally reflexive and indecomposable. ([l

7. BRAUER—THRALL II OVER SHORT LOCAL RINGS WITH EXACT ZERO DIVISORS

In this section (R, m, k) is a local ring with m® = 0. Together, (4.1.1) and the
theorems (3.1), (7.4), (7.6), and (7.8) establish Theorem (1.4).

(7.1) Remark. Assume that R has embedding dimension 2. If there is an exact
zero divisor in R, then the Hilbert series of R is 1 + 27 + 72, and the equality
(0 : m) = m? holds; see (4.2). Therefore, R is Gorenstein, and the equality zm = m?
holds for all x € m\m?; in particular, every element in m\m? is an exact zero
divisor by Lemma (4.3)(c). On the other hand, if R is Gorenstein, then one has
Hr(t) = 1+ 27 + 72 and (0 : m) = m?. It is now elementary to verify that the
equalities length(z) = 2 = lengthz (0 : ) hold for every = € m\m?, so every such
element is an exact zero divisor in R by Lemma (4.3)(c). It follows from work of
Serre [18, prop. 5] that R is Gorenstein if and only if it is complete intersection;
thus the following conditions are equivalent:

(¢) There is an exact zero divisor in R.
(ii) Every element in m\m? is an exact zero divisor.
(iit) R is complete intersection.

In contrast, if R has embedding dimension at least 3, and k is algebraically
closed, then there exist elements in m\m? that are not exact zero divisors. This
fact follows from Lemma (7.3), and it is essential for our proof of Theorem (7.4).

(7.2) Remark. Assume that R has Hilbert series 1 + er + f72, and let = be an
element in m. The equality zm = m? holds if and only if the k-linear map from
m/m? to m? given by multiplication by z is surjective. Let =, be a matrix that
represents this map; it is an f x e matrix with entries in k, so the equality zm = m?
holds if and only if =, has rank f.

Assume that the (in)equalities f = e — 1 > 1 hold. If w and z are elements in
R with wz = 0, then they form an exact pair of zero divisors if and only if both
matrices Z, and Z,, have a non-zero maximal minor; cf. Lemma (4.3)(c).

(7.3) Lemma. Assume that (R, m, k) has Hilbert series 1 + er + f72 and that k is
algebraically closed; set n =e— f+ 1. If one has2 < f <e—1 and vg,...,v, €m
are linearly independent modulo m?, then there exist rg, ..., r, € R, at least one of

which is invertible, such that the ideal (> ,_,rnvn)m is properly contained in m?.
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Proof. Let {z1,...,2¢} be a minimal set of generators for m and let {uq,...,uys}
be a basis for the k-vector space m?. For h € {0,...,n} and j € {1,...,e} write

f
VRT; = E Ehijli 5

i=1

where the elements &y;; are in k. In the following, ¥ denotes the image in k of the
element r € R. For rg,...,r, in Rand v = ZZ:O rpun the equality vm = m? holds
if and only if the f x e matrix

By = (Z fhfhij)
ij

h=0

has rank f; see Remark (7.2). Let X be the matrix obtained from =, by replacing
70, ...,Tn with indeterminates xg,. .., Xn. The non-zero entries in X are then ho-
mogeneous linear forms in X, ..., Xn, and in the polynomial algebra k[xo, .- ., Xx]
the ideal I;(X), generated by the maximal minors of X, has height at most n; see
[2, thm. (2.1)]. As I;(X) is generated by homogeneous polynomials, it follows from
Hilbert’s Nullstellensatz that there exists a point (po, . . . , pn) in k®*\{0} such that

all maximal minors of the matrix (ZZ:O thhij)ij vanish. Let rq,...,r, be lifts of
pos- .-, pn in R, then at least one of them is not in m, and the ideal (3°}_ rpvn)m
is properly contained in m?2. O

(7.4) Theorem. Let (R, m,k) be a local ring with m® = 0, emb.dim R > 3, and
k algebraically closed. If w and x form an exact pair of zero divisors in R, then
there exist elements vy, 3/, and z in m\m?, such that for every lift £ of k\{0} in R
and for every integer n > 3 the modules in the family { M, (w,z, \y+7v', z)}rer are
indecomposable, totally reflexive, and pairwise non-isomorphic.

Proof. Assume that w and x form an exact pair of zero divisors in R. By (4.2)
the Hilbert series of R is 1+ eT + (e — 1)72, so it follows from Lemma (7.3) that
there exists an element z € m\m? such that zm is properly contained in m?. In
particular, one has length(2) < e and, therefore, lengthy(0 : z) > e by additivity
of length on short exact sequences. It follows that there exist two elements, call
them y and 7/, in (0 : 2) that are linearly independent modulo m?. The inequality
length,(z) < e implies that z is not in (w) = (w) + m? and not in (z) = (z) + m?.
If y and 3y’ were both in (w,z) = (w,z) + m?, then 2 would be in (y,%’), which is
impossible as z ¢ (w). Without loss of generality, assume y ¢ (w,z) + m?. If ¢/
were in (w,y) = (w,y) + m?, then w would be in (y,’), which is also impossible.
Now let £ be a lift of k\{0} in R and let n > 3 be an integer. It follows from
Proposition (6.3) that the modules in the family {M,(w,z, \y + ', z)}rer are
pairwise non-isomorphic.

If wis in (z) = (x) + m?, then it follows from Theorem (3.1) that the modules
in the family {M,(w,z, \y + ¥/, 2)}rcc are indecomposable and totally reflexive.
Indeed, for every A € R the element Ay + 3’ annihilates z, whence it is not in
() = (z) +m2.

If w is not in (z) = (x) +m?, then it follows from the assumption y ¢ (w, x) +m?
that w, x, and y are linearly independent modulo m?. There exist elements v; such
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that vy, ...,ve_3,w,z,y form a minimal set of generators for m. Write
e—3
v =pwtgrtry+ Y e
i=1
As yz = 0 holds and the elements y and 3’ are linearly independent modulo m?,
we may assume r = 0. For A € £, the elements w, z, and \y + 3 are linearly
independent. Indeed, if there is a relation
e—3
sw+tr +uAy +y') = (s +up)w + (t—}—uq)m—i—uAy—&—chwi €m?,
i=1
then w is in m as A ¢ m, and then s and ¢ are in m as w and z are linearly
independent modulo m?. Now it follows from Theorem (3.1) that the modules in
the family {M,,(w,z, \y + ¢/, z) } e are indecomposable and totally reflexive. O

(7.5) Remark. Assume that R has embedding dimension 3 and that m is minimally
generated by elements v, w, and x, where w and x form an exact pair of zero
divisors. Let y and 3’ be elements in m and let £ be a subset of R. It is elementary
to verify that each module in the family {Ms(w,z, \y + y')}acc is isomorphic to
either R/(w) ® R/(x) or to the indecomposable R-module My(w,z,v). Thus the
requirement n > 3 in Theorem (7.4) cannot be relaxed.

We now proceed to deal with 1- and 2-generated modules.
(7.6) Theorem. Let (R, m,k) be a local ring with m® = 0, emb.dim R > 2, and k
infinite. If there is an exact zero divisor in R, then the set
N1 ={R/(z) | x is an exact zero divisor in R}

of totally reflexive R-modules contains a subset M; of cardinality card(k), such
that the modules in M are pairwise non-isomorphic.

Proof. Assume that there is an exact zero divisor in R; then R has Hilbert series

1+er+ (e —1)72; see (4.2). Let {x1,..., 2.} be a minimal set of generators for m
and let {u1,...,uc_1} be a basis for m?. For h and j in {1,...,e} write
e—1
T = thijui,
i=1
where the elements &5 are in k. For r1,...,7. in R let 75 denote the image of 7y,

in k, and set £ = riz1 + - - - + 7ex.. The equality zm = m? holds if and only if the

(e — 1) x e matrix
e
Er = (Z Thfhij)
h=1 ij

has rank e — 1; see Remark (7.2). For j € {1,...,e} let p;(x) be the maximal
minor of =, obtained by omitting the jth column. Notice that each minor p;(x)
is a homogeneous polynomial expression in the elements 7,...,7.. The column
vector (py(x) —pa(x) - (=1)*"1ue(z))T is in the null-space of the matrix =, so
the element
w = pr ()1 — po (22 + -+ (=1) 7 pe (@)

annihilates x. Let v1(w),...,ve(w) be the maximal minors of the matrix Z,;
they are homogeneous polynomial expressions in i (z),..., t.(z) and, therefore,
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in 7y,...,7. By Remark (7.2) the elements x and w form an exact pair of zero
divisors if and only if both matrices =, and =,, have rank e — 1.

For j € {1,...,e} define p; and v; to be the homogeneous polynomials in
k[X1,---,Xe] obtained from p;(z) and v;(w) by replacing the elements 7}, by the in-
determinates xp, for h € {1,...,e}. In the projective space }P’E_l, the complement
€ of the intersection of vanishing sets Z(v1)N---NZ(v,) is an open set. No point in
€ is in the intersection Z(p1) N--- N Z(ue), as each polynomial v; is a polynomial
in p1,...,1e. Therefore, each point (p; : -+ : po) in & corresponds to an exact
zero divisor as follows. Let rq,...,7r be lifts of p1,...,p. in R; then the element
T =1Tixy + - + Trexe is an exact zero divisor. It is clear that two distinct points
in &€ correspond to non-isomorphic modules in N;. Take as M; any subset of N
such that the elements of M; are in one-to-one correspondence with the points in
£. By assumption, the set £ is non-empty, and, if k is infinite, then £ has the same
cardinality as k. |

(7.7) Remark. The modules in M; are in one-to-one correspondence with the
points of a non-empty Zariski open set in ]P’ﬁ*l. See also Remark (8.8).

(7.8) Theorem. Let (R, m, k) be a local ring with m® = 0, emb.dim R > 3, and k
infinite. If there is an exact zero divisor in R, then the set

No = { Ma(w, ,y) ‘

w, x, and y are elements in R, such that
w and x form an exact pair of zero divisors

of totally reflexive R-modules contains a subset My of cardinality card(k), such
that the modules in My are indecomposable and pairwise non-isomorphic.

Proof. Assume that there is an exact zero divisor in R and let M7 be the set of
cyclic totally reflexive R-modules afforded by Theorem (7.6); the cardinality of M1
is card(k). From M, one can construct another set of the same cardinality, whose
elements are exact pairs of zero divisors, such that for any two of them, say w, z and
w',x’, one has (z) # (2’) and (w) % (2’). Given two such pairs, choose elements
y and y' in m\m? such that y ¢ (w,z) and 3 ¢ (w’,2’). By Theorem (4.4), the
modules My (w, z,y) and My(w’,z’,y’) are indecomposable and totally reflexive.
Suppose that the R-modules Ms(w, x,y) and My (w’, 2’,y') are isomorphic; then
there exist matrices A = (a;;) and B = (b;;) in GL2(R) such that the equality

w y B w/ y/
A (O .73> - ( 0 x’) B
holds. In particular, there are equalities

a1 1w = b21(£/ and as1y + a9 = b22.’£l.

The first one shows that the entries as; and byq are elements in m, and then it follows
from the second one that ass and byy are in m. Thus A and B each have a row with
entries in m, which contradicts the assumption that they are invertible. ([l

8. EXISTENCE OF EXACT ZERO DIVISORS

In previous sections we constructed families of totally reflexive modules starting
from an exact pair of zero divisors. Now we address the question of existence of
exact zero divisors; in particular, we prove Theorem (1.3); see Remark (8.7).
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A local ring (R,m) with m® = 0 and embedding dimension 1 is, by Cohen’s
Structure Theorem, isomorphic to D/(d?) or D/(d?), where (D, (d)) is a discrete
valuation domain. In either case, d is an exact zero divisor. In the following we
focus on rings of embedding dimension at least 2.

(8.1) Remark. Let (R,m) be a local ring with m3 = 0. It is elementary to verify
that elements in m annihilate each other if and only if their images in the associated
graded ring gr,, (R) annihilate each other. Thus an element x € m is an exact zero
divisor in R if and only if € m/m? is an exact zero divisor in gr,, (R).

Let (R,m,k) be a standard graded k-algebra with m® = 0 and embedding di-
mension e > 2. Assume that there is an exact zero divisor in R; by (4.2) one has
Hr(7) =1+ er + (e — 1)72. If e is 2, then it follows from [17, Hilfssatz 7] that R
is complete intersection with Poincaré series

. 1 1
R i
g B (k)T = = ;
i=0 sl 1-274+72 Hg(-7)

hence R is Koszul by a result of Lofwall [15, thm. 1.2]. If e is at least 3, then
R is not Gorenstein and, therefore, R is Koszul by [6, thm. A]. It is known that
Koszul algebras are quadratic, and the goal of this section is to prove that if k
is infinite, then a generic quadratic standard graded k-algebra with Hilbert series
1+ e7 + (e — 1)72 has an exact zero divisor.

Recall that R being quadratic means it is isomorphic to k[z1,...,z.]/q, where
q is an ideal generated by homogeneous quadratic forms. The ideal q corresponds
to a subspace V' of the k-vector space W spanned by {z;z; |1 <i<j <e}. The
dimension of W is m = @, and since R has Hilbert series 1+ e7+ (e —1)72, the
ideal ¢ is minimally generated by n = # quadratic forms; that is, dimy V' = n.
In this way, R corresponds to a point in the Grassmannian Grassy(n,m).

(8.2) Definition. Let e > 2 be an integer and set Gx(e) = Grassk(n,m), where

n = % and m = w Points in Gi(e) are in bijective correspondence with

k-algebras of embedding dimension e whose defining ideal is minimally generated

by n homogeneous quadratic forms. For a point 7 € Gy(e) let R, denote the

corresponding k-algebra and let 9t; denote the irrelevant maximal ideal of R,.

Notice that Hp, (7) has the form 1+e7+ (e —1)72 4>, hy7" for every m € Gi(e).
Consider the sets

E(e) = {7 € Gk(e) | there is an exact zero divisor in R, } and
Hi(e) = {7 € Gle) | Hr, (1) =1+ et + (e —1)7*}
and recall that a subset of Gy(e) is called open, if it maps to a Zariski open set
under the Pliicker embedding Gy(e) < P, where N = () — 1.
The sets E(e) and Hi(e) are non-empty:
(8.3) Example. Let k be a field and let e > 2 be an integer. The k-algebra
K. .. z.]
(@) + (wiz; [2<i<j<e)
is local with Hilbert series 1+ e1+ (e —1)72. One has (0 : z1) = (z1); in particular,
1 is an exact zero divisor in R.

R:
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(8.4) Theorem. For every field k and every integer e > 2 the sets E(e) and Hy(e)
are non-empty open subsets of the Grassmannian Gy(e).

The fact that Hx(e) is open and non-empty is a special case of [11, thm. 1]; for
convenience a proof is included below.

Recall that a property is said to hold for a generic algebra over an infinite field if
there is a non-empty open subset of an appropriate Grassmannian such that every
point in that subset corresponds to an algebra that has the property.

(8.5) Corollary. Let k be an infinite field and let e > 2 be an integer. A generic
standard graded k-algebra with Hilbert series 1 + et + (e — 1)72 has an exact
zero divisor.

Proof. The assertion follows as the set E(e) NHi(e) is open by Theorem (8.4) and
non-empty by Example (8.3). O

(8.6) Remark. Let (R, m) be a local ring. Following Avramov, Iyengar, and Sega
(2008) we call an element z in R with 22 = 0 and am = m? a Conca generator of m.
Conca proves in [7, sec. 4] that if k is algebraically closed, then the set

Ck(e) = {7 € Gk(e) | there is a Conca generator of M, }
is open and non-empty in Gy(e).

If m? is zero, then it follows from Lemma (4.3)(c) that an element z is a Conca
generator of m if and only if the equality (0 : ) = (z) holds. In particular, there is
an inclusion

Ck(e) N Hi(e) C Ek(e) N Hi(e).
If k is algebraically closed, then it follows from Conca’s result combined with The-

orem (8.4) and Example (8.3) that both sets are non-empty and open in Gy(e); in
the next section we show that the inclusion may be strict.

(8.7) Remark. Let (R,m,k) be a local k-algebra with m3 = 0 and assume that
it is not Gorenstein. If R admits a non-free totally reflexive module, then it has
embedding dimension e > 3 and Hilbert series 1+ er + (e — 1)7%; see (4.1). Set

Te(e) = {7 € H«(e) | Rr admits a non-free totally reflexive module }.
We do not know if this is an open subset of Gy(e), but it contains the non-empty
open set Ek(e) N Hy(e); hence the assertion in Theorem (1.3).

Proof of (8.4). Let k be a field, let e > 2 be an integer, and let S denote the stan-

dard graded polynomial algebra k[z1,...,z.]. Set N = (ZL) — 1, where m = @

and n = # The Pliicker embedding maps a point 7 in the Grassman-
nian Gy(e) to the point (ug(w) : -+ : puy (7)) in the projective space PY, where
to(m), ..., py(m) are the maximal minors of any m x n matrix II corresponding

to w. The columns of such a matrix give the coordinates, in the lexicographically
ordered basis B = {z;x; | 1 <i<j<e} for Sy, of homogeneous quadratic forms
q1,---,qn. The algebra R, is the quotient ring S/(q1,. .., qn)-

The sets E(e) and Hi(e) are non-empty by Example (8.3). Let Z be an m x n
matrix of indeterminates and let xq,..., xn denote the maximal minors of Z. We
prove openness of each set & (e) and H(e) in Gy (e) by proving that the Pliicker em-
bedding maps it to the complement in P¥ of the vanishing set for a finite collection
of homogeneous polynomials in k[xg, ..., xN]-
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Openness of E(e). Let m be a point in Gy(e), let II be a corresponding matrix,
and let q be the defining ideal for R = R,. For a linear form ¢ = ayz1 + - - - + aex,
in S, let [ denote the image of £ in R. For i € {1,...,e} let [x;¢] denote the column
that gives the coordinates of x;¢ in the basis B. Multiplication by [ defines a k-
linear map from R; to R,. By assumption, one has dimy Ry = dimy R; — 1, so the
equality [Ry = Ry holds if and only if [ is annihilated by a unique, up to scalar
multiplication, homogeneous linear form in R. Set

Be=(z2f] | [z20] | -~ | [wel] | D)5

it is an m x (m 4 1) matrix with entries in k. The equality [R; = Ry holds if and
only if the equality £514q2 = Ss holds, and the latter holds if and only if the matrix
Z¢ has maximal rank. For i € {1,...,m + 1} let v;(¢) denote the maximal minor
obtained by omitting the ith column of =y. The columns of II are linearly inde-
pendent, so =y has maximal rank if and only if one of the minors v4(¢), ..., v.(¢) is
non-zero. Notice that each of the minors v (£),...,v.(f) is a polynomial expression
of degree e—1 in the coefficients a1, .. ., ae of £ and linear in the Pliicker coordinates
p1(m), ..., pn (7). The column vector (v (€) —vo(f) -+ (—=1)™vpme1 ()T is in the
null-space of the matrix =y, so the element

(& e
{(Z(_l)i—lyi(ﬁ)xi)f] = Z(_l)i_ll/i(g)[xif]
i=1 i=1
is in the column space of the matrix II. Set ¢/ = > (—1)""'v;(€)z;; it follows
that ¢'¢ belongs to the ideal g, so one has I'l = 0 in R. By the discussion above,
[ is the unique, up to scalar multiplication, annihilator in Ry of I’ if and only if
one of the maximal minors v (¢'),...,v.(¢') of Zp is non-zero. Moreover, if one
of v1(¢'),...,v.(¢') is non-zero, then also one of the minors v (£),...,v.(¢) is non-
zero by the definition of ¢. Thus [ is an exact zero divisor in R if and only if one
of 11 (¢),...,ve(¢") is non-zero. Notice that each of these minors is a polynomial
expression of degree e in g (7), ..., un(7) and degree (e — 1)% in ay, ..., a.

Let (1, ..., be indeterminates and set L = (321 +-- -+ (cx.. Fori € {1,... e}
let v; denote the maximal minor of the matrix

([eaL] | [w2L] | -+ | [z L] | Z),
obtained by omitting the ith column. Each minor v; is a polynomial of degree e — 1
in the indeterminates (i, ..., (. and linear in xo,...,xn. Fori € {1,... e} set
Fy=vi(v1, —va, ..., (=1)tu,);
each Fj; is a polynomial of degree (e—1)%in (1, ..., (. and of degree e in xo, ..., XN-
Consider Fi,..., F. as polynomials in (1, ..., (. with coefficients in k[xo, .., xn~],

and let P denote the collection of these coefficients. The algebra R has an exact
zero divisor, i.e. the point 7 belongs to & (e), if and only if one of the polynomials
F; in the algebra (k[xo, ..., x~])[C1,---,Cc] is non-zero, that is, if and only if the
Pliicker embedding maps 7 to a point in the complement of the algebraic variety

) 2P cPy.
Pep

Openness of Hy(e). Let m be a point in Gk(e), let IT be a corresponding matrix,
and let ¢ = (¢1,...,¢n) be the defining ideal for R;. Clearly, = belongs to the
subset Hy(e) if and only if the equality S1q2 = S5 holds. Set ¢ = (e'§2) and take as
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k-basis for S5 the ¢ homogeneous cubic monomials ordered lexicographically. For a
homogeneous cubic form f € Ss, let [f] denote the column that gives its coordinates
in this basis. The equality S1q2 = S5 holds if and only if the ¢ x ne matrix

E=(lna] [ [z1ge] | -+ [ [21ga] | [z2@1] | -+ | [2egn] )

has maximal rank, i.e. rank ¢ as one has ¢ < ne. Set

E=([o1(aD)] | [or(@az)] [ - [ o (@)] | [z2@D)] |- | [we(@d)] )

it is a ¢ X me matrix, and each column of E is identical to a column in the ¢ X ¢
identity matrix I.. In particular, E has entries from the set {0,1}. Let A be the
matrix I1%€, that is, the block matrix with e copies of II on the diagonal and 0
elsewhere; it is a matrix of size me x ne. It is straightforward to verify the equality
E = EA. Set g = ne—c and let C denote the collection of all subsets of {1,...,me}
that have cardinality g. For i € {1,...,me} let r; denote the ith row of the identity
matrix I,e. For each v = {t1,...,t,} in C set

Tt

it is an ne x me matrix with entries from the set {0,1}.

Claim. The matrix Z has maximal rank if and only if there exists a v € C such
that E,A has non-zero determinant.

Proof. Assume that the ne x ne matrix E,A has non-zero determinant. One
can write the determinant as a linear combination with coefficients in {—1,0,1} of
the c-minors of the submatrix EA, so = = EA has maximal rank. To prove the
converse, assume that EA has maximal rank, i.e. rank ¢. The matrix A has maximal
rank, ne, so the rows of A span k™. Therefore, one can choose v = {t1,...,t4} in
C such that rows number ¢1,...,t, in A together with the rows of EA span k™°.
That is, the rows of E;A span k¢, so the determinant of E,A is non-zero.

The determinants P, = det (E,Z%°), for v € C, yield (";e) homogeneous poly-
nomials of degree e in k[xg,...,Xxn]- Under the Pliicker embedding, 7 is mapped
to a point in the complement of the algebraic variety

) 2(p) By
yel

if and only if det (E,II%¢) is non-zero for some v € C. By Claim such a v exists if
and only if = has maximal rank, that is, if and only if 7 belongs to Hy(e). O

(8.8) Remark. Let (R, m, k) be a local k-algebra with m3 = 0. The argument that
shows the openness of &(e) yields additional information. Namely, if there is an
exact zero divisor in R, then one of the polynomials F; in the variables (i, ..., (. is
non-zero, and every point in the complement of its vanishing set Z(F;) C Pﬁ_l cor-
responds to an exact zero divisor. Thus if k is infinite, then a generic homogeneous
linear form in R is an exact zero divisor.
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9. SHORT LOCAL RINGS WITHOUT EXACT ZERO DIVISORS—AN EXAMPLE

Let k be a field; set
R = K[s,t,u,v]/(s*, sv,t? tv,u*, uv,v? — st — su) and m = (s,t,u,v)R.

Conca mentions in [7, Example 12] that although R is a standard graded k-algebra
with Hilbert series 1+ 47 + 372 and (0 : m) = m?, empirical evidence suggests that
there is no element x € R with (0 : ) = (z); that is, there is no Conca generator
of m. Proposition (9.1) confirms this, and together with Proposition (9.2) it exhibits
properties of R that frame the results in the previous sections. In particular, these
propositions show that non-free totally reflexive modules may exist even in the
absence of exact zero divisors, and that exact zero divisors may exist also in the
absence of Conca generators.

. roposition. The following hold for the k-algebra R.
9.1) P iti The following hold for the k-algebra R
(a) There is no element x in R with (0: x) = ().

(b) If k does not have characteristic 2 or 3, then the elements s+t + 2u — v and
3s 4+t — 2u + 4v form an exact pair of zero divisors in R.

(¢) Assume that k has characteristic 3. If ¥ € k is not an element of the prime
subfield F3, then the element (1 — ¥)s + ¥t + u + v is an exact zero divisor
in R. If k is F3, then there are no exact zero divisors in R.

(d) If k has characteristic 2, then there are no exact zero divisors in R.

(9.2) Proposition. The R-module presented by the matrix

( t —t+u-— ’U)

(b =

t+u—v s+u

is indecomposable and totally reflexive, its first syzygy is presented by

U —t4+v 2s4+t—u+2v
T\ t+u s—u4+v ’

and its minimal free resolution is periodic of period 2.

Proof of (9.1). For an element z = as + St + yu + dv in m we denote the images
of a, 8,7, and § in R/m =k by a, b, ¢, and d. For z and 2’ = o’s+ 't + y'u+ §'v
the product 2z’ can be written in terms of the basis {st, su,tu} for m? as follows:
(1) xz' = (ab' + ba’ + dd')st + (ac’ + ca’ + dd')su + (bc’ + cb')tu.

The product zm is generated by the elements xs = bst + csu, xt = ast + ctu,

ru = asu + btu, and zv = dst + dsu. By Remark (7.2) the equality 2zm = m? holds
if and only if the matrix

b a 0 d
E.=1]lc 0 a d
0 ¢c b O
has a non-zero 3-minor; that is, if and only if one of

) w1 (z) = —2abe, o (x) = cd(c —b),
) paw) =bd(c—b), and  jua(x) = —ad(c + b)
is non-zero. Thus elements x and 2’ with zz’ = 0 form an exact pair of zero divisors

if and only if one of the minors p;(x), ..., ps(x) is non-zero, and one of the minors
w1 (2, ..., pa(z’) of the matrix =,/ is non-zero.
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(a): For the equality (0 : x) = (z) to hold,  must be an element in m\m?. If
T = as + Bt + yu + dv satisfies 22 = 0, then (1) yields

2ab+d?> =0, 2ac+d*>=0, and 2bc=0.

It follows that b or c is zero and then that d is zero. Thus each of the minors
p1(x), ..., ua(z) is zero, whence x does not generate (0 : x).

(b): For the elements x = s+t+2u—v and 2’ = 3s+¢—2u+4wv, it is immediate
from (1) that the product zz’ is zero, while (2) yields ps(z) = —1 and p;(2’) = 12.
If k does not have characteristic 2 or 3, then pq(z’) is non-zero, so z and z’ form
an exact pair of zero divisors in R.

(c): Assume that k has characteristic 3. If k properly contains F3, then choose
an element ¥ € k\Fs and set

r=(1-9)s+9t+u+w.
Observe that ps(z) =1 — 9 is non-zero. If 4 is not a 4th root of unity, set
= 1+0)s+t—9u—(1+9%)w,

and note that the minor sz (z') = 9(1+9)(1+9?) is non-zero. From (1) one readily
gets zx’ = 0, so x and z’ form an exact pair of zero divisors. If ¥ is a 4th root of
unity, then one has 92 = —1. Set

2 = (1 —=19)s+t+9u—v;

then the minor ps(z’”) = ¥(1 — ¢) is non-zero, and it is again straightforward to
verify the equality zz” = 0. Therefore, z and =" form an exact pair of zero divisors.

Assume now k = F3 and assume that the elements x = as + St + yu + dv and
2 = a's+p't+~'u+ v form an exact pair of zero divisors in R. One of the minors
w1 (), ..., ua(z) is non-zero, and one of the minors u(z'), ..., ua(z’) is non-zero,
so it follows from (2) that abe or d is non-zero and that a’b’'¢’ or d’ is non-zero.

First assume dd’ # 0; we will show that the six elements a,a’, b, b, c, ¢ are non-
zero and derive a contradiction. Suppose b = 0, then (1) yields ¢b’ = 0 and ab’ # 0,
which forces ¢ = 0. This, however, contradicts the assumption that one of the
minors p1(x),. .., ua(x) is non-zero, cf. (2). Therefore, b is non-zero. A parallel
arguments show that ¢ is non-zero, and by symmetry the elements b’ and ¢’ are
non-zero. Suppose a = 0, then it follows from (1) that o’ is non-zero, as dd’ # 0 by
assumption. However, (1) also yields

alt/ =) =d (c—b),

so the assumption a = 0 forces ¢ = b, which contradicts the assumption that one of

the minors pi(x),..., ps(x) is non-zero. Thus a is non-zero, and by symmetry also
a’ is non-zero. Without loss of generality, assume a = 1 = @/, then (1) yields

(3) bV+b=c+c and bd+cb =0.

Eliminate ' between these two equalities to get

(4) b(cd' —¢)+c(d +¢)=0.

As c and ¢ are non-zero elements in F3, the elements ¢’ — ¢ and ¢’ + ¢ are distinct,
and their product is 0. Thus one and only one of them is 0, which contradicts (4)
as both b and ¢ are non-zero.

Now assume dd’ = 0. Without loss of generality, assume that d is zero, then abc
is non-zero. It follows from (2) that the elements o', b’, and ¢’ cannot all be zero,
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and then (1) shows that they are all non-zero. Thus all six elements a,a’, b, b, ¢, ¢/
are non-zero, and as above this leads to a contradiction.

(d): Assume that k has characteristic 2 and that the elements x = as+St+yu+ov
and 2’ = o’s+ 't ++'u+6"v form an exact pair of zero divisors in R. From (2) one
getsd £ 0,d #0,b# ¢, and b/ # ¢/. Arguing as in part (¢), it is straightforward to
verify that the six elements a,a’,b,V’, ¢, ¢’ are non-zero. Without loss of generality,
assume ¢ = 1 = a’. From (1) the following equalities emerge:

b4+b+dd =0, ¢ +c+dd =0, and b +cb =0.

The first two equalities yield b’ + b # 0 and ¢’ + ¢ # 0. Further, elimination of dd’
yields b = b+ ¢ + ¢’. Substitute this into the third equality to get

b(c +¢)+ce(d +¢)=0.

As ¢’ + ¢ is non-zero this implies b = ¢, which is a contradiction. O
Proof of (9.2). It is easy to verify that the products ®¥ and ¥® are zero, whence
F: >R R2
is a complex. We shall first prove that F' is totally acyclic. To see that it is acyclic,
one must verify the equalities Im ¥ = Ker ® and Im ® = Ker ¥. Assume that the
element (j,) is in Ker ®. It is straightforward to verify that m?R? is contained in
the image of ¥, so we may assume that z and 2’ have the form x = as+ bt +cu+dv
and 2’ = a’s+b't+cu+d'v, where a,b,c,d and o/, b, ¢/, d’ are elements in k. Using
that {st, su,tu} is a basis for m?, the assumption @(j,) = 0 can be translated into

the following system of equations

a—a —d
a —d

0= c+b -
a—d+b
a—d+a +c
b+c+V

From here one derives, in order, the following identities
a=d, a=2d, d=2d +V,

which immediately yield (%) = ¥(
Similarly, it is easy to check that m?

1 z\ [ as+bt+cu+dv

(L) (z’) N (a’s+b’t+c’u+d’v>’

where a,d’, ..., d,d are elements in k, one finds that \II(;C,) = 0 implies (;”,) = <I>(Zl,)
This proves the equality Im ® = Ker W, so F' is acyclic. The differentials in the dual
complex Homp(F, R) are represented by the matrices ®T and UT. One easily checks
the inclusions m?2R? C Im®T and m?R? C Im UT. Moreover, for an element of the

form (1) one finds
T(?) =0 implies (%) =w"(,",) and
gT (j,) =0 implies (f,) =T (_b/).

=—a 4V, c=—-ad, and b=d -V,

This proves the equality Im ¥ = Ker ®.

C/
b/
a’) :
R? is contained in Im ®, and for an element
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This proves that also Hompg(F, R) is acyclic, so the module, M, presented by ®
is totally reflexive. Moreover, the first syzygy of M is presented by ¥, and the
minimal free resolution of M is periodic of period 2.

To prove that M is indecomposable, assume that there exist matrices A = (a;;)
and B = (b;;) in GL2(R), such that A®B is a diagonal matrix; i.e. the equalities

@) 0 = (a12b22)s + ((a11 + a12)biz — a11b22)t + (a12b12 + (a11 + a12)ba2)u

— (a12b12 + a11ba2)v

0 = (ag2ba1)s + ((a21 + a22)bi1 — a21b21)t + (ag2bi1 + (@21 + ag2)bor)u

®) — (agebi1 + az1ba1)v

hold. As the matrices A and B are invertible, neither has a row or a column with
both entries in m. Since the elements s, ¢, u, and v are linearly independent modulo
m?, it follows from (2) that ajsbss is in m. Assume that ais is in m, then a;; and
age are not in m. It also follows from (2) that aj2bi2 + a11b99 is in m, which forces
the conclusion by € m. However, this implies that bsp is not in m, so assb21 is not
in m which contradicts (3). A parallel argument shows that also the assumption
bao € m leads to a contradiction. Thus M is indecomposable. O

10. FAMILIES OF NON-ISOMORPHIC MODULES OF INFINITE LENGTH

Most available proofs of the existence of infinite families of totally reflexive modules
are non-constructive. In the previous sections we have presented constructions
that apply to local rings with exact zero divisors. In [12] Holm gives a different
construction; it applies to rings of positive dimension which have a special kind of
exact zero divisors. Here we provide one that does not depend on exact zero divisors.

(10.1) Construction. Let (R, m) be a local ring and let s = {z1,...,2.} be a
minimal set of generators for m. Let N be a finitely generated R-module and let
N7 be its first syzygy. Let FF — N be a projective cover, and consider the element

£&: 0— N S5 F—N-—0

in Exth(N,Ny). Fori € {1,...,e} and j € N recall that z¢ is the second row in
the diagram

£: 0 N, ———F N 0
. J ’w(i,j) J
zle: 0 N, plisg) N 0,

where the left-hand square is the pushout of ¢ along the multiplication map xf . The
diagram defines P(*9) uniquely up to isomorphism of R-modules. Set

P(x;N)={P) |1<i<e jeN}
note that every module in P(5¢; N) can be generated by Bt(N) + 37 (N) elements.
(10.2) Lemma. Let (R,m) be a local ring and let N be a finitely generated R-
module. If, for some minimal set » = {x1,...,x.} of generators for m, the set

P(s; N) contains only finitely many pairwise non-isomorphic modules, then the
R-module Ext}(N, N1) has finite length.
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Proof. Let » = {x1,...,2.} be a minimal set of generators for m and assume
that P(3¢; N) contains only finitely many pairwise non-isomorphic modules. Given
an index ¢ € {1,...,e}, there exist positive integers m and n such that the mod-

ules P and P47+ are isomorphic. Since z"™¢ equals 27 (2*¢), the mo-
dule PUn+m) comes from the pushout of w(®™) along the multiplication map x
cf. Construction (10.1). Thus there is an exact sequence

0— Ny 5 Ny @ PO — plimtm) g

where a = (xf —w(ivm)). It follows from the isomorphism P(m) =~ p(intm)
and Miyata’s theorem [16] that this sequence splits. Hence, it induces a split
monomorphism

E 1 Ext};{(N,a) 1 1 (i,m)
xtL (N, Ny) ExtL (N, Ny) @ Ext} (N, PGm).,

Let 8 be a left-inverse of Ext}%(N ,a), set m; = m and notice that the element
2" ¢ = BExtp(N, a)(z]"¢) = 8 (z}7™¢ 0) = 27 T™ B (€ 0)

belongs to m™ ™ ExthL (N, Ny).

For every index i € {1,...,e} let m; be the positive integer obtained above. With
h =my + --- + m, there is an inclusion m" ExtR(N, N;) € m ! Extk(N, Ny), so
Nakayama’s lemma yields m” Exty (N, N;) = 0. O

(10.3) Theorem. Let (R, m) be a local ring and let s = {x1,...,2.} be a minimal
set of generators for m. If there exists a totally reflexive R-module N and a prime
ideal p # m such that N, is not free over Ry, then the set P(s¢; N) contains infinitely
many indecomposable and pairwise non-isomorphic totally reflexive R-modules.

Proof. It follows from the assumptions on N that every module in the set P(5¢; N)
is totally reflexive and that the R-module Extk (N, N;) has infinite length, as its
support contains the prime ideal p # m. By (10.2) the set P(5; N) contains
infinitely many pairwise non-isomorphic modules. Every module in P(>¢; N) is
minimally generated by at most 3f(N) + B (N) elements; see Construction (10.1).
Therefore, every infinite collection of pairwise non-isomorphic modules in P(3; N)
contains infinitely many indecomposable modules. O
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