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Nonrobustness of Closed-Loop Stability for
Infinite-Dimensional Systems Under Sample and Hold

Richard Rebarber and Stuart Townley

Abstract—It is a well-known principle, for finite-dimensional systems,
that applying sampled-and-hold in the feedback loop around a stabilizing
state feedback (or dynamic) controller results in a stable sampled-data
feedback control system if the sampling period is small enough. The
principle extends to infinite-dimensional systems with compact state
feedback if either the input operator is bounded or the given state-space
system is analytic. In this note, we give an example for which this principle
fails but which nevertheless satisfies certain necessary conditions arising
in sampled-data control of infinite-dimensional systems.

Index Terms—Infinite-dimensional systems, nonrobustness, sampled-
data control.

I. INTRODUCTION

In this note, we consider a fundamental problem which arises in a
context of sampled-data stabilization of infinite-dimensional control
systems. Consider a system

_x(t) = Ax(t) +Bu(t); t � 0; x(0) = x
0
: (1.1)

Suppose that a continuous-time feedback control

u(t) = Fx(t) (1.2)

is exponentially stabilizing for (1.1). This continuous-time control is
implemented naturally using sample and hold, so thatu is given instead
by

u(t) = Fx(k�); t 2 [k�; (k + 1)�) k 2 0: (1.3)

Here,� > 0 is the sampling period. The control (1.3) is called a sam-
pled-data feedback control and the overall system given by (1.1) and
(1.3) is referred to as a sampled-data feedback system. Intuitively, we
would expect for all sufficiently small� > 0, that (1.3) produces a
stabilizing control for (1.1) in the sense that there existsN � 1 and
� > 0 so that

kx(t)k � Ne
��tkx0k; 8x0; 8 t � 0: (1.4)

When this is true, we say that closed-loop stability of the contin-
uous-time feedback system (1.1) and (1.2) isrobust with respect to
sampling. This robustness holds in the finite-dimensional case (see,
for example, [1]) and forms the basis for so-called continuous-time
design, sampled-data implementation control methodologies.

We are interested in the infinite-dimensional case where the issue
is rather more delicate. First, we need to make the formulation more
precise.

We consider (1.1) as a state-space system with state-spaceX and
input spaceU , whereX andU are both Hilbert spaces. We assume
thatA is the generator of a strongly continuous semigroupT (t) onX,

Manuscript received July 9, 2001. Recommended by Associate Editor
R. Datko. This work was supported by NATO under Grant CRG 950179, and
by the National Science Foundation under Grant DMS-9623392.

R. Rebarber is with the Department of Mathematics and Statistics,
University of Nebraska-Lincoln, Lincoln, NE 68588-0323 USA (e-mail:
rrebarbe@math.unl.edu).

S. Townley is with the School of Mathematical Sciences, University of Exeter,
Exeter EX4 4QE, U.K. (e-mail: townley@maths.ex.ac.uk).

Publisher Item Identifier 10.1109/TAC.2002.801189.

andB is a linear bounded operator fromU into X
�1. Here,X

�1 is
the completion ofX in the normkxk

�1 = k(�I � A)�1xk where�
is any element of the resolvent set ofA. If the input operatorB maps
boundedly into the state-spaceX, thenB is called bounded, otherwise
B is called “unbounded” (with respect to the state-spaceX). See [8]
for details about unbounded input operators and the extrapolation space
X
�1.
In [4], it was shown that, in general, if the feedback operator is non-

compact, then stability of (1.1) and (1.2) is not robust with respect to
sampling. Here, we recall the simple counterexample in [4].

Example 1.1: Consider a system withX = l2( ), A =
diag

k2 (1 + ki), B = I , andF = �2I . Then,A + BF generates
the exponentially stable semigroup

TBF (t) = diag
k2 e

(�1+ki)t

whereas the sampled-data feedback control given by (1.3) results in an
evolution ofx(k�) =: xk of the sampled-data feedback system (1.1)
and (1.3) according to

xk+1 = diag
k2 e

(1+ki)�

�2diag
k2

e(1+ki)� � 1

1 + ki
xk: (1.5)

Now

e
(1+ki)� � 2

e(1+ki)� � 1

1 + ki
� e

� �
2

j1 + ikj
(e� + 1)

so we see that for any� > 0, the eigenvalues��k of the sampled system
(1.5) satisfy

lim inf
jkj!1

j��kj � e
�
> 1:

Hence, the sampled-data feedback system is unstable for all� > 0.
For this reason, we restrict attention to systems with compact feed-

backsF . Now sampled-data stabilization of infinite-dimensional sys-
tems with compact feedback operators is possible only if(A;B) sat-
isfies certain necessary conditions. These necessary conditions are re-
called here from [6, Th. 1.3], Theorem 1.3 for clarity:

Theorem 1.2:Suppose the sampled-data feedback system (1.1) and
(1.3) is exponentially stable. Then,X admits a decompositionXs�Xu

which satisfies the following conditions.

a) dimXu < 1.
b) AXs � Xs andAXu � Xu.
c) There exists� < 0 so that (i)�(AjX ) = �(A) \ f� 2 j

Re(�) > �g consists of at most finitely many eigenvalues of
A, each with finite algebraic multiplicity and ii)�(AjX ) =
�(A) \ f� 2 j Re(�) < �g, andAjX is the generator
of an exponentially stable semigroup.

d) LetP :X ! Xu be the projection ofX ontoXu alongXs, and

B
�

d =
�

0

T (s)BFds:

Then, the finite-dimensional discrete-time system
(T (�)jX ; PB�

d ) is controllable.
These necessary conditions for robustness of stabilization with re-

spect to sampling whenF is compact restrict the class of infinite-di-
mensional systems quite considerably. Within this class, it is proved in
[4] that feedback stabilization is robust with respect to sampling in two
important cases, namely whenB is bounded or whenB need not be
bounded butA generates an analytic semigroup. (Note that whenB is
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unbounded, the operatorA+BF has to be interpreted carefully.) More
precisely, we have the following.

Theorem 1.3:Assume thatA generates a strongly continuous semi-
groupT (t) onX, B 2 B(U;X), F 2 B(X;U) is compact, and the
semigroup generated byA + BF is exponentially stable. Then, there
exists�� > 0 such that for every� 2 (0; ��), there existN � 1
and� > 0 such that all solutions of (1.1) and (1.3) satisfykx(t)k �
Ne��tkx0k for all x0 2 X and allt � 0.

We note that the systems in Theorem 1.3 satisfy the necessary con-
ditions in Theorem 1.2; see, for instance, [5].

Theorem 1.4:Assume thatA generates an analytic semigroupT (t)
onX, B 2 B(U;X�1), F 2 B(X;U) is compact. If the semigroup
generated byABF (as defined in [4, Section 4] and which agrees with
A + BF on the domain ofABF ) is exponentially stable, then there
exists�� > 0 such that for every� 2 (0; ��), there existN � 1
and� > 0 such that all solutions of (1.1) and (1.3) satisfykx(t)k �
Ne��tkx0k for all x0 2 X and allt � 0.

We see from the counterexample for noncompactF given in Ex-
ample 1.1, the necessary conditions from Theorem 1.2, and the suffi-
cient conditions in Theorems 1.3 and 1.4, that robustness with respect
to sampling is quite delicate. One obvious question is whether these
sufficient conditions can be relaxed further. Now the gap between the
necessary conditions and the sufficient conditions is quite subtle. There
are systems which satisfy the necessary conditions but not the suffi-
cient conditions, and we can draw no conclusions about the robustness
of these systems with respect to sampling. We give an example which
satisfies the necessary conditions of Theorem 1.2 and for which sta-
bility is not robust with respect to sampling.

II. COUNTEREXAMPLE

In this section, we construct an example which satisfies the necessary
conditions in Theorem 1.2 and shows that Theorem 1.3 is not true when
B is not bounded, and Theorem 1.4 is not true when the semigroup
generated byA is not analytic. In the exampleU is one-dimensional
andB is “barely unbounded,” in a sense made precise in the following.

To study the stability of the sampled-data system (1.1) and (1.3) we
consider the power stability of a related discrete-time operator. Inte-
grating (1.1) and (1.3) over one sampling interval[k�; (k + 1)�), and
settingxk := x(k�) yields the discrete-time system

xk+1 = ��xk; where�� := T (�) +
�

0

T (s)BF ds: (2.1)

It follows from [6, Lemma 2.1] that�� is a bounded operator fromX
to X.

Proposition 2.1: ([4, Lemma 2.3]) For any� > 0, (1.1) and (1.3) is
exponentially stable if and only if�� is power stable, i.e.,k�k

�k ! 0
ask ! 1.

Our counterexample is described as follows.
Proposition 2.2: Consider a system (1.1) and (1.2) defined as fol-

lows:
LetX = `2, indexed by , with normk � k and inner producth�; �i,

andU = .
Define the generatorA = diag(�k)k2 , with

�k := �1 + i�3k for k 2

and domain D(A) = (xk)k2 j (xk�k)k2 2 `2 . Let
B = (bk)k2 with

bk := ik for k 2 :

Finally, define the operatorF 2 B(X;U) by

F (xk) =
k2

2xk
k

:

SinceA is diagonal and invertible, we can easily define a branch of
A�� for any� > 0:

Theorem 2.3:For the system given in Example 2.2 we have

1) (A;B) satisfies the necessary conditions a)–d) in Theorem 1.2;
2) B has one-dimensional range, is not bounded, butA��B is

bounded for all� > 0;
3) F is bounded and rank one;
4) A + BF generates an exponentially stable semigroup;
5) there does not exist�� > 0 so that�� given by (2.1) is power

stable for all� 2 (0; ��).
The condition thatB 2 B(U;X�1) becomesA�1B 2 B(U;X).

One common measure of the unboundedness ofB is the smallest� 2
such thatA��B 2 B(U;X). If we use this as a measure of unbound-
edness ofB, then we see from condition 2) that Theorem 1.3 is sharp.

Now 1)–3) in Theorem 2.3 are clearly satisfied. Indeed, sinceA is
exponentially stable, it is obvious that(A;B) satisfies the necessary
conditions a)–d) in Theorem 1.2, so condition 1) is satisfied. Conditions
2) and 3) are readily verified.

It remains for us to verify conditions 4) and 5).
First, note that sinceF 2 B(X;U) andB 2 B(U;X�1), for every

s 2 �(A) we can defineFR(s;A)B and it is easy to verify that

FR(s;A)B =
k2

2i

s� �k
:

To check 4) and 5) we start by working with a related system
(A; ~B; ~F ) where ~B = (~bk)k2 with

~bk := i for k 2

and ~F :X � D( ~F ) ! X is defined by

~F (xk) =
k2

2xk D( ~F ) = `
1
:

It is easy to verify that for everys 2 �(A), R(s;A) ~B 2 D( ~F ), and
~FR(s;A) ~B = FR(s;A)B:

For everyx 2 D( ~F ) we can computeAx + ~B ~Fx in X�1. The
natural domain ofD(A + ~B ~F ) is then

D(A+ ~B ~F ) = fx 2 D( ~F ) j Ax + ~B ~Fx 2 Xg:

For� 2 , let

� := fz 2 j Re z > �g:

Lemma 2.4:A + BF has no eigenvalues in�0:5.
Proof: We first show that forx 2 D(A+ ~B ~F )

Re h(A+ ~B ~F )x; xi = �hx; xi: (2.2)

Let ~A := A+ I . We verify (2.2). Ifx 2 D( ~A+ ~B ~F ) = D(A+ ~B ~F ),
thenx 2 D( ~F ), so that

m2
xm < 1, and

( ~A+ ~B ~F )x = i�3kxk + 2i
m2

xm

k2

2 X = `
2
:



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 47, NO. 8, AUGUST 2002 1383

Since `2 � `1 and 2i
m2

xm k2
2 `1 it follows that

(3kxk)k2 2 `1 and soxk = O(3�k). Using this, we see that

h( ~A+ ~B ~F )x; xi =
k2

i�3kxk + 2i
m2

xm

xk =i
k2

3kjxkj
2 + 2

k2

xk

2

so

Reh( ~A+ ~B ~F )x; xi = 0:

Using the definition of~A, we immediately see that this implies (2.2).
Now suppose that there existss0 2 �0:5 such that

FR(s0; A)B = ~FR(s0; A) ~B = 1: (2.3)

In particularR(s0; A) ~B is nonzero, so by a standard argument this
would imply thats0 is an eigenvalue ofA + ~B ~F with eigenvector
R(s0; A) ~B. However, (2.2) implies thatA + ~B ~F does not have any
eigenvalues in �0:5, so we see that there does not exists0 which
solves (2.3).

Suppose thatA+BF has an eigenvalues 2 �0:5 with eigenvector
x. Then by a standard argumentFR(s;A)BFx = Fx: If Fx = 0,
thens is an eigenvalue ofA which is in �0:5, which we know is not
the case, by the definition ofA. Therefore,FR(s;A)B = 1, which
contradicts the fact that (2.3) does not have a solutions0 2 �0:5.
Hence,A+BF does not have any eigenvalues in�0:5.

Remark 2.5: It is possible to prove the following two facts but they
are more than we need: 1)A + ~B ~F is maximally dissipative, hence,
by the Lumer–Phillips Theorem it is the generator of an exponentially
stable semigroup; and 2)(A; ~B; ~F ) is a regular system,I is anadmis-
sible feedback operatorfor (A; ~B; ~F ) (see [9]), and the closed-loop
generator one obtains from this regular systems approach isA+ ~B ~FL,
where~FL is theLebesgue extensionof ~F , defined in [9]. The domain of
~FL might be larger than the domain of~F given in this note, butA+ ~B ~F
andA + ~B ~FL have the same domain and are the same operator.

The following result completes the proof of condition (4) in The-
orem 2.3.

Proposition 2.6: A + BF generates an exponentially stable semi-
group.

We first need to prove thatA + BF is adiscrete spectral operator,
and that all but finitely many of its eigenvalues have spectral projec-
tions with one-dimensional range; see [2] for the definition of a discrete
spectral operator. To this end, we will apply [2, Th. XIX2.7 and Cor.
XIX2.8] to (A+BF )� = A� + F �B�. Here,D(B�) = f(xk)k2 j

k2 jkxkj
2 < 1g. The following hypotheses for this theorem are

obviously true:

i) A� is a discrete spectral operator with�(A�) = f�kgk2 ;
ii) the spectral projection for each�k 2 �(A�) has one-dimen-

sional range;
iii) D(F �B�) � D((A�)�) = fxkj jxkk�kj

� < 1g for every
� > 0.

Let dn be the distance from�n to�(A�)nf�ng, sodn = 2(3n�1).
Then

n2

d�1n (j�nj + dn)
�

converges for any� < 1. Hence, by [2, Th. XIX2.7], we conclude that
A�+F �B� is a discrete spectral operator. Also, by [2, Cor. XIX2.8], all
but finitely many�n 2 �(A�+F �B�) have one dimensional spectral
projection. The same properties hold forA + BF .

Since all but finitely many of the eigenvalues ofA+BF are simple
andA+BF is a discrete spectral operator, the nonsimple eigenvectors

are of finite mulitiplicty, and this multiplicity is bounded. Now we can
proceed using an argument found in [10]:A + BF can be written in
Jordan canonical form as follows. LetX1 be the subspace ofX spanned
by the eigenvectors associated with the simple eigenvalues, and letX2

be the finite-dimensional subspace ofX spanned by the generalized
eigenvectors associated with the remaining eigenvalues. Then(A +
BF )jX can be written as a diagonal operatorS1, and(A+ BF )jX
can be written in the Jordan formS2+N , whereS2 is diagonal andN
is nilpotent, with entries only on the superdiagonal. From this it follows
thate(S +S )t has the same growth bound ase(A+BF )t. From Lemma
2.4 we have that all of the eigenvalues ofA + BF are infRe s <
�1=2g, soe(S +S )t ande(A+BF )t are both exponentially stable. .

To complete the proof of Theorem 2.3 all that remains is to check
that condition 5) holds for Example 2.2.

Theorem 2.7:There does not exist�� > 0 so that�� is power
stable for all� 2 (0; ��).

Proof: We show that there exists(�n) such thatlimn!1 �n = 0,
and�� has an eigenvaluezn with jznj > 1.

LetH� denote the discrete-time transfer function for the system

xk+1 =e
A�xk +

�

0

eA(���)B d� uk

yk =Fxk:

It is easy to compute that

H� (z) = �
k2

e� � � 1

e� � � z

2i

�k
(2.4)

If z is a zero of1 �H� (z), thenz is an eigenvalue of�� (although
the converse need not hold).

Let

�n = 3�n for n even:

Then, we write

�H� (z) = h1;n(z) + h2;n(z) + h3;n(z) + h4;n(z)

where

h1;n :=

n=2

k=1

ei�3 e�3 � 1

ei�3 e�3 � z

2i

�1 + i�3k

h2;n :=

n�1

k=(n=2)+1

ei�3 e�3 � 1

ei�3 e�3 � z

2i

�1 + i�3k

h3;n :=

1

k=n

ei�3 e�3 � 1

ei�3 e�3 � z

2i

i�3k

h4;n :=

1

k=n

ei�3 e�3 � 1

ei�3 e�3 � z

2i

i�3k(�1 + i�3k)
:

We will show that there exists a root of1�H� (z) outside of the unit
circle by showing thath3;n(z)+ 1 has a root outside of the unit circle,
and then applying Rouche’s Theorem. Fork � n, exp(i�3k�n) =
�1, so

h3;n(z) =
�e�3 � 1

�e�3 � z

2

�

1

k=n

1

3k

=
�e�3 � 1

�e�3 � z

3

�3n
: (2.5)

Solving forzn in h3;n(zn) = �1, we obtain

zn = � e�3 +
3

�3n
e�3 + 1 (2.6)
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sozn = �f(3�n), where

f(a) = e�a +
3

�
a(e�a + 1):

Nowf(0) = 1 andf(a) > 1 for all a > 0. Therefore, for eachn 2 ,
h3;n(z) + 1 has a zerozn with zn < �1.

We now show that1 �H� (z) has a root outside of the unit circle
for all sufficiently largen. Let

cn := e�3 � 1 +
3

�3n
(e�3 + 1) (2.7)

which is the distance fromzn to�1. Define the curve


n := zn +
cn
2

ei� j 0 � � < 2� :

If we can show that for sufficiently largen

jh3;n(z) + 1j > jh1;n(z) + h2;n(z) + h4;n(z)j for z 2 
n (2.8)

then we can conclude from Rouche’s Theorem that1�H� has a zero
~zn inside
n. Since all points on
n are outside of the unit disk, this
will complete the proof of Theorem 2.7. We break up the proof of (2.8)
into four steps.

Step 1) In this step, we prove that there existsc > 0, independent
of n sufficiently large, such that

jh3;n(z) + 1j > c for z 2 
n: (2.9)

To prove this, we compute that forz = zn + (cn=2)e
i�,

using (2.5)–(2.7)

jh3;n(z) + 1j =
1

2

cn3
n�

3(e�3 + 1)� 3 c
2

�ei�
: (2.10)

Since

lim
n!1

cn3
n =

6

�
� 1 (2.11)

we see that the right-hand side of (2.10) is larger than or
equal to a function ofn which converges to(6��)=(18�
�), proving (2.9) for sufficiently largen.

Step 2) In this step, we prove that

lim
n!1

jh1;n(z)j = 0 for z 2 
n: (2.12)

To prove (2.12), note that

ei�3 e�3 � 1
2

= 1 + e�2(3 ) � 2e�3 cos(�3k�n):

We see from this that the maximum ofjei�3 e�3 �1j
for k = 1; 2; . . .n=2 andn fixed occurs whenk = n=2, so

ei�3 e�3 � 1 � ei�3 e�3 � 1 for

k =1; 2; . . . ;
n

2
: (2.13)

Also, note that forz = zn + (cn=2)e
i�

ei�3 e�3 � z

= ei�3 + 1 e�3 +
3

�3n
(e�3 + 1)�

cn
2
ei�

� e�3 �
3

�3n
(e�3 + 1)�

cn
2

for

k = 1; 2; . . . ;
n

2
: (2.14)

Using (2.13) and (2.14), we see that for large enoughn

jh1;n(z)j �

n=2

k=1

ei�3 e�3 � 1

ei�3 e�3 � z

2

�1 + i�3k

�
ei�3 e�3 � 1

e�3 � 3
�3

(e�3 + 1)� c
2

1

k=1

2

�3k
:

Sincelimn!1 cn = 0, is clear that (2.12) is true.
Step 3) In this step, we show that

lim
n!1

jh2;n(z)j = 0 for z 2 
n: (2.15)

To prove (2.15), note that

ei�3 e�3 � 1 � 2 for k =
n

2
;
n

2
+ 1; . . . ; n� 1: (2.16)

Also note that by the same argument that led to (2.14), we
obtain forz = zn + (cn=2)e

i�

jei�3 e�3 � zj �e�3 �
3

�3n
(e�3 + 1)�

cn
2

for

k =
n

2
;
n

2
+ 1; . . . ; n� 1: (2.17)

Using (2.16) and (2.17)

jh2;n(z)j �

n�1

k=n=2

ei�3 e�3 � 1

ei�3 e�3 � z

2

�1 + i�3k

�
2

e�3 � 3
�3

(e�3 + 1)� c
2

1

k=n=2

�
2

�3k
:

The last sum goes to zero asn!1, so this proves (2.15).
Step 4) In this step, we show that

lim
n!1

jh4;n(z)j = 0 for z 2 
n: (2.18)

To prove (2.18), note that forz = zn + (cn=2)e
i�

jh4;n(z)j �
�e�3 � 1

�e�3 � zn �
c
2

ei�

1

k=n

�
2

(�1 + i�3k)(i�3k)

�
2

(e�3 + 1) 3
�3

� c
2

ei�
1

�3n

1

k=n

�
2

j�1 + i�3kj
: (2.19)

Now, using (2.11), we have that

2

(e�3 + 1) 3
�3

� c
2

ei�
1

�3n

�
4

(e�3 + 1)6� cn�3n
!

4

6 + �

asn ! 1. Since the last sum in (2.19) goes to zero as
n ! 1, this proves (2.18).

Combining (2.9), (2.12), (2.15), and (2.18), we see that
(2.8) is true for all sufficiently largen. As noted earlier, this
completes the proofs of Theorems 2.7 and 2.3.
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The Polynomial Approach to the LQ Non-Gaussian
Regulator Problem

Alfredo Germani and Gabriella Mavelli

Abstract—A new approach for the solution of the regulator problem for
linear discrete-time dynamical systems with non-Gaussian disturbances is
proposed. This approach generalizes a previous result concerning the def-
inition of the quadratic optimal regulator. It consists in the definition of
the polynomial optimal algorithm of order for the solution of the linear
quadratic non-Gaussian stochastic regulator problem for systems with par-
tial state information. The validity of the separation principle has also been
proved in this case. Numerical simulations show the high performance of
the proposed method with respect to the classical linear regulation tech-
niques.

Index Terms—Kalman filter, Linear quadratic Gaussian (LQG) optimal
control, non-Gaussian systems, separation principle, stochastic control.

I. INTRODUCTION

In this note, the optimal regulator problem for linear stochastic non-
Gaussian discrete-time systems, with a quadratic cost criterion and par-
tial state information, is considered. The approach proposed here con-
sists in the polynomial extension of the solution previously given in
[1], that concerned the definition of the quadratic optimal regulator. In
a considerable number of technical areas, the widely used Gaussian as-
sumption must be removed to obtain a more realistic statistical descrip-
tion of the disturbances acting on the state equations and/or the mea-
surement process. As shown by various papers (e.g., [2]), increasing
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attention is being paid to non-Gaussian systems in control engineering,
where both parameter and state estimation problems are important in
designing feedback control laws. Non-Gaussian problems often arise
in digital communications when the noise interference includes noise
components that are essentially non-Gaussian (this is a common situa-
tion at frequencies below 100 MHz) [3]. Neglecting these components
is a major source of error in communication systems design.

The deterministic version of this problem has received much at-
tention in the scientific literature (see, for example, [4]–[8]). For sto-
chastic systems, some authors assume that only partial information
about the statistics of noises is available (minimax [8]–[10] orH1
[11] approaches). Other authors assume that the noise statistics are
Gaussian (LQG control problem [12]–[16]). It is well known that, for
Gaussian linear stochastic systems with incomplete state observation,
this problem is equivalent to the simultaneous solution of a control and
a filtering problem (separation principle [17]).

The purpose of this note is to propose a new algorithm for solving the
optimal stochastic regulator problem for non-Gaussian systems with in-
complete state observation (i.e., only noisy state observations are avail-
able) when a quadratic index is considered. The resulting solution is
given by the same feedback control law as in the linear optimal regu-
lator [18], [19], and by a filtering stage given by the optimal polynomial
filter [20]. As a by product, it will be also proven an extension of the
separation principle for non-Gaussian control systems when a suitable
class of suboptimal state estimators (with respect to the conditional ex-
pectation) is considered.

In Section II, the precise statement of the problem is given. Then,
it will be recalled the optimal solution of the problem in the Gaussian
case [18], [19], that represents also a suboptimal linear solution for the
non-Gaussian setting. The main result of the note is given in Section III,
where the optimal polynomial regulator for a linear discrete-time non-
Gaussian system is given. In Section IV, some numerical simulations
are presented showing the better performance of the proposed polyno-
mial optimal control with respect to the linear one. The note ends with
concluding remarks in Section V.

II. PROBLEM FORMULATION AND PRELIMINARIES

The systems here considered are described by the following equa-
tions:

x(k + 1) =A(k)x(k) +B(k)u(k) + F (k)N(k)

+ d(k) x(0) = �x (2.1)

y(k) =C(k)x(k) +G(k)N(k) (2.2)

with the associate quadratic index

J =
1

2
E x

T (N)S(N)x(N) +

N�1

k=0

(xT (k)Q(k)x(k)

+uT (k)R(k)u(k)) (2.3)

where, for anyk, x(k) 2 IRn, y(k) 2 IRq , u(k) 2 IRp,N(k) 2 IRn,
d(k) 2 IRn, F (k) 2 IRn�n, andG(k) 2 IRq�n. Throughout this
note, we will use the basic notations, symbols and rules of the Kro-
necker algebra (see [20]). Among these, letM andN be any matrices,
the symbolM 
 N indicates the Kronecker product ofM andN ;
the notationM [l] = M 
M [l�1], l � 1, indicates thel-order Kro-
necker power ofM , andst(M) represents the stack operator applied to
M . The noiseN(k) forms a sequence of non-Gaussian random vector
variables, with all moments up to the2�th order finite and known:
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