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The Krull-Schmidt Theorem tells us that over a complete local ringR a finitely generatedR-
module can be written as a finite direct sum of indecomposableR-modules in an essentially
unique way, i.e., the same number of terms must be used and after reordering the terms are
isomorphic in pairs. The current article investigates when this property holds in the non-complete
case and records some measures of failure when it does not hold.

Specifically, letR be a reduced, one-dimensional, equicharacteristic, local ring with perfect
residue of characteristic not 2, 3, or 5. Further, assume thatR has finite Cohen-Macaulay
type, i.e., up to isomorphism there are only finitely many indecomposable maximal Cohen-
Macaulay (MCM) modules. The presence of a Krull-Schmidt property forR depends uponm :=
#Spec(R̂)−#Spec(R), which is either 0, 1, or 2. Whenm = 0, unique decompositions exist for
MCM modules. Whenm = 1, one class of rings has the Krull-Schmidt property for MCM mod-
ules while the other classes have a weaker property, that the number of indecomposable MCM
modules used in a decomposition is unique. Neither property holds whenm = 2.

When the Krull-Schmidt property fails to hold, the author uses elasticity to measure the failure.
Roughly, elasticity measures how large the ratio between the longest and shortest decompositions
can become for all modules. When elasticity for MCM modules equals 1, the decompositions into
indecomposables may not be unique, but the number of terms used for each MCM module will be
unique.

The second important result of the article addresses elasticity and includes results for all finitely
generated modules. Whenm = 1, the earlier result says that elasticity is 1 for MCM modules, but
elasticity in general is unbounded for finitely generated modules. Whenm = 2, elasticity is3

2 for
MCM modules and unbounded for general finitely generated modules.

The proofs of these results depend upon explicit computations of presentations of the comple-
tions of the rings studied and the MCM modules over these complete rings. (Many of these results
were proved in [R. Wiegand, Ark. Mat.29 (1991), no. 2, 339–357;MR1150382 (93d:13020); G.-
M. Greuel and H. Kn̈orrer, Math. Ann.270(1985), no. 3, 417–425;MR0774367 (86d:14025); Y.
Yoshino,Cohen-Macaulay modules over Cohen-Macaulay rings, Cambridge Univ. Press, Cam-
bridge, 1990;MR1079937 (92b:13016)].) The MCM modules in the non-complete case are then
studied as a submonoid of the monoid of MCM modules over the completion ofR.

Reviewed byGeoffrey D. Dietz
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Hautes Etudes Sci. Publ. Math 24 (1965) 5–231.MR0199181 (33 #7330)

9. E.G. Evans, Krull-Schmidt and cancellation over local rings, Pacific J. Math 46 (1973) 115–
121.MR0323815 (48 #2170)
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