STABLE COHOMOLOGY OVER LOCAL RINGS

LUCHEZAR L. AVRAMOV AND OANA VELICHE

ABSTRACT. For a commutative noetherian ring R with residue field k stable
cohomology modules E/Jx\t’]%(k7 k) have been defined for each n € Z, but their
meaning has remained elusive. It is proved that the k-rank of any E/Jx\t’f?(k7 k)
characterizes important properties of R, such as being regular, complete inter-
section, or Gorenstein. These numerical characterizations are based on results
concerning the structure of Z-graded k-algebra carried by stable cohomology.
It is shown that in many cases it is determined by absolute cohomology through
a canonical homomorphism of algebras Ext 5 (k, k) — ﬁx\tR(k, k). Some tech-
niques developed in the paper are applicable to the study of stable cohomology
functors over general associative rings.

CONTENTS
Introduction 1
1. Cohomology theories 3
2. Comparisons 6
3. Additional structures 8
4. Non-zero-divisors 11
5. Depth of cohomology modules 14
6. Finiteness of stable cohomology 18
7. Structure of stable cohomology algebras 21
8. Stable cohomology algebras of complete intersection rings 24
9. Stable cohomology algebras of Gorenstein rings 25
10. Stable cohomology algebras of Golod rings 31
Appendix A. Depth over graded algebras 37
Acknowledgments 39
References 39
INTRODUCTION

A stable cohomology theory/g/er an associative ring R associates to every pair
(M, N) of R-modules groups Ext (M, N), which are defined for each n € Z and
vanish for all n when M or N has finite projective dimension. Different construc-
tions, have been proposed by Benson and Carlson, Mislin, and Vogel, and all yield
canonically isomorphic theories. However, there have been few applications outside
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of group theory and Galois theory, for which the prototype—Tate cohomology for
finite groups—was created in the 1950s.

In the first four sections we develop general techniques for computing stable
cohomology. We approach it through a canonical transformation ¢: Extgp — Ext R
of absolute cohomology into stable cohomology, which we study by systematically
using the compatible multiplicative structures carried by the two theories. A new
feature are extensive applications of a third cohomological functor, the bounded
cohomology Extr, which appears in a long exact sequence measuring the kernel
and the cokernel of ¢. By extending a construction of Eisenbud we show how to
track changes in stable cohomology under factorizations of non-zero-divisors.

The core of the paper is its second part, devoted to stable cohomology over
commutative noetherian local rings. One goal is to investigate if and how this
theory reflects or detects properties of a ring or a module. A second goal is to study
the structure of the local cohomology functors themselves. Historical precedent in
commutative algebra points to the residue field k of a local ring R as the ultimate
test case, so the focus is kept on it for much of the second part of the paper.

When applying the general machinery to a local ring R with residue field &
we heavily use the fact that the absolute cohomology algebra & = Exty(k, k) is
the universal enveloping algebra of a graded Lie algebra. The existence of such a
structure underlies a well documented successful interaction between local algebra
and rational homotopy theory. Félix, Halperin, and Thomas have transplanted
from algebra and systematically used in topology a notion of depth of cohomology
modules. We take the concept back into algebra and use it in a different manner.
Background material is developed in Section A and Section 5.

In Section 6 we give necessary and sufficient conditions for a local ring R to be
regular (respectively, complete intersection, Gorenstein) in terms of the vanishing
(respectively, size, finiteness) of ranky E;c’}%(lmk) for a single value n € Z. The
last result is surprising: unlike regularity or complete intersection, Gorensteinness
is not recognized even by the entire sequence (ranky Extg(k, k))n>o0-

In Section 7 we start the study of the graded k-algebra & = Eﬁ’}%(l{, k). A
result of Martsinkovsky, for which we give a short proof, shows that when R is
singular the map of graded algebras ¢: &€ — S is injective. We determine Coker(¢)
as a left £&-module and prove that depth & > 2 implies S = «(£) & 7 where 7 is
the £-torsion submodule of S, and is the unique direct complement of +(£) as a
left £&-module. In Section 8 this information is used to produce a nearly complete,
explicit computation of the algebra S for complete intersection rings.

It is natural to ask whether the results for complete intersections extend, in some
form, to all singular Gorenstein rings R with codim R > 2. In Section 9 we prove
that depth & > 2 implies 7 is a two-sided ideal of S with 72 = 0, is isomorphic to
a shift of Homy (€, k) as left E-module, and S = «(£) @ 7. A similar relationship
between the Tate cohomology algebra H* (G, k) of a finite group G and its coho-
mology algebra H*(G, k) was discovered by Benson and Carlson. The parallel is
remarkable, as H*(G, k) is graded-commutative and finitely generated, while £ may
be non-finitely generated and almost always is very far from commutative.

One has depth & > 1 for all singular rings, so the condition depth & > 2 is not
too special. We prove that it holds for several classes of Gorenstein rings, including
those of codimension 2 or 3, those of minimal multiplicity, and the localizations



STABLE COHOMOLOGY 3

of Koszul algebras. We are not aware whether splitting occurs always: Gorenstein
rings with depth £ = 1 are hard to come by, and for the known ones £ splits off S.
It was noted above that when R is not Gorenstein ranky E/);c’}c(k, k) is infinite
for each n, so over such rings a different structure of S may be expected. As a
test case in Section 10 we turn to Golod rings, whose homological properties are
in many respects opposite to those of Gorenstein rings. We show that depth & =1
holds for all Golod rings, and for a subclass of such rings we work out the structure
of § in sufficient detail to prove that ¢ does not split as a map of left £-module.

1. COHOMOLOGY THEORIES

We start by describing notions concerning complexes and, more generally, DG
(that is, differential graded) modules and algebras. The latter are used to describe
composition products carried by the absolute cohomology functors. We then intro-
duce a bounded cohomology theory that has not been systematically studied before.
Finally, we present Vogel’s construction of stable cohomology.

1.1. DG algebras and DG modules. To grade a complex C' we use subscripts or
superscripts. Thus, C can be written either as a sequence of maps 95 : C,, — Cp,_1,
or as a sequence of maps 9;": C~" — C~"F! with 95" = 95. Accordingly, an
element ¢ € C,, is assigned a lower (or homological) degree n, denoted and an upper
(or cohomological) degree —n; we write |¢] = n and [¢] = —n, respectively. When
the nature of degree does not matter we use |c| in place of either |¢| or [c].

When 2z € C is a cycle cl(z) denotes its homology class.

For every s € Z let X°C denote the complex with (£*C),, = C,—s and 8530 =
(=1)°0Y_,; let 0°: C — £5C be the bijective map Cp, > ¢ — ¢ € (Z°C)pys.

Bimodules have actions from the left and from the right, listed in that order. If
A and A’ are DG algebras and C is a DG A-A’-bimodule, then the formula

a-o*(c)-d = (-1)e%a-c-ad)

turns X*C into a DG A-A’-bimodule and ¢* into a chain map of DG bimodules.
Furthermore, when B is a DG A-A-bimodule the map

B®4aYC —X*(B®sC)
given by b @ o*(c) — (—1)/"I*6* (b ® ¢) is an isomorphism of DG A-A’-modules.

For the rest of the section R denotes an associative ring, M and N are left
R-modules, and and F — M and G — N are projective resolutions.

1.2. Absolute Ext. Let Hompg(F, G) denote the complex of abelian groups with
Homp(F,G), = | [ Homp(F;, Gitn) = Hompg(F,G)™"
i€z
as component of homological degree n (cohomological degree —n), and differential
a(B) = 0°p — (—1)1P1ga"" .
The induced map Hompg(F, G) — Hompg(F, N) is a quasi-isomorphism, so one has

H(Hompg(F,G)) 2 H(Hompg(F,N)) = Extz(M,N).
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1.2.1. Composition of homomorphisms turns Hompg(F, F) and Hompg (G, G) into
DG algebras, and Hompg(F, G) into a DG Hompg (G, G)-Hom g (F, F)-bimodule. The
composition products induced in homology can be computed from any pair of pro-
jective resolutions. They turn Extz(M, M) and Extp (N, N) into graded algebras,
and Extz(M, N) into a graded Ext (N, N)-Ext z(M, M)-bimodule.

1.2.2. The DG algebra Hompg(G, G) acts on the complex G by evaluation of ho-
momorphisms. For every complex C' of right R-modules the map

HOInR(G7G) ®z (C ®r G) — C®rG
a @ (c®g) — (1) ® a(g)

endows C' ® g G with a structure of left DG module over Homg(G, G). Clearly, this
structure is natural with respect to morphisms of complexes C' — C’.

1.2.3. Let L be a right R-module. Setting C'= L in (1.2.2) one obtains a morphism
Hompg(G,G) @z (L®rG) — LORG.
In homology it induces for all I, n € Z homomorphisms of abelian groups
Exth(N, N) @z Torf (L, N) — Torf* (L, N)
that turn Tor™(L, N) into a graded left module over Ext (N, N).

1.3. Bounded Ext. A homomorphism § € Hompg(F,G) is bounded if 3; = 0
for all 4 > 0. The subset Hompg(F,G) of Hompg(F, G), consisting of all bounded
homomorphisms, is a subcomplex, with components

Homp(F, G)n = | [ Homp(F;, Gitn) = Homp(F,G) ™" .
iE€EZL

The graded abelian group Ext (M, N) = H(Hompg(F,G)) with components
Exth (M, N) = H*(Homg(F,G)),
is called the bounded cohomology of M and N over R.

1.3.1. Tt is easy to see that Hompg(F,G) is a DG subbimodule of Homg(F, G) for
the actions of Hompg(F, F) and Hompg(G, G) described in (1.2.1), so Ext(M, N)
becomes a graded Ext (N, N)-Ext (M, M)-bimodule.

The elementary observation below plays a pivotal role in the paper. It should
be noted that the right-hand analog of this statement fails, see Example (10.9).

Lemma 1.3.2. For every T €Extr(M, N) there exists an integer j > 0, such that
ExtZ/(N,N)-7=0.

Proof. By hypothesis, 7 = cl(8) for some chain map 8 € Hompg(F,G) satisfying
B(F) C G for some j > 0. For each v € Homg(G, G),, one then has

(YVB(F) =~(B(F)) € v(G<;) € Gejtn
Since G< j4n = 0 for n < —j, this implies Ext7? (N, N) - cl(8) = 0. O

Some of the DG module structures discussed so far are linked as follows:
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Lemma 1.3.3. There is a morphism of DG Hompg(G, G)-Hompg(F, F')-bimodules
w: Homp(F,R) ® g G — Hompg(F,G)

with actions on the source given by (1.2.1), (1.2.2), and on the target by (1.3.1).
If the R-module F; is finite for each i, then w is bijective.

Proof. Tt is easy to verify that w’(¢ ® g)(f) = (—=1)191f1¢(f)g defines a morphism
w': Homg(F, R) ®g G — Hompg(F,G)

of DG bimodules. The image of w’ lies in Hompg(F, G), so it yields a morphism w
with the desired source and target. For each n € Z the following equalities

(Homp(F,R) ®r G)n = [[ Homgr(F,R)®rG;
(—i)+j=n
Homp(F,G), = [[ Homr(F;,G))
j =n

hold by definition. When each R-module Fj is finite, w restricts to an isomorphism
Hompg(F;, R) ®r G; — Hompg(F;, G,) for each pair (i, 7). O

1.4. Stable Ext. Using the subcomplex Hompg(F, G) described in (1.3), set
Homp(F, G) = Hompg(F,G)/Homg(F,G) .

Following Pierre Vogel, we define the stable cohomology of M and N over R to be
the graded abelian group Extg (M, N) = H(Hompg(F, G)) with components

Ext?,(M, N) = H"(Homg(F,G)).

The assignment (M, N) — Ext r(M, N) yields a cohomological functor, contravari-
ant in M and covariant in N, from R-modules to graded Z-modules.

1.4.1. As Homg(F,G) is a DG subbimodule of Homg(F,G) for the left action
of HomR(G G) and the right action of Hompg(F, F), see e (1.3. 1), one sees that
ExtR(M M) and ExtR(N N) are graded algebras, and ExtR(M N) is a graded
ExtR(N N)- ExtR(M M)-bimodule.

Stable cohomology over general associative rings took a long time to emerge, and
then it appeared in several avatars. We give a short, incomplete list of sources.

1.4.2. Historically the first example of stable cohomology is Tate’s cohomology the-
ory H™(G, —) for modules over a finite group G: One has H™(G, —) = E/)x\tgG (z,-),
where ZG is the group ring of G; see [13, Ch. XII|. Tate’s construction is based
on complete resolutions of Z. Buchweitz [12] extended the technique to define a
two-variable theory over two-sided noetherian Gorenstein rings.

The functors ]E/)x\t’;%(—7 —) were introduced by Vogel in the mid-1980s. The first
published account appears only in [19], where it is called ‘Tate-Vogel cohomology’.
Different approaches were independently proposed by Benson and Carlson [8] and
by Mislin [28]; background and details can be found in Kropholler’s survey [23,
§4]'.  We have settled on the name ‘stable cohomology’ to emphasize the fact
that E/]E%(M, N) is a group of homomorphisms of objects in a stabilization of
the category of R-modules, see Beligiannis [7, §§3,5] for details.

IWhere Definition (4.2.2) contains a typo: Q*T™N should be changed to Q'™ N.
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2. COMPARISONS

In this section R is an associative ring, M and N are left R-modules, F — M
and G — N denote projective resolutions. The objective is to describe important
links between the cohomology theories introduced in Section 1.

2.1. By construction, there is an exact sequence of DG bimodules
(2.1.1) 0 — Homp(F,G) — Homp(F,G) — Homp(F,G) — 0
that is unique up to homotopy. It defines an exact sequence

Bxct p(M, N) —— Ext (M, N) —— Ext (M, N) ——

(2.1.2)
- pX
SExt (M, N) —— ¥ Extz(M, N)
of graded Extp (N, N)-Extp (M, M)-bimodules. Thus, there is an exact sequence
s B (M, N) — Exth (M, N) = Bxty (M, N) —2
(2.1.3)

- n+1
Bxt’;t! (M, N) ~— Ext’s™ (M, N) ———

of abelian groups, and the latter is natural in both module arguments.
Furthermore, ¢: Extp(M, M) — Extr(M, M) is a homomorphism of graded
algebras, and ¢: Extp(M,N) — Extz(M, N) is an equivariant homomorphism of

= A

graded E/J;LR(N, N)-Ext (M, M)-bimodules.
It is easy to determine if 7 is an isomorphism; see also [23, (4.2.4)], [35, (4.5.1)].

Proposition 2.2. The following conditions are equivalent.
(i) M has finite projective dimension.
(i) E/b?c%(M, —) =0 for every n € Z.
) E/])R%(—,M) =0 for every n € Z.
(iv) ExtQ(M, M) = 0.

) n": Extip (M, —) — Exti(M, —) is an isomorphism for every n € Z.

) n™: Extp(—, M) — Exty(—, M) is an isomorphism for every n € Z..
Proof. Choosing a finite resolution F — M one gets Homg(F,G) = Hompg(F,G)
for every resolution G. Thus, (i) implies (v) and (vi). The exact sequence (2.1.3)
shows that (v) implies (ii), and (vi) implies (iii). It is clear that (ii) or (iii) implies
(iv). If (iv) holds, then for some v € Homp(F, F)" and some p > 0 the morphism
B =id" — 9y +~9: F — F satisfies 8; = 0 for all i > p. Thus, one gets

0 = HP(Hompg (8, —)) = H? (Hompg(id”, —)) = ia™" Hom=(#.=)
hence Exth, (M, —) = HP (Hompg(F, —)) = 0; that is, pdz M < p, so (i) holds. O

Next we give a criterion for ¢ to be an isomorphism in high degrees.

Theorem 2.2. For an integer m the following conditions are equivalent.
(i) ™ Extyr(M,—) — E/b?c%(M, —) is an isomorphism for all n > m and /™
is an epimorphism.
(ii) Exty (M, P) =0 for all n > m and every projective R-module P.
(iii) Exti(M,—) =0 for all n > m.
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When M has a resolution by finite projective modules they are also equivalent to

(i) Extkr(M,R) =0 for all n > m.

Proof. The exact sequence (2.1.3) shows that (i) and (iii) are equivalent. If (iii)
holds, then so does (ii), because Ext}; (M, —) = Ext;(M, —) by Proposition (2.2).
It is clear that (ii) implies (ii’). The converse holds because the hypothesis on M
in (ii’) implies that the functor Ext (M, —) commutes with all direct sums.

To prove that (ii) implies (iii) fix an integer n > m and choose a chain map
a € Hompg(F,G)". Thus, for some fixed s > n and all j > s one has a; = 0, while

(2.2.1); %1 _najp1 — (=1)";0f,, =0 holds for all j€Z.

We need to find a homomorphism 3 € Hompg(F,G)"~! that satisfies

(2.2.2), S o nBis1 — (=1)" 13,08, = ;41 forall jeZ.

Set §; = 0 for j > s and assume by descending induction on j that we already
have maps §; satisfying (2.2.2); for some integer i € [n,s] and all j > 4. Set
6" = (=1)"** Hompg (9} 1, Gr—n) for each h. Using (2.2.1); and (2.2.2); we get

5i (O‘i - 851—1—7151') = (_l)nJrlo‘iazﬂ-l ( ) 7,+l nﬁlaz-l—l
= =07 i + (1)"07 B0
= =0y (ipr + (D)1 B:0f)
= aerl naz+2 nBit1
=0

On the other hand, since one has Ext’ (M, G;_,) = 0 the sequence

61'71 67,
Hompg(Fi—1,Gi—pn) —— Hompg(F;, Gi—p,) — Homp(Fi11,Gi—p)
is exact, so there exists a homomorphism G;_1: F;_1 — G;_,, such that

Oy _ B =01 (Bim1) = —(-1)"'B;10f

Thus, ;-1 satisfies (2.2.2);_1, so the induction step is complete. As a result, for
each j > n — 1 we now have a homomorphism 8;: F; — G;_(,—1) satisfying the
equality (2.2.2);. As G;_(,—1) = 0 for j < n — 1, setting §; = 0 we extend the

equality to all j € Z. We have proved Ext (M, N) = 0, as desired. |

2.3. A complete resolution of M is a morphism of complexes v: T' — F' such that
v; is bijective for all ¢ > 0, each T; is projective, and for all n € Z and every
projective R-module P one has H,(T) = 0 = H,,(Homg(T, P)); see [14, (1.1)]. (In
some contexts it is assumed, in addition, that the R-modules T,, are also finite; no
such hypothesis is needed or made here.) When such a complete resolution exists,
H_,,(Hompg(M, N)) is called the nth Tate cohomology of M with coefficients in N.

Cornick and Kropholler [14, (1.2)] prove that when Tate cohomology is defined
it is naturally isomorphic to stable cohomology. We deduce this from Theorem 2.2:

Corollary 2.4. If v: T — F is a complete resolution of M, then one has
H"(Hompg (T, N)) = Eﬁ%(M7 N) foreach neZ.
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Proof. Fix n € Z and set K = Coker(91). For each i > 1 one then has
(2.4.1); H" ' (Hompg(T, N)) = Extix(K,N),

because ¥~ ("~ (T,,_;) is a projective resolution of K. From the condition on T
one gets Ext (K, P) =0 for all i > 1 and every projective R-module P, so

(2.4.2) Exth(K,N) = Exth(K,N).
holds by the theorem. Choose p > n with v; bijective for i > p. The R-module
L = Ker(8£" ) is then isomorphic to Ker(82_ ), so there exist exact sequences

0O—L—T) 41— —1T,—Th 1 —K-—0

0 —L—F 41— —FN—N—M-—70

In view of (2.2), the iterated connecting maps defined by these sequences yield
(2.4.3) Exth(K, N) = Ext’y P(L, N) = Ext}y(M, N) .
To finish the proof, concatenate the isomorphisms (2.4.1)q, (2.4.2), and (2.4.3). O

3. ADDITIONAL STRUCTURES

In this section we discuss the existence of finer natural structures on stable
cohomology groups, such as rings of operators or internal gradings.

Proposition 3.1. Let R be an algebra over a commutative ring K.

(1) The ezact sequence (2.1.2) is one of graded K -modules, and the various pair-
ings of cohomology groups are K -bilinear.

If, in addition, K is noetherian, R is finite as a K-module, M and N are finite
R-modules, and n is an integer, then the following assertions also hold.

2) The K-modules Ext” M, N) and Ext’;™ (M, N) are finite simultaneously.
R R Y

(3) When Extﬁj(M, R) = 0 the K-module E/])R%(M, N) is finite for every n € Z.
Proof. (1) This is due to the fact that the relevant maps in cohomology are induced
by morphisms of complexes or K-modules.

(2) By (1), the maps in the exact sequence (2.1.3) are K-linear, and under our
hypotheses the K-modules Ext (M, N) and Ext};t" (M, N) are noetherian.

(3) Let F — M and G — N be resolutions by finite projective R-modules.
Choose m > 1 so that H_j(Homg(F, R)) = Ext% (M, R) = 0 for all j > m; then
Homp(F, R) is quasi-isomorphic to the complex C' of right R-modules defined by

Hompg(F_;, R) for0>i>—m;
C; = { ImHomg (9}, ,,,R) fori=—m—1;
0 fori<—-m-—1lori>0.

As a consequence, Hompg (F, R)®r G is quasi-isomorphic to C®rG. For eachn € Z
this gives the second isomorphism below; Lemma 1.3.3 provides the first one:

FXtR(M, N) = H" (Homa(F, G))
>~ H"(Hompg(F, R) ®r G)
2H"(C®rG)
As (Co@r Q)" = HT:O C7 @r G"77 is a finite K-module for each n, we see that
Extk(M, N) is a finite K-module; by (2), so is Extk(M, N). O
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Stable cohomology behaves predictably under flat base change.

Proposition 3.2. Let R be a commutative noetherian ring, M an R-module that
admits a resolution by finite projective modules, and R — R’ a homomorphism of
rings such that the right R-module R’ is flat.

For each R-module N there is then a commutative diagram

R ®@grt —
R @p Bxtp(M, N) — 22" pr & Bxt (M, N)

zl \:

Extp (R ®g M, R’ ®g N) —— Extp, (R ®g M, R ©r N)
When N = M all the maps in the diagram are homomorphisms of graded algebras.

Proof. Set (=) = (R' ®r —). Let F — M be a resolution by finite projective
R-modules and G — N be a projective resolution. In the commutative square

R’ ®r Homg(F,G) —— R’ ® g Homg(F, N)

| :

Homp (F',G') ——=—— Hompg/ (F', N’)

the isomorphism is due to the choice of F'. Thus, the left vertical map is a quasi-
isomorphism. It appears in the following commutative diagram where the vertical
arrows are induced by the map a — o’ and the rows are exact, see (2.1.1):

0— R ®p Hompg(F,G) — R’ ®r Homg(F,G) — R’ ® z Homp(F,G) — 0

I

0 —— Homp (F', ') —— Homp (F', G') —— Tom . (F, G') —— 0

The flatness of R’ implies that F' — M’ and G’ — N’ are R’-projective resolutions,
and that the homology of the right hand square above is the desired diagram. O

Next we turn to cohomology of graded objects.

3.3. We say that the ring R is internally graded if R = @;')ZZ R; as abelian groups,
and R;R; C R;4; holds for all 4, j. Internal gradings for M, N are defined similarly.
By convention, we allow M; to be written also as M ~%. As usual, we let M(s)
denote the graded R-module with M(s); = M4, for all i € Z.

Assume R, M, and N are internally graded. A homomorphism G: M — N is
homogeneous of internal degree —j if B(M;) C N;_; holds for each i € Z. All such
maps form an abelian subgroup Homgr (M, N)7 of Hompg (M, N). Clearly, the sum
of these subgroups is direct, so Homp (M, N) contains as a subgroup the group

Homgr (M, N) = €P) Homgr (M, N)7 .
JEL
When M is finitely presented, one has Homgr (M, N) = Hompg (M, N).

Every graded R-module M has a graded free resolution F' — M that is, a resolu-
tion in which each Fj is a graded free R-module and differentials are homogeneous
of internal degree 0. It produces a subcomplex Homgry(F, N) of Hompg(F, N),
consisting of graded abelian groups and homomorphisms of internal degree 0.
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Assume that each R-module F; is finite. One then has Homgrp(F,N) =
Hompg(F, N), and hence the absolute Ext groups inherit an internal grading:

Extj(M,N) = @5 Exth(M, N) .
JEZL

For each n € Z one also has equalities

Homp(F, G), = | [ @ Homgrp(Fi, Gitn )’ -
i€Z jET
However, there is no induced internal grading on the right hand side, so extra steps
are needed to introduce such a grading on stable cohomology groups.

Proposition 3.4. Assume R is an internally graded ring, M, N are internally
graded R-modules, and M has a graded free resolution F' — M where each F; is
finite (as is the case, for example, when R is left noetherian and M is finite).

For each n € Z the abelian groups E}R%(M, N) and Ext}(M,N) then have
natural internal gradings, which are preserved by the homomorphisms in the exact
sequence (2.1.3) and are additive under the various products.

If M has a complete resolution T by finite projective graded R-modules with
differentials 0T of degree 0, then the internal gradings of H"(Homgr (T, N)) and

E/b?c%(M, N) are preserved by the isomorphisms of Corollary 2.4.
Proof. Let G — N be graded free resolution. For all j,n € Z the subgroups
Homgrg(F,G);, = H Homgrg (F;, Gitn)’
ez
of Hompg(F,G), form a subcomplex Homgr(F,G)? of Hompg(F,G). The Com-
parison Theorem for graded resolutions shows that the canonical morphism

Homgr(F, G)? — Homgrg(F, N)? is a quasi-isomorphism. It follows that the com-
plex Homgry (F, G) = @jez Homgr (F, G)? appears in a commutative diagram

Homgr 5 (F, G) —— Homgry (F, N)

|

Homp(F, G) —=—— Homg(F, N)

where the horizontal maps are quasi-isomorphisms, and the equality is due to the
finiteness of the modules F;. Thus, the left vertical map is a quasi-isomorphism.
Setting Homgrz(F, G)n = Dz [licz Homgr z(F;, Giyn)’ for each n € Z one
gets an internally graded subcomplex Homgr ,(F, G) of the internally graded com-
plex Homgry(F,G). Thus, Homgry(F,G) = Homgryz(F,G)/Homgrz(F,G) is an
internally graded complex. On the other hand, one has equalities
Homgr (F, G)n = @ [ [ Homgrp(F, Giyn)’
JET iex
= [ €D Homgrp (Fi, Gign)’
i€Z JET
= HHomR(Fi, Gitn) = Homg(F,G),
i€Z
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Putting the preceding observations together, one gets a commutative diagram

0 — Homgrz(F, G) — Homgrg(F, G) — }Em\grR(F, G)—0

| l

0 — Hompg(F, G) — Hompg(F, G) — Homp(F,G) — 0

It implies that the vertical arrow on the right hand side is a quasi-isomorphism.
The first assertion of the proposition follows. The remaining ones are easy con-

sequences of the quasi-isomorphisms above and the definition of products, respec-

tively, the definition of the isomorphisms H" (Hompg(T, N)) = E/)X\t%(M7 N). O

4. NON-ZERO-DIVISORS

A staple in basic homological algebra are ‘change-of-rings theorems’ that track
the behavior of cohomology groups under passage to quotients modulo non-zero-
divisors. An essential ingredient in such results is the functoriality of absolute Ext
groups in the ring argument. Stable cohomology does not enjoy a similar property,
so we approach change of rings through the natural homomorphisms

vt Bxtp(M,N) — Extp(M,N)

from (2.1). To simplify notation, we let & denote the image of o under ¢.
For absolute cohomology the following result is due to Gulliksen [20].

Theorem 4.1. Let QQ be an associative ring, f € Q) a central non-zero-divisor, and
set R=Q/(f). For all R-modules M, N there exist elements

M € Exth(M, M) and 9V € Ext%(N,N)
with the following properties:
(1) Every ¢ in Extp(M, N) (respectively, Extp(M, N), E/])RR(M, N)) satisfies
9N =g gM
(2) 9M is in the center of ExtR(M M) and 9V in that of ExtR(N N).
(3) OM s in the center of ExtR(M M) and O in that of ExtR(N N).

When there is no ambiguity, we let ¥ denote either one of ¥V or 9 and ( )y
the functor of graded localization at the multiplicatively closed set {9%]i > 0}.
The last assertion of the corollary is due to Buchweitz, see [12, (10.2.3)].

Corollary 4.2. There are induced structures of graded algebras on Extg(N, N)y
and Ext (M, M)y (respectively, E;cR(N, N)y and E;cR(M, M)y), and an induced
left-right-bimodule structure on Extp (M, N)y (respectively, EER(M7 N)y).

The map ¢ from(2.1) induces isomorphisms of graded algebras

Extz(N,N)g — Extg(N, N)yg
Ext (M, M)y — Ext (M, M)y
and an equivariant isomorphism of graded bimodules over them,
Exty (M, N)y — Exty(M, N)y
If M or N has finite projective dimension over @, then
Extp(M,N)y = Extp(M,N).
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The notation of the theorem is in force for the rest of this section. In the proofs,
presented later in this section, we use a construction of Eisenbud [15, (1.1)]:

4.3. Let F be a liftable complex of projective R-modules, meaning that there is a
graded projective @-module F' with R ®g F' = F'; for example, every complex of
free modules is liftable. Since each F; is projective, one can choose a map

0¥ € Homg(F,F)_; with R®qd" =0oF.

As R®q (0F)2 = (R ®q dF)2 =0, for each x € F,, there exists y € F,_s satisfying

(0F)2(x) = fy. As f is a non-zero-divisor on F,_, (it is one on Q and F,_,
is projective), y is defined uniquely and hence depends Q-linearly on x. Setting
0¥ (z) = y one gets a homomorphism 6 € Homg(F, F)_s. As f is central, we get

FOFOF) = (£67)0" = (9")° = 07 (f0") = f(978").
As f is a non-zero-divisor, this implies oF oF = 9F gF . Thus, one gets a chain map
0" = R@q 07 € Hompg(F, F) o

The first assertion of the next result is [15, (1.3)]. An adaptation of the original
argument allows us to handle the other two cases as well.

Lemma 4.4. Let F and G be liftable complexes of projective R-modules and let
be a homomorphism in Homg(F, G).

If v is a chain map, then 0%~ and v9F are homotopic in Homp(F, Q).

If v is a bounded chain map, then 0%~ and ¥0F are homotopic in Hompg(F,G).

If 7 is a chain map, then 097 and ¥6F are homotopic in ﬁ(;nR(F, Q).
Proof. Set n = |v] and assume first 7 is a chain map. Thus, the map
(4.4.1) § = 0% — (=1)"yd" + 6 € Hompg(F,G)p1

satisfies 0; = 0 for all ¢ > j and a fixed j € Z. Choose ¥ € HomQ(F G) with
R®g7y =+ and 5 e HomQ(F G)p_1 with R®Q5— § and 6; = 0 for all i > j.
There exits then a unique 7 € HomQ(F G)p_1 satisfying

9%y = (=1)"30F + 6 + f7.
Using the relation above and the equalities (97)2 = f6F and (99)% = f6%, we get
F697) = (093
= (=1)"9%50F + 995 + 0 f7
= (T2 + (=1)"60" + (=1)" f70F + 95 + fO°F
= f(30F +9°F + (—1)"F9") + (995 + (—1)"30F) .
Since f is a non-zero-divisor on é, the preceding computation yields
095 — 367 — (997 — (—=1)"*'79%) € Homg(F,G).
The map 7 = R®¢g 7: F — G then satisfies
0%y — 0" — (097 — (—1)""'79") € Homp(F,G).

In other words, T € @R(F, G) is a homotopy between 7 and 70T
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If ~ is a chain map, then (4.4.1) holds with § = 0, so in the computation above
one can choose 6 = 0. The resulting 7 is a homotopy between #%~ and 0%

When 7 is a bounded chain map the map 7 can be chosen to be bounded as well,
and then 7 is necessarily bounded, so the homotopy 7 is in Homg(F, G). O

Proof of Theorem 4.1. Let F — M be a liftable projective resolution (for example,
choose F' to be free a resolution), and set 9™ = cl(6F) € Ext% (M, M).

First we show that 9™ does not depend on the choice of liftable resolution. If
F' — M is one, then pick a morphisms of complexes v: F — F’ lifting id". By
Lemma 4.4, the maps 6% lﬂy and vA" are homotopic. Thus, the isomorphisms

H(Homp(F', F')) — H(Hompg(F, F')) «— H(Hompg(F, F)).
map cl(6F") and cl(6F) to the same element, which was to be shown.

The other assertions of the theorem follow directly from the lemma. O

One can produce liftable resolutions using a construction of Shamash [30, §3];
we describe it next, following the simplified exposition in [4].

4.5. Let E be a projective resolution of M over Q.
By induction, one gets for each i > 0 a map o € Homg(E, E)2;—1, such that

i B .
o =9F and Za(h)a(i_h) _ Jfidm for i=1y
h=0 0 fOI" 7 Z 2 .

Let D be a graded Z-module, suchNthat for each ¢ > 0 the Z-module Dy; is free
with a single basis element y(?). Let F be the graded projective Q-module with

F, = @ En_2; @z Doy .
i>0
For every ¢ > 0 and each e € F,,_3; the formula

Fule®y®) = 3~ 0™(e) @y
h>0

defines a Q-linear map d: F — F of degree —1. A direct computation yields
82(e®yl)) fee@ylib.
As a consequence, one obtains a complex of projective R-modules
(F,0) = (R®q F,R©q ).
It is proved in [4, (3.1.3)] that this a resolution of M over R. This projective
resolution is clearly liftable, and one can define a map #f as in (4.3) by setting
9F(r®e®y(i)) :r®e®y(i71).

Proof of Corollary (4.2). The multiplicativity properties follow from the definitions
of the various products in cohomology and the centrality of the element 4.

The exact sequence (2.1.2) is the homology sequence of an exact sequence of DG
modules over Hompg(N, N). Thus, its maps commute with left multiplication by
the element 9 = ¥V € Ext}(N, N). Localizing at {#°}; > ¢ the exact sequence (2.1)
we obtain an exact sequence of Extp(N, N)y-Exty(M, M)y bimodules. Lemma
1.3.2 implies that in this sequence Ext (M, N)y vanishes, so 1y is bijective.
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For the last assertion, we show that if pdg M is finite, then Je E/J;LR(M, M) is
invertible. Let E be a finite projective resolution of M over @) and set
(reeay?)=reeoyy
in the notation of (4.5). This formula defines a map ¢ € Homg(F, F')2, such that
(0¢ - CO)(F) C (R®q E®z Zy®) 2 (¢6F —id")(F) and 07¢=id" .
Thus, 8(6) =0 and (6F = FC =id" in }T(-)I\DR(F, F), as desired. O

As another application of Shamash’s construction, we derive an exact sequence
used several times in the paper, for which many other proofs are known.

Proposition 4.6. There is an exact sequence of graded bimodules
Y2 Ext (M, N) —>— Ext (M, N) — Exto (M, N) ——
Y1 Ext (M, N) —— ¥ Ext (M, N)

over Ext (N, N)-Extp(M, M), where X is given by multiplication with ¥.

Proof. Using the notation of (4.5), we form a sequence

F
O—>R®QEL>F0—>ZQF—>O

of morphisms complexes of R-modules, where a(r ® e) =r®e® y©. Tt is clear
that the underlying sequence of graded R-modules is split exact. Let G — N be a
projective resolution. The induced sequence of complexes of abelian groups

0 — ¥ 2Homg(F,G) — Hompg(F,G) — Homg(R ®q E,G) — 0

is then exact, and its cohomology exact sequence is the desired one. (Il

5. DEPTH OF COHOMOLOGY MODULES
Let (R, m, k) be a local ring?, M a finite R-module, and set
€ =Extgp(k,k) and M =Extr(M,k).
The depth of M over & is defined by means of the formula
depthg M = inf{n € N | Extg(k, M) # 0} .

We systematically write depth £ in place of depth¢ £.

The use of depth to study the structure of £ was pioneered by Félix, Jacobsson,
Halperin, Lofwall, and Thomas in the important paper [16]. Their main result
is the finiteness of depth &; to prove it they develop methods for obtaining upper
bounds on depth. To study stable cohomology we mostly need lower bounds.

General properties of depth of graded modules used in the paper are collected in
Appendix A. In this section we focus on additional properties stemming from the
cohomological nature of £ and M.

2Recall that this means that R is a commutative noetherian ring with unique maximal ideal
m and residue field k = R/m.



STABLE COHOMOLOGY 15

5.1. Universal enveloping algebras. Let 7 be a graded Lie algebra over k, such
that rank, 7 is finite for all i € Z and w* = 0 for ¢ < 0, and let D be the universal
enveloping algebra of 7; for definitions of these notions see [4, (10.1.2)]°.

5.1.1. The k-algebra D has an increasing multiplicative filtration, whose pth stage
is the k-linear span of products involving at most p elements of 7. By the Poincaré-
Birkhoff-Witt Theorem, see [32, Thm. 2, Cor.], the associated graded k-algebra is
isomorphic to A (7°99) @, Si,(7Ve"), where Ay, and Sy, denote, respectively, exterior
algebra and symmetric algebra functors over k.

Directly from the Poincaré-Birkhoff-Witt isomorphism one gets:

5.1.2. There is an equality of formal power series

. . 2041
oo L D — Hi>0(1 +t2z+1)rankk7r
Zo(mn S [T, 5 (1 — ¢2iF2)ranks =22
n— =

5.1.3. If D’ is the universal enveloping algebra of a graded Lie subalgebra 7’ of m,
then D is free as a left D’-module and as a right D’-module. In particular, every
¢ € v {0} is a left non-zero-divisor and a right non-zero-divisor.

A theorem of Milnor and Moore, André, and Sjédin, see [32] or [4, (10.2.1.5)] for
proofs, introduces graded Lie algebras into the study of local rings:

5.1.4. The graded k-algebra &€ = Extp(k, k) is the universal enveloping algebra of
a graded Lie algebra, denoted mg and called the homotopy Lie algebra of R.

In low degrees the components of mr are easy to describe.

5.1.5. A minimal Cohen presentation of the m-adic completion R of R is an iso-

morphism R = Q/a, where (Q,n, k) is a complete regular local ring and a is an

ideal contained in n?. Cohen’s Structure Theorem shows that one always exists.
There are isomorphisms of k-vector spaces, see e.g. [1, (10.2.1.2), (7.1.5)]:

(5.1.5.1) 7R = Homy(m/m? k) = Homy (n/n? k).
(5.1.5.2) 7% = Homg (a/na, k) .

Recall that the number codim R = edim R — dim R is called the codimension of
R. Krull’s Principal Ideal Theorem and the catenarity of the regular ring @ give

5.1.5.3) ranky 7% > height(a) = dim Q — dim R = edim R — dim R = codim R .
R
A specific subalgebra of £ will prove useful in computations.

Lemma 5.1.6. The graded subspace ﬂ'iz of mr is a Lie ideal, and the universal
enveloping algebra D of ﬂ'iz satisfies depth D = depth &£.

Proof. For degree reasons, 71'12% Yisa graded Lie ideal of 7z. Thus, one has DZ 1€ =
ED?'. The Poincaré-Birkhoff-Witt Theorem 5.1.1 implies that the right D-module
€ is free and £/(€ - D> 1) =2 Ay(7!) holds. Now apply Corollary A.S. O

The following known simple consequence of (5.1.4) is used throughout the paper.

Lemma 5.1.7. The ring R is singular if and only if some element 9 € £2 is a left
and right non-zero-divisor on &, if and only if depth & > 1.

3Where condition (3) contains a typo: both — signs should be changed to + signs.
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Proof. When R is singular so is R, hence % # 0 by (5.1.5.2), so (5.1.3) yields a
left and right non-zero-divisor ¥ € £?; in view of (A.5) the existence of ¥ implies
depth £ > 1. On the other hand, depth £ > 1 implies R is singular: assuming the
contrary one gets £/ = 0 for i > 0, hence I'€ = £ # 0, contradicting (A.5). O

The next result is due to Martsinkovsky [27, Thm. 6]. We give a short proof.
Theorem 5.1.8. When R is singular for each n € Z there is an exract sequence
0 — Bxtlh(k, k) —— Extiy(k, k) —— Bxtls ' (k, k) — 0
Proof. We prove n = 0 in the exact sequence of graded left Ext g (k, k)-modules
Ext (b, k) —1 Ext (k. k) —— BExtp(k, k) —— SBxt (k. k) —L> TExt(k, k)

given by (2.1). In view of (A.5), Lemmas 1.3.2 and 5.1.7 imply the equalities

Extp(k,k) = TExtgp(k, k) and T Extgp(k,k) =0,
where I' denotes the section functor A.4. The Extg(k, k)-linearity of n now yields

n(Extg(k, k) = n(TExt(k, k)) C T Extg(k, k) =0. O
5.2. Regular elements. Fix an element g € m, let M be an R-module annihilated
by g. We view M also as a module over R' = R/(g), and set:

& =Extp (k,k) and M’ =Extg (M,k).
The canonical homomorphism of rings R — R’ induces a homomorphism
ph & =&
of graded k-algebras and a p*-equivariant homomorphism of graded modules
MM — M.

5.2.1. If g is R-regular Theorem 4.1 and Proposition 4.6 yield an exact sequence

T Y QRN VIR VI 5 YV 2 S VT
of graded left £&'-modules, with A* induced by multiplication on M’ with a central
element ¥’ € £2. Thus, one then has Ker(p*) = '€ = &9’ and Ker(p™) = 9’ M'.

It is useful to know how depth changes when passing from the £-module M to
the &’-module M’. In two cases we provide complete—and contrasting—answers.
Proposition 5.2.2. If g ¢ m? is R-regular, then p* and pM are injective,

depth &' = depth& and depthg, M' = depthg, M.
Proof. Tt is proved in [3, (2.8)] that p* and pM are injective. Set D = p*(&).

The exact sequence in (5.2.1) and (A.2) yield depthp, M’ = depthp M.
As pF is injective, applied to M = k the same sequence yields

> (ranky EM)" = (1+1) Y (rank; D")t" .
n=0 n=0

As D is the universal enveloping algebra of the Lie subalgebra 7/ = p¥(7r/) C 7g,
from (5.1.2) we deduce ranky, 7}, = rank; 7’' + 1 and ranky 77 = ranky 7" for all
n > 2. Thus, 7g = 7’ @ ke for some € € 7§, so 7 is an ideal for degree reasons,
and hence D is normal in £. The sequence in (5.2.1) also produces an isomorphism
£ =D @ LD of left D-modules, so Corollary A.8 gives depth D = depth &. |
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Proposition 5.2.3. If g € m? is R-regular, then the central element 9’ € £'% from
(5.2.1) is central also in S, is regular on &', and one has

E'/(W)=E and depth& =depth& +1.
When g € m Anng M the element 9 is a reqular also on M’ and one has
M IM 2 M and depthg, M' = depthg M +1.
Proof. By Theorem 4.1 the element ¢’ is central in S, and by [3, (2.8)] it is regular on
& and M’. The isomorphisms come from (5.2.1), the equalities from (A.3)(2). O

A last variation on the preceding theme is proved by elementary arguments:

Lemma 5.2.4. If M = L/gL for some R-module L and an L-reqular element g €
m, and L denotes the E-module Extp(L, k), then one has depthg M = depthg L.
When g is also R-regular, one has depthg, M’ = depthg, L as well.

Proof. For the first equality apply (A.2) to the exact sequence of graded £-modules
0—YX'L—M-—L—0
It is induced by exact sequence 0 — L % L — M — 0 of R-modules because one

has Ext (g id™ k) = 0. For the second equality, note the isomorphism M’ = £. [

5.3. Residue field extensions. For depth computations one can sometimes ad-
just the ring R while preserving essential homological properties.

Lemma 5.3.1. When R — (R',wm', k') is a flat homomorphism of local rings with
mR' =m' there is a commutative diagram of homomorphisms of graded k’-algebras

kE Qe
k/®k5&>k/®k8

“J J“

g——8
where S = EER(]C, k), & = Extp (K, k') and 8’ = E/)x\tR, (K’ K'); in particular,
depth & = depth & and depthg, 8’ = depthe S.

Proof. Proposition 3.2 provides the commutative diagram. It implies the equalities
of depths, in view of standard change of rings formulas. O

Recall that edim R denotes the embedding dimension of R, that is, the minimal
number of generators of m, and mult R denotes the multiplicity of R.

Lemma 5.3.2. There exists a complete local ring R’ with algebraically closed
residue field, mult R = mult R’, edim R’ = edim R — depth R, depth R’ =0, and

depth (Extp (k',k)) = depth £ .

Proof. Let k' be an algebraic closure of k. There always is a flat local homomor-
phism R — S with S/mS =k’ see [10, Ch. IX, App., Thm. 2, Cor.]. One then has
depth Ext5(k', k') = depth &, see Lemma 5.3.1, and depth S = depth R.

If depth R is positive, then mult 7 = mult S for T = S/(g) and some regular
clement g ¢ (nS)2. In that case edimT = edim R — 1 and depth T = depth R — 1
also hold, while Proposition 5.2.2 gives depth Ext-(k’, k') = depth Extg(k’, k). O



18 L. L. AVRAMOV AND O. VELICHE

6. FINITENESS OF STABLE COHOMOLOGY

In this section (R,m,k) is a local ring. Classical results characterize ring-
theoretical properties of R in terms of vanishing of absolute Ext modules. Here
we establish analogs for stable Ext modules. Remarkably, the key turns out to be
a better understanding of bounded cohomology.

Theorem 6.1. For each R-module N there is an isomorphism
(6.1.1) Extp(k, N) = Extp(k, R) @) Tor’(k, N)
of graded left Extg(N, N)-modules. In particular, there is an isomorphism

(6.1.2) Exth(k,N) = [] Exti(k, R)®; Torf(k,N)
1—j=n

of k-vector spaces for everyn € Z.

Remark. The reader will notice that the graded algebra Extz(k, k) acts from the
right on both Ext(k, N) and Exty(k, R), and from the left on Tor®(k, N). We do
not know whether these structures are related.

Proof. Let G — N and F — k be free resolutions, with F), finite for each n, and
let R — J be an injective resolution. These resolutions induce quasi-isomorphisms
Hompg(F, R) ®g G ~Hompg(F,J) ®r G
~Hompg(k,J) ®r G
~Homp(k,J) @k (k®@r G)

that commute with the action of Hompg (G, G). From Lemma 1.3.3 and the Kiinneth
formula one now obtains isomorphisms of graded left Ext (N, N)-modules

Extp(k, N) = H(Homg(F, R) ®r G) = Extg(k, R) @ Tor®(k, N). O

The Bass numbers of R, defined by u"™ = ranky Ext(k, R), appear in some of
the most useful characterizations of the Gorenstein property, recalled below.

6.2. The ring R is Gorenstein if it satisfies the following equivalent conditions:
(i) u™ =1 for n = depth R and p™ = 0 for all n # depth R.
(ii) p™ = 0 for some n > depth R.
(iil) idg <oo.
Corollary 6.3. If the k-vector space E;c%(lm N) is finite for some n € Z, then N
has finite projective dimension or R is Gorenstein.

Remark. 1t is tempting to ask whether finiteness conditions on E/]E%(M , k) imply
homological restrictions on the module M or the ring R. We have no answer to the
first question. A negative answer to the second one is given in Example 6.9.

Proof. When ranky, E;t%(k, N) is finite so is ranky Ext)y7' (k, N); see Proposition
3.1(2). In view of equation (6.1.2) this implies Torf(k:, N)=0forallj > 0orpu =
0 for all 2 > 0; that is, N has finite projective dimension or R is Gorenstein. (|

Even the entire sequence (ranky Ext's(k, k))n >0 does not recognize the Goren-
stein property of R, see Example 6.10, so the next result is rather surprising. The
expression for ranky, Exty(k, k) in the next result is known, see [0, (9.2)].
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Corollary 6.4. The ring R is Gorenstein if ranky, Ex\t%(k, k) < oo for somen € Z,

only if the module ]E/)X\t%(M7 N) is finite for every n € Z and all finite modules M, N .
If R is Gorenstein and singular, then for d = depth R and each n € Z one has

ranky, Ext?, (k, k) = ranky Ext’(k, k) + ranky, ExtS 1" (k, k) .

Proof. If ranky E/b?c’é(k, k) is finite for some n € Z, then R is Gorenstein by Corollary
6.3. If R is Gorenstein, then it has finite injective dimension as R-module, see (6.2),
so by Theorem 3.1(3) the module Ext’s (M, N) is finite when M and N are.
Theorem 5.1.8 provides the first equality in the following chain:
ranky, Ext(k, k) = ranky, Ext’ (k, k) + ranky, Ext’ " (k, k)
= ranky, Ext (k, k) + ranky Tory | (k, k)
= ranky, Ext} (k, k) + rank, Ext% 1" (k, k)

For the others use formulas (6.1.2) and (6.2)(i), and vector space duality. O

Corollary 6.5. The ring R is regular if E;c’]%(lmk) = 0 for some n € Z, only if
Extir(M,N) =0 for every n € Z and all R-modules M, N.

Proof. When R is regular it has finite global dimension, so E)H]?%(M ,N) =0 for all
M, N, and n by (2.2). When R is singular Ext(k, k) # 0 for all i > 0. Assuming
E/b?c’]%(k, k) = 0 for some n, part (3) of the theorem shows that R is Gorenstein. Part
(2) yields Ext(k, k) = 0 = Ext% 17" (k, k), implying d < 0, which is absurd. ~ [J

It is well known that polynomial growth of the sequence (ranky Extz(k,k))n >0
recognizes a smaller class of rings, whose definition we proceed to recall.

6.6. The ring R is complete intersection if in some minimal Cohen presentation of
R=(Q/a, see (5.1.5), the ideal a is generated by a Q-regular set.

Next we strengthen the recognition criterion for complete intersections.

Theorem 6.7. Let R be a local ring, set d = dim R and ¢ = codim R.
For each n € Z there is an inequality

oA\ fetn—i—1
(6.7.1),, ranky Exts (k, k) > Z (z) ( c—1 ) :

i=0
When R is complete intersection equalities hold for all n > 0.

If equality holds for a single n > 2, then R is complete intersection.

Remark 6.7.2. For every ring R easy computations yield ranky Ext%(lﬂ7 k) =1 and
ranky, Extp(k, k) = edim R = ¢ + d. This shows that in (6.7.1),, equality always
holds for n = 0, 1, so the condition on n cannot be dropped from the last assertion.

Proof of Theorem 6.7. Let R = @/a be a minimal Cohen presentation and set
r = rankg a/na. As ¢ +d = edim R = rank, 7} and r = ranky, 7%, see (5.1.5), from
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(5.1.2) one gets the first coefficient-wise inequality of formal power series below:

oo 1 ¢ ct+d ) 1 _|_t2i+1 ranky 724 +?
Z rankk EXt%(k, k) th = ( + ) HZ = 1( ; ) P 2042
Pt (1 _ t2)r Hz > 1(1 _ t2z+2)r<xnkk T

(1 +¢)etd
7T a— )y
1+ 1
(-t (1—t2)re
(1+1¢)¢ 5 (L+1)?
= —c)t
o Ty

The second inequality holds because r — ¢ is non-negative, see (5.1.5.3).
Comparing coeflicients, one obtains for every n > 0 a numerical inequality

ranky, Ext™ (k, k) zzd: (f) (C+Z:j_l) +(r—c)zd: (f) (HZ__T?’),

i=0 1=0
which shows that the inequality in (6.7.1),, holds for every n > 0.
If equality holds for some n > 2, then the last formula yields » = ¢, so by the
Cohen-Macaulay Theorem the ideal a is generated by a regular sequence.

When R is complete intersection one has r = ¢, and Tate [34, Thm. 6] proves
> 1+t)4
Z ranky, Extz(k, k) t" = (1 + t)c .
n=0 ( - )
This equality of power series means that (6.7.1),, holds for each n > 0. O

Regular local rings are precisely the complete intersection rings of codimension
0, and every complete intersection ring is Gorenstein. This hierarchy may also be
observed by comparing the next result with Corollaries 6.5 and 6.4.

Corollary 6.8. For each n € Z there is an inequality

(6.8.1), ranky, Ext(k, k) sz: <f) (<c+z:i‘—1) N <c+d;7_11—i—2>) .

i=0
When R is complete intersection equalities hold for each n € Z.
If equality holds for a singlen < d—3 orn > 2, then R is complete intersection.

Remark 6.8.2. For d > 4 there are no restrictions on n in the last assertion, so
the value of ranky Eﬁ’}c(l{, k) for any n € Z determines whether R is complete
intersection. On the other hand, when d satisfies 0 < d < 3 Remark 6.7.2 and
Corollary 6.4 show that for each n in the non-empty interval [d — 2, 1] the value of
rank;, E;c%(lm k) is the same for all Gorenstein rings with dim R = d.

Proof of Corollary 6.8. Corollary 6.4 and Theorem 6.7 show that inequalities al-
ways hold in (6.8.1),,, and they become equalities when R is complete intersection.

If equality holds in (6.8.1),, for some n > 2 (respectively, n < d — 3), then
Corollary 6.4 implies that equality holds in (6.7.1),, with n > 2 (respectively, in
(6.7.1)g—1—pn, with d—1—n > 2), so R is complete intersection by Theorem 6.7. O

To put in context some results in this section we provide two examples. The first
one and Corollary 6.3 shows that finiteness of stable cohomology is not symmetric.
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Example 6.9. Let (S,n, k) be an arbitrary local ring and set R = S[z]/(z?). The

R-module M = R/(x) then has E/b?c%(M, k) = k for every n € Z.
Indeed, the following sequence clearly is a complete resolution of M over R:

T= --.—R>R>ZSRZSR— -
so Corollary 2.4 yields E;c%(M, k) 2 H"(Hompg(T, k)) = k for each n € Z.
The next example should be compared to Corollary 6.4 and Theorem 6.7.
Example 6.10. Let k be a field and e a non-negative integer. The ring
k[tl, ce 7te]
({t7 — 81 hiize—1 U{titjh1<icj<e)
is artinian and Gorenstein for every e > 2, the ring
k[tl, ce 7te]
({t1} U {tatshacjze U {tit) bocicize)

is artinian, not Gorenstein for each e > 3, and the following equalities

R =

- n n 1 - n n
7;JI‘aHkk EXtR(k,k)t = m :;rankk EXtS(kak)t )

hold for all e > 2, see [25, Thm. 2] and [18, Cor. p. 38], respectively.

7. STRUCTURE OF STABLE COHOMOLOGY ALGEBRAS

This is the first of four sections devoted to the structure of the stable cohomology
algebra of a local ring (R, m, k). We fix the following notation.

7.1. Asin (2.1), let ¢ be the canonical homomorphism of graded k-algebras
11 €S where &=Extp(k,k) and S =Extp(k, k).
To describe the position of ¢(£) in S we use the left torsion submodule of S:
T={0€8|E%" - 0=0 for some i >0}.

Note that one has 7 =T'S, see (A.4), and that 7 is an £-subbimodule of S.
Set Z = Homy (€, k). This is a graded £-bimodule with the canonical actions:

(e-e)(e) = (=1)lelleltleDe (e . ¢)
(e-€)(e)=e(e-€)

The left action of £ on Z is of prime importance in later developments.

forall e,/ €& and ee€Z.

Regular rings are excluded from the theorem because for them S = 0, see 6.5.

Theorem 7.2. Let R be a singular local ring and set depth R = d.

(1) There is an exact sequence of left £-modules

0—¢es-2 [ =i —o
i=d—1
where it = ranky, Ext’s (k, R), and there are equalities

S=u&)+E-8°° and (E)NT =0.
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(2) If S = (&) DT’ for some graded left E-submodule T' C S, then T' =T and
T H ():_Z'I)”“rl as graded left £-modules.
i=d—1
(3) If depth & > 2, then S = () ® T as graded E-bimodules.
(4) If R = Q/(f) for some singular local ring (Q,n, k) and a non-zero-divisor
f en?, then depth & > 2 and T is a two-sided ideal of S, such that
S=u&)®T and T -T=0.

For the proof we need a lemma. It is well known and easy to show that Ext 5 (k, k)
and Tor™ (k, k) are dual graded vector spaces. A more precise statement is contained
in the next result, which represents a version of Tate duality. It can be derived,
with a little work, from [24, (2.1)]. We provide a direct argument.

Lemma 7.3. The graded left £-modules Tor™ (k, k) and T described in (1.2.3) and
(7.1), respectively, have the following properties.

(1) There is a natural isomorphism 6: Tor™(k, k) = T.

(2) If Y is a right non-zero-divisor on &, then T =9 -T for each i > 0.

Proof. (1) Let »: G — k be a minimal free resolution.
Setting C' = k in (1.2.2) one obtains the first map below:

Homp(G,G) @r (k@ G) — k®r G 2225 k@pk =k.
In homology the composition induces a morphism of graded k-vector spaces
£ @ Tor®(k, k) — k
and hence a morphism of graded k-vector spaces
§: Torf(k,k) — T given by §(1® g)(cl(a)) = (—1)91%sca(g)

A routine computation shows that ¢ is £-linear.

Any non-zero cycle in k ® g G, has the form 1 ® g for some g € G,, ~ mG,,.
Choose an R-linear map §: G,, — k with 8(g) = 1. The Comparison Theorem for
resolutions yields a chain map a: G — G of degree —n with »«,, = §; in particular,

5(1® g)(cl() = £H(g) = +1 £ 0.
Thus, the k-linear map §,,: k ®r G,, — Z™ is injective. Since the k-vector spaces
Torf(k, k) and Ext’(k, k) have the same finite rank, 4, is even bijective.

(2) When 9 is a right non-zero-divisor on £ the map € — ¢ - 9" is a k-linear
injection & — &. Its dual is a surjection Z — Z given by v +— +9%v,s0Z = 9*-Z. O

Proof of Theorem 7.2. (1) Theorem 5.1.8 and (2.1) yield an exact sequence

(7.3.1) 0—&-82.5B—0
of graded &-bimodules with B = Ext (k, k); the proof of the theorem also shows
(7.3.2) B=TB and T'&=0.

Theorem 6.1 and Lemma 7.3 yield isomorphisms of left £-modules
¥ ! Coker(1) 2 B = Ext(k, R) @4 Tor™(k, k) = Ext»(k, R) @ T

(7.3.3) o
= |ETDH
H
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From the definition of I and (7.3.2) we obtain
(7.3.4) E)NT =T((€)) =TE=0.
Next we set N' = € - S<Y and prove & = «(€) + N. Note that for each n < 0

the map 0" yields N = 8™ = B"~ !, Let ¥ € £2 be a right non-zero-divisor, see
Lemma 5.1.7. As XB is a direct sum of shifts of Z, Lemma 7.3(2) implies

(7.3.5) YB=19'¥B foreach i>0.

Let o be an arbitrary element of S. By the remarks above, one has 9(c) = ¥v
for some v € (£B)<? and i > 0, and d(v) = v for some v € N. Thus,

d(o —¥'v) =0(0) — v =0,
hence o — ¥'v is in Ker(d) = 1(€), so one gets o € I'v + 1(E) TN + (E).

(2) By hypothesis, S = «(£) & T’ for some left E-submodule 77 C S, so (7.3.1)
yields 7/ 2 ¥B . From (7.3.2) we get 7' =TT’ CTS =7, hence «(§)NT' =0 by
(7.3.4). These relations imply 7’ = 7 and yield a direct sum of £-bimodules
(7.3.6) S=u&)eT.

The expression for 7 comes from the equality above and the isomorphisms in (7.3.3).
(3) If depth £ > 2 holds, then one has Extg(XB,E) = 0, see Proposition A.6, so

the sequence (7.3.1) of graded left £-modules splits, hence S = «(€) & T, see (2).
(4) By Lemma 5.3.1 we may assume R = Q/(f), so we obtain

depth & = depth Ext(k, k) +1> 2

by referring to Proposition 5.2.3 and Lemma 5.1.7. Part (3) now yields a direct
sum decomposition (7.3.6) of £&-bimodules. Next we prove 7 - T = 0.

Let ¥ € £2 be the central non-zero-divisor defined by the equality R = Q/(f),
see Proposition 5.2.3. Let 7 be an element of 7. Choosing i > 0 so that 9 =0
holds, we get 79" = 9% .7 = 0. On the other hand, (7.3.1) implies 7 =2 ¥ as left
E-modules, so from (7.3.5) we get 7 = ¢ - 7. Thus, we obtain

As 7 € T was chosen arbitrarily, we conclude 7 -7 = 0, as desired.
To finish the proof we apply the remark below. O

Remark 7.3.7. f S=1(€)+ 7T and T - T =0, then 7 is a two-sided ideal of S.
Indeed, 7 is stable under multiplication on either side with elements of £, because
it is an &-bimodule, and by its own elements, as 7 -7 = 0; thus, S-7 C7 D> 7 -S.

The following example provides applications for Theorem 7.2(3).

Example 7.4. Let k£ be a field, let S and T be localizations of finitely generated
k-algebras at k-rational maximal ideals. In this case, S ® T is a local ring.

Set F = Extg(k, k) and G = Extp(k, k). Standard Kiinneth arguments give an
isomorphism Extge 7(k, k) = F @ G of graded k-algebras, so [16, (3.1.iii)] yields

depth Extgg 7 (k, k) = depth F + depth G.
Thus, for singular S and T" one has depth Extgg 7(k, k) > 2, see Lemma 5.1.7.

Applications of Theorem 7.2(4) are discussed in the next section.
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8. STABLE COHOMOLOGY ALGEBRAS OF COMPLETE INTERSECTION RINGS

In this section we provide an explicit and nearly complete computation of the
structure of the stable cohomology algebra of a complete intersection local ring.
This is achieved by combining results from this paper with already available infor-
mation on the absolute cohomology algebra. We fix notation for the entire section.

8.1. Let (R,m,k) be a complete intersection local ring. Fix a presentation

R = Q/(f) with (Q,n, k) a regular local ring and f = {f1,..., fc} is a Q-regular
sequence in n?. One then has edim R = e, codim R = ¢, and dim R = e — c.
Fix a minimal generating set {¢1,...,t.} for n and write

frn= Z apijtit; (mod n®)  with ani; €Q for 1<h<ec.
1<i<jis<e
Asin (7.1), we set £ = Extg(k, k) and S = E;cR(k, k).
Sjodin [31] has completely described the algebra &; we recall his result below.

8.2. The algebra & = Extp(k, k) is generated by elements &1, ...,&. of degree 1
and ¥, ..., of degree 2, subject only to the relations

C
gfzz:ahiiﬁh for 1<i<e;

h=1
&fj —|—§J§1 = Zahij’ﬂh for 1 <1 <j<e;
h=1
Un&i = &dn for 1<h<c and 1<i<e;
Vg0 = Vpty for 1<g<h<ec,
where @,;; denotes the image of ap;; in k; see [31, Thm. 5] or [4, (10.2.2)].

The next lemma determines the applicability of Theorem 7.2(4).
Lemma 8.3. For R as in (8.1) one has depth & = codim R.

Proof. By Lemma 5.3.1 we may assume R = Q/(f) for a regular local (Q,n,k)
ring and a Q-regular set f C n?, with card(f) = codim R. Proposition 5.2.3 and
Lemma 5.1.7 now yield depth & = depth Ext,(k, k) + codim R = codim R. ]

For complete intersection rings of codimension one, also known as hypersurface
rings, S was computed by Buchweitz [12, (10.2.3)]. We recover his result:

Proposition 8.4. Let R be a singular hypersurface ring of dimension d.
The k-algebra S has generators £1,...,& of degree 1, a generator 9 = Y1 of
degree 2 and a generator ¢ of degree —2, subject to the relations in (8.2) and to

M =1=99.
In particular, for each n € Z one has ranky S™ = 2¢ and Ext2(k,S) = 0.
Proof. By Lemma 5.3.1 we may assume R = Q/(f) with (@, n, k) regular local and
f €n?<{0}. By Corollary 4.2 the algebra & is the localization of £ at {9%|s > 0},
so the presentation of &£ in (8.2) yields the presentation above.

The k-rank of 8™ can be obtained from this presentation, or directly from Corol-
lary 6.8. As ¥ is a central element in £ and is invertible in S, (A.3)(1) yields

depthg S = depthg (§/89) + 1 = depthg 0+ 1 =o0. O
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In higher codimension the structure of stable cohomology is completely different.

Proposition 8.5. Let R be a complete intersection ring with codim R = ¢ > 2.

The graded k-algebra S has the form & =2 & & T, where &€ is the graded algebra
from (82), T =, {7 € S|SZir = 0} is an ideal with T-T = 0, T = Homg(E, k)
as graded left E-module, and T -9, =0y, -7 for all T € T.

Proof. Theorem 7.2(4) gives everything but the last assertion, which amounts to
saying that each element ¢(1J;,) is central in S. To see this note that ), € £2 can be
defined by the canonical surjection Q/(f ~ {fn}) — R and apply Theorem 4.1. [

Still missing from Proposition 8.5 for a full description of the structure of S are
data on the products 7 - §;. Specifically, we ask:

Question 8.6. Is T isomorphic to £'~9 Homy (€, k) as graded £-bimodules?
Here is a case where a positive answer is available from other sources.

Example 8.7. Let k be a field of characteristic p > 0, let ui,...,u, be positive
integers, and set ¢; = p“i. For R = k[x1,...,z]/(z{,...,2]") the algebra S is
graded-commutative, so one has 7 = Homy (€, k) as graded £-bimodules.

Indeed, one has R = kG, where G is the abelian group [];_; Z/(p"), and com-
patible isomorphisms of graded k-algebras £ = H*(G, k) and S H* (G, k), with the
ordinary cohomology and the Tate cohomology of G; see [11, (V.4.6)], [11, (VI.6.2)]
and [0, (6.11)]. The algebra H*(G, k) is graded-commutative; see [13, (XIL5.3)].

9. STABLE COHOMOLOGY ALGEBRAS OF (GORENSTEIN RINGS

In this section (R, m, k) is a Gorenstein local ring of dimension d.

The leading theme here would come as no surprise: stable cohomology is simpler
over Gorenstein rings. Numerically, this has already been made precise by Corollary
6.4. We back it up by showing that the structure of the stable cohomology algebra
of a Gorenstein ring is much more rigid than might have been expected a priori.
Although not as explicit as the in the special case of complete intersections, treated
in Section 8, the results here are significantly sharper than those in Section 7.

The following notation and terminology is in force for the entire section.

9.1. Set & = Extp(k,k) and S = EER(kJC), let t: &€ — S denote the canonical
homomorphism of graded k-algebras, 7 the torsion subbimodule I'S C S and Z the
graded left £-module Homy (€, k) with the natural action, see (7.1)

We say that the algebra S splits if 7 is a two-sided ideal of S, such that

T-T=0, S=u&)®T, and T =X'"9T as graded left £-modules.

The structure of S for Gorenstein rings R with codim R < 1 is completely known,
see Proposition 8.4, so this case is excluded from the next theorem.

Theorem 9.2. Let R be a Gorenstein local ring with dim R = d and codim R > 2.
(1) There is an exact sequence of left £-modules
0—¢&-8-2s97 o

and there are equalities S = 1(E) + & - 8<% and (E)NT = 0.
(2) If S = (&) DT’ for some graded left E-submodule T' C S, then T' =T and
the algebra S splits.
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(3) If depth & > 2, then the algebra S splits.
(4) If ¢- & = & - for some left non-zero-divisor ¢ € £21, then S splits and

T=£-8°.
The proof is presented after a few remarks.

Remark 9.2.1. The theorem above should be compared to Theorem 7.2, applied
to a Gorenstein ring R. Part (1) is a simple specialization. On the other hand,
in Theorem 9.2 the conclusions of parts (2) through (4) are stronger, while the
hypothesis of (4) is weaker, see Proposition 5.2.3.

Remark 9.2.2. Theorem 9.2 offers striking parallels to results of Benson and Carlson
[8] relating the structure of the Tate cohomology algebra ﬁ*(G ,k) of a finite group
G to that of the absolute cohomology algebra H*(G, k).

Such similarities are unexpected, as the corresponding algebras have completely
different properties. Indeed, H*(G, k) and H* (G, k) are graded commutative alge-
bras, and the first one is also finitely generated over Ho(G, k) = k. In stark contrast,
the algebra Ext(k, k) may not be finitely generated; it is noetherian if and only if
R is complete intersection; it is commutative if and only if R Q/a, with (Q,n, k)

regular and a generated by a Q-regular sequence contained in n?.

Remark 9.2.3. Parts (3) and (4) of Theorem 9.2 do not cover all cases when the
algebra S splits; see Example 9.13 and Question 9.3.

Proof of Theorem 9.2. (2) If & = +(€) T’ as left £-modules, then Theorem 7.2(2)
yields an equality 7/ = 7 and a decomposition S = +(£) & 7 as £-bimodules.

To prove 7 - T = 0 we fix a right non-zero divisor ¥ € £2, see Lemma 5.1.7.
Let 7 be an element of 7. As 7 is an £-subbimodule of S, and for j > d one has
TI = 7it1=d = 0, we get 7- 9" € TI71+20 =0 for all i > 0. Fix an integer i with
this property. Lemma 7.3(2) yields Z = 9* - Z, so (1) implies 7 = 9* - 7, and hence

7 T=7-(0"-T)=(1-9)-T=0-T=0.
As 7 € T was arbitrary, this implies 7 -7 = 0, so 7 is an ideal by Remark 7.3.7.

(3) This follows from (2), in view of Theorem 7.2(3).

(4) Set N =€ -8<9 As 1(£) + N = S by Theorem 7.2(1), it suffices to prove
E)NN =0, see (2). Assuming the contrary means that one can write

O#ZEh'VhEL(E)
h=1
with e;, € €, v, € <0, and ¢j, - v, # 0. Set s = [(] and choose i > 0 so that
is+ [vp] >d holdsfor h=1,...,u.

As ¢ is a non-zero-divisor on £ and ¢ - £ = £ - (, there exist ¢}, € £ such that

O#Zci'ah'l/h:sz%'ci'l/h-
h=1 h=1
Choose [ € [1,u] with &} - ¢* - v, # 0, then set v = 1, and n = [v]; one then has

0#£C - veSstmcs™d= &) 1Cu&)”?.

The map 0 in (1) induces a bijection S<0 — (X1797)<0%. Set r = ranky N™. As
T = ¢*"T by Lemma 7.3(2), we may choose v/ € N2 with ¢*" - v/ = v.
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Let D be the universal enveloping algebra of the graded Lie subalgebra %" of
mr. By (5.1.3), it has no zero-divisors (different from 0) and & is a free graded
D-module. Thus, D% and D% - (' - v are isomorphic k-spaces for each j € Z. From

D27‘s ~ D27‘s X Cz ‘v = DQTS . Ci+2r . I/I
g 52r5 . Ci+27‘ . I/I _ <i+2r . g?rs . I/I
C Ci+27‘ Nn

we get ranky D?s < rank; N™ = r. On the other hand, we have ry > codim R > 2,
see (5.1.5.3), so(5.1.2) yields coefficient-wise inequalities of formal power series

> 1 1

k D2j t2j — . -
Z(ran ¥ DY) (L—t2)2 (1=t2)2 2[5 (1 —t27)2

§=0
1 o0
s = i+ 1)t%
7=0
In particular, we get ranky D?"* > r, and hence the desired contradiction. O

We proceed to test the hypotheses of the preceding theorem. In the rest of this
section the discussion revolves around the following question:

Question 9.3. Does the cohomology algebra S = Ext r(k, k) split for every Goren-
stein local ring (R, m, k) with codim R > 27?

We start with a case when Theorem 9.2(4) applies.

Example 9.4. If R @/a is a minimal Cohen presentation and the R-module a/a?
has a non-zero free direct summand, then Iyengar [22, Main Theorem] provides a
non-zero central element in 7%, hence a central non-zero-divisor in &, cf. (5.1.3).

It might be noted that a/a? has a non-zero free direct summand whenever R is
isomorphic to Q/(f) for some local ring (Q, n, k) and non-zero-divisor f € n?. This
case is covered already by Theorem 7.2(4), but it is not known whether all free
direct summands of a/a? arise in this way.

The first application of Theorem 9.2(3) mirrors Example 7.4.

Example 9.5. Let k be a field, and let S and T be localizations of finitely generated
k-algebras at k-rational maximal ideals. If S and T are singular Gorenstein rings,
then so is the local ring S ®; T', and Example 7.4 yields

To exhibit further classes of Gorenstein rings satisfying the hypothesis of Theo-
rem 9.2(3) we use Koszul duality, see [33, §5] for a concise introduction.

9.6. Let k be a field, and let A = @i20 A; be a commutative internally graded
k-algebra, see (3.3), with Ag = k, A = k[A;], and rank; A; < oc.

Recall that A is said to be Koszul if Exty (k, k) = 0 for n # i. Its Koszul dual is
the internally graded k-algebra B with B; = Ext (k, k)* and multiplication induced
by the composition product of Ext 4(k, k); the algebra B is Koszul as well, and its
own Koszul dual is canonically isomorphic to A.
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If A is a Gorenstein Koszul algebra with ranky A < oo, then

k forn =sup{n e N| A4, #0};

Ext'y(k, B) =
B ) {O otherwise.

Indeed, this follows by Koszul duality from [33, (5.10), (4.3.1)].

Proposition 9.7. Let R be the localization of a commutative Gorenstein graded
k-algebra A =D, - o Ai at the mazimal ideal AL = €, | Ai. If A is Koszul, then

depth & > 2
holds, unless A = klx1,...,2z.]/(f) for some quadratic form f (possibly equal to 0).

Proof. Assuming depth & < 1, we induce on dim A to prove that A has the desired
special form above. When dim A = 0 one has rank; A < oo, so (9.6) yields A; =0
for i > 2. As A is Gorenstein, this is only possible if A 2k or A = k[z]/(z?).
Suppose dim A = d > 1 and the assertion holds for algebras of dimension d — 1.
Let & — K’ be a field extension. The k’-algebra A’ = k' ®, A is clearly Koszul. Let
R’ be its localization at A’,. The canonical map R — R’ is flat and R'/mR’ = k/,
so Lemma 5.3.1 yields depth Ext g,/ (k’, k") = depth £&. Thus, we may assume k is
infinite, and so find a non-zero-divisor ¢ € A;. Now A = A/(g) is Koszul with
dimA = d — 1. Since g/1 € R is R-regular and not in m?, for R = R/(g/1)
Proposition 5.2.2 yields depth Exty(k, k) = depth €. As R is the localization of
A at D 1 4, the induction hypothesis yields A & k[T1,...,Te—1]/(f) for some
quadratic form f. It follows that A has the desired property. (]

Let mult R denote the multiplicity of R. A Gorenstein ring R has multiplicity
1 if and only if it is regular, and multiplicity 2 if and only if it is a quadratic
hypersurface; else, it satisfies mult R > codim R + 2.

The case of minimal multiplicity is covered by the next result.

Proposition 9.8. If R is Gorenstein and mult R = codim R + 2, then

1 when R is a hypersurface ring;

2 otherwise.

depth £ = {

Proof. One has codim R = 1 if and only if R is a hypersurface, and when this is
the case Lemma 8.3 applies. For the rest of the proof assume codim R > 2. In view
of Lemma 5.3.2 we may further assume dim R = 0. Our hypothesis then implies
isomorphisms m® = 0 and m? = Anng m = k, and non-degeneracy of the map

p: (m/m?) @ (m/m?) — m? =k
induced by the product of R. Thus, A = k & (m/m?) © m? is a Gorenstein graded
k-algebra, with rank; A; = codim R. By [25, (3.1)] both & and Ext,(k,k) are
isomorphic to the tensor algebra of (A;)Y over k, modulo the quadratic form
Homy, (1, k)(id*¥) € (A;)Y @ (A1)Y. Thus, we may replace R by A. The de-
scription of Ext 4 (k, k) shows that as an algebra over Ext’ (k, k) = k it is gener-
ated by Ext!,(k, k). This graded vector space has Exth(k, k)’ = 0 for j # 1, so
ExtY (k, k)7 = 0 for j # i, so A is Koszul, hence depth £ = 2 by (9.6). O

Recall that if R is Gorenstein with codim R < 2, then R is complete intersection,
so Lemma 8.3 gives depth £ = codim R. In the next codimension we prove:



STABLE COHOMOLOGY 29

Proposition 9.9. If R is Gorenstein and codim R = 3, then

3 when R is complete intersection;

2  otherwise.

depth & = {

Proof. By Proposition 8.3 we may assume R is not complete intersection. By
Lemma 5.1.6 it suffices to prove depth D = 2, where D is the universal enveloping
subalgebra of 771?2. It follows from [1, (3.3)] that wiQ is isomorphic to 74, where

A= @?:0 H;(K) and K is the Koszul complex on a minimal set of generators of
m. There exist bases {e1,...,e,} of A1; {f1,..., fr} of As; {g} of A3, such that

eifi=g= fie;, for 1<i<r

and all other products of basis elements vanish, see [1, (8.4)]. Thus, A is a Goren-
stein local ring of minimal multiplicity, so Proposition 9.8 yields depth D =2. O

In the balance of this section we deal with artinian rings.

Proposition 9.10. For an artinian Gorenstein local ring (R, m, k) with m #£ 0 the
following conditions are equivalent.
(i) S is split.
(i) 7 =S8<Y.
(iii) S<Y is a left £-submodule of S.
(iv) & is generated as an algebra over E° =k by a set E C 21, such thate-S7 =0
holds for all pairs (e,j) € E X Z satisfying —[e] < j < 0.

Proof. From the exact sequence in Theorem 9.2(1), or from Theorem 2.2, one gets
1(&) = 829, hence +(£) has a unique complement in S as a graded k-vector space,
namely, S<Y. Thus, when S is split one has 7 = S<°, and hence (i) implies (ii).

It is clear that (ii) implies (iii). If S<° is a left £-submodule of S, then it is
necessarily a direct complement of ¢(£), so (iii) implies (i) by Theorem 9.2(2).

It is clear that (iii) implies the validity of (iv) for every set of generators E C £2 1,
in particular, for E = £2!. Conversely, assume that (iv) holds for some E, pick an
arbitrary o € §<°, and €1, ..., e, be elements of E. If one has [0] < —>_7_| [&],
then g1 ---&5 -0 € S<Y holds for degree reasons. Else, there is an integer r with

1<r<s and —i(si] <Jo] <— i [e:] -
i=r i=r+1

Thus, ¢’ =¢,11 €5 - o satisfies —[e,] < [¢'] < 0, hence
er-eso=(c1er1) (ep-0') =0.
It follows that S<Y is a left &-submodule of S, that is, (iii) holds. O
When dim R = 0 it is easy to write down a complete resolution of k, see 2.3.

9.11. Let (R, m, k) be an artinian Gorenstein ring with m # 0.
If e: F — k is a minimal free resolution and (—)* = Hompg(—, R), then

T — ---—>F18—1>F0€°%—60>F5‘—1*>F1*—>---
where Ty = Fp, is a complete resolution of k satisfying 9(T) C mT.
Indeed, one has O(T) C mT by construction. The exactness of T' follows easily
from the self-injectivity of R, which then implies the exactness of Homg(T, R).
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We finish with an example obtained through the dictionary between local algebra
and rational homotopy theory; see [5]. For a topological space Y let H"(Y; Q) and
H,(Y; Q) denote its singular (co)homology, QY its loop space, and H,(QY;Q) its
Pontryagin algebra with multiplication induced by composition of loops.

The construction below was communicated to us by Yves Félix, in answer to our
question whether there exists a formal CW complex Y with depth H,(QY;Q) = 1.

9.12. Let S? denote the standard 2-sphere, # a connected sum of smooth manifolds.
The following manifolds are formal topological spaces:

X=5?x58?%x8?=X" and Y =X#X'

Using a suitable CW decomposition of X# X', Félix exhibits H,(QY;Q) as a
free product of three commutative polynomial algebras:

(9.12.1) H.(QY;Q) = Q[é1, &2, &3] * Q€] &5, &)+ Q[Y] .

where H.(QX;Q) = Q[&1, &2, &3], and Ho(2X";Q) = Q[&7, &5, &3] with [&] =1 =
|€5], and ¥ € Hy(Q2Y;Q) arises from the identification in ¥ = X# X' of the ori-
entations of X and X’. None of these algebras equals Q, so [17, (36.e.2)] yields

(9.12.2) depth H,(QY;Q) = 1.
Next we translate Felix’s example into commutative algebra.

Example 9.13. Let k be a field of characteristic 0. The ring

k[tla t?u t37 tllu t/27 té]
({t3, tit), P }1<ij<s , tatats — ththts)

is Gorenstein with codim R = 6, m® # 0 = m%, and rank; R = 14.

Its cohomology algebra £ satisfies depth &€ = 1 and £C # (€ for every non-zero
¢ € £21, and its stable cohomology algebra S is split.

Indeed, the properties of R are clear. By Lemma 5.3.1 we may assume k = Q.

Endow R with an internal grading by assigning (lower) degree —2 to the variables
t; and t; one gets an isomorphism R = @i:o H"(Y;Q) of internally graded rings,
where Y is the manifold from (9.12). Since Y is formal, there are isomorphisms

P Exth(Q Q)™ =H,(QY;Q)
l+m=—n

of Q-vector spaces that combine into an isomorphism of graded Q-algebras

Extp(Q,Q) = H.(QY; Q).

Thus, one obtains depth £ = 1 from (9.12.2).
To analyze S we note that a minimal graded free resolution F' of QQ starts as

3+3
2

s R(4)( ) @ R(4)3+9+3 @ R(6) — R(2)3+3 MV R—0

where the standardSE?sis of R(2)3*3 maps to the generators tq,t2,t3 and ¢}, th, t}

of m, that of R(4)( 2°) to the Koszul relations between these generators, that of
R(4)3+9%3 to the syzygies defined by the quadratic relations of R, and that of R(6)
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to the syzygy defined by the cubic relation. The complete resolution 7" constructed
in (9.11) from the minimal resolution F' now yields isomorphisms

=820 aQ®6) £°=8"2Q S '=Q(-6)
gt =8'=Q(2)° S?2=Q(-8)°

The isomorphism (9.12.1) shows that the algebra £ is generated over £2 = Q by
elements from &' and £2. As the action of £ on S is compatible with internal
gradings, see Proposition 3.4, degree considerations yield the following equalities:

.87 t=0, &.81'=0, &£.5?2%2=0.
Proposition 9.10 now shows that the stable cohomology algebra S is split.

10. STABLE COHOMOLOGY ALGEBRAS OF GOLOD RINGS

In this section (R, m,k) denotes a local ring. The codepth of R is the integer
codepth R = edim R — depth R. Once again, we consider the graded k-algebras

£ =Exty(k, k) and S = Extg(k,k)

and let ¢: &€ — S denote the canonical homomorphism of graded algebras.

For all rings R with codepth R > 2 analyzed so far in this paper, ¢(£) has a
direct complement in S as a left £-submodule. Here our goal is to produce a ring
R for which this fails. We search for it among Golod rings, as their homological
properties are in many respects antithetical to those of Gorenstein rings.

Golod rings are usually defined in terms of the series } |, - , ranky, £"t", see [4, §5]
for details and examples. Here it is useful to take as definition their characterization
in terms of the structure of the graded k-algebra .

10.1. The ring R is said to be Golod if the universal enveloping algebra D of the
Lie algebra 71'52 is a free associative k-algebra, [2, Cor. p. 59].

We will also use a defining homological property of free k-algebras.

10.2. Let A be a free associative k-algebra on a set = of elements of positive upper
degree. Let {be|[be] = [£] + 1}ee= be a linearly independent set over A. There is
then an exact sequence of graded left .A-modules:

(10.2.1) 0— J[Abe 2> A—k—0 with 3(be)=¢.
ez

It is clear that R is Golod when codepth R = 0 (because then R is regular, so
D = k), or when codepth R = 1 (because then R is a singular hypersurface ring,
so D = k[¥], see Example 8.4). When R is Golod with codepth R > 2 Theorem 9.2
does not apply, because R is not Gorenstein. Neither does Theorem 7.2(3):

Proposition 10.3. If R is a Golod ring with codepth R > 2, then depth & = 1.

Proof. If D is the universal enveloping algebra of 71'1? % then depth D < 1, see (10.1)
and (10.2), so depth & < 1 by Lemma 5.1.6; equality holds by Lemma 5.1.7. O

Thus, new tools are needed to study stable cohomology over Golod rings of
higher codimension. Local rings with radical square zero are the simplest example
of Golod rings. They are the subject of the next theorem, proved at the end of the
section; its notation and hypotheses are in force for the rest of the section.
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Theorem 10.4. Let (R,m, k) be a local ring with m? =0 and edim R = e > 2.
The following assertions then hold.

(1) The exact sequence of Theorem 7.2(1) has the form

0—¢&-s-5Ene[E D« —o
=0
(2) The left E-submodule L(E) has no direct complement in S.
(3) One has Extg(k,S) =0 for alln € Z.

For the next lemma we introduce shorthand notation: When 3,3’: M — N are
R-linear maps we write 5’ = 8 (mod m) in place of (8’ — 8)(M) C mN.

Lemma 10.5. Let 6: U — R be the composition of a projective cover U — m of
the R-module m with the inclusion m C R. For i € Z, let 0;4+1 be the R-linear map

. . Qi . .
Fi+1 _ U®(z+1) =UG®gr U®i SQrU R®g U®i — g®i — F,
where U®? denotes the ith tensor power of U over R, with the conventions U®? = R
and U®" =0 for i < 0. The following then hold.
(1) The pair (F,0) is a minimal R-free resolution of k.
(2) There are equalities I(Fit1) = mFE; for all i € Z.
(3) When h and i are integers, such that i > max{0,—h}, a diagram

0;
UrF,——Fi11 #)Fz
g/[ %
On+i
U®R Fiin == Fhtis1 —— Fpyg

of R-linear maps commutes if and only if ' =U ®gr S (mod m).

Remark. When R is a k-algebra, the minimal resolution F' described in Part (1) of
the theorem coincides with the bar construction of R over k.

Proof. (2) This follows directly from the definition of 9.

(1) From m? = 0 one gets 92 = 0. Fori > 1 set B;_1 = 9;(F;) and Z; = Ker(9;).
From (2) one obtains ¢(B;_1) = ', where £ denotes length over R. The exact
sequence 0 — Z; — F; — B;_1 — 0 yields £(Z;) = (e + 1)e’ — e' = et = 4(B,).
Thus, H;(F) =0 for i > 1 and Ho(F) = k, so F' is a minimal free resolution of k.

(3) Pick u® v € U @ F; = F;11. By definition, one has

BOiv1(u®@v) = B(6(u)v) = 6(u)B(v) = Optiv1(u® B(v)).
Therefore, an equality 59;4+1(u ® v) = Ip4i+10 (v ® v) holds if and only if one has
B(u®@v)—u® p(v) € Ker(Opyit)-
As (1) and (2) yield Ker(Op4it1) = Ontit2(Frtit2) = mFp4i41, the inclusion above

is equivalent to the relation ' = U ®g  (mod m). O

Lemma 10.6. Let F' denote the minimal free resolution from the preceding lemma,
let 5z € Homp(F, F) be a homomorphism of complexes, let 3 denote its image in

I%r\nR(F, F)p, and set m = max{0, —h}. The following then hold.
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(1) The map s (respectively, ) is a boundary if and only if for i = m (respec-
tively, for some i > m) and for all j > 0 one has

Hitj = 0 (HlOd m) .

(2) The map > (respectively, 3z) is a cycle if and only if for i = m (respectively,
for some i >m) and for all j > 0 one has

%fL'Jrj = U®j ®R (—l)hj%i (HlOd m) .

Proof. (1) By definition, s (respectively, ) is a boundary if and only if there exists
a homomorphism x € Hompg(F, F') of degree h + 1, such that an equality

(10.6.3) it = OntitjirXis T (= 1) Xipj—104;
holds for ¢ = m (respectively, for some ¢ > m) and for all j > 0.
If x exists, then s;4; =0 (mod m) for ¢, j as above, because 0 =0 (mod m).
Conversely, assume »;4; = 0 (mod m) holds for ¢, j as above. We construct x4,
by induction on j. Setting x;4,; = 0 for j < 0, we may assume that x;;;—1 has
been defined for some j > 0. One then has the relations

(st = (=1)"Xitj10i15) (Firs) S mFnpins + Xirj1(mFipj 1)
CmFhyitj

= Ontitjr1 (Fhtije1) -

with equality given by Lemma 10.5(2). Since Fj; is free, one can find a homomor-
phism x;1;: Fit; — Fhtitj+1 satisfying equation (10.6.3).

(2) By definition, s (respectively, ) is a cycle if and only if Opyit 04, =
(—l)h%iﬂ-,l@iﬂ holds for i = m (respectively, for some i > m) and for all ;7 > 0.
Tterated applications of (10.5.3) yield the desired assertion. ]

It is convenient to describe £ and S as subrings of infinite matrix rings.

10.7. For every pair (m,r) € ZxN, satisfying m+r > 0, let Mgy or+m (k) denote the
k-vector space of €” X " T matrices with elements in k. Let Mo, (k) be the k-algebra
of all row-and-column-finite matrices with elements in k, under ordinary matrix
product. For every matrix C' = (cij) € Meryertm (k) let Coo = (cpy) € Moo (k) be
the matrix with blocks C' along a line of slope e~"":

o0

pa 0 otherwise.

{cij if p=i+1le" and g = j + le"™™ for some [ > 0;
> —
It is clear that for each m € Z the following subset of M (k) is a k-subspace:

C € Mgryorim (k) for Some}

M =< Coo € Moo (K
¢ { & Mealk) pair (m,r) with m +r >0

A key observation is that, furthermore, the following relations hold:
cm.crCcm™™ forall m,n€Z;
cCm"NC"=0 when m #n.
Indeed, let C'x € C™ be as above, and let D, € C™ be obtained from a matrix

D € Mgsyos+n (k), where (n,s) € Z x N satisfy n+ s > 0. One then has Co, = C/,
where C’ € Myrts g er+s+m (k) is the block diagonal matrix with e® copies of C' along
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a line of slope e~"; also, Do, = DL where D’ € Myrtstmyer+st+mtn (k) is the block

diagonal matrix with "™ copies of D along a line of slope e~". Thus, we get
O/D/ S M87‘+s xer+s+m+n (k) and COO . DOO = (O/D/)oo (S Cern .

This proves the inclusion. For the equality, assume Co, = Do, € C™ N C™ with

m # n. Since the lines with slopes e™™ and e™" diverge, for [ > 0 the blocks C

forming the matrix C'», are entirely contained in an area of the matrix D, where

every element is equal to 0. Thus, one has C' = 0, and consequently Cs, = 0.
By the discussion above, C = (C™ )¢z is a graded k-algebra with unit 1. Set

Al(-m) = (EZ-(m))OO € C™ for each pair (m,i) € N x [1,e], where
E™ =10,...,0,1,0,...,0] € Miyen (k) with 1 in ith position.

K3

Let A be the subalgebra generated over k1l by Agl), e ,Aél) € C'. The formula

(m) p(n) _ 4(m+n)
A AT = A yenyy
shows that A has a k-basis consisting of matrices with exactly one non-zero entry
in every row, and in distinct basis elements this entry occurs in a different column.

Part (2) of the next lemma is known: For a k-algebra R it is obtained by com-
puting Ext(k, k) as the cohomology of the cobar construction, which in this case
is the tensor algebra on Homy (m/m?, k) with zero differential; the general case can
be found in [29, Thm. 1, Cor. 3]. A proof is included for completeness.

Lemma 10.8. In the notation of (10.7) the following hold.
(1) There is an isomorphism of graded k-algebras S = C, inducing 1(€) = A.
(2) The associative k-algebra € is freely generated over k by a k-basis of E.
(3) One has Extg(k,€) =0ifn+#1 and
0 for i< —=2;
ranky Extz(k, €)' =< e for i=-1;
el(e?—=1) for i>0.
Proof. Let F' — k be the minimal free resolution from Lemma 10.5. We fix a basis

X1 ={x1,...,x.} of U over R. For each i > 0 it canonically provides a basis X;
of F; = U®? over R, and thus a basis X; of F;/mF; over k.

(1) Each o € S" is the class of a cycle 3 € }T(-)I\DR(F, F)_p, where »: F — F
is a homomorphism of complexes of R-modules of degree —h. Thus, s> : FL s —
F> s_p, is a chain map for some integer s. It induces a k-linear map

H,(5) = 525 UPET) imp@Gth) , g®s impy®s

Let S € Mgsyes+n(k) be the matrix of %, in the bases X,,5 and X, and form
the matrix So € C". Lemma 10.6 shows that S, does not depend on the choices
of s or s, so setting a(o) = So one obtains a map «: S — C. The definitions of
the products in S and C imply that « is a homomorphism of algebras. Part (1) of
Lemma 10.6 shows that « is injective and Part (2) that it is surjective.

Let {¢1,...,&} be the basis of £! dual to the basis X; of U/mU. By definition,
a(u)) = A;l) for j = 1,...,e, so a maps the subalgebra of £ generated by
{&,..., &} surjectively onto the subalgebra A of C. Thus, for each i € Z one has

e’ =ranky &' > rank; A" = €',
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with equalities given by the constructions in Lemma 10.5 and in (10.7), respectively.

~

Thus, « restricts to an isomorphism ¢(£) = A.

(2) As shown above, rank; £ = e’ and & is generated by e elements of degree 1.
It follows that there are no relations between the generators of £.

(3) In view of (2), the exact sequence of (10.2) yields Extg(k,€) =0 for n # 0,1
and an exact sequence of graded vector spaces

0 — Homg (k, &) — & I yee Extg(k, &) — 0

where 0*(p) = (&1p,.-.,&ep). We see that Homg(k,E) = 0. Counting k-ranks in
the sequence above we now get the desired expressions for Exté(k, E). O

Proof of Theorem 10.4. The notation from the preceding proof stays in force.
(1) Theorem 7.2(1) yields an exact sequence of graded left £-modules

o0

(10.8.1) 0—&-s % [[E " —o
i=—1
where Z = Homy, (€, k) and p* = ranky, Ext’ (k, R). These numbers are given by:
0 for i< —1;
(10.8.2) p=xe for i=0;
ei"te?2—1) for i>1.
Indeed, the hypothesis m? = 0 yields an exact sequence of R-modules
0—k®—R—k—0
It induces an exact sequence of homomorphisms of k-vector spaces
0 — Hompg(k, R) — R — Hompg(k®, R) — Extk(k, R) — 0
giving the values of z¢ in (10.8.2) for i < 1. The same sequence yields isomorphisms
Exty ' (k°, R) = Extly(k, R) forall i>2,

which imply pu® = ep=?! for all i > 2; the last equality in (10.8.2) follows.

(3) The k-algebra & is free by Lemma 10.8(2), so the resolution of k displayed
in (10.2) gives Extg(k,S) = 0 for all n # 0, 1.

Next we prove Homg(k,S) = 0. By (A.5), this is equivalent to the following
assertion: If s» € Hompg(F,F);, is such that > € IT(-)I\DR(F, F)p, is a cycle and
cl(x) € E;c]}h(k, k) satisfies Ext7*(k, k) - cl(3) = 0 for some s > 0, then cl(32) = 0.

Set m = max{0, —h}. As 3 is a cycle, for some integer ¢ with ¢ > m one has

Ontivj*iv; = (—1)"s64j10;4; forall j>0.

After increasing ¢ or s (if necessary) we may assume s =i+ h > 0.
Let £ € Hompg(F, F)® be a chain map. As cl(§)-cl(3¢) = 0, Lemma 10.6(1) yields

(5%)1'4”‘ (FiJrj) - ij for all j >0.

On the other hand, one has 9; o (£x);4; = (=1)"%(€5¢);45-1 0 O;4; for all j > 0,
so Lemma 10.5(3) implies that these inclusions hold, in fact, for all j > 0.

Recall that X; denotes the standard basis of F; = U®!. For each u € X; one
has »;(u) = EUeXi+h Gypv With uniquely defined a,, € R. On the other hand,
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for each v € Xp4; the R-linear map Fpy, — Fy = R sending v to 1 and every
v € Xpti ~ {v} to 0 extends to a chain map &,: F — F of degree —h — i. We get

Ayo = (fv)h-i-i( Z auvv) = (§o)h+i (%l(u)) = (§ux)i(u) €m

VEX 4

hence s;(F;) C mFy; holds. Lemma 10.5(3) now yields »;(F;) C mFpy; for all
i > 0, from where we conclude cl(3) = 0, see Lemma 10.6(1).

Finally, we prove Exté(k,S) = 0. As Homg(k,S) = 0, the exact sequence
(10.8.1) of graded left £-modules induces an exact sequence of graded vector spaces

oo

0— Homg<k .l (Z‘iI)“Hl) — Extl(k, &) —— Extk:(k,S)
i=—1

(10.8.3)

oo

8, Ext}g(k, 11 ():—iI)H”l)

i=—1

Since k has a resolution by free £-modules of finite rank, see (10.2), the functors
ExtZ(k, —) commute with direct sums. The graded left £-module Z = Homg (&, k)
satisfies Homg (k,Z) = k and is injective, so we obtain
(10.8.4) Homg<k, 1T ():iz)#m) =~ ] =y

i=—1 i=—1
(10.8.5) Extg(k, 11 ()I‘iI)“M) =0.

i=—1
Comparing (10.8.4), (10.8.2), and Lemma 10.8(3) we see that in (10.8.3) the map
L« is bijective. In view of (10.8.5) this implies Extg(k, S) = 0.

(2) It S = (&) @ T for some left graded E-submodule 7’ of S, then Theorem

7.2(2) yields 7/ = T'S, hence I'S’ = S for i < 0. One has S* # 0, see Corollary
6.5, so (A.2) and (A.5) imply depthg S = depthg I'S = 0. This contradict (3). O

We finish by applying lemmas used in the proof of Theorem 10.4 to show that
the action of absolute cohomology on bounded cohomology from the right may be
far from nilpotent—in contrast to the action from the left, cf. Lemma 1.3.2.

Example 10.9. If m? = 0 and edim R = e > 2, then for every n < 0 there exists
Bn € Ext(k, k), such that {e € Extg(k,k)|B, - € =0} is equal to 0.
By Theorem 7.2(1) and Lemma 10.8(1), it suffices to show that each matrix

1
0

Cp=(C™)eC™, wheren <0and C™ = | | € Mg n,(k),
0
satisfies (C,. A) N A = 0. Indeed, for each A € My (k) the matrix C,, A is obtained
by inserting (e™™ — 1) rows of zeroes between every pair of adjacent rows of A.

On the other hand, the k-basis of A described in (10.7) shows that each non-zero
matrix in 4 has a non-zero entry in every row.
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APPENDIX A. DEPTH OVER GRADED ALGEBRAS

In this appendix & is a field, A is a graded k-algebra with A° = k and A = 0 for
all ¢ < 0. Throughout, M denotes a graded left A-module. By a customary abuse
of notation, we let k denote also the graded .A-module A/ A>1!.

A.1. The depth of M over A is the number
depth 4 M = inf{n € N | Ext’y(k, M) # 0},

see [16]. Clearly, one has 0 < depth 4 M < oo, and depth 4 M = oo holds if and
only if Ext 4(k, M) = 0. We systematically write depth 4 .A in place of depth A.

Here we collect general facts about depth, for use in the body of the paper.
The long exact sequence of functors Ext’y (k, —) yields a familiar formula:

A.2. The depths of the graded left A-modules appearing in an exact sequence
0— L — M — N — 0 are linked by an inequality

depth 4 M > inf { depth 4 £, depth 4 N } .
Equality holds when the sequence splits, or when depth 4 £ # depth 4 N + 1.

For finite modules over finitely generated commutative algebras depth measures
lengths of regular sequences. In general, only a weaker statement holds.

A.3. Assume A = A'/(¥') and M = M’ /)’ M’ for some graded k-algebra A’, a
central element ¢’ € A’Z !, and a graded left A’-module M.
When ¥ is a non-zero-divisor on M’ the following hold.

(1) depth 4 M’ = depth 4, M + 1.
(2) If ¥ is a non-zero-divisor on A’, then depth 4 M = depth 4, M’ — 1.
Indeed, for each n > 0 there are isomorphisms of graded k-vector spaces
Ext ! (k, M) = Ext” ' (k, M) @ Ext"y, (k, M)
Ext’ ' (k, M) = Exty, (k, M)
obtained by transcribing Rees’ classical argument for commutative algebras.

Pursuing the analogy with commutative algebra, we define (left) section functors.

A.4. For each i > 0 the graded subspace A% of A is a two-sided ideal, so the
following subspaces of M are graded left A-submodules:

I'M={peM| A" p=0} and TM=|JI"M.
i=0
Section functors carry information on the vanishing of depth.
A.5. depth 4 M = 0 if and only if T'M = 0, if and only if I'M # 0.
Indeed, the equivalence of the first two conditions comes from the isomorphism
Homg(k, M) = {pe M| A% - p=0}=T'M.

It is clear that the second condition implies the third one. Conversely, if T’M # 0,
then A% % i = 0 for some 1 € M~ {0} and some integer i > 1. Choosing 4 minimal
with this property, for N' = A% 1. ;i we get 0 # N C ' M # 0.

Several applications of depth in the body of the paper hinge on the next result.
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Proposition A.6. If a graded left A-module KC satisfies KK = T'IC, then
depth 4y M < inf{n € N | Ext’y (K, M) # 0}.

Equality holds if K =TK # 0 for some integer i > 1.

Proof. Set m = depth 4 M. We prove the last assertion by induction on . If i =1,

then K is a direct sum of shifts of copies of k, so Ext’y (K, M) is a direct product
of shifts of Ext"y(k, M), and the assertion is clear. When ¢ > 1 the exact sequence

0 —TI"IK—TK—L-—0

of graded left A-modules, where £ = I''/T*~1K, induces an exact sequence

Ext" (T, M) — Exty (£, M) — BExty (I, M) — Exty (T 1K, M)
for each m. By the base of the induction, Ext" (£, M) vanishes for n < m and
does not for n = m. For n < m the first and last terms vanish by the induction
assumption. Thus, Ext’y (T'K, M) vanishes for n < m and does not for n = m.

In general, each T'*K is a graded left submodule of K, so there are exact sequences

0 — lim" Ext” (I, M) — Ext’y (K, M) — lim Ext’y (T°KC, M) — 0
— —

2

for all n > 0, where @1 is the first right derived functor of @, see [36, (3.5.10)].
In view of the finite case, these sequences yield Ext”y (K, M) = 0 for n < m. O

Corollary A.7. If B is a graded k-subalgebra of A, such that A is free as a graded
right B-module and one has AZ* C A-BZ' for some i>1, then

Proof. For A= A/(A-B?%) standard arguments yield Ext" (A, M) = Ext}(k, M)
for each n € Z. Since A = I'" A, the proposition yields the desired equality. O
A graded k-subalgebra B of A is said to be normal if BZ!- A= A-B>!.

Corollary A.8. Assume ranky A° is finite for each i and B is a normal subalgebra
of A. A finite subset E C A is a basis of A as a graded right B-module if and only
if it is a basis of A as a graded left B-module. When such a set E exists, one has

depth B = depth A.

Proof. By symmetry, to prove the first assertion it suffices to show that if E is a
basis of A as a graded right B-module, then it is one as a left B-module. The image
Eof Ein A= A/A-B?"is a k-basis of A. The map

v: A®p B — A given by 7<Zaeé®5e>—Z(—l)ell‘selaeéee

ecE eck
is a morphism of graded left B-modules. Since B is normal in A one has

kos AZA/(B1-A)=A/(A-B71) = A,

so k ®p v is bijective. By (a graded version of) Nakayama’s Lemma the map
is then surjective. Comparison of k-ranks shows that it is bijective. Thus, F is a
basis of A as left B-module. When a basis E as above exists one has rank; A < oo,
whence the first isomorphism below; the isomorphism ~ induces the second one:

Ay, Extg(k, B) = Extj(k, A ® B) = Extj(k, A) .
They yield depth B = depthyz A, and Corollary A.7 gives depthg A = depth A. O
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