Math 971 Algebraic Topology
January 27, 2005

Group theory “done right”: presentations

Y = a set; a reduced word on ¥ is a (formal) product af' ---a$» with
a; € ¥ and €; = £1, and either a; # a;41 or € # €;11 for every i. (Le.,
no aa~!,a'a in the product.)

The free group F(X) = the set of reduced words, with multiplication
—= concatenation followed by reduction; remove all possible aa™!,a " 'a

from the site of concatenation.

identity element = the empty word, (a{* ---as)" ! = a .- -a; . F(X)
is generated by X, with no relations among the generators other than

the “obvious” ones.

Important property of free groups: any function f : ¥ — G, G a group,
extends uniquely to a homomorphism ¢ : F(X) — G.

If R C F(X), then < R > = normal subgroup generated by R
= {Hgmgfl :n € No,g; € FI(X),1; € R}
i=1

=smallest normal subgroup containing R.

F(¥)/ < R >N = the group with presentation < X|R > ; it is the
largest quotient of F(X) in which the elements of R are the identity.
Every group has a presentation:

G =F(G)/ <gh(gh)y™t:9,h e G >N
where (gh) is interpreted as a single letter in G.

If Gi =< ¥1|R1 > and Gy =< 3Y3|Rs >, then their free product
G1+%Gy =< X1 [[ X2|R1UR2 > (X1, X9 must be treated as (formally) dis-
joint). Each element has a unique reduced form as g - - - g, where the g;
alternate from G, Go. GG1, G5 can be thought of as subgroups for G1*Go,
in the obivous way. Important property of free products: any pair of ho-
moms ¢; : G; — G extends uniquely to a homom ¢ : G; x Gy — G
(exactly the way you think it does).



