
Math 208H

Why Stokes’ Theorem is true

Let Σ = a region in the xyz-space, parametrized by a region R in the uv-plane.

x = x(u, v) , y = y(u, v) , z = z(u, v)

Let C = ∂R = the boundary of R, traversed counterclockwise, parametrized as

u = u(t), v = v(t) , a ≤ t ≤ b

Then the boundary of Σ is a curve E parametrized as

x = x(u(t), v(t)), y = y(u(t), v(t)), z = z(u(t), v(t)) , a ≤ t ≤ b

Let ~F = 〈L, M, N〉 = a vector field on Σ, and let curl(F ) = 〈Mz−Ny ,−(Lz−Nx), Ly−Mx〉

Then Stokes’ Theorem says that

(*)

∫ ∫
Σ

curl( ~F ) • ~N dA =

∫
E

~F • d~r

To show this, we will translate both integrals to the uv-plane, and use Green’s Theorem!

We will start with the path integral. Using the Chain Rule, we can compute that the curve
~r in xyz-space has velocity vector

~r′(t) = 〈x′(t), y′(t), z′(t)〉 = 〈xuut + xvvt, yuut + yvvt, zuut + zvvt〉 , so

∫
E

~F • dr =

∫ b

a

〈L, M, N〉 • 〈xuut + xvvt, yuut + yvvt, zuut + zvvt〉 dt

=

∫ b

a

L · (xuut + xvvt) + M · (yuut + yvvt) + N · (zuut + zvvt) dt

=

∫ b

a

(Lxu + Myu + Nzu)ut + (Lxv + Myv + Nzv)vt dt

which, from the point of view of the uv-plane, is the integral of the vector field

~G = 〈Lxu + Myu + Nzu, Lxv + Myv + Nzv〉

over the curve C . (Technical point: L, M , and N are thought of here as functions of
u and v, not of x, y and z. So these really stand for L(x(u, v), y(u, v), z(u, v) , etc.) But
since C is the boundary of the region R, traversed counterclockwise, Green’s Theorem
tells us that ∫

C

~G • d~r =

∫ ∫
R

curl( ~G) dA

But, using the Chain Rule,

curl( ~G)
= (Lxv + Myv + Nzv)u − (Lxu + Myu + Nzu)v

= (Lxv)u + (Myv)u + (Nzv)u − (Lxu)v − (Myu)v − (Nzu)v

= (Luxv + Lxvu) + (Muyv + Myvu) + (Nuzv + Nzvu)
−(Lvxu + Lxuv) − (Mvyu + Myuv) − (Nvzu + Nzuv)

= Luxv − Lvxu + Muyv − Mvyu + Nuzv − Nvzu

+(Lxvu − Lxuv) + (Myvu − Myuv) + (Nzvu − Nzuv)
= Luxv − Lvxu + Muyv − Mvyu + Nuzv − Nvzu



because mixed partials are equal. So

∫
E

~F • dr =

∫
C

~G • d~r =

∫ ∫
R

Luxv − Lvxu + Muyv − Mvyu + Nuzv − Nvzu du dv

So to show that Stokes’ Theorem is true, it is enough to show that∫ ∫
Σ

curl( ~F ) • ~N dA

is equal to the integral over R above. But! Using our parametrization of Σ,∫ ∫
Σ

curl( ~F ) • ~N dA =

∫ ∫
R

curl( ~F ) • (Tu × Tv) du dv

and so it is enough to show that

curl( ~F ) • (Tu × Tv) = Luxv − Lvxu + Muyv − Mvyu + Nuzv − Nvzu

But!

curl( ~F ) = 〈Ny − Mz,−(Nx − Lz), Mx − Ly〉 , and

Tu = 〈xu, yu, zu〉 , Tv = 〈xv, yv, zv〉 , so Tu×Tv = 〈yuzv−yvzu,−(xuzv−xvzu), xuyv−xvyu〉

and so

curl( ~F ) • (Tu × Tv)
= 〈Ny−Mz,−(Nx−Lz), Mx−Ly〉•〈yuzv−yvzu,−(xuzv−xvzu), xuyv−xvyu〉

= (Ny−Mz)(yuzv−yvzu)+(Nx−Lz)(xuzv−xvzu)+(Mx−Ly)(xuyv−xvyu)

= Nyyuzv − Nyyvzu − Mzyuzv + Mzyvzu + Nxxuzv − Nxxvzu

−Lzxuzv + Lzxvzu + Mxxuyv − Mxxvyu − Lyxuyv + Lyxvyu

= (Lzzu + Lyyu)xv + (Mxxu + Mzzu)yv + (Nyyu + Nxxu)zv

−(Lyyv + Lzzv)xu − (Mxxv + Mzzv)yu − (Nxxv + Nyyv)zu

= (Lyyu + Lzzu)xv + (Mxxu + Mzzu)yv + (Nxxu + Nyyu)zv

+(Lxxuxv + Myyuyv + Nzzuzv)
−(Lyyv + Lzzv)xu − (Mxxv + Mzzv)yu − (Nxxv + Nyyv)zu

−(Lxxuxv + Myyuyv + Nzzuzv)

= (Lyyu + Lzzu)xv + (Mxxu + Mzzu)yv + (Nxxu + Nyyu)zv

+(Lxxuxv + Myyuyv + Nzzuzv)
−(Lyyv + Lzzv)xu − (Mxxv + Mzzv)yu − (Nxxv + Nyyv)zu

−(Lxxuxv + Myyuyv + Nzzuzv)

= (Lxxu + Lyyu + Lzzu)xv + (Mxxu + Myyu + Mzzu)yv

+(Nxxu + Nyyu + Nzzu)zv

−(Lxxv + Lyyv + Lzzv)xu − (Mxxv + Myyv + Mzzv)yu

−(Nxxv + Nyyv + Nzzv)zu

= Luxv + Muyv + Nuzv − Lvxu − Mvyu − Nvzu

= Luxv − Lvxu + Muyv − Mvyu + Nuzv − Nvzu

as desired!
Note that we used the Chain Rule again, showing that Lxxu + Lyyu + Lzzu = Lu , etc.

Which is why Stokes’ Theorem is true....


