Math 208H, Section 1

Exam 3 Solutions

1. Find the integral of the function f(z,y, z) = xy over the region in 3-space lying in the
first octant (i.e., where > 0, y > 0 and z > 0 and below the plane z +y + z = 1.

The region R in question can be describe as 0 < z < 1 —z — y for (z,y) in the shadow of
the region. We will hit the region so longas 1 —x—y>0,s0z4+y<1,500<y<1—ux,
for 0 < x < 1. So our region is

0<z<l—zxz—yfor0<y<1—2zx,for 0<zleql .

This gives us the integral
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2. Use spherical coordinates to set up but do not evaluate an iterated integral which
will compute the volume of the ‘teardrop’: the region S lying inside of the surface given
in spherical coordinates by p = cos(2¢) , 0 < ¢ < 7/4 . (See figure.)

The region we wish to integrate the function 1 over is given by
0 < p < cos(2¢) for
0<¢p<m/4and 0 <60 <27



in spherical coordinates. We know that the
the Jacobian determinant is J = p?sin(¢), so
the integral to compute the volume is given by

A
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[As extra credit...] We can, in fact,
compute this integral:
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Using angle sum formulas, as can turn the integrand into something we can handle:

cos®(26) sin(6) = [cos?(26)]cos(20) sin(8)] = [ (1 + cos(4))] 5 (sin(36) — sin(4))]

2
= i[sin(?)(ﬁ) — sin(¢) + cos(4¢) sin(3¢) — cos(4¢) sin(¢p)]
= 5in(30) — sin9) + [5[(sn(79) — sin(8)) — (sin(56) - sin(30))]
= isin(?)(b) — isin(@ + é sin(7¢) — ésin(@ — %Sin(&b) + ésin(?)(b)
= —g sin(¢) + gsin(?)(ﬁ) — ésin(&b) + %Sin(?@
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So /0 cos®(2¢) sin(¢) d¢ = /0 ' —g sin(¢) + gsin(i’wﬁ) — %Sin(&b) + ésin(?@ d¢
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which is close enough, I think....
1
Then the volume is §(2ﬁ) times this [for the integral df] .

Or! Turn the integrand into products of cos(¢) and sin(¢), to integrate...
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3. Compute the work done by the force field

F(x,y,2) = (y,2,7)
along the curve v(t) = (cost,sint,t), 0 <t < 4m.

We compute:
v'(t) = (—sint, cost, 1) and
F(~(t)) = (sint, t, cost), so
F(y(t)) o~'(t) = —sin®t 4 t cost + cost . So

dr / —sin?t +tcost + cost dt

ﬁ
= / —[1 — cos(2t)] + tcost + cost dt
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= (g l4m— 201+ [0+ 1] 40}~ {50~ 501 +[0+1]+0} = 2w+ 1 =1 =27

4. Show that the vector field
F(z,y) = (2® + ay?, 2%y — 3) = (F1, %)

is a conservative vector field, and find a potential function for F.

We can test for conservativicity by computing ‘mixed partials’:

(F1)y = 0+ 2zy = 2zy = (Fh),, so the vector field is conservative.

To compute a potential function, we integrate Fi, dx:

1 1
flo) = [0 oy do = 5o+ Sa%P + cly), so

2
x?y — 3 = Fa(z,y) = fy(z,y) = 0+ 2%y + ' (y), so ¢(y) = =3, 50 c(y) = —3y .
1 1 1 1 =
So f(z,y) = gasg + E:L'Qyz +c(y) = §x3 + §x2y2 — 3y is a potential function for F' .

[As a check, we can compute that f, = F} and f, = F> ]



5. Use Green’s theorem to compute the area of the region R enclosed by the closed curve
y(t) = (t+2t2 =333 —t1) ;0 <t < 1. (See figure.)

We can compute the area of the region by
01 integrating a vector field with curl equal

to 1 around v . There are many such vector
fields; we’ll choose F = (0, z) here.

0.06 ")//(t) = (]. + 4t - 9t27 3t2 - 4t3>7 and
F(y(t)) = (0, + 2% = 3t%), 50

F(y(t) o~ (t) = (t + 2t2 — 3t3)(3t2 — 4t3)
= (3t3 + 611 — 9t°) — (4t* + 8> — 1215)

= 3t3 +2t* — 175 + 12¢8
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So the area of the region R is:
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