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Nonrobustness of Closed-Loop Stability for and B is a linear bounded operator frof into X_;. Here,X_; is
Infinite-Dimensional Systems Under Sample and Hold  the completion ofX in the norm|z||—1 = ||(AI — A)~"z|| whereX
is any element of the resolvent set4f If the input operatoB maps

Richard Rebarber and Stuart Townley boundedly into the state-spadg thenB is called bounded, otherwise

B is called “unbounded” (with respect to the state-spdge See [8]
Abstract—t is a well-known principle, for finite-dimensional systems, f‘c(nr details about unbounded input operators and the extrapolation space
that applying sampled-and-hold in the feedback loop around a stabilizing <*—1- ) . .
state feedback (or dynamic) controller results in a stable sampled-data  In [4], it was shown that, in general, if the feedback operator is non-
feedback control system if the sampling period is small enough. The compact, then stability of (1.1) and (1.2) is not robust with respect to

principle extends to infinite-dimensional systems with compact state sampling. Here, we recall the simple counterexample in [4].
feedback if either the input operator is bounded or the given state-space '

. i e — 72 4 —
system is analytic. In this note, we give an example for which this principle .Example 1.1..Con5|der a system withi' = 1(2), 4 =
fails but which nevertheless satisfies certain necessary conditions arising 1128z (1+ _1172), B=1 aan = —2I. Then,A + BF generates
in sampled-data control of infinite-dimensional systems. the exponentially stable semigroup
Index Terms—nfinite-dimensional systems, nonrobustness, sampled- . (= 14kt
data control. Tpr(t) = diag,cz (8 )
whereas the sampled-data feedback control given by (1.3) results in an
I. INTRODUCTION evolution of»(k7) =: z of the sampled-data feedback system (1.1)
In this note, we consider a fundamental problem which arises irfRd (1.3) according to
context of sampled-data stabilization of infinite-dimensional control diag (14ki)r
systems. Consider a system Thet1 = ( 1A8kez (p )
) 6(1+ki)T 1
&(t) = Az(t) + Bu(t), t>0, «(0)==2". (1.1) —2diagcz <T)) ve. (1.5)
Suppose that a continuous-time feedback control Now
; — Fy ) L(A+k)T _ )
u(t) = Fl(t) (12) 6)/(1«&»kz)1— -9 c i > T _ i (eT =+ 1)
1+ ki |1+ ik|

is exponentially stabilizing for (1.1). This continuous-time control is .
implemented naturally using sample and hold, sodtiagiven instead SO We see that for any > 0, the eigenvalues;. of the sampled system
by (1.5) satisfy

w(t) = Fr(kr), te€kr,(k+1)7) k€ No. (1.3) l\llffggcf [AR] > e” > 1.

Here,m > 0 is the sampling period. The control (1.3) is called a sanHence, the sampled-data feedback system is unstable foralb.
pled-data feedback control and the overall system given by (1.1) and-or this reason, we restrict attention to systems with compact feed-
(1.3) is referred to as a sampled-data feedback system. Intuitively, BgcksF. Now sampled-data stabilization of infinite-dimensional sys-
would expect for all sufficiently smalt > 0, that (1.3) produces a tems with compact feedback operators is possible onyifB) sat-
stabilizing control for (1.1) in the sense that there exi$ts> 1 and isfies certain necessary conditions. These necessary conditions are re-
v > 0 so that called here from [6, Th. 1.3], Theorem 1.3 for clarity:

Theorem 1.2: Suppose the sampled-data feedback system (1.1) and
(1.3) is exponentially stable. TheR, admits a decompositiali s D X,

When this is true, we say that closed-loop stability of the contirwhlch satisfies the following conditions.

uous-time feedback system (1.1) and (1.2)aust with respect to a) dim X, < occ. .
sampling This robustness holds in the finite-dimensional case (see,b) AX. C XS "?‘”dAXu < Xu;
for example, [1]) and forms the basis for so-called continuous-time€) There existsi < 0 so that (o (Ax,) = a(A4) N {A € C |
design, sampled-data implementation control methodologies. Re(X) > [} consists of at most finitely many eigenvalues of
We are interested in the infinite-dimensional case where the issue <+ €ach with finite algebraic multiplicity and i (A|.x,) =
is rather more delicate. First, we need to make the formulation more ~ 7(4) N {A € € | Re(A) < f}, and A|x, is the generator
precise. of an exponentially stable_ser_mgroup.
We consider (1.1) as a state-space system with state-Spamed ~~ 9) Let/: X — X, be the projection ot onto.X, alongX., and
input spacd’/, whereX andU are both Hilbert spaces. We assume -
that A is the generator of a strongly continuous semigrip) on X, B = /O T'(s)BFds.

=)l < Ne7||2"(], Va2, Vt>o0. (1.4)
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unbounded, the operatdr+ B F' has to be interpreted carefully.) More Finally, define the operataF € B(X,U) by
precisely, we have the following.

Theorem 1.3: Assume thatd generates a strongly continuous semi- Flan) = Z 2&
groupI’(t)onX, B € B(U,X), F € B(X,U) is compact, and the k
semigroup generated by + BF is exponentially stable. Then, there

existsT" > 0 such that for every- € (0,77), there existV > 1 gince 4 is diagonal and invertible, we can easily define a branch of
andv > 0 such that all solutions of (1.1) and (1.3) sati§iy(t)[| <  4-% for anys > 0.

7 _—vt 0 .0 - . .
Ne=""||a"|| for all 2" € X and allz > 0. ) Theorem 2.3: For the system given in Example 2.2 we have
We note that the systems in Theorem 1.3 satisfy the necessary con:

- . ) . 1) (A, B) satisfies the necessary conditions a)—d) in Theorem 1.2;
ditions in Theorem 1.2; see, for instance, [5]. ;i . . _ .
. . 2) B has one-dimensional range, is not bounded, Auf B is
Theorem 1.4: Assume thati generates an analytic semigrdLipr) .
i sl S . bounded for alb > 0;
onX, B € B(U,X_,), F € B(X,U) is compact. If the semigroup . .
) . . . .. 3) Fisbounded and rank one;
generated byl g (as defined in [4, Section 4] and which agrees with ) . . .
A + BF on the domain ofdsr) is exponentially stable, then there 4) A+ BF generates an exponentially stable semigroup;
A+ 5E : pr) 1S exponentialy L 5) there does not exist” > 0 so thatA, given by (2.1) is power
existst* > 0 such that for every € (0,7%), there existV > 1 X
and» > 0 such that all solutions of (1.1) and (1.3) sati§fy(¢)|| < stable for allr € (0,77).
7\"6_1/””1'0” for all 2° € X and allt >(0 ) (13) fiv)ll < The condition that3 € B(U, X_;) becomesd™'B ¢ B(U, X).
. - = . . One common measure of the unboundednegsiethe smallest € R
We see from the counterexample for noncomp&agiven in Ex-

o chthatd™® B € B(U, X). If we use this as a measure of unbound-
ample 1.1, the necessary conditions from Theorem 1.2, and the SUZE'ness o3, then we see from condition 2) that Theorem 1.3 is sharp.

cient conditions in Theorems 1.3 and 1.4, that robustness with respe tow 1)-3) in Theorem 2.3 are clearly satisfied. Indeed, siids

to sampling is quite delicate. One obvious question is whether thes)?ponentially stable, it is obvious that, B) satisfies the necessary

sufficient COI’]dItI.O.nS can be relaxgq further. .NOW the 9ap between tcgnditions a)—d) in Theorem 1.2, so condition 1) is satisfied. Conditions
necessary conditions and the sufficient conditions is quite subtle. Th(%?e

. . . and 3) are readily verified.
are systems which satisfy the necessary conditions but not the suffi ) Y

) " . It remains for us to verify conditions 4) and 5).
cient conditions, and we can draw no conclusions about the robustnes'§irst note that sincé’ € B(X,U) andB € B(U, X, ), for every
of these systems with respect to sampling. We give an example whic ' ) N o poh
. - ) A) we can defineéF’ R(s, A)B and it is easy to verify that
satisfies the necessary conditions of Theorem 1.2 and for which sﬁa}é-l p(4) (8, 4) Y fy

bility is not robust with respect to sampling. 9

FR(s,A)B=Y_

keN

5= A
1. COUNTEREXAMPLE

In this section, we construct an example which satisfies the necess@g&% cgt)e(zll\/(hi)re?d_S)g V\)Ie stz?/\r/'i[tri]o y working with a related system
conditions in Theorem 1.2 and shows that Theorem 1.3 is not true when =’ = (b )ker
B is not bounded, and Theorem 1.4 is not true when the semigroup
generated bw is not analytic. In the exampl€ is one-dimensional
andB is “barely unbounded,” in a sense made precise in the following. _ -

To study the stability of the sampled-data system (1.1) and (1.3) wedF: X D D(F') — X is defined by
consider the power stability of a related discrete-time operator. Inte-
grating (1.1) and (1.3) over one sampling interiat, (k + 1)7), and F(ay) = Z 22, D(F)=1(".
settingz, := z(k7) yields the discrete-time system kEN

be:=i forkeN

It is easy to verify that for every € p(A), R(s, A)B € D(F), and
FR(s,A)B = FR(s, A)B.

For everyx € D(F) we can computelx + BFx in X_;. The
It follows from [6, Lemma 2.1] that\ , is a bounded operator froi ~ natural domain oD (A + BF) is then
to X.

41 = A-xp, whereA; :=T(7) —1—/ T(s)BFds. (2.1)
0

Proposition 2.1: ([4, Lemma 2.3]) For any > 0, (1.1) and (1.3) is D(A+ BF)={x € D(F)| Ax + BFz € X}.
exponentially stable if and only i, is power stable, i.e|JA¥|| — 0
ask — oo. Fora € R, let

Our counterexample is described as follows.

Proposition 2.2: Consider a system (1.1) and (1.2) defined as fol- Co:={z€C|Rez>a}.
lows:

Let X = (2, indexed byN, with norm|| - || and inner product:, -, Lemma 2.4: A + BF has no eigenvalues 0.
andU = C. Proof: We first show that for: € D(A 4 BF)

Define the generatad = diag(\x)ken, With L
Re{(A+ BF)z,z) = —(x. z). (2.2)

A= —14in3" fork € N . S .
LetA := A+ 1. We verify (2.2). Ifx € D(A+ BF) = D(A+ BF),
) \ , thenz € D(F), so that rm < 00, and

and domain D(4) =  {(zi)ren| (zede)ren € (P}, Let x € D(F) D e T < 00

B = (bk)kel\l with

(}ZX + EF)¢ = <i773/°.1'k 4+ 2 Z :vm> e X = (2
kEN

by := ik fork € \. meEN
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Since (* C (% and (20 3, cnam), oy € (7 it follows that  are of finite mulitiplicty, and this multiplicity is bounded. Now we can

(Ske'l'k)keN € (> and sar, = (9(3*)_ Using this, we see that proceed using an argument found in [1d]:+ BF' can be written in
Jordan canonical form as follows. L&t be the subspace &f spanned
(A+ BF)z,2) = Z <m3kmk 42 Z :nm) by the eigenvectors associated with the simple eigenvalues, aiid let
frerd o=l be the finite-dimensional subspace ®fspanned by the generalized
2 eigenvectors associated with the remaining eigenvalues. Theh
=i <Z 3 a2 + 2 Z - ) BF)|x, can be written as a diagonal operafar, and(A + BF)|x,
Pt pvrd can be written in the Jordan forf + IV, whereS, is diagonal andv
s0 is nilpotent, with entries only on the superdiagonal. From this it follows
thate(°1+52)! has the same growth bound@s$*#/¢. From Lemma
Re((A 4 BF)z,x) = 0. 2.4 we have that all of the eigenvalues 4f+ BF are in{Re s <

. —1/2}, s0e®1792)t andeA+51)t are hoth exponentially stablél.
Using the definition of4, we immediately see that this implies (2.2).  To complete the proof of Theorem 2.3 all that remains is to check
Now suppose that there exists € C_o 5 such that that condition 5) holds for Example 2.2.
FR(s0, A)B = FR(s0, A)B = 1. 2.3) Theorem 2.7:Ther€ does not exist® > 0 so thatA, is power
stable for allr € (0,7").

In particular R(so, A)B is nonzero, so by a standard argument this  Proof: We show that there exists., ) such thatim,, .. 7., = 0,
would imply thats, is an eigenvalue oft + BF with eigenvector andA., has an eigenvalue, with |z,| > 1.
R(so, A)B. However, (2.2) implies thatt + BF does not have any  Let H, denote the discrete-time transfer function for the system
eigenvalues inC_q 5, SO we see that there does not exigtwhich

solves (2.3). Tht1 :eAT;tk + </ M7 g d(r) Up
Suppose thatt + BF has an eigenvaluee C_, 5 with eigenvector _ 0
x. Then by a standard argumeFitR(s, A)BFx = Fx. If Fz = 0, Ye =Fg.

thens is an eigenvalue aft which is inC_g 5, which we know is not |1 jg easy to compute that
the case, by the definition of. Therefore,F R(s, A)B = 1, which \ ’
contradicts the fact that (2.3) does not have a solutiore C_o 5. H.(:)=— Z M- 120 (2.4)
Hence,A 4+ BF does not have any eigenvalueding s. O fr=rd eMT — 2 A
Remark 2.5: It is possible to prove the following two facts but they ] ]
are more than we need: ) + BF is maximally dissipative, hence, If = is @ zero ofl — H-(z), then: is an eigenvalue o\, (although
by the Lumer—Phillips Theorem it is the generator of an exponentiafij¢ converse need not hold).
stable semigroup; and 2}, B, F) is a regular systend, is anadmis- Let
sible feedback operatdor (A, B, F) (see [9]), and the closed-loop
generator one obtains from this regular systems approath-i® £,
whereF7, is theLebesgue extensiafi F', defined in [9]. The domain of Then, we write
F;, might be larger than the domain Bfgiven in this note, butt + B F’

T, = 37" for n even

andA + BF;, have the same domain and are the same operator. —H, (2) = hin(2) + hon(2)+ han(z) + han(2)

The following result completes the proof of condition (4) in The-
orem 2.3. where

Proposition 2.6: A + BF generates an exponentially stable semi- n/2 R L %
group. Pin = eim3kTme—3Tm _ <—1 + inBk)

We first need to prove that + BF is adiscrete spectral operator k=17 i -
and that all but finitely many of its eigenvalues have spectral projec- i P | 2
tions with one-dimensional range; see [2] for the definition of a discrete ho n = Z pimsk—n3=n <_1 ¥ iﬂ.sk)
spectral operator. To this end, we will apply [2, Th. XIX2.7 and Cor. kz("/z”i
XIX2.8]t0 (A + BF)* = A* + F*B*. Here, D(B*) = {(x¢)ren | A L S e Y
D okenN |kxr|* < oo}. The following hypotheses for this theorem are ¥3,m _kz eim3k—m —3—n _ _ \ jn3k
obviously true: o irak—m _a—n N

i) A is a discrete spectral operator withA") = {X¢ }ren; hin =3 < 3;\»7716 —— L < . 2 - ) )

ii) the spectral projection for each, € o(A*) has one-dimen- = e =z \im3k (=14 im3F)

gogilég?gfp A — (e ol 1 vy We will show that there exists arootbtH.. () outside of the unit

i) y (> N (AD)7) = {ae] ZleellAe]” < oo} forevery e by showing thaks ., (z) + 1 has a root outside of the unit circle,

Letd, be the distance fromv, oo (A*)\ {\.}, sod,, = 2(3"~") and then applying Rouche's Theorem. ok n, exp(i3"™") =

T T < y n y e T . _1
Then S0
3" oo
1 v N[ e —113\2 1
> du (Pl + o) han(2) = (_B_M - ) EDPF
neN k=n
Jp—
converges for any < 1. Hence, by [2, Th. XIX2.7], we conclude that N -1 3 . (2.5)
A*+4F*B* is adiscrete spectral operator. Also, by [2, Cor. XIX2.8], all —e=#" —z | w3n
ini ' A* 4+ F*B* i i . . , .

but finitely manyy,, € o(A™ + ) have one dimensional SpeCtraISoIvmg fOr 20 i hg.n(2n) = —1, we obtain

projection. The same properties hold fér+ BF.
Since all but finitely many of the eigenvalues4f BF are simple B i 3 s 2.6
andA + BF is a discrete spectral operator, the nonsimple eigenvectors = w3n ( + ) (2:6)
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S0z, = —f(37"), where Using (2.13) and (2.14), we see that for large enough
—a 3 —a n/2 gk—n _3—mn
fla)y=¢e "+ <7> ale”* +1). e’ e -1 2
0 |h1 'L( )| <Z (,zwdk no—3=n _ —1+77r3k
Now f(0) = 1andf(a) > 1foralla > 0. Therefore, for each € N, img—m/2 _g— )
hs..(z) + 1 has a zera,, with z, < —1. ¢ ¢ - 1( = 2

<

T A = () 2

73"

We now show that — H, (z) has a root outside of the unit circle
for all sufficiently largen. Let

Sincelim,, . ¢, = 0, is clear that (2.12) is true.

eni=e 14 3n( B ) (2.7)  Step3) In this step, we show that

which is the distance from, to —1. Define the curve ,Llﬂn |han(2)] = 0forz € .. (2.15)
Tn 1= {3" + (%) e’10<6< 27"}' To prove (2.15), note that

If we can show that for sufficiently large I R < 2fork = % g l...on—1 (2.16)

[P0 (2) + 1] > [h1,50(2) + hon(2) + han(2)

2 € v (2.8)
Also note that by the same argument that led to (2.14), we
then we can conclude from Rouche’s Theorem that ., has a zero obtain forz = z, + (¢, /2)e"’

Z, inside~,,. Since all points ony,, are outside of the unit disk, this
yvill complete the proof of Theorem 2.7. We break up the proof of (2.8) |ei7r3’“*”673*” — 2| 2673*” _ i(e*‘d*” +1)— En tor
into four steps. 3"

Step 1) In this step, we prove that there exists 0, independent k=3, 5 +1,...,n—1 (2.17)

of n sufficiently large, such that
Using (2.16) and (2.17)

|h'3.‘n(z) + 1| >cforz e Yr- (2.9)
v = e e T 2 2
To prove this, we compute that for = z, + (cn/2)e™, [hon(2)] < Z P T ‘_1 i
using (2.5)~(2.7) k=n/z | ¢ '
2 o
1 cp 3™ <|l—= ; “5n c
son () H1= 5 |y - (oo @20 ST E = (3], 2,
2

Since T

lim ¢,3" = <9> _1 (2.11) The Igst sum goes to zero as— oo, So this proves (2.15).

n—oo T Step 4) In this step, we show that
we see that the right-hand side of (2.10) is larger than or lim |h4,.(2)] =0forz € ... (2.18)
equal to a function of. which converges t¢6 — 7) /(18 — n—oc ! " !

), proving (2.9) for sufficiently large:.

— . 10
Step 2) In this step, we prove that To prove (2.18), note that for = z,, + (¢, /2)e

lim |, ()] = 0for z € .. (2.12) L —eT 1 =
n—oco a0 (2)] <
] e S Caper Z
To prove (2.12), note that 9 o
X . N 3 N
Qi =T 1‘2 = 14207 Z 907 cos(n3E M), (—=1+ 1773"')(27r3")
We see from this that the maximum|ef™" " ¢=3 7" — 1| |(673 N e o P e
fork =1,2,...n/2 andn fixed occurs whert = n/2, so 2
N a— (2.19)
im3k—m _3-—m ir3—n/2 _g—m |_]_ + Z’Tl'?)k|
e'” e - 1‘ <le'™ e — 1] for
n Now, using (2.11), we have that
k=1,2,..., 2. (2.13)
2 2 1
Also, note that for: = z, + (¢, /2)e® [(e=37" + 1) (5) — (%) e 3"
izg3k—? _3—m < 4 — 4
¢ - T (em¥" 4+ 1)6 — ¢, w3 6+7

iakn Can 3 _gm . _ _
(c T 1) L (™ 41y = et asn — oo. Since the last sum in (2.19) goes to zero as

3" 2 n — oo, this proves (2.18).
>e 3 - [ T for Combining (2.9), (2.12), (2.15), and (2.18), we see that
77,5’" (2.8) is true for all sufficiently large.. As noted earlier, this
k=12....5. (2.14) completes the proofs of Theorems 2.7 and 2.3. O
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Abstract—A new approach for the solution of the regulator problem for ~ where the optimal polynomial regulator for a linear discrete-time non-
linear discrete-time dynamical systems with non-Gaussian disturbances is Gaussian system is given. In Section IV, some numerical simulations
proposed. This approach generalizes a previous result concerning the def- 5e hresented showing the better performance of the proposed polyno-
inition of the quadratic optimal regulator. It consists in the definition of . . h . .
the polynomial optimal algorithm of order  for the solution of the linear ~Mial Optimal control with respect to the linear one. The note ends with

quadratic non-Gaussian stochastic regulator problem for systems with par- concluding remarks in Section V.
tial state information. The validity of the separation principle has also been

proved in this case. Numerical simulations show the high performance of
the proposed method with respect to the classical linear regulation tech-

niques. The systems here considered are described by the following equa-

Index Terms—Kalman filter, Linear quadratic Gaussian (LQG) optimal  tions:
control, non-Gaussian systems, separation principle, stochastic control.

The Polynomial Approach to the LQ Non-Gaussian
Regulator Problem

Alfredo Germani and Gabriella Mavelli

Il. PROBLEM FORMULATION AND PRELIMINARIES

2(k+ 1) =Ak)x(k) + B(k)u(k) + F(k)N (k)
+d(k) z(0)==z (2.1)

In this note, the optimal regulator problem for linear stochastic non- y(k) =C(k)e(k) + G(k)N (k) (2.2)
Gaussian discrete-time systems, with a quadratic cost criterion and R&Eh the associate quadratic index
tial state information, is considered. The approach proposed here con-
sists in the polynomial extension of the solution previously given in | { N-1

|. INTRODUCTION

[1], that concerned the definition of the quadratic optimal regulator. th= 5 £ e (N)S(N)a(N) 4+ (! ()Q(R)a(k)
a considerable number of technical areas, the widely used Gaussian as- k=0
sumption must be removed to obtain a more realistic statistical descrip-
tion of the disturbances acting on the state equations and/or the mea-
surement process. As shown by various papers (e.g., [2]), increasing
where, for anyk, x(k) € R, y(k) € R?, u(k) € R?, N(k) € R",
Manuscript received November 9, 1999; revised January 5, 2001 and Octoiljgf) € IR,"., F(k) € IR’nX.n’ andG(k) € R, Throughout this
9, 2001. Recommended by Associate Editor Y. Yamamoto. note, we will use the basic notations, symbols and rules of the Kro-
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dell’Aquila, 67100 Monteluco (L'Aquila), Italy, and also with the Istituto the symbol} @ N indicates the Kronecker product 8f and N;
di Analisi dei Sistemi ed Informatica del CNR, 00185 Roma, ltaly (e-maikhe notation!! = M © MU= 1 > 1, indicates thé-order Kro-
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00185 Roma, Italy (e-mail: mavelli@iasi.rm.cnr.it). M . The noiseV (k) forms a sequence of non-Gaussian random vector
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—|—71,'T(k)R(k)u(k,))} (2.3)
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