Math 208H

Spherical coordinates : the change of variables formula

To compute a triple integral in spherical
coordinates (e.g., to integrate over the inside
of a sphere...), we need to work out its
Jacobian determinant. That is, for

x = (psing) cosf = pcosfsin @

y = (psing)sinf = psinfsin ¢
Z = pcoso

we need to compute

% = (x,dp, ypdp, z2,dp) ® ({(xedb, yodl, 2odl) X (x4de, ysdd, z4dd))

= (Tp, Yp, 2p) ® ({70, Y0, 20) X (Tg, Yg, 2p))dpdOdep

And so we compute:

(Tp:Ypr 20) ® ((T0, Y0, 20) X (Tg, Yg, Z0))

= (cos @ sin ¢, sin 0 sin ¢, cos @) e ({psinf sin ¢, —p cos O sin ¢, 0) X (p cos @ cos ¢, psin b cos ¢, —psin ¢))
= (cos sin ¢, sin @ sin ¢, cos @) e (p? cos O sin? ¢p—0, —(0—p? sin A sin? ¢), p? sin? O sin ¢ cos p-+p? cos? O sin ¢ cos P)
= (cos @ sin ¢, sin @ sin ¢, cos @) e (p? cos B sin” ¢, p? sin @ sin? ¢, p?(sin? @ + cos? ) sin ¢ cos @)

= (cos @ sin ¢, sin @ sin ¢, cos @) e (p? cos B sin? ¢, p? sin §sin? ¢, p? sin ¢ cos P)

= p? cos? Osin® ¢ + p? sin? O sin® ¢ + p? sin ¢ cos? ¢

= p*(sin” 0 + cos? 0) sin® ¢ + p?sin ¢ cos? ¢

= p?sin® ¢ + p? sin ¢ cos? ¢

= p?sin ¢(sin? ¢ + cos? ¢)

= p?sing

And so when we compute a triple integral using spherical coordinates,

we need to include the “fudge factor”

% dp df do = p®sin dp d do



