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The zeros of a finite-dimensional system can be characterised in terms of the eigenvalues of an operator on the
largest closed feedback-invariant subspace. This characterisation is also valid for infinite-dimensional systems,
provided that a largest closed feedback-invariant subspace exists. We generalise this characterisation of the zeros
to the case when the largest closed feedback-invariant subspace does not exist. We give an example which shows
that the choice of domain of the operator on this invariant subspace is crucial to this characterisation.
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1. Introduction

The importance of the poles of a transfer function to

system dynamics are well known. The zeros of the

transfer function are also important to controller

design e.g. Doyle, Francis, and Tannenbaum (1992)

and Morris (2001). For example, the poles of a system

controlled with a constant feedback gain move to the

zeros of the open-loop system as the gain increases.

Furthermore, regulation is only possible if the zeros of

the system do not coincide with the poles of the signal

to be tracked. Another example is sensitivity reduction

– arbitrary reduction of sensitivity is only possible if all

zeros lie in the open left-half-plane.
There are a number of ways to define the zeros of

a system; for systems with a finite-dimensional state

space all these definitions are equivalent. However,

systems with delays or partial differential equation

models have state space representations with an infinite-

dimensional state space. Since the zeros are often not

accurately calculated by numerical approximations

(Lindner, Reichard, and Tarkenton 1993; Clark 1997;

Cheng and Morris 2003; Grad and Morris 2003) it is

useful to obtain an understanding of their behaviour in

the original infinite-dimensional context. Extensions

from the finite-dimensional situation are complicated

not only by the infinite-dimensional state space but also

by the unboundedness of the generator A. There are

results on the zero behaviour of infinite-dimensional

systems; see in particular the book Zwart (1989) and the

recent papers Jacob, Morris, and Trunk (2007) and

Morris and Rebarber (2007). However, a complete

picture of the zeros of linear infinite-dimensional

systems and how the several definitions of zeros relate
has not been obtained (Zwart 1999).

Let X be a Hilbert space with inner product h�, �i.
Let A be the infinitesimal generator of a C0-semigroup
T(t) on X, and let b and c be elements of X. We
consider the following system on X:

_xðtÞ ¼ AxðtÞ þ buðtÞ, xð0Þ ¼ x0, ð1Þ

with the observation

yðtÞ ¼ CxðtÞ :¼ hxðtÞ, ci: ð2Þ

We sometimes refer to this system as (A, b, c) and for
an operator K will write Aþ bK to indicate AþBK
where B is the operator defined by Bu¼ bu. The
transfer function for this system is G(s)¼hR(s,A)b, ci,
where R(s, A) :¼ (sI�A)�1.

Definition 1.1: The invariant zeros of (1), (2) are the
set of all � such that

�I� A b
C 0

� �
x
u

� �
¼

0
0

� �
ð3Þ

has a solution for some scalar u and non-zero x2D(A).

Definition 1.2: The transmission zeros of (1.1), (1.2)
are the zeros of the transfer function.

As for finite-dimensional systems, every transmis-
sion zero is an invariant zero. Also if an invariant zero
z2 �(A), then z is a transmission zero (Pohjolainen
1981).

Invariant subspaces are one of the most funda-
mental ways to characterise the zeros of a system. The
following definitions of invariance are standard (Zwart
1989), except that we do not restrict Z to being closed,
for reasons that will become apparent.

*Corresponding author. Email: kmorris@uwaterloo.ca

ISSN 0020–7179 print/ISSN 1366–5820 online

� 2010 Taylor & Francis

DOI: 10.1080/00207179.2010.534177

http://www.informaworld.com

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
U
n
i
v
e
r
s
i
t
y
 
o
f
 
N
e
b
r
a
s
k
a
]
 
A
t
:
 
1
8
:
0
5
 
1
6
 
F
e
b
r
u
a
r
y
 
2
0
1
1



Definition 1.3: A subspace Z of X is A-invariant if A

(Z\D(A))�Z.

Definition 1.4: A subspace Z of X is (A, b)

feedback-invariant if there exists an A-bounded feed-

back K such that Z is Aþ bK-invariant.

When the choice of operators A and b is clear we

will sometimes refer to an A-invariant subspace simply

as invariant and to (A, b)-feedback-invariance as

feedback-invariance.
Suppose that for a given system (A, b, c) a largest

feedback-invariant subspace Z in the kernel of

C¼hc, �i exists, that is, all feedback-invariant sub-

spaces in the kernel of C are a subset of Z. Let K be a

feedback so that Z is Aþ bK-invariant. Then the

invariant zeros are identical to the eigenvalues of the

operator Aþ bK on Z, see Theorem 2.3.
For systems defined on a finite-dimensional space

X, a largest feedback-invariant subspace in the kernel

of C always exists. The situation when X is infinite

dimensional is considerably more complex and was

first considered in the 1980s, see in particular Curtain

(1986) and Zwart (1989). In those papers the feedback

K is generally assumed to be bounded, although this

assumption is generalised in parts of Zwart (1989) to

the assumption that Aþ bK generates a C0-semigroup.

One complication in the analysis of infinite-dimen-

sional systems is that even if b and C are bounded

operators, an unbounded operator K may be required

to obtain a largest feedback-invariant subspace

(Morris and Rebarber 2007). If K is unbounded then

Aþ bK might not generate a C0-semigroup. In Morris

and Rebarber (2007) sufficient conditions for existence

of a largest invariant subspace were established. No

assumptions on generation of a closed-loop semigroup

are needed. Conditions are also provided in Morris and

Rebarber (2007) under which the trajectories of (1)

with u(t)¼Kx(t) are well defined. The behaviour of

these trajectories is often called the zero dynamics, and

is determined by the spectrum of Aþ bK.
The existence of a largest feedback-invariant sub-

space is closely connected to the relative degree of

the system and also depends on the regularity of c,

see Theorem 2.10 in Morris and Rebarber (2007). In

Section 2 we describe the relationship between the

relative degree of a system (see Definition 2.4), the

largest invariant subspace, and the invariant zeros.

Even allowing for unbounded feedback K, a largest

invariant subspace in the kernel of C might not exist.

This is examined in detail in Section 3 of this article.

We generalise the earlier feedback to arbitrary systems

with finite relative degree and give a feedback-

invariance characterisation of the zeros. Our results

are illustrated with an example.

2. Zeros – largest invariant subspace

The following lemma is a re-formulation of Zwart

(1989, Lemma II.25) for the case we are considering

here of a single input.

Lemma 2.1: If Z1�D(A) is a linear subspace that is

closed with respect to the graph norm of A and Z2 is a

linear subspace with

AZ1 � Z2 þ spanfbg

and b =2Z2 then there exists a unique A-bounded

feedback K such that (Aþ bK )Z1�Z2.

Letting Z2 be a closed subspace of X, and

Z1¼Z2\D(A), the following result follows

immediately.

Theorem 2.2 (Zwart 1989, Theorem II.26): A closed

subspace Z is feedback-invariant if and only if it is

(A, b)-invariant, that is,

AðZ \DðAÞÞ � Z� spanfbg:

The following theorem and its proof are similar to

the corresponding result for finite-dimensional

systems.

Theorem 2.3: Consider a system (1), (2). Assume that a

largest feedback-invariant subspace Z� c? exists and

that b =2Z. Let K be an A-bounded operator such that

Z is Aþ bK-invariant. The set of eigenvalues of

(Aþ bK )jZ is identical to the set of invariant zeros of

the system.

Proof: Let K be an operator such that Z is

Aþ bK-invariant. For any other such operator, say
~K, bðK� ~K Þx 2 Z for all x2Z. Since b =2Z, this

implies that KjZ is unique.
Suppose that � is an eigenvalue of (Aþ bK )jZ with

eigenvector xo2D(A)\Z. Since

�I� A b
C 0

� �
xo
�Kxo

� �
¼

0
0

� �
,

we see that � is also an invariant zero.
Now suppose that � is an invariant zero of (A, b, c).

Then there exists uo2C and non-zero xo2D(A)

such that

�I� A b
C 0

� �
xo
uo

� �
¼

0
0

� �
: ð4Þ

Clearly, xo2 c
?. Also,

Axo ¼ �xo þ buo,

and so xo is contained in an (A, b)-invariant subspace

of c?. By Theorem 2.2, Z is the largest such subspace,

and so xo2Z. Thus, we can rewrite the first equation

2574 K. Morris and R. Rebarber
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in (4) as

ð�I� A� bKÞxo þ bðKxo þ uoÞ ¼ 0:

Since b =2Z and (�I�A� bK )x02Z, Kxoþ uo¼ 0 and

� is an eigenvalue of (Aþ bK )jZ. œ

A difficulty which occurs in infinite-dimensional

systems but does not occur in finite-dimensional

systems is that the largest feedback-invariant subspace

might not exist. Existence of such a subspace hinges

upon the relative degree of (A, b, c).

Definition 2.4: (A, b, c) is of relative degree n for some

positive integer n if

(1) lim sups!1, s2R js
nGðsÞj 6¼ 0 and

(2) lims!1, s2R sn�1GðsÞ ¼ 0

It was shown in Morris and Rebarber (2007) that if

(A, b, c) has relative degree nþ 1 and c2D(A�n) then

the largest invariant subspace in c? exists. This result is

a generalisation of the well-known feedback-invariance

result for finite-dimensional systems (Wonham 1985).

Theorem 2.5 (Morris and Rebarber 2007,

Theorem 2.10): Suppose that (A, b, c) is of relative

degree nþ 1, where n is a non-negative integer, and that

c2D(A�n). Define, for n¼ 0, 1, 2, . . . ,

Zn ¼ c? \ ðA�cÞ? \ � � � ðA�ncÞ?,

and define Z�1¼X. Then Zn is the largest

feedback-invariant subspace in c?. A suitable feedback is

Kx ¼ �
hAx,An�ci

hb,An�ci
:

We show in Morris and Rebarber (2007,

Proposition 3.3) that the additional assumption of

uniform relative degree (Morris and Rebarber 2007,

Definition 1.5) is sufficient to ensure that the closed-

loop system _xðtÞ ¼ AxðtÞ þ bKxðtÞ, with initial data in

D(A), has a generalised solution which satisfies the

semigroup property. Furthermore, Aþ bK generates

an integrated semigroup. There is no guarantee that

the closed-loop operator Aþ bK generates a strongly

continuous semigroup, but it often does. We also show

in Morris and Rebarber (2007) that if Aþ bK does

generate a C0-semigroup on X, then it generates a

C0-semigroup on the largest feedback-invariant sub-

space of c?.
This result is enough to characterise the zeros of

these systems in terms of the spectrum of Aþ bK on the

largest invariant subspace.

Theorem 2.6: Suppose that (A, b, c) is of relative

degree nþ 1, where n is a non-negative integer, and

that c2D(A�n). Then the invariant zeros of the system

are the eigenvalues of (Aþ bK ) on Zn where K and Zn

are defined in Theorem 2.5.

Proof: The assumptions that the system has relative
degree nþ 1 and c2D(A�n) implies that b =2Zn (Morris
and Rebarber 2007, Lemma 2.9). The result then
follows from Theorems 2.3 and 2.5. œ

3. Zeros – general case

Theorem 2.6 characterises the zeros for relative degree
nþ 1 systems that satisfy c2D(A�n). For a relative
degree 1 system, that is hb, ci 6¼ 0, this assumption is
always satisfied, and the largest invariant subspace is
guaranteed to be c?. For systems of relative degree
n� 2, there might not be a largest feedback-invariant
subspace if c =2D(A�n). In Morris and Rebarber (2007)
an example is given of a system with hb, ci¼ 0 and
c =2D(A�) that does not have a largest feedback-
invariant subspace as defined in Definition 1.4.

Consider a relative degree 2 system. The fact that
the relative degree is greater than one implies that
b2 c?. It follows from Theorem 2.2 that any element
x2D(A) of an (A, b)-invariant subspace of c? is
contained in the set

Z ¼ fz 2 c? \DðAÞ j hAz, ci ¼ 0g: ð5Þ

The closure of Z is a natural candidate for the largest
feedback-invariant subspace of c?. If c2D(A�), the
closure of Z in X is Z1¼ c?\ (A�c)?, which is indeed
the largest feedback-invariant subspace in c? if
hb,A�ci 6¼ 0 (Theorem 2.5). In fact, Z1 is Aþ bK-
invariant, where

Aþ bK ¼ Aþ �bhAx,A�ci, � ¼
�1

hb,A�ci
,

DðAþ bKÞ ¼ fz 2 c? \DðAÞ j hAz, ci ¼ 0g:

Under weak conditions, this operator leads to an
integrated semigroup, and the solutions remain in Z1

when initial conditions are in D(AK)�Z1. In many
cases, this operator generates a C0-semigroup on Z1

(Morris and Rebarber 2007). However, if c =2D(A�) the
situation is quite different.

Theorem 3.1 (Morris and Rebarber 2007,
Theorem 4.2): If c =2D(A�), the set Z is dense in c?.
Furthermore, Z 6¼ c?\D(A).

It is tempting to hope, that even if c =2D(A�), the
operator (with some value of �)

Aþ bK ¼ Aþ �bhA2x, ci,

DðAþ bKÞ ¼ fz 2 c? \DðA2Þ j hAz, ci ¼ 0g

is a generator, or has an extension which is a generator.
However, we see from the next result that this operator

International Journal of Control 2575
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is not closable, so that no extension of it is a generator
of a C0-semigroup, or even an integrated semigroup,
see Neubrander (1988, Theorem 4.5).

Theorem 3.2 (Morris and Rebarber 2007,
Theorem 4.4): Suppose that b2X and c =2D(A�).
Then the operator

AFx :¼ Axþ bhA2x, ci,

DðAFÞ ¼ fx 2 c? \DðA2Þ j hAx, ci ¼ 0g

is not closable.

We now show that even if the system has relative
degree nþ 1 and c =2D(A�n), we can find a feedback K
and a subspace Z of c? that is (Aþ bK )-invariant such
that the spectrum of Aþ bK yields the invariant zeros.
This result is only true if the domain of Aþ bK is
chosen correctly. In general, such a Aþ bK is not
closable on the original Hilbert space, hence does not
generate a C0-semigroup in the original norm.

We extend the operator hA�, ci and related opera-
tors to a larger set than D(A) as follows. Define

CAx ¼ lim
s!1,s2R

hsARðs,AÞx, ci ð6Þ

with domain

DðCAÞ ¼ fx 2 Xj lim
s!1,s2R

hsARðs,AÞx, ci existsg:

(This is the same as the extension of CA given by Weiss
(1994, Definition 5.6).) It is straightforward to verify
that D(CA)	D(A). If x2D(A), then CA(x)¼hAx, ci.
Also, if c2D(A�), then D(CA)¼X and CAx¼hx,A

�ci.
Similarly, define for any integer i41,

CAix ¼ lim
s!1,s2R

hsiARðs,AÞx, ci

with domain

DðCAiÞ ¼ fx 2 Xj lim
s!1,s2R

hsiARðs,AÞx, ci existsg:

The following properties of CAi will be required.

Lemma 3.3: Consider x2D(A) such that CAx¼ 0.
Then for all integers i41, x2D(CAi) if and only if
Ax2D(CA(i�1)). If this is the case, then for i41

CAix ¼ CAði�1ÞðAxÞ:

Proof: Consider any x2D(A) and integer i41.

hsiARðs,AÞx, ci ¼ hsi�1ðsI� AÞARðs,AÞx, ci

þ hsi�1A2Rðs,AÞx, ci

¼ hsi�1Ax, ci þ hsi�1ARðs,AÞAx, ci

¼ si�1CAxþ hs
i�1ARðs,AÞAx, ci

¼ hsi�1ARðs,AÞAx, ci,

since CAx¼ 0. The result now follows from definition

of CAi. œ

Proposition 3.4: Assume that (A, b, c) has relative

degree nþ 1 where n2N. Then b2D(CAi) and

CAib¼ 0 for all integers i5n. Also, lims!1,s2R snþ1

G(s) exists for real s if and only if b2D(CAn). If so,

lim
s!1

snþ1GðsÞ ¼ CAnb: ð7Þ

Proof: First note that since the relative degree of the

system is at least 2, lims!1 sG(s)¼ 0. Since

lim
s!1

sGðsÞ ¼ lim
s!1
hsRðs,AÞb, ci ¼ hb, ci,

we see that hb, ci ¼ 0.
Now, for any i2N such that 1
 i
 n,

siþ1GðsÞ ¼ hsiðsI� AÞRðs,AÞb, ci þ hsiARðs,AÞb, ci

¼ sihb, ci þ hsiARðs,AÞb, ci

¼ hsiARðs,AÞb, ci:

The result follows from the definition of CAi. œ

One consequence of Proposition 3.4 is that if a

system has relative degree nþ 1 and if lims!1 snþ1 G(s)

exists, then CAnb is not only well defined but also

non-zero.
Using the operators CAi, the space Zn and the

feedback operator K defined in Theorem 2.5 can be

generalised to the case where c may not be in D(A�n).

Theorem 3.5: Assume that (A, b, c) has relative degree

nþ 1 where n� 1 and lims!1 snþ1 G(s) exists. Let

AKx ¼ Axþ bKx, ð8Þ

where

Kx ¼ �
CAnðAxÞ

CAnðbÞ
ð9Þ

with domain

DðAKÞ ¼ fx 2 DðAÞ \ c?jAx 2 DðCAnÞg: ð10Þ

The space

ZA ¼ fx 2 c? \DðCAnÞ j CAnx ¼ CAðn�1Þx ¼ � � � ¼

CAx ¼ 0g

is AK-invariant.

Proof: For x2D(AK)\ZA,

hAKx, ci ¼ hAx, ci �
CAnðAxÞhb, ci

CAnðbÞ
:

2576 K. Morris and R. Rebarber
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Since the relative degree is at least 2, hb, ci ¼ 0. Thus,

hAKx, ci ¼ hAx, ci

¼ 0,

since x2ZA. Also,

CAnðAKxÞ ¼ CAnðAxÞ �
CAnðAxÞCAnðbÞ

CAnðbÞ

¼ CAnðAxÞ � CAnðAxÞ

¼ 0:

Since CAi(b)¼ 0 for i5n, we have that for any

integer i5n,

CAiðAKxÞ ¼ CAiðAxÞ �
CAnðAxÞCAiðbÞ

CAnðbÞ

¼ CAiðAxÞ

¼ CAðiþ1ÞðxÞ

from Lemma 3.3, since x2D(A) and CA(x)¼ 0. This

implies that AKx2D(CAi). Since CAi(x)¼ 0, for i¼

1, . . . , n, CAi(AKx)¼ 0 for all i¼ 1, . . . , n. Thus, ZA is

invariant under the operator AK. œ

If c2D(A�n), then K is the same A-bounded

operator defined in Section 2 and ZA¼Zn. In this

situation ZA is closed and is the largest A-invariant

subspace in the kernel of C. Furthermore, D(AK)\ZA

is dense in ZA and in many situations, AK generates a

C0-semigroup on ZA.
However, if the assumption c2D(A�n) does not

hold, then ZA is not in general closed (see Theorem 3.1

for the relative degree 2 case). Furthermore, the

feedback K is not A-bounded. By Lemma 2.1, if

D(AK) is contained in a subspace V closed in the graph

metric on D(A) then there exists a unique feedback so

that V is (A, b) feedback-invariant. Moreover, this

feedback is A-bounded. However, since the feedback

constructed above on D(AK) is not A-bounded, it is

not possible to contain D(AK) in a closed

feedback-invariant subspace. Theorem 3.2 shows that

for relative degree 2 systems, the operator AK defined

in (8)–(10) is not even closable.
Despite the fact that K is A-unbounded when the

assumption on c2D(A�n) does not hold, K and AK are

the appropriate operators for defining invariant zeros

in terms of the eigenvalues of a closed-loop operator.

Theorem 3.6: Assume that the system (A, b, c) has

relative degree nþ 1, n� 1 and that lims!1 snþ1 G(s)

exists. The invariant zeros of (A, b, c) are the eigenvalues

of AK on c?, where AK is as defined in (8), (9).

Proof: First assume that � is an eigenvalue of AK with

eigenvector v. Note that v2D(A)\ c?, so set x¼ v and

u¼�Kv in (3) to obtain that � is an invariant zero of

the original system.
Now assume that � is an invariant zero. That is,

there exists u2R and v 6¼ 0 such that v2 c?\D(A) and

�v� Avþ bu ¼ 0:

We need to first show that v2D(AK). First

CAðvÞ ¼ hAv, ci

¼ �hv, ci þ uhb, ci

¼ 0,

since the relative degree is at least 2 and v2 c?. Thus,

v2D(CA) and since Av¼ �v� bu, Av2D(CA). Since

v2D(A) and CA(v)¼ 0, Lemma 3.3 implies that

CA2ðvÞ ¼ CAðAvÞ

¼ �CAvþ uCAb

¼ uCAb:

Thus, v2D(CA2). Using induction, v2D(CAi) and

CAi(v)¼ 0, for i¼ 1 . . . n. Thus, z2ZA.
Since lims!1 snþ1 G(s) exists, b2D(CAn) and so

CAnðAvÞ ¼ �CAnðvÞ þ uCAnðbÞ

¼ uCAnðbÞ:

Thus, v2D(AK) and we can write

�I� AK b

C 0

� �
v

Kvþ u

� �
¼

0

0

� �
:

Since b =2ZA, Kvþ u¼ 0 and � is an eigenvalue of AK

on c? with the given domain. œ

A more obvious choice of domain for the operators

K and AK is D(Anþ1) where nþ 1 is the relative degree.

It is shown in the next example that, in general, it is not

possible to restrict D(AK) to D(Anþ1) and obtain the

invariant zeros.

Example: The following example of a controlled

delay equation first appeared in Pandolfi (1986,

Example 5.1).

_x1ðtÞ ¼ x2ðtÞ � x2ðt� 1Þ

_x2ðtÞ ¼ uðtÞ

yðtÞ ¼ x1ðtÞ:

ð11Þ

The system of Equations (11) can be written in a

standard state space form (1), (2), see Curtain and

Zwart (1995). Choose the state space

X ¼ R� R� L2ð�1, 0Þ � L2ð�1, 0Þ:

International Journal of Control 2577

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
U
n
i
v
e
r
s
i
t
y
 
o
f
 
N
e
b
r
a
s
k
a
]
 
A
t
:
 
1
8
:
0
5
 
1
6
 
F
e
b
r
u
a
r
y
 
2
0
1
1



A state space realisation on X is

b ¼

0

1

0

0

2
6664

3
7775, c ¼ 1 0 0 0

� �
,

DðAÞ :¼ ½r1, r2,�1,�2�
T
j �1ð0Þ ¼ r1, �2ð0Þ ¼ r2,

�
�1 2 H1ð�1, 0Þ,�2 2 H1ð�1, 0Þ

�
,

and for [r1, r2, �1, �2]
T
2D(A),

Aðr1, r2,�1,�2Þ ¼

�2ð0Þ � �2ð�1Þ

0

_�1
_�2

0
BBB@

1
CCCA:

In this example hb, ci ¼ 0 and c =2D(A�). The transfer

function for this system is

GðsÞ ¼
1� e�s

s2
, ð12Þ

so

lim
s!1

s2GðsÞ ¼ 1: ð13Þ

Hence the system has relative degree 2. The existence

of the limit in (13) also implies that b2D(CA) with

CAb¼ 1.
The invariant zeros of this control system can be

easily verified to be i2n�, where n is any integer. We

now verify that these are the eigenvalues of AK on c?.
We first calculate CA. For any x¼ (r1, r2,�1,�2)2X

define

 2ðtÞ ¼ est
Z 0

t

e�s��2ð�Þd� þ
1

s
r2e

st,

p1 ¼
1

s
r1 þ

1

s
r2 �  2ð�1Þ

� �
,

 1ðtÞ ¼ est
Z 0

t

e�s��1ð�Þd� þ p1e
st:

The resolvent of A is

Rðs;AÞx ¼

p1
1
s r2

 1ðtÞ

 2ðtÞ

0
BBB@

1
CCCA:

It follows that

hARðs;AÞ, ci ¼  2ð0Þ �  2ð�1Þ

¼
1

s
r2 � e�s

Z 0

�1

e�s��2ð�Þd� �
1

s
r2e
�s:

Then, from the definition of CA,

CAx ¼ lim
s!1

shARðs;AÞx, ci

¼ r2 � lim
s!1

se�s
Z 0

�1

e�s��2ð�Þd�,

with

DðCAÞ ¼

�
½r1, r2,�1,�2�

T
2 X;

lim
s!1

se�s
Z 0

�1

e�s��2ð�Þd� exists

	


 f½r1, r2,�1,�2�
T
2 X;�2 2 H1ð�1, 0Þg:

Denote the limiting value of

lim
s!1

se�s
Z 0

�1

e�s� ð�Þd�

by E�1 , if this limit is well defined. (If  is continuous

at �1, E�1 ¼ (�1).) We have CAb¼ 1 and

AK¼Aþ bK, where

Kx ¼ �CAðAxÞ ¼ E�1 _�2, ð14Þ

with

DðAKÞ ¼ fð0, r2,�1,�2Þ; �1ð0Þ ¼ 0,

�2ð0Þ ¼ �2ð�1Þ ¼ r2, �1 2 H1ð�1, 0Þ,

�2 2 H1ð�1, 0Þ, E�1 _�2 existsg:

Expanding AKx¼ �x, x2D(AK), we obtain

0 ¼ 0

E�1 _�2 ¼ �r2

_�1 ¼ ��1

_�2 ¼ ��2:

The only non-trivial solutions x2D(AK) for this

system of equations are for �¼ i2n�, with

x ¼

0

r2

0

r2e
i2n�t

2
6664

3
7775:

Thus, the eigenvalues of AK are i2n�. These are exactly
the invariant zeros of the original system.

For smooth functions, where E�1 _ ¼ _ ð�1Þ, the

feedback (14) matches that obtained in Zwart (1990,

Example 4.3) by calculation on the delay differential

equation. However, not only do we now have a general

and formal definition of the appropriate feedback,

we have a rigorous definition of the domain of the

2578 K. Morris and R. Rebarber
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closed-loop operator. Suppose that we restrict the

domain D(AK) to the more obvious

DðAKÞ ¼ fx 2 DðAÞ \ c?jAx 2 DðAÞ, hAx, ci ¼ 0g:

This yields that AK is invariant on Z as defined in (3.5).
For this example,

DðAKÞ ¼ fð0, r2,�1,�2Þ;�1ð0Þ ¼ 0,

�2ð0Þ ¼ �2ð�1Þ ¼ r2,�1 2 H2ð�1, 0Þ,

�2 2 H2ð�1, 0Þ, _�1ð0Þ ¼ 0, _�2ð0Þ ¼ 0:g:

However, with this choice of domain, AK has only
the eigenvalue 0 with eigenvector [0, r2, 0, r2]

T.

4. Conclusions

In this article, we have examined the question of the
invariant zeros of SISO infinite-dimensional systems in
the context of feedback-invariance. Unlike previous
research on this topic, no assumptions are made on
boundedness of the feedback or the smoothness of the
observation operator c. The zeros can be defined in
terms of an operator on a subspace of the kernel of

observation operator. Unfortunately, in general this
operator is not closable and so does not generate a
semigroup. This means that unlike finite-dimensional
systems, and many infinite-dimensional systems, the
zero dynamics are not well defined.
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