Math 445 Homework 7 Solutions

31. Continued fraction expansions:
53/18 : 53 =18-2+ 17,18 =17-14+1,and 17=1-17+0, so

53 17 1
— =24+ — =24 = =2+ = [2;1,17]

18 1 Y )
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17
115
115/53: 115=53-249 ,53=9-5+8,9=8-1+1,8=1-840,s0 — =

53
25,1, 8]

32. If x = [ag, ... ,an,b] and y = [ag, ... ,an,c] with b < ¢, then = < y if n is odd,
and z > y is n is even.
By induction; for n = 0, x = [ag,b] = ag —I—% > ag + % = [a,,c] = y , since
b<c=3>1.
Inductively, if we assume that whenever B < C| [ag, . .. ,an-1, B]—[ag,. .. ,an-1,C] =
(—=1)""1P, where P > 0, then
x=lag,...,an,b] =lag,...,an-1,an + E] and y = [ag, ... ,ap,c] =
1 1
lag,...,an—1,a, + —| have B = a,, + — <an+g =C ,so
c c
lag, ..., an,c]=[ag,... ,an,b] =lag,...,an_1,B]-]ag,...,an_1,C] = (=1)""1P,
SO [agy ... ,Gn, bl — [ag,... ,an,c] = (—1)"P , as desired.
So by induction, x < y if n is odd, and = > y is n is even. Or, without
induction: "
We know that, for [ag,...,a,-1] = knfl and [ag,...,a,] = k_n that z =
n—1 n
7hnb il and y = 7hnc ! If we look at = — finb + i — e
Fabt k1 T etk Yhabt kot Fnc t ka

(hnb + hnfl)(k:nc + knfl) - (hnc + hnfl)(k:nb + k:nfl)
(knb + k:nfl)(k:nc + k:nfl)

positive, this will be positive (x > y) or negative (x < y) depending on the sign of
the numerator. But

(hnb + hp—1)(knc+ kn—1) — (hpe + hp—1)(knb + kn—1) = (hpkpbe + hy—1kpe +
hnkjnflb + hnflk:nfl) - (hnknbc + hnflk:nb + hnkjnflb + hnflknfl) = (hnflkn -
hnkn—1)(c —b) = (—=1)"(c — b) , which, since ¢ — b > 0, is positive when n is even,
and negative when n is odd.

, since the denomenator is

33. The continued fraction expansion of /17 ;
1
GQZL\/17J:4,T0:\/17—4, GlZLmJ:L\/l’Y—FZLJ:S,

r1 = (V174+4) —8 =+v17—4 = ry , and then the process will repeat,
so V17 =1[4,8,8,8,8,...] = [4,8] .



USiIlg our formulas hz = hi,lai + hi,Q y k?z = ki,lai + ]{Ji,Q, we have
ho 4 hi 4:841 33 hy 33-8+4 268 hy  268-8+33

ko 1k 1840 8’k  8-8+1 65 ks  65-8+8
2177 hy  2177-8+268 17684

528 ks  528-8+65 4289

34. The continued fraction expansion of /19 : 4 < /19 < 5. so:

1 V1944
apg = |V19| = 4,rg = V19 — 4 | a =|— | =|—| =2,
0 L J 0 1 L\/E—4J L 3 J
Vv19+14 v19 —2 3 v19 42
rHn =——-—2=—: ag = |[————] = | ] =1,r =
3 3 V19 —2 5)

V1942 v19 -3 5 Vv19+3 v19+3
7—1:7, CLQZL J:L J:37r2:7—
5) ) v19 -3 2 2

v19 -3 2 v19+43 v19+43 v19 —2
3:7, a3:L7J:L7J:17T3:7_1:7

2 v19 -3 5) ) 5
5) v19 4 2 V1942 v19 -4
,oag= | =1 =2, m=—F—-2=—F—, a5=
V19 —2 3 3 3

3 Vv19+14 v19+14 v19 -4
I J:L7+ J:8a7”5:7+ — 16 = ——— =1y, and then the
V19 —4 1 8 1
process will repeat,

sov19=[4,2,1,3,1,2,8,2,1,3,1,2,8,...] = [4,2,1,3,1,2,8] .

USiIlg our formulas hz = hi,lai + hi,Q y k?z = ki,lai + ]{Ji,Q, we have
ho 4 hi 4241 9 hy 9-1+4 13 hy 13-3+9 48 hy

ko 1k 1240 2k 2141 3’ks 3-3+2 11 ks
48-1+13 61

11-1+3  14°
35. If @ < B < # are irrational numbers, o = [ag,a1...] , B = [bo,b1,...] , ¥ =
[co,c1y.v ] yand a; =¢; for 0 <i<m,thena; =b;=c; for0<i<n.

By induction: for n = 0, we have ag = |a] < |B] < |v] = ap, so | 5] = ao -

If we assume that a; = b; = ¢; for 0 < i < k < n, then

a = |ag, ... ,ak, ag41+Tr41], B = [ao, - .. , Gk, by 1+Yry1] , andy = [ao, ... , ap, Gpr1+
Zp+1] with 0 < Zpi1, Yks1,Yk+1 < 1. But since a« < f < 7, we claim that by
Problem # 32, ap+1 + Tpr1 < bgy1 + Yrr1 < Cra1 + 2x+1 (if £+ 1 is odd; the
opposite inequalities if k + 1 is even). This is because we can’t have any equalities;
the resulting continued fractions would then be equal, contradicting o < 8 < 7.
And the inequalities cannot run the other way, since then Problam #32 and the
parity of k would say that one of the inequalities a < § <~ would have to run the
other way, a contradiction. But then

ap+1 = kg1 + Trg1] < bppr = [bkgr + Yrt1]) < (g1 + 2k41] = Chr1 = kg1
SO ag+1 = bgy1 , as desired.

So, by induction, ay = by = ¢ forall 0 < k <n .



