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1. INTRODUCTION

This is a largely expository paper exploring theorems ofiRstiein and
Lackenby. Rubinstein’s Theorem studies the Heegaard gdrugstain hy-
perbolic 3-manifolds that fiber ove#' and Lackenby’s Theorem studies
the Heegaard genus of certain Haken manifolds. Our targieace are
3-manifold theorists with good understanding of Heegaaldtimgs but
perhaps little experience with minimal surfaces. The mairppse of this
note is generalizing Rubinstein’s minimal surface argun(®action 4) and
explaining the minimal surface technology necessary fatrttheorem (Sec-
tion 3).

We assume familiarity with the basic notions of 3-manifdiédry €.g
[4][6]), the basic nations about Heegaard splittingg([13]), and Casson—
Gordon’s [1] concept a$trong irreducibility/weak reducibilityln Section 5
we assume familiarity with Scharlemann—Thompson untejasg. All
manifolds considered in this paper are closed, orientabb@gifolds and all
surfaces considered are closed and orientable. By the géalgmanifold
M (denotedy(M)) we mean the genus of a minimal genus Heegaard sur-
face forM.

In [12] Rubinstein used minimal surfaces to study the Heefyganus
of hyperbolic manifolds that fiber ove$', more precisely, of closed 3-
manifolds (sayM, or simply M/ when there is no place for confusion) that
fiber over the circle with fiber a closed surface of geguand pseudo-
Anosov monodromy (say). While there exist genus two manifolds that
fiber overS* with fiber of arbitrarily high genus (for example, consider 0
surgery on 2 bridge knots with fibered exterior [3]) Rubinss&howed that
this is often not the case: a manifold that fibers a¥ewith genusy fiber
has a Heegaard surface of gezyst 1 that is obtained by taking two dis-
joint fibers and tubing them together once on each side. Wehisisurface
and surfaces obtained by stabilizingstandard M has a cyclic cover of
degreel (denotedM .. or simply /;), dual to the fiber, whose monodromy
is ¢?. Rubinstein shows that for smalland larged any Heegaard surface
for M, of genus< h is a stabilization of the standard Heegaard surface of
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My. In particular, the Heegaard genus if; (for sufficiently larged) is
2g + 1. The precise statement of Rubinstein’s Theorem is:

Theorem 1.1 (Rubinstein) Let M be a bundle oves' with pseudo-Anosov
monodromyp. Then for any integek > 0 there exists a constantso that
for anyd > n, any Heegaard surface of gengsh for M, is standard.

Rubinstein’s proof contains two components: the first congmb is a
reduction to a statement about minimal surfaces (given¢cdonpleteness,
in Section 2). It says that it/; has the property that every minimal surface
of genus< h is homotopic into a fiber then every Heegaard surfacé/fgr
of genus< h is standard. The second component is showing that for large
enough, this property holds foi/,. In Section 4 we generalize the second
component; we now describe the generalization.

Let M be a hyperbolic manifold and' C M a non-separating surface
(not necessarily a fiber in a fibration ovgt). Construct thel-fold cyclic
covers dual td?, denoted\/,, as follows: let\/* be M cut open alond-.
ThenoM* has two components, sdy and F,.. The identification off_
with F, in M defines a homeomorphism: F~ — F,. We taked copies
of M* (denoted)/;", with boundaries denotel, _ andF; , (: =1,...,d))

indices or indeces?and glue them together by identifyidg . with £, _ (the indices are taken
modulod). The gluing maps are defined usihngThe manifold obtained is
M,. In Theorem 4.1 we prove that for ady there exists: so that ifd > n
then any minimal surface of gengsh in M, is disjoint from at least one
of the preimages of". If ' is a fiber in a fibration ovef!, we see that any
minimal surface of genus £ is disjoint from a fiber, and hence homotopic
into a fiber, as required.

As in Rubinstein’s original proof, our argument is based pragea esti-
mate. LetS be a minimal surface in some hyperbolic maniféidas above.
We give a lower bound on the area of a minimal surface Han M, that
intersects every preimage 6fby showing that there is a constant- 0 so
that S has area at leastnear every preimage df. Hence ifS intersects
every fiber it has area at least. Fixing h, if d > 2™2=2) then$ has area

> 27(2h — 2). Since the minimal surfacg inherits a metric with curvature
< —1, by Gauss—Bonnet it has arga2r(2¢g(S) — 2). Thusg(S) > h as
required. We note that depends only on the geometry if.

The only tool needed for this is a simple consequence ahibreotonicity
formula It says that any minimal surface in a hyperbolic ball of vasdi
that intersects the center of the ball has at least as muataara hyperbolic
disk of radiusR. We briefly explain this in Section 3. For the purpose of
illustration give two proofs in the case that the minimalface is a disk.
One of the proofs requires the following fact: the length afuave of a
sphere that intersects every great is at I2ast that is, such curve cannot be
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shorter than a great circle. We give two proofs of this fachppendices A
and B.

Let V; and N, be hyperbolic manifolds witWN; = 0N, a connected
surface of genug > 2 (denotedS,). After fixing parameterizationg :
S, — 0Ny andiy : S, — ON, any gluing betwee®wN; anddN; is given
by a mapiy o f o (i;') for some mapf : S, — S,. Fix f : S, — S,

a pseudo-Anosov map, léi/; be the bundle ovef! with fiber S, and
monodromyf, and M, the infinite cyclic cover ofA/; dual to the fiber.
Forn € N, let M,, be the manifold obtained by gluiny; to N, using the
mapi, o f" o (i;"). (Note that this isiot M,.) Soma [19] showed that for
properly chosen points, € M,, (M,, x,) converge geometrically (in the
Hausdorff-Gromov sense) ... In [9] Lackenby uses an area argument
to show that for fixech and sufficiently large: every minimal surface of
genus< h in M, is disjoint from the image 00 N; = JN, (denoteds).
This implies that any Heegaard surface of gerus. weakly reduces to
S, and in particular for sufficiently large, by [17] g(M,) = g(Ny) +
g(N3) — g(S). In Section 5 we discuss Lackenby’s Theorem, following the
same philosophy we used for Theorem 1.1. Finally we mentori@s far
reaching generalization of Lackenby’s Theorem [20]; hosvethe proof of
this theorem is beyond the scope of this note.

Acknowledgment. We thank Hyam Rubinstein for helpful conversations.

2. REDUCTION OF MINIMAL SURFACES

In this section we reduce Theorem 1.1 to a statement abourtnalisur-
faces inM,;. We note that the result here applies to any hyperbolic mindl
M, but for consistency with applications below we use the timtal/,.

Theorem 2.1 (Rubinstein) Let M, be a hyperbolic bundle ovet'. Assume
that every minimal surface of gengs  in M, is homotopic into a fiber.
Then any Heegaard surface of gentish for M, is a stabilization of the
standard Heegaard surface.

Sketch of proofThis proof is taken directly out of Rubinstein and for com-
pleteness we sketch it here. Assume first thatadmits a strongly irre-
ducible Heegaard surface of gerig:, sayX.. Then by Pitts and Rubinstein
[11] X is isotopic to a minimal surface. Sinée carries the fundamental
group of M, it is not homotopic into a fiber, contradicting our assumpsio
Next assume thal/ admits a weakly reducible Heegaard surface of
genus< h, sayX. By Casson and Gordon [1] a carefully chosen weak
reduction of¥ yields a (perhaps disconnected) essential surfgand ev-
ery component of’ has genus less than the:) (and hence< h). By [16]
(see also [2])F' is homotopic to a least area (and hence minimal) represen-
tative. By assumptiord’ is homotopic into a fiber, and in particular is
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embedded in fiber crogs, 1]. HenceF' is itself a collection of fibers and
Y is obtained fromF' by tubing. It is left as an exercise to show that [14]
implies that® is standard. O

3. THE MONOTONICITY PRINCIPLE

The Monotonicity Principle studies the growth rate of mialrsurfaces.
All we need is the simple consequence of the Monotonicitydtple, Propo-
sition 3.1, stated below. For illustration purposes, wesgiwo proofs of
Proposition 3.1 in the special case when the minimal suifgteesects the
ball in a (topological) disk. We will use the following facé®out minimal
surfaces: (1) if a minimal surfacg intersects a small totally geodesic disk
D and locallyF’ is contained on one side @ thenD C F. (2)If Disa
little piece of the round spher#B (for some metric balB) and "N D # 0,
then locallyD ¢ F. Roughly speaking, these facts state that a minimal
surface cannot have “maxima” (or, the maximum principlenfonimal sur-
faces).

In this section we use the following notatiof(r) is a hyperbolic ball
of radiusr, its center isD and its boundary B(r). A great circle is a cir-
cle indB(r) given by the intersection aB(r) with a totally geodesic disk
centered at). For convenience we use the Poincaré ball model, use the
horizontal circle ((e., the equator) as a great circle and denote the totally
geodesic disk it bound®,. 0D, separate®B(r) into the northern and
southern hemispheres, anly separates3(r) into the northern and south-
ern half balls. The ball is foliated by geodesic digks(—r < t < +r),
whereD; is the intersection oB3(r) with the geodesic plane that is perpen-
dicular to thez-axis and intersects it 0, 0,¢). Here and throughout this
paper, we denote the area of a hyperbolic disk of radibg a(r). In the
first proof below we use the fact that if a curve on a spheresetds ev-
ery great circle then it is at least as long as a great circlgp@sition A.1).
This is an elementary fact in spherical geometry. In AppeesliiA and B
we give two proofs of this fact, however, we encourage theeeéo find
her/his own proof and send it to us.

Proposition 3.1. Let B(R) be a hyperbolic ball of radiug: centered atD
and F' ¢ M a minimal surface so thad € F. Then the area of' is at
leasta(R).

We refer the reader to [18] for a proof. For the remainder efgéction,
assume&’’ N B(R) is topologically a disk. Then we have:

First proof. Fix r, 0 < r < R. Let C be a great circle i@ B(r) (which
for convenience we call the equator). We claim that eifieroB(r) is the
equator oi"'NJB(r) intersects both the northern and southern hemispheres.
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Suppose for contradiction for somehis is not the case. Then one of the
following holds:

(1) FNoB(r) = 0.
(2) F n0B(r) does not intersect one of the two hemispheres.

Assuming Case (1) happens, andtlet 0 be the largest value for which
FNoB(t) # 0. ThenF anddB(t) contradict fact (2) mentioned above.

Next assume Case (2) happens (gagloes not intersect the southern
hemisphere). Let be the most negative value for whidh N D, # (.
SinceO € F, —r < t < 0. Then by fact (1) above;” must coincide with
D,. If t < 0 then D, intersects the southern hemisphere, contrary to our
assumptions. Henae= 0 and F is itself D,; thus F' N B(r) is the equator,
again contradicting our assumptions.

By assumption¥” N B(R) is a disk and therefor& N 0B(r) is a circle.
Clearly, a circle that intersects both the northern and theéhern hemi-
spheres must intersect the equator. We concludeftlia® B(r) intersects
the equator, and as the equator was chosen arbitrarity) B(r) intersects
every great circle. By Proposition AILF' N B(r)) is at least the length
of a great circle irDB(r). Integrating these lengths shows that the area of
F n B(r) grows at least as fast as the area of a geodesic disk, prdwng t
proposition. O

Second proofRestricting the metric fromd/ to F', distances can increase
but cannot decrease. Therefdren 0B(R) is at distance (o) at leastR
from O and we conclude that' contains an entire disk of radius. The
induced metric or¥' has curvature< —1 and therefore areas adn are >
areas irf3. In particular, the disk of radiuB aboutO has area a(R). O

4. MAIN THEOREM

By Section 2 the main task in proving Theorem 1.1 is homotgpirn-
imal surfaces of genus h into fibers. We generalize the necessary result
here:

Theorem 4.1. Let M be a hyperbolic manifold anB C M a non-separating
surface. LetM,; denote the cyclic cover df/ dual to F' of degreed (as in
the introduction).

Then for any integeh > 0 there exists a constamt so that ford > n,
any minimal surface of genus h in M, can be isotoped to be disjoint from
a component of the preimage bf

Proof. Fix an integerh.
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Denote the distance it¥ by d(-, -). PushF’ slightly to obtainF, a surface
parallel toF" and disjoint from it. For each poiptc F' define:

R(p) = min{radius of injectivity aip, d(p, 13)}.
SinceF is compactR(p) > 0. Define:
R = min{R(p)|p € F}.
SinceF is compactk > 0. Note thatR has the following property: for any
p € F,theset{q € M : d(p,q) < R} is an embedded ball and this ball is
disjoint from F'. Leta(R) denote the area of a hyperbolic disk of radiis

Let n be the smallest integer bigger thﬁiﬁf&—;z). Fix an integer > n.
Denote the preimages éfin M, by Fy, ..., Fy.

Let .S be a minimal surface id/;. SupposeS cannot be isotoped to be
disjoint from the preimages aof; for any:. We will show thatg(S) > h,
proving the theorem.

Pick a pointp; € F;, NS (i = 1,...,d) and letB; be the set{p €
M,|d(p,p;) < R}. By choice ofR, for eachi, B; is an embedded ball

and the preimages df separate these ball$. N B; is a minimal surface

in B; that intersects its center and by Proposition 3.1 (the Mamoity
Principle) has area at leastR). Summing these areas we see that the area
of S fulfills:

Area of § d-a(R)
n-a(R)
2m(2h — 2)
a(R)
2m(2h — 2).
But a minimal surface in a hyperbolic manifold has curvatgre-1 and
hence by the Gauss-Bonnet Theorem, the aréa0f—2my (S) = 2m(29(S—
2). Hence, the genus ¢f is greater tharh. O

>
>

V

-a(R)

Remark 4.2 (Suggested project)n Theorem 4.1 we treat the covers dual
to a non-separating essential surface (dendtgdthere). In the section
titled “Generalization” of [9], Lackenby shows (among atlieings) how
to amalgamate along non-separating surfaces. Does hisrectien and
Theorem 4.1 give useful bounds on the genug/ff analogous to Theo-
rem1.1?

5. LACKENBY’S THEOREM

Lackenby studied the Heegaard genus of manifolds contaséparat-
ing essential surfaces. Here too, the result is asymptdie. begin by
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explaining the set up. LeV; and NV, be hyperbolic manifolds with N, =
0N, a connected surface of gengs> 2. Let S be a surface of genug
andvy; : S — ON; parameterizations of the boundariés=£ 1,2). Let

f S — S be a pseudo-Anosov map. For anywe construct the map
fn=190 fro ()"t : ON; — ON,. By identifyingdN; with N, by the
map f,, we obtain a closed hyperbolic manifold,,. Let.S C M, be the
trace ofo N; = ON,. With this we are ready to state Lackenby’s Theorem:

Theorem 5.1 (Lackenby [9]) With notation as in the previous paragraph,
for any h there existsV so that for anyn > N any genush Heegaard
surface for)M,, weakly reduces t§. In particular, by setting: = g(Ny) +
g(N2) — g(S) we see that there exisf§ so that ifn > N theng(M,,) =

g(N1) + g(Na) — g(5).

Sketch of proofAs in Sections 2 and 4, the proof has two parts which we
bring here as two claims:

Claim 1. Suppose that every every minimal surfacéfnof genus< h can

be homotoped to be disjoint fro/ 1 Then any Heegaard surface of genus
< h weakly reduces t8. In particular, if h > g(Ny) + g(N2) — g(S) then
9(My) = g(N1) + g(N2) — g(5).

Claim 2. There existsV so that ifn > N then any minimal surface of
genus< h in M, can be homotoped to be disjoint frash

Clearly, Claim 1 and 2 imply Lackenby’s Theorem. We now sketeir
proofs.

We paraphrase Lackenby’s proof of Claim 1:debe a Heegaard surface
of genus< h. Then by Scharlemann and Thompson [15lintelescopes
to a collection of connected surfacésand; whereU, F; is an essential
surface (withF; its components) antl; are strongly irreducible Heegaard
surfaces for the components &f,, cut open alongJ; F;; in particular M
cut open alongU; F;) U (U;X;) consists of compression bodies and the
traces of thex;’s form 0_ of these compression bodies. Singeand’;
are obtained by compressing they all have genus h. By [16], [2], and
[11] the surfaced’; and¥; can be made minimal. By assumptigfican
be isotoped to be disjoint from them. Therefofeis an essential surface
in a compression body and is parallel to a componet ofTherefore, for
somei, S is isotopic toF;. In [8] it was shown that ib2 untelescopes to the added
essential surface; F;, then: weakly reduces to angonnected separating
component ofJ; F;; thereforeX weakly reduces t&. This proves the first
part of Claim 1.

SincesS is connected any minimal genus Heegaard splittings\ipand
N, can be amalgamated (the converse of weak reduction [17]anBlga-
mating minimal genus Heegaard surfaces we see that fonan\/,,) <
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g(N7) + g(Ny) — g(S). By applying the first part of Claim 1 té =
g(N1)+g(N2)—g(S) we see that for sufficiently large g(M,,) > g(N1)+
g(N3) — g(S) as well, completing the proof of Claim 1.

We now sketch the proof of Claim 2. Fixand assume that for arbitrarily
high values of:, M,, contains a minimal surface (s&;) of genusy(P,) <
h that cannot be homotoped to be disjoint fréin Let M/, be the bundle

overS! with monodromyf and fix two disjoint fibers”, FcC M;. LetR be

as in Section 4. Led/, be the infinite cyclic cover dual to the fiber. Soma
[19] showed that there are pointg € M,, so that()M,,, z,,) converges in
the sense of Hausdorff-Gromov to the maniféfd,. These points are near
the minimal surfaces, and the picture is that/,, has a very long “neck”
that looks more and more lik&/ .

For sufficiently large: there is a ballB(r) C M,, for arbitrarily larger
thatis1 —e isometric toB,.,(r) C M,,. Note thatB..(r) contains arbitrarily
many lifts of F' separated by lifts of. SinceP, cannot be isotope d to be
disjoint from S, it image in M, cannot be isotoped off the preimages of
F. As in Section 4 we conclude that the imagegthave arbitrarily high
area. However, areas cannot be distorted arbitrarily by & timat is1 — ¢
close to an isometry. Hence the arealhfare unbounded, contradicting
Gauss—Bonnet; this contradiction completes our sketch. O

In [20] Souto generalized Lackenby’s result. Although higrkvdoes
not involve bundles oves' and is beyond the scope of this paper, we give
a brief description of it here. Instead of powers of maps,tSused a
combinatorial condition on the gluings: fixing essentiaivas o; C N;

(: = 1,2) andh > 0, Souto shows that ip : N; — N, fulfills the con-
dition “dc (1), ) is sufficiently large” then any Heegaard splitting for
N1 U, N, of genus< h weakly reduces t&. The distance Souto uses—
de—is the distance in the “curve complex” andtthe hyperbolic distance.
We will not describe this distance here, but we do mentiohtempel [5]
(following Kobayashi [7]) showed that raising a fixed monmay ¢ to a
sufficiently high power does imply Souto’s condition. Her&®uto’s con-
dition is indeed weaker than Lackenby’s, and it is in factweak for us to
expect Soma-type convergenceM,. However, using Minsky [10] Souto
shows that given a sequence of manifalds, with dc(¢,,(a1), ) — oo,
the manifolds\/,, are “torn apart” and the cores 6f, and .V, become ar-
bitrarily far apart. For a precise statement see Propos@iof [20]. Souto
concludes that for sufficiently large any minimal surface foi/,, that in-
tersects bothV; and N, has high area and therefore genus greater than
Souto’s Theorem now follows from Claim 1 above.
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APPENDIX A. SHORT CURVES ON ROUND SPHERESTAKE ONE

In this section we prove the following proposition, whichassimple
exercise in spherical geometry used in Section 3.9%t) be a sphere of
constant curvature-(+)2. We isometrically identifys?(r) with {(z, y, z) €
R®|z? + y* + z? = r?} and refer to it as a round sphere of radius

Proposition A.1. Let S?(r) be a round sphere of radiusandy C S? a
rectifiable closed curve. Suppoge) < 2xr (the length of great circles).
Thenry is disjoint from some great circle.

Remark.The proof also shows that if is asmoothcurve the meets every
great circle theri(~) = 27r if and only if v is itself a great circle.

Proof. Let be a curve that intersects every great circle. dgf, (for some
Zmin € R) be the minimal value of the-coordinate, taken over. Rotate
S?(r) to maximizezmin. If zmin > 0 thenvy is disjoint from the equator,
contradicting our assumption. We assume from now,gf, < 0.

Suppose first,,in = 0. Suppose, for contradiction, that there exists a
closed aray on the equator so thatow) = 7 anda N v = (). By rotating
S?%(r) about thez-axis (if necessary) we may assume= {(x,y,0) €
S2(r)ly < 0}. Then rotatingS?(r) slightly about thez-axis pushes the
points {(z,y,0) € S?*(r)ly > 0} above thery-plane. By compactness
of v and « there is some so thatd(v,«) > e. Hence if the rotation is
small enough, no point of is moved to (or below). Thus, after rotating
S?(r), zmin > 0, contradiction. We conclude that every arc of the equator
of length7r contains a point ofy. Therefore there exists a sequence of
pointp; € yN{(z,y,0)} (i = 1,...,n, for somen > 2), ordered by their
order along the equatongtalong~), so thatd(p;, p;11) is at most half the
equator (indices taken moduig. The shortest path connectipgto p; 1
is an arc of the equator, and we conclude taf > 27 as required. If we
assume, in addition, thaty) = 27r then eithery is itself the equator of
consists of two arcs of great circle meeting-at c;. Note that this can in
fact happen, but them is not smooth. This completes the proof in the case
“min =0

Assume nextpin < 0. Letcmin be the latitude of5?(r) atz = zpqin,
and denote the length ofyi by dmin- Suppose there is an open arc of
cmin Of Iength%dmin that d‘oes nqt mFersect Similar to above, by rotating
S?(r) we may assume this arc is given b, v, zmin) € ¢minly < 0}
Then a tiny rotation about theaxis increases thecoordinate of all points
{(z,y,2)ly > 0, = < 0}. As above ,this increasegj,, contradicting our
choice ofzy,in. Therefore there is a collection of points € v N cyin
(: =1,...,n, for somen > 3), ordered by their order along the equator
(not along cyip), SO thatd(p;, piy1) < %dmin (indices taken modula).
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The shortest path connectipgto p;. is an arc of a great circle. However,
such arc has points with-coordinate less thaty,i,, and therefore cannot
be a part ofy. The shortest path containing all thpgs on the punctured
sphere on{(z,y,z) € S*(r)|z > zmin} is the boundary, that is;min
itself. Unfortunately/(cyi) < 27r. Upper hemisphere to the rescue!
must have a point with-coordinate at least zyj,, for otherwise rotating
S?(r) by 7 about any horizontal axis would decreasgj,. Thenl(v) is

at least as long as the shortest curve containingfBeand some poinp
on or abovecyip, the circle ofy at z = z,,. Let~y be such a curve.
By reordering the indices if necessary it is convenient suage thap is
betweerp; andp,. Itis clear that moving so that its longitude is between
the longitudes op; andp, shortensy (note that sincel(p:,p2) < 2dmin
this is well-defined). We now see thaintersects the equator in two point,
sayz; andx,. Replacing the two arcs of above the equator by the short
arc of the equator decreases length. It is not hard to se¢htnaame hold
when we replace the arc af below the equator with the long arc of the
equator. We conclude th&ty) > [(v) > 27r. O

APPENDIX B. SHORT CURVES ON ROUND SPHERESTAKE TWO

We now give a second proof of Proposition A.1. For conversesfqre-
sentation we takeés? to be a sphere of radius 1. Letbe a closed curve
that intersects every great circle. Every great circle fingd by two an-
tipodal points, for example, the equator is defined by theqolhus, the
space of great circles BP?. SinceS? has arealr, RP? has are2r. Let
f: S? — RP? be the “map” that assigns to a pojnéll the great circles that
containp; thus, for example, if is the north pole therfi(p) is the projection
of the equator tdR P2,

Let C' be a great circle. We claim thanC' contains at least two points of
~. (If vis not embedded then the two may be the same poifitpSuppose,
for a contradiction, that meets some great circle (say the equator) in one
point only (Say(1, 0,0)). By the Jordan Curve Theorem,does not cross
the equator. By tilting the equator slightly about thexis it is easy to
obtain a great circle disjoint from. Hence we see that intersects every
great circle at least twice. Equivalentlf(y) coversR P? at least twice.

Let «; be a small arc of a great circle, of lendth; ); note that this length
is exactly the angley; supports in radians. Say for conveniengestarts at
the north pole and goes towards the equator. The points #igtedgreat
circles that intersect; are given by tilting the equator hby; radians. This
gives a set whose areads/ of the total area of?. Since the area of?
is 4, it gives a set of aredl(«;). This set is invariant under the antipodal
map, and so projecting R P? the area is cut by half, and we get:
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@) Area of f(«;) = 2l(y).

Fix e > 0. Let « be an approximation of by small arcs of great circles,
say{«a;}" , are the segments of. We requirex to approximatey well in
the following two senses:

(1) l(a) <1(7) +e.

(2) Underf, o coversRP? as well asy does (except, perhaps, for a set
of measure); i.e, the area off («) > the area off(y) — ¢ (area
measured with multiplicity). ??

From this we get:

twice the area oORP? — ¢
the area off (7) — ¢
area off («)
¥ area off(«;)
= XiLi20(ai)
2l(av)
< 2(l(y) + ).

(In the fifth equality we use Equation (1).) Since/as arbitrary, dividing
by 2 we get the desired resubtr < (7).

A7 — €
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