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Disclaimer

For the purposes of this talk, “4-manifold” means “smooth,
closed, orientable, and connected 4-manifold”.
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Trisecting 4-manifolds

Definition
Given a 4-manifold X and integers 0 ď k ď g, a pg, kq-trisection
of X is a decomposition X “ X1 YX2 YX3, satisfying:

1 Each Xi is diffeomorphic to 6kpS1 ˆB3q

2 Each pairwise intersection Xi XXj “ BXi X BXj is
diffeomorphic to 6gpS1 ˆB2q

3 The triple intersection is a genus g surface:
X1 XX2 XX3 “ BX1 X BX2 X BX3 “ Σg
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Remarks

Theorem (Gay-Kirby 2013)
Every (smooth closed orientable connected) 4-manifold has a
trisection.

Trisections can be related to handle decompositions
minpkiq ě rkπ1pXq
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Schematic

Schematically, we may think of a trisection of X as the
following:

X2

X3

X1

Σg
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Trisection Diagrams

Definition
A pg, kq-trisection diagram is a 4-tuple pΣg, α, β, γq where each
triple pΣg, ˚, ˚q is a genus g Heegaard diagram for

BXi “ #kipS1 ˆ S2q.

Example: A (1,1)-trisection diagram for S1 ˆ S3: pT 2, α, β, γq
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Surface Products & Bundles over S2

Previous work: Gay and Kirby gave a construction for a
p8g` 5, 4g` 1q-trisection of a surface bundle over S2 with fiber
Σg.

This talk: The following construction is adapted from their
work and yields a pp2g ` 1qp2h` 1q ` 1, 2g ` 2hq-trisection of
Σh ˆ Σg.

In the case where h “ 0, we get a p2g ` 2, 2gq-trisection of
S2 ˆ Σg.

Next step: It’s likely the construction carries over to nontrivial
surface bundles.
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Trisecting Σh ˆ Σg

1 Trisect Σg as Σg “ A1 YA2 YA3, where
1 each Ai is a disk
2 Ai XAi`1 “ BAi X BAi`1 is a collection of 2g ` 1 arcs
3 A1 XA2 XA3 is a set of 4g ` 2 distinct points.

For Σ1 – T 2, this looks like
the diagram on the right; in
general, taking Σg as the
connect sum of g copies of
this diagram will suffice.

A1

A1

A1

A1

A2

A3

2 Choose three disjoint disks D2
1, D

2
2, D

2
3 Ă Σh.
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Trisecting Σh ˆ Σg

1 Σg “ A1 YA2 YA3

2 D1, D2, D3 Ă Σh are disjoint

3 Define Xi :“
”

ΣhzDi ˆAi

ı

Y rDi`1 ˆAi`1s

1 Xi “ 6
2h`2gpS1 ˆB3q

2 Xi XXi`1 “ 6
p2g`1qp2h`1q`1pS1 ˆB2q

We now have a pp2g ` 1qp2h` 1q ` 1, 2h` 2gq-trisection of
Σh ˆ Σg “ X1 YX2 YX3.

Remark: This is a minimal genus trisection, since
rkπ1pΣh ˆ Σgq “ 2g ` 2h.
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S2 ˆ S2

S2 ˆ T2

T2 ˆ T2

S2 ˆ S2

Since g “ h “ 0, we will get a (2,0)-trisection of S2 ˆ S2:
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S2 ˆ S2

S2 ˆ T2

T2 ˆ T2

A (2,0)-trisection diagram for S2 ˆ S2
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S2 ˆ S2

S2 ˆ T2

T2 ˆ T2

A (4,2)-trisection diagram for S2 ˆ T 2
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S2 ˆ S2

S2 ˆ T2

T2 ˆ T2

A (10,4)-trisection diagram for T 4
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