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INTRODUCTION

Quillen’s geometric approach to the cohomology of finite groups [30] has revolu-
tionized modular representation theory. The ideology and techniques involved have
been generalized and extended to representations of various Hopf algebras, culmi-
nating in the recent work of Friedlander and Suslin [17] on finite group schemes.

In this paper we develop geometric methods for the study of finite modules over a
local complete intersection R. If R is such aring and m is its maximal ideal, then the
m-adic completion R has the form Q /(f), where f is a regular sequence and @ is a
regular local ring that can be taken to be a ring of formal power series over a field or
a discrete valuation ring. The least number of equations needed to cut out R from
a regular local ring equals the codimension of R, where codim R = vg(m) — dim R
and vr(M) denotes the minimal number of generators of an R-module M.

In [5] a cone, that is, a homogeneous algebraic set Vi (M) is attached to each
finite R-module M and used to study its minimal free resolution. Here we prove

Theorem 1. If R is a local complete intersection of codimension ¢, and k is an
algebraic closure of the residue field k of R, then for any two finite R-modules M, N
there exists a cone Vi(M,N) C k°, such that

(1) VRr(M, M) = Vg(M,k) = Vi(k, M) = V(M) .

(2) VR(M,N) = {0} if and only if Ext}{(M,N) =0 for n > 0.

(3) VR(M,N) = VR(M)NVg(N) = Vi(N,M).
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The first assertion shows that the present theory agrees with and extends that
of [5]. We also complement the earlier results in an important way by exhibiting
a set of polynomial equations defining V(M) that can be computed solely from a
finite free resolution of M over the regular ring Q.

The second assertion is the simplest manifestation of a general phenomenon: the
dimension of the variety Vi (M, N) measures “the size” of Extp (M, N). To make
this precise, we define the complexity of a pair of modules (M, N) to be the number

vr(Ext}(M,N)) <an’ ' for some }

cxp(M,N)=inf < beN
real number a and for all n > 0

This notion encompasses the asymptotic invariants of M studied in [5]: its com-
plexity cxg M = cxr(M, k), measuring the polynomial rate of growth at infinity of
its minimal free resolution, and its plexity pxp M = cxgr(k, M), giving the corre-
sponding information on its minimal injective resolution. Results of Shamash [31]
and Gulliksen [21] show that neither number exceeds the codimension of R.

By construction, varieties of pairs satisfy cxg(M,N) = dim V;(M, N). Thus,
their properties listed in Theorem I immediately translate into numerical data.

Theorem II. For finite modules M, N over a local complete intersection R, the
following (in)equalities hold:

(1) cxp(M,M) =cxg M =pxp M.

(2) cxr(M,N) =0 if and only if Extm(M,N) =0 for n > 0.

(3) cxg M+cxg N—codim R < cxg(M,N) = cxg(N, M) < min{cxg M,cxg N}.

We do not know any other proof of the relations above. In fact, we are not even
aware of any earlier indication that such relations might hold.

For instance, (2) and (3) yield an unexpected and remarkable property of finite
modules over a local complete intersection: (ee) Exti (M, N) =0 for n > 0 if and
only if Exty (N, M) = 0 for n > 0. We prove a more precise global version, that
also characterizes the eventual vanishing of Tor(M, N). Denoting Max(R) the set
of maximal ideals of R, we can state a form of the result as follows:

Theorem III. Let R be a commutative noetherian ring such that the local ring Ry,
is a complete intersection for each maximal ideal m of R, assume that the Krull
dimension dim R = d is finite, and set ¢ = sup{codim Ry, | m € Max(R)}.
For finite R-modules M, N the following conditions are equivalent.
(i) ExtR(M,N) =0 for h<n < h+c and some h > d.
(ii) Extgx(N,M) =0 fori <n <i+c and somei > d.
(iif) Tor¥(M,N) =0 for j <n < j+c and some j > 0.
(iv) Exth(M,N) = Exts(N, M) = Tor®(M,N) =0 forn > d.

It is easy to see that any commutative noetherian ring R with property (ee) is
Gorenstein. By our result, the class of rings satisfying (ee) is sandwiched between
the class of locally complete intersection rings and that of Gorenstein rings. We do
not know whether it is equal to either of those classes.

There are two aspects to the proof of the last theorem. One is to show that “long”
gaps in a sequence of (co)homology modules force it to vanish beyond dim R; this
is handled by standard homological algebra, and is known for Tor from work of
Murthy [28]. To compare asymptotic vanishing of Ext’s and Tor’s, we establish
that the latter is also governed by the intersection of the varieties of M and N.
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Theorem IV, If M, N are finite modules over a local complete intersection R,
then Tor2 (M, N) = 0 for n>> 0 if and only if V(M) N VE(N) = {0}.

The theorem answers a question of Jorgensen [23], who proved the ‘only if’ part.
It also extends to arbitrary codimension a result of Huneke and R. Wiegand [22]:
If R is a hypersurface, then Torf(M,N) = 0 for n > 0 (if and) only if M or N
has finite projective dimension; indeed, a cone in k! is either equal to k' itself, or
is reduced to {0}, and for V(M) the second case means projdimgp M < oco.

The proofs of the theorems discussed above are given in Sections 5 and 6, drawing
on more general results established in the intervening sections. In particular, we
prove and use a concise, versatile vanishing result in terms of stable (co)homology.

Many results on varieties over complete intersections have prototypes over group
algebras, cf. [10] for an exposition, but the analogy should be used with care. For
instance, the intersection formula in Theorem I fails over group algebras: Benson,
Carlson, and Robinson [11] show that certain groups have non-projective modules N
with H"(G, N) = 0for n > 0, whence {0} = V5 (k, N) C V5 (k)NVG(N) = VL (N).

A difference from the situation over group algebras is the absence of a Hopf
algebra structure, so that there is no obvious ring of operators over which all co-
homology in sight would be finitely generated. Patching together different actions
on Exty (M, N) is an important and non-trivial problem. Another basic difference
is that modules over local rings are not finite-dimensional vector spaces, so the use
of duality is restricted and delicate. As a result, the methods we develop are often
quite unlike those used for groups.

The geometric study of cohomology over commutative local rings R is not limited
to complete intersections. In fact, we establish many results in the more general
context of modules of finite CI-dimension, introduced in [8]. However, there are
known obstacles to extend the geometric approach to arbitrary finite modules over
local rings. For example, if the localization R, at a prime ideal p is not a complete
intersection, then the R-module R/p has infinite complexity—in fact, its minimal
free resolution grows exponentially, cf. [6].

1. COHOMOLOGY OPERATORS

A major role in our investigation is played by an action on Extp(M,N) of a
graded polynomial ring, introduced by Gulliksen in [21] and studied by Eisenbud,
Gasharov, Mehta, Peeva, Sun, and the authors, cf. [5], [7], [8], [9], [16], [26].

1.1. Let f = f1,..., fc be aregular sequence in a commutative ring @, and let R =
Q/(f). For all R-modules M, N, Gulliksen [21] defined on the graded R-module
Extip (M, N) a structure of graded module over a polynomial ring of cohomology
operators S = R[x1, ..., X.] with variables of degree 2, so that

x;: Exth(M,N) = Extp™?(M,N) for n€Z and j=1,...,c.
Various constructions of that S-module structure are needed to prove the following
properties of cohomology operators, but by [9, §4] they all coincide up to sign.
1.1.1. (Eisenbud [16, (1.7)], cf. also [9, (3.1)].) Consider a commutative diagram

Q 2 @

T

R—*25 R
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of ring homomorphisms with Ker p' = (f'), where f' = f{,..., f., and
W(fi) =) ¢(g;)fj with  g;€Q for 1<i<ec.
j=1

If f'is Q'-regular, if x},...,x. is the family of cohomology operators it defines,
M' N' are R'-modules, and yu: M — M' v: N' - N are R-linear maps, then
c
Z(Iini o Ext} (u,v) = Ext, (u,v) o X for j=1,...,¢,
i=1
where Ext(, (i1, v) is the canonical map Exty, (M', N') — Exty(M, N).

1.1.2. (Mehta [26, §2]; cf. also [9, (3.3)].) Composition products on Ext mod-
ules, denoted - , turn Extp(M, M) and Exti(N,N) into graded R-algebras, and
Extip (M, N) into a graded left Exty (N, N)-, right Exty (M, M)-bimodule. There
exist canonical homomorphisms of graded R-algebras

Extl (M, M) &~ S % Ext’, (N, N)
such that for all v € Extip(M, N) there are equalities

En(Xi) Y= xiv =7 Em(x;)) for j=1,...,c.

Composition products are functorial in both module arguments and commute with
connecting homomorphisms, hence the action of S shares these properties.

1.1.3. (Gulliksen [21, (3.1)]; cf. also [5, (2.1)], [7, (6.2)].) If the graded R-module
Extg (M, N) is noetherian, then the graded S-module Extx (M, N) is noetherian.

1.1.4. (Avramov-Gasharov-Peeva [8, (4.2)].) If the graded S-module Ext}, (M, N)
is noetherian, then the graded R-module Ext, (M, N) is noetherian.

For illustration and for later use, we present a computation of the action of
cohomology operators, using a technique from [7].

If \V is a graded S-module, then A'{p} denotes the graded module with N'{p}? =
NP and K(vy,...,vp; N) is the Koszul complex on a set vy,...,vy € S, with
differential of cohomological degree 1 and K, in complex degree —p.

1.2. Proposition. Given a commutative diagram of ring homomorphisms 1.1.1
with ¢ = idg and an R'-algebra S, there is an isomorphism of graded S-modules

EXt%ar(RI,S) o~ @ ’H*I’(IC(’UI,...,’UCI;S[XI;--->XC])){p}

, ppar

where par stands for either even or odd, and v; = 2;21 gijx; fori=1,...,c.

Proof. Let K and K' be the Koszul complexes that resolve R = Q/(f) and R' =
Q/(f"), respectively, over Q. Choosing bases &1,...,& of Ky and &f,...,&, of
Ki{, with 9(§;) = fijfor j =1,...,cand 9(§) = f] for i = 1,...,¢, we define a
morphism of DG algebras ¢: K — K' by ¢(&;) = Y0, qi;& for j =1,...,c.

The differential of A = Homg(K',S) is trivial, so Ext;(R',S) = A. Let
{¢n}, where h = (h1,...,h,) € NP with hy < --- < hp, be the S-basis of
AP = Homg(K), S) dual to the basis {,, A--- A&, } of K, ®g S. By [7, (1.9)]



COHOMOLOGY OVER COMPLETE INTERSECTIONS 5

the graded algebra K' ®¢ S acts on A = Ext$(R', S) by &j¢n = (=1)PT" ¢an, if
i=h, € hand ¢, =0if i ¢ h. From [7, (3.7)] we conclude that

Exti" (R, 8) = @ H7(C(R,S)){p}

p,p par

as graded S-modules, where C*(R', S) is the complex of graded S-modules

SR AP p+1} S Sop APt S Sep AP p—1} — ...
with S ® g AP{p} sitting in complex degree —p and differential given by

d(x ® Cn) Zx;x ® unéch =17 ) (Z%mx) (=1)"' @ Chn, -
j=1

h-.€h

It is clear that C'(R' ,S) is isomorphic to the desired Koszul complex. O
The concept of complexity used below is defined in the introduction.

1.3. Proposition. Let QQ be a noetherian local ring with unique mazimal ideal n,
f=fi,-.., fe a Q-regular sequence, and M, N finite modules over R = Q/(f).

If Ext$,(M,N) = 0 for n. > 0, then £ = Extp(M,N) Qg k is a finite graded
module over the graded polynomial ring R =S Qr k = k[x1,.--,Xxc]- When & #0
the Krull dimension dimyg € is equal to cxg(M, N), and the formal power series

o
(1- tz)ch(M,N) Z VR( Ext} (M, N)) n
n=0
is a polynomial with integer coefficients that has no root at t = 1.

Proof. Tt follows immediately from 1.1.3 that £ is a finite module over R = S®gk,
which is itself a polynomial ring in ¢ variables of degree 2 over the field k. Thus, &£
is the direct sum £¢ve" @ £°99 of its submodules consisting of elements of even and
odd degree, respectively. In particular, dimp & = max{dimg £v® dimy £°94}.
By the Hilbert-Serre Theorem, Y~ rankj £™t" represents a rational function
with denominator (1 — ¢2)¢, where d = dimg £, and numerator that does not
vanish at ¢t = 1. It is well known, and easily seen from a decomposition into partial
fractions, that d is the least integer such that rank; £" < an? ! for some real
number a and all n > 0. Since rank; £" = vg(Ext}, (M, N)), we are done. O

A special case of the proposition, cf. [21, (4.2)], deals with the series

PE (¢ Zrankk Ext®(M,k)t" and IM(¢ ZrankkExtR(k M) "
n=0 n=0

known, respectively, as the Poincaré series and the Bass series of M. By definition,
cxp M = cxgp(M, k) and pxp M = cxgr(k, N), where k is the residue field of R.

1.4. Corollary. Ifprojdimg M < oo, then cxg M < ¢ and (1 —t?)>r M P (t) is

a polynomial with integer coefficients that does not vanish at t =1 when M # 0.
If injdimg M < oo, then pxp M < ¢ and (1 — t2)pxr M 1Y (1) is a polynomial

with integer coefficients that does not vanish at t =1 when M # 0. O

The next result and its proof are cohomological versions of results on modules
with eventually vanishing Tor’s, proved by C. Miller [27, (2.1), (2.2)].
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1.5. Proposition. Let R be a local ring with residue field k, and let M, N be finite
R-modules such that Extg (M, N) =0 for n > 0. The following then hold.
(1) T () = PO TR (0)
(2) pxg Homg(M,N) <cxpM +pxp N .
(3) If furthermore R = Q/(f) for a local ring Q and a regular sequence f, and
both projdimg M and injdimg N are finite, then equality holds in (2).

Proof. (1) Let F be a free resolution of M, indexed by lower degrees, and J an
injective resolution of N, indexed by upper degrees. The complex Hompg(F, J) has
the injective module []}_, Hom(F;, J"~¢) as component of upper degree n, and

Hompg (M, N) if n=0;
H" (Homp(F,J)) = Ext(M, N) =
(Homg(F, 7)) = Exti(M, N) {0 ifn>0.

Computing with this injective resolution of Hompg (M, N), we have
Ext} (k,Homg(M,N)) = H* Hompg (k, Homg(F,J)) = H" Homg(k @ F, J)
=~ H™ Homy, (k ®gr F,Hompg(k, J))

= [[ Homy (Hi(k @& F),H** Homg(k, J))
i=0

n
= [ Homy ( Torf*(k, M), Extyy*(k, N)) .
i=0
Counting ranks of k-vector spaces, for n > 0 we get numerical equalities

ranky, Ext}, (k, Homg(M, N)) = Z ranky, Torf (k, M) - rank Ext? “(k, N).
i=0
This is just another way to write the announced equality of power series.

(2) The desired inequality follows from the equality of power series in (1).

(3) By Proposition 1.3 and Corollary 1.4 the Bass series of Hompg (M, N), the
Poincaré series of M, and the Bass series of N represent rational functions of ¢
having at t = 1 poles of order pxy Hompg(M, N), cxg M, and pxp N, respectively.
Equating the orders of the poles on both sides of (1) we get the desired equality. O

2. SUPPORT VARIETIES

In this section @ is a commutative noetherian local ring with maximal ideal n
and residue field k = Q/n, and k is an algebraic closure of k. Further, R = Q/a
where a is generated by a ()-regular sequence f = f1,..., f. and S = R[x1,---,Xc]
is the ring of cohomology operators defined by f and R =S ®r k = k[x1,-- -, Xcl-

2.1. The support variety V(Q, f; M, N) of a pair of finite R-modules (M, N) is the
zero set in k¢ of the annihilator of £ = Extj (M, N) ®g k in R, that is
V(Q, f; M,N) = { (bs,...,b.) € k| p(by,...,b;) = 0 for all ¢ € anng £} U {0}.
As & is graded, its annihilator is a homogeneous ideal, so V(Q, f; M, N) is a cone.
The variety does not depend on the choice of regular sequence generating a. To
see this, and for later use, it is convenient to adjust the residue field of a local ring.

By a residual algebraic closure of Q we mean a flat extension of local rings
@ C @ such that n@ is the maximal ideal n of @ and the induced map k — Q/n is
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the embedding of k£ into an algebraic closure E; such extensions always exist: one
possible construction is by inflation, as in [12, App., Théoréme 1, Corollaire].

2.2. Lemma. If Q C Qisa residual algebraic closure then f is a Q- regular se-
quence, the induced map R — R= Q /(f) is a residual algebraic closure, and

V(Q. £ M,N) = V(Q, f;M,N) Ck°
where M and N denote the R-modules M @ R and N ®p ﬁ, respectively.

Proof. The sequence f is @—regglar because the inclusion y: @ C @ isflat. By 1.1.1
applied to ¢ = ¥ ®g @Q: R C R, the ¢ x ¢ identity matrix (g;;), and the R-linear
maps pi: M =M, p(m) =m® 1, and v = id5, we see that the map

Ext? (1, v): Ext%(M,N) — Ext}(M,N)

of graded modules is compatible with the isomorphism S ®g RS of graded R-
algebras. As R is R-flat, both Extg, (i, v) and the canonical map of graded modules

Ext}(M,N) ®r R — Extly(M,N).
are bijective. The desired equality of varieties is an immediate consequence. O

2.3. Remark. The basis of a/na prov1ded by the image of f ylelds an isomor-

~ ~

phism k° = a/na that extends to a k-linear 1som0rph1sm a: k¢ = Qa/na If f'

~

is a Q-regular sequence with (f') = a, and o': : ke Qa/na is the corresponding
isomorphism, then 1.1.1 applied to the identity maps of ), R, M, and N yields an
isomorphism of k-algebras S = R[x},...,x.] that is compatible with the identity
map of £, and hence o/ (V(Q, f'; M,N)) = a(V(Q, f; M, N)).

Thus, we have a well defined algebraic subset V(Q, R; M,N) C éa/ﬁa.

2.4. Proposition. For any two R-modules M, N the following holds.
(1) V(Q, f; M,N) = {0} if and only if Extx(M,N) =0 for n > 0.
If furthermore Extg(M, N) =0 for n> 0, then the following hold.
(2) dimV(Q, f; M,N) =cxg(M,N)<c.
(3) V(Q,f; M',N"Y=V(Q, f; M, N) if there exist exact sequences of R-modules
0O-M —F,—---—>F—M-0;
0N -Gy~ -G —> N0,
with Extg(F;, N) = 0 = Extly (M, G;) for all i,j and for n > 0.

Proof. (1) holds by the Nullstellensatz.

(2) The dimension of the algebraic set V(Q, f; M, N) is equal to the Krull di-
mension dim (R/anng £) by definition. By 1.1.3, £ is a finite module over the
polynomial ring in ¢ variables over k, so dim (R/ anng £) = dimg € < c.

(3) Since Exth(F,,N) = 0 for n > 0, the iterated connecting maps induced
by the exact sequence linking M’ and M yield an isomorphism Ext ( N)[t'] =
Ext;t(M N)[t], for appropriate ¢,t' € Z. By 1.1.2 this 1somorphlsm commutes with
the actions of S, so the R-modules Ext3’(M, N) ® g k and Ext?’ (M',N)®pgk have
the same support varieties; thus, V(Q, f; M,N) =V(Q, f; M',N).

A similar argument shows that V(Q, f; M',N) = V(Q, f; M', N"). O
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The key result below describes V(Q, R; M, N) as the set of unstable directions
in the affine space Qa/ﬁa, that is, those directions along which the property that
Ext™(M, N) vanishes for n >> 0 is lost under passage from Q to Q /(f). In the proof
of the theorem we adapt an idea from the proof of [5, (3.9)] and use 1.1.4.

2.5. Theorem. Let QQ be a local ring with residue field k, let f = fi,...,f. be
a regular sequence, and let M,N be finite modules over R = Q/(f) such that
Ext’é(M, N)=0forn>0. If Q CQ is a residual algebraic closure of Q, then

V(Q, f; M,N) = {@ack® | Extga(ﬂ,ﬁ) # 0 for infinitely many n } U {0}
where a = (a1, ...,a.) € @C denotes some lifting of @ = (@1,...,a.) € k° and
Qa=Q/faQ with fo=aifi+---+acf. € Qa.

Proof. By 2.2 we may assume that ) = Q. We use the notation of 1.1 and 2.1. In
particular, S = R[x1, ..., X.] is the ring of cohomology operators defined by f, and
£ is the graded module Extip(M,N) Qr k over R =S Qr k = k[x1,---,Xc]-

The origin of k¢ is contained in V(Q, f; M, N) by definition, so we may assume
that @; # 0 for some i. Changing the generating set of the ideal (f), we may further
assume that (a1,das,...,ac) = (0,...,0,1), hence fo = fe.

The image f' of the sequence f1, ..., fo_1 is regular on Q' = Q/(f.). Applying
1.1.1 to the natural projection Q@ — @', the identity maps of R, M, N, and the
(¢ — 1) x ¢ matrix (g;;) with ¢;; = 1 if j = ¢ and g;; = 0 otherwise, we see that
the algebra of cohomology operators S' = R[x},...,Xx. ;] defined by f' acts on
Extp(M, N) through the embedding &' C S that maps xj to x; for 1 <j <e—1.

From 1.1.3 and 1.1.4 we see that Extg, (M, N) = 0 for n >> 0 if and only if the S'-
module Exty, (M, N) is finite. By Nakayama’s Lemma, that happens if and only if £
is finite over R' = &' ® g k = k[x}, .-, x%_1] and this is equivalent to the finiteness
over R'/(x1s---,Xeeq1) = k of the module £/(x},---sXeu1)E =E/ (X153 Xe1)E-
Denoting this module &, observe that ranky € is finite if and only if Suppx (€) =
{(x1,---,Xc)} € Spec R. As the R-module £ is finite, we get

Suppg (£) = Suppx (5 R ﬁ) = Suppg € N Suppr R
where R = R/(x1,---,Xe_1)- The Nullstellensatz translates this into
V(Q, f; M, N) N k(0,...,0,1) = {0} C k°.

Summing up the discussion, we have: Extg, (M, N) = 0 for n >> 0 if and only if
k(0,...,0,1) € V(Q, f; M, N). This is another way to state the theorem. O

2.6. For each finite R-module M, varieties V(Q, f; M) and W(Q, f; M) are defined
in [5, pp. 82, 91] to be the zero-sets in k¢ of the annihilators in R of Ext} (M, k)
and Exty(k, M), respectively. Thus, the following equalities hold by definition:

V(Q,f; M) =V(Q, f; M,k)  and  W(Q,f; M) =V(Q, f;k,M).
The preceding results yield some known properties of these varieties.
2.6.1. If M' is a syzygy of M over R, then V(Q, f; M') =V(Q, f; M).

2.6.2. ([5, (3.12)].) If projdimg M < oo, then dim V(Q, f; M) = cxgp M < c.
If injdimg M < oo, then dim W(Q, f; M) = pxp M < c.
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2.6.3. [5, (3.11) and p. 91]. As Extg, (M, k) = 0 (respectively, Extg, (k, M) = 0)

for n > 0 if and only if projdimg M (respectively, injdim, M) is finite, we have:
If projdimg M < oo then V(Q, f; M) = {@ € k° | projdimg, M = oo } U{0}.
If injdimg M < oo then W(Q, f; M) = {aeke |injdimQa M =00} U{0}.

2.6.4. [5, (5.3)] If R is Gorenstein and projdimg M < oo, then V(Q, f; M) =
W(Q, f; M) and cxg M = pxp M. Indeed, in that case ) and @, are Gorenstein
as well, so over them finiteness of projective or injective dimension coincide.

Here is a first link between the variety of a pair and the varieties of its members.

2.7. Corollary. Let M be a finite R-module.
If projdimg M <oo then V(Q, f; M, N) C V(Q, f; M), so cxr(M,N) < cxp M.
Ifinjdimg N < oo then V(Q, f; M,N) C W(Q, f; N), so cxgr(M,N) <pxp N.

Proof. If @ € V(Q, f; M, N) then Extg_ (M,N) # 0 for infinitely many n, hence
both projdimg_ M and injdimg N are infinite. From the theorem we conclude
that @ is in V(Q, f; M), respectively, that @ is in € W(Q, f; N). O

3. DEFINING EQUATIONS

The definition of cohomology varieties in 2.1 presupposes a knowledge of Ext’s
as graded modules over a ring of cohomology operators; therefore, it can rarely be
used for computations. When M has finite projective dimension over () we exhibit
a determinantal ideal with zero-set V(Q, f; M). Rather remarkably, the matrices
involved are defined solely in terms of a finite free resolution of M over ). The
converse problem—to find a module with prescribed variety—is still open, except
for divisors, cf. [5, (6.3)]; the situation in codimension 2 is analyzed in [7].

3.1. Let f = fi1,..., fc be a regular sequence in a commutative ring @, let R =
Q/(f), let M be an R-module, and let (E, ) be a free resolution M over Q.
For j = (j1,---,jc) € N°, let |[jl=j1+ -+ je,andfori=1...,clet ; € N
be the c-tuple with |e;] = 1 and 1 appearing in 4’th position. A system of higher
homotopies for f on FE is a family of homogeneous @-linear homomorphisms

o= {a(j) :E > E|a£j): E, = Epy9j—1 forn e Nand j € N°}
that satisfy the identities
o© =5;
o@glei) 4 5lei)5(0) = fijidg for 1 <j <c;
0ol =0 for j € N° with 7] >2.
i'+3"=i
The first two conditions imply that for j = 1,...,c¢ the degree 1 endomorphism
o(€) of E is a homotopy between multiplication by f; and the zero map.
Conversely, basic homological algebra yields for j = 1,...,¢ homotopies (%)
between f;idg and Og. By [16, (8.1)], cf. also [5, (2.4)], such a family of homotopies
can be extended to a system o = {c(@) | j € N°} of higher homotopies for f.

After a (tacit) choice of bases, we do not distinguish between a @)-linear map of
free modules E,, and the matrix that represents it.
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3.2. Theorem. Let R = Q/(f) where Q is a local ring and f = f1,...,f. is a
Q-regular sequence. Let M be an R-module that has a finite free resolution E over
Q with B, =0 forn >2u+1, setr = Y rankg Es;, let 0 = {0\ | j € N°} be
a system of higher homotopies for f on E, and consider the 2r x 2r matriz

0 o\ (z) 0 .. 0 0 0
oV (z) 0 o) ... 0 0 0
0 o\M(z) 0 . 0 0 0
o(z) = : : : - : : :
o (z) 0 o" V@) ... 0 o (x) 0
0 U§u)(ﬂ7) 0 ‘7%) 1(2) 0 UE?L)H( )
oM@ o oW (z) ... 0 o) (z) 0
with elements in the polynomial ring Q[z] = Qx1, ..., z.], where

oD (z) = Z 0@ g for n=0,...,2u+1 and ¢=0,...,u+1.
|31=i
The algebraic set V(Q, f; M) is then defined by the vanishing of the r X r minors
of the matriz (x) obtained by reducing o(x) modulo the mazimal ideal of Q.

Proof. By 2.2 we may assume that k is algebraically closed.
The complex E[z] = E ®¢g Q[z] is a free resolution of M[z] = M ®¢ Q[z], and

o(z) = { D(z) =" oW : Elx] - E[a] z‘eN}

|d[=i
is a family of Q[z]-linear homomorphisms. Setting f = fiz1 + --- + fex., Q=
Q[z]/ fQ[z], and E, = E,[z] ®q[, @, denote G the graded (-module G with

Go; :Eo@Ez@ @Ezi and Gaiq1 ZEI@EE69 G9E‘2i+1
for 7 € Z. The maps o = U(Z)( ) ®Q[a] Q yield a homomorphism 8: G — G with

&\ 0 0 ... 0 0
R A | R 0
5% dgl) d§0> .0 0
Oriy1 = ) . i ] ) i : Goip1 — Gag,
d§i‘—2) (z 3) (z 1) (o)1 0

. (i—1 2 3 1 . (0
U? ) (z ) (z L éz)l Uéz’)+1

5l O .. 0 0 0
o (1’ & .. 0 0 0
o g2> f’ ... 0 0
O2it2 = . . . . . . : Goipa — Gaiga
. (2 . (i—1 1—2 . (1 . (0
-Z((i)l) Gé- <i>) E 1; (-7%5';_2 ‘-T%f; o
) P cee Oxly Oy O34y

Simple calculations show that o (z) is a system of higher homotopies for f on E|x].
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In particular, (G, d) is a complex. The assumption on E,, implies that o =0
forn > 2(u—i+1), 80 Gpy2 = Gy, and Opy3 = Opy for n > 2u, hence Gyoy is
isomorphic to the complex

c= 503D %cHDSCc—0
where C= qu ; D= G2u+1 s 0= 62u+1 , Y= 62u+2 .

We have rankg C' = rankg D = 7: since fiM = 0 and f; is Q-regular the Euler
characteristic of E vanishes, s0 Y ;' o T2i41 = D5 T2 = 7 for rp = rankg E,.

For each a = (a1, ...,a.) € Q° there are obvious isomorphisms of rings
Q[.Z'] [=] Q and Q - = Qa .
(1 —a1,...,2c — a.)Q[z] (z1 —a1,..., 2. —ac)Q

Using this Q[z]-module structure on @ we obtain a family of higher homotopies
O ®Qlz] Q for fa =a1fi+---acf. on E[.CL'] XQlx] Q=E.

If @ # 0 then f, is a non-zero-divisor on @, so G, = G ®o Qq is a free
resolution of M over (), by a theorem of Shamash [31, §3], cf. also [6, (3.1.3)].
Setting Ca = C ®¢ Qa, Da = D ®¢ Qa, and denoting 0a, Va the evaluations at a
of the polynomial matrices d, v, we obtain the tail of that resolution in the form

Co= -5C,2%D,20, 22D, %20, 0.

Now 2.6.3 shows that @ € V(Q, f; M) if and only if projdimg M = oco. This
happens if and only if the following complex of k-vector spaces is not exact

= Ta. 7 Oa. A Ta. T ol H
Co= 20,23 Dg 2Co—3Dg—=Co—---.
Non-exactness of C, is equivalent to non-exactness of the sequence

C.oD, ’CooD, P 0, oD,  where 5,1:(30 70a>

Since B2 = 0, the latter property translates into ranky 8, < rankj Ker3,; as
ranky, Ker B, = 2r — ranky, 8, this means that ranky 8, < r. The isomorphisms

2u+1

@Em @ @Ewﬂ = @ E;
=0 =0 =0

take B, to @(@), so the latest inequality reads rank; o (@) < r.
Letting a range over Q° \ mQ°, we obtain the desired description of V(Q, f; M)
as the zero-set of the ideal of r x r minors of the matrix (). O

Ca® D,

IR

Recall that the grade of M is the length of a maximal Q)-sequence contained in the
annihilator anng M; it is denoted gradeg, M and satisfies gradeg M < projdimg M.
If equality holds and M is finite over (), then M is said to be a perfect @-module.

3.3. Theorem. Let Q) be a local ring, f a Q-regular sequence, and R = Q/(f). If
an R-module M is perfect of grade g over Q, then so is Mt = Ext$, (M, R), and

V@, f; M) =V(Q, f; M).
Proof. By a classical isomorphism of Rees, Ext}, “(M, R) = Extg) (M, Q).
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Let E be a finite free resolution of M over @) with E, =0 forn > g. As a Q-
regular sequence of length g annihilates M, the complex Homg (E, @) has cohomol-
ogy only in degree g, where it is isomorphic to M. Setting E = Homg(E,; »,Q)
and 9}, = Homg (0y—n+1,Q), we get for M1 a Q-free resolution

e
E'= 0—2E, —...—>E,—E, ;—...>E —0.
Choose a system o of higher homotopies for f on E and set

(o17)" = Homa (0,7 141, @): B = By 1

for n € Z and j € N¢. Dualizing the identities satisfied by o, we see that
o* = {O'(j) : B* - E* | (Jﬁbj))*: Ef = Ej o1 forn€Nand j € N}

is a system of higher homotopies for f on E*. Fixing an integer u with 2u+1> g,
form the matrix o*(z) as defined in Theorem 3.2. Writing ¢, for the ¢ x ¢ unit

matrix, we see by a direct computation that o*(z) = wo(x) w, where

0 0 0 ... 0 0 i,
0 0 0 ... 0 ipy, 0
0 0 0 ... 4, O 0

w=| ot
0 0 4y ... O 0 0
0 ¢, 0 ... 0 0 0
by 0 0 ... 0 0 0

and o (x)" is the transpose of o(z). Thus, the ideals of 7 x r minors of the matrices
o*(z) and o(z) coincide, hence V(Q, f; M) = V(Q, f; M) by Theorem 3.2. O

4. FINITE CI-DIMENSION

The theme of this section is that in certain cases, a ‘sufficiently big’ gap in a
(co)homology sequence forces the entire sequence to vanish after a point that can
be predicted accurately. We consider a class of modules, introduced in [8], that
includes the modules of finite projective dimension over any ring, cf. 4.5.1, and all
modules over l.c.i. rings, cf. 6.2, but is strictly larger, as shown in [8, (3.2)].

A quasi-deformation (of codimension c) of a local ring R is a diagram of local ho-
momorphisms R — R' « @, the first being faithfully flat and the second surjective
with kernel generated by a @-regular sequence (of length c).

Let M # 0 be a finite module over a noetherian ring R. If R is local, set

R—>R’<—Qisa}

CI-dimg M = inf j di M R) - jdim, R’
1R n {prOJ imo(M ®g F') - proj dimg quasi-deformation

in general, the complete intersection (or, CI-)dimension of M over R is defined by
Cl-dimg M = sup{CI-dimpg, My, | m € Max(R)} and CIl-dimg0=0.
Many arguments involving finite CI-dimension hinge upon the following results.

4.1. Let R be a local ring, let M be a finite R-module with CI-dimg M < oo, and
let R = R’ + (@ is a quasi-deformation of codimension ¢ such that the module
M' = M ®g R' has finite projective dimension over Q.
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4.1.1. For each R-module N there are isomorphisms of R'-modules
Exth(M,N) ®g R = Exth (M',N ®g R') for n € Z

and thus vg (Extj(M, N)) = vg (Extp (M',N @ R')).

4.1.2. If N is a finite R-module, then Proposition 1.3 and Corollary 2.7 yield
cxp(M,N) =cxp/(M',NQ@grR') <cxp M'=cxg M < c.

4.1.8. There is a quasi-deformation R — R’ < @ of codimension cxg M, with
projdimg M’ < oo, and ring ) with algebraically closed residue field, cf. [8, (5.10)].

4.1.4. Let F be a minimal free resolution of M; the quasi-deformation above can
be chosen so that the complex F' = F ® g R' admits a chain map 9: F' — F' of
degree —2 with ¥(F} ,) = F; for some integer s > 0 and all n > s, cf. [8, (7.2.2)].

4.1.5. The Auslander-Buchsbaum Equality is extended in [8, (1.4)] to:
Cl-dimg M = depth R — depth M .

First we establish a self-test for finite projective dimension. It vastly generalizes
a result of Auslander, Ding, and Solberg [4, (1.8)], which is the case i = 1.

4.2. Theorem. A finite module M of finite CI-dimension over a noetherian ring
R has finite projective dimension if (and only if) Exta (M, M) =0 for some i > 1.

Proof. Tt suffices to prove that projdimp My, < Cl-dimg, My, for each m €
Max(R), so we may assume that R is local with maximal ideal m.

Let F be a minimal free resolution of M, and choose by 4.1.4 a quasi-deformation
R — R' < @ and a chain map ¥: F' — F' of degree —2 on F' = F ®g R’ such
that 9(F},,,) = F}, for for some integer s > 0 and all n > s. Since

H_,; Homp: (F', F') = H_y; Homg(F, F) ®g R' = Ext%(M, M) g R' =0

the 4’th iterate ¥': F' — F' is null-homotopic, so there is a homomorphism of
graded modules A\: F' — F' of degree (—2i + 1) with 9¢ = X + AJ. If n > s, then

F) =9 (F 9;) CONF, 5) + MO(F, o) COF), ) + AmF) 5 ) CmF),

so F), = F, ®g R’ vanishes by Nakayama’s Lemma, and hence F,, = 0. Thus, M
has finite projective dimension, so projdimp M = CI-dimgr M by 4.1.5. O

In Theorem 4.2 the vanishing condition cannot be moved, in any complexity,
from even to odd Ext’s, and the conclusion fails if Ext’s are replaced by Tor’s.

4.3. Example. Let Q = k[[u1,...,uc,21,...,2.]] be a ring of formal power series
in 2¢ indeterminates over a field &, fix an integer b with 0 < b < ¢, and set
R = $ and S = Q .
(w121, ..., ucte) (U1y ey Uy Tpp1Ubp1y -« -5 Telle)

For b = ¢ =1 a free resolution of S = k[[z1]] over R is given by
F= ... 3RS R-5H5RSBR-5HR—0
For 4 > 1 the homology of the complexes Hompg (F',S) and F ®g S yields
Ext%1(S,S) = Torf(5,5) =0 and Ext%(S,S) = Tord ,(S,S) = k.
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In general, Proposition 1.2 shows that Ext}(S,.S) is the homology of the Koszul
complex on {Z1X1,---,TpXbs Xbt+1,---5Xet S S[x1---,Xc], and Ext}(S, k) is the
homology of the one on {0,...,0, Xp+1,--->Xc} C k[X1,---,Xec], hence

S[Xla”')Xb] .
(xlxla v ,xbxb) ’
Ext(S, k) =2 k[x1,...,xs] @k Ap(k°70).

These isomorphisms yield, respectively, Ext‘l’%dd(S, S)=0and cxg S =b.

Ext}(S, S) =

We now turn to vanishing results that are most succinctly stated in terms of
stable (co)homology for modules of finite G-dimension. We review the basics.

4.4. Let M be a finite module over a noetherian ring R.

4.4.1. A complete resolution of an R-module M is a complex T of finite projective
R-modules, such that H,(T') = 0= H"(T”) for all n € Z, and T, = F, for some
projective resolution F' of M and some integer r. It is well known that if M has
complete resolutions, then any two of them are homotopy equivalent, cf. e.g. [13],
or [15, (2.4)] for a published treatment. In particular, the modules

Ext}(M,N) = H*Homg(T,N) and  Tor®(M,N)=H,(T ® N)
are well defined; we refer to them as stable (co)homology modules.

4.4.2, If T is a complete resolution of M, then clearly for each i € Z the shifted

complex T[—i] is a complete resolution of QT = Coker (8%, : Ti11 — T;), hence

Ext®(M,N) = Ext5H(Q'T,N)  and  Tor®(M,N) = Tor® ,(QT,N).

4.4.3. If M # 0, then its G-dimension is the shortest length of a resolution of M
by modules G with G = G** and Ext%(G, R) = 0 = Extj(G*, R) for all n > 0; it
is denoted G-dimpg M.

By a basic result of Auslander and Bridger [3, (4.20)] and Goto [19], a noetherian
ring R is Gorenstein if and only if each finite module M has G-dimg M < oco.

4.4.4. The module M has a complete resolution if and only if G-dimg M < oo.

If G-dimg M = r < oo, then choose a resolution F' of M by finite projective
R-modules, set G = Coker (8%, ,: F,41 — F,), and let G be a resolution of G* by
finite projective R-modules with augmentation v. Define a complex T' through

oF for n > r;
T: Fn fOI‘TLZT’§ 6T: ’Y:lﬂa forn:'f'i
"G forn<r; TS /
07 ) form<r,

where a: F, — G and 8: G — G** are the canonical maps. Clearly, T is a complex
of finite projective R-modules. The exact sequence of complexes 0 = G*[r — 1] —
T — F, — 0, shows that H,(T") = 0 for n > r, yields an exact sequence

B

0 —— H.(T) y G

and isomorphisms H,(T) = Ext}; '~™(G, R) for n < r — 1.

By [3, (3.15)] the module G has G-dimension 0, so § is an isomorphism and
Ext%(G,R) = 0 for i > 0, hence H,(T) = 0 for all n € Z. The dualized exact
sequence of complexes now shows that H,(T™) is isomorphic to H,(G[1 — r]) =

y G* —— H,_(T) —— 0
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0 forn > 1—r, to Ker(8*) for n = 1 —r, to Coker(8*) for n = —r, and to
H,((Fyr)*) = Exty "(G*,R) = 0 for n < —r. Thus, H,(T*) =0 for all n € Z.
Conversely, if M has a complete resolution, then G-dimg M < oo due to:

4.4.5. If T is a complete resolution, then G-dimg QT = 0 for each i € Z.

It clearly suffices to deal with G = Q°T. Since T'5 is a projective resolution of G,
applying Hompg( , R) to the exact sequence of complexes 0 - T'«co =T — Tyo — 0
yields Extg (G, R) = 0 for n > 0, and exhibits (T'«¢)*[—1] as a projective resolution
of G*. Dualizing once again we recover the original sequence, which shows that
Ext%(G*, R) = 0 for n > 0 and that the biduality map G — G** is bijective.

4.4.6. The construction in 4.4.4 shows that for n > r there are isomorphisms
Ext}(M,N) = Ext}(M,N)  and  Tor®(M,N) = Tor®(M,N).

4.4.7. Assume that G-dimg M = 0. If T is the complete resolution from 4.4.4,
then QT = M and T*[—1] is a complete resolution of M*, hence

Torf (M, N) = Extz"~!(M*, N)
for all n € Z, due to the canonical isomorphism T'®g N = Homg(T™, N).
CI-dimension is compared to other homological dimensions in [8, (1.4)].
4.5. Let M be a finite module over a noetherian ring R.

4.5.1. There are inequalities G-dimgp M < CI-dimg M < projdimp M, and equal-
ities hold to the left of any finite dimension, cf. [8, (1.4)].

452. If0 > M - F, 1 — --- - Fy = M — 0 is an exact sequence of finite
projective R-modules F;, then CI-dimp M' = max{CI-dimp M —n,0} by [8, (1.9)].

4.6. Proposition. Any finite module M of finite CI-dimension has a complete
resolution. Each complete resolution T of M has CI-dimg(Q™T) = 0 for alln € Z.

Proof. The first assertion follows from 4.5.1 and 4.4.4. For the second it suffices to
note that M and Q™T have a common syzygy, and apply 4.5.2. |

To any finite R-module M over a noetherian ring R we attach a number
cxp M = sup{cxg,, M| m € Max(R) N Supp(M)}.

In conditions (i) or (iv) of our next vanishing result on cohomology, the number
of consecutive Ext’s may not be decreased in general, cf. [6, (9.3.7)].

4.7. Theorem. If R is a noetherian ring, and M is a finite module of finite CI-
dimension, then for each R-module N the following conditions are equivalent.

i) Ext}(M,N) =0 for cxg M + 1 consecutive values of n > CI-dimg M.
R

(ii) Extk(M,N) =0 forn > 0.

(i) Extx(M,N) =0 for all n > CI-dimp M.

(iv) Egtﬁ(M, N) =0 for cxg M + 1 consecutive values of n.
(v) Ext(M,N) =0 forn <0

(vi) Ext}(M,N) =0 for all n € Z.
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Proof. To simplify notation, we set r = Cl-dimg M and ¢ = cxg M.

If m is a maximal ideal of R, then CI-dimg My, < r and cxg,, Mn < ¢, while
Ext}h (M, Ni) = Exth(M, N)y and Ext, (Mmp, Ny) 2 Ext?(M, N),, hold for
each n € Z. Thus, to prove the theorem we may assume that R is local. In that
case, by 4.1.2 and 4.1.3 we may further assume that R = Q/(f) where @ is local,
f is a Q-regular sequence of length ¢ = cxg M, and projdimg M finite.

Clearly (iii) = (ii) = (i). Next we establish (i) = (iii):

Let s be the smallest index n > r that appears in a block of at least (¢ + 1)
consecutive vanishing Ext (M, N), and let ¢ < oo be the largest index in that
block. The Cartan-Eilenberg change of rings spectral sequence [14, XVI §5] has

2EP74 = Ext1;2 (M, EthQ(Ra N)) — Extg"q(M, N) .
Computing with the Koszul complex K that resolves R over () we get
Ext?,(R, N) = H Hom(K, N) = Hom(,, N) = N(2),

so 2EP? = Exth (M, N)(;). Thus, 2EP? = 0 for s < p < t, so 2EP? = O when
s+c¢ < p+q <t and the only possibly non-zero module with p+¢qg=s+c—1
(respectively, p+ ¢ = t + 1) is 2E¥7¢ (respectively, 2E‘*1:0). For degree reasons,
no non-trivial differential can enter or exit these modules, hence
Exty 1 (M, N) = *E°~1 ¢ = Ext}; ' (M, N);
Extgl ' (M, N) = *E"*0 = Extif ' (M, N).

Using, in turn, the Auslander-Buchsbaum Equality, the invariance of depth under
finite maps, and 4.1.5 we obtain the following equalities

projdimg M = depth @ — depthgy M = depth R + ¢ — depthg M =1 +c.

Ift <oo,thent+12>s+c+12>r+c+2>projdimg M, so Ext%Jrl(M,N) =~
ExttQ"'1 (M,N) =0, contrary to the maximality of ¢; thus, t = co. If s > r+1, then
s+c—1>r+c=projdimg M, so Exth*l(M, N) =0, hence Ext$, (M, N) = 0;
this contradicts the minimality of s, so s =r + 1.

The implications (vi) = (v) = (iv) are clear. The isomorphisms in 4.4.6
yield (i) = (iv) and (vi) = (ii). To finish the proof, we show (iv) = (vi):

Fix an integer n. By hypothesis, there is an integer s such that E;tjé(M ,N)=0
for s < i < s+ c. Since G-dimg M = r by 4.4.3, the module M has a complete
resolution T by 4.4.4. Choosing an integer v > —min{n, s}, set L = QT and
note that Cl-dimg L = 0 by Proposition 4.5.2. The isomorphisms E;(\t%(L,N ) =
E;ctf;{“(M ,N) of 4.4.2 show that E;c\tfé(L, N) vanishes for ¢ + 1 consecutive values
of j > 0. As Exth(L,N) = Ext’y(L,N) for j > 0 by 4.4.6, the already proved
implication (i) = (iii) shows that Ext%(L,N) = 0 for j > 0, in particular
E/)Et%(M ,N) = Extt(L,N) = 0. As n was arbitrary, we are done. O

The preceding theorem is complemented by the following non-vanishing result,
due to Araya and Yoshino [1, (4.2), (4,4)].

4.8. Proposition. Let M, N be finite non-zero modules over a local ring R with
Exth(M,N) =0 for n>> 0. If CI-dimgr M =r < oo, then Ext(M,N) # 0, and

projdimp M = sup{n € N | Extj(M, M) # 0}.



COHOMOLOGY OVER COMPLETE INTERSECTIONS 17

Proof. As in the preceding proof, we may assume that R = Q/(f) where Q is a
local ring with maximal ideal n, f is a Q-regular sequence of length ¢ = cxg M,
and projdimg M finite. In that proof, the argument for (i) = (iii) showed that
projdimg M = r + ¢ and ExtRp(M, N) = C with C = Extg,*(M,N). If E is a
minimal free resolution of M over @), then C' is the cokernel of the homomorphism
Hom(8%.,,N): Homg(Ectr—1,N) — Homg (E4r, N)

whose image is in n Homg (E,4,, N); when N is finite C' # 0 by Nakayama.

Set p = projdimp M and ¢ = sup{n € N | Extx(M, M) # 0}. If p is infinite,
then so is ¢ by Theorem 4.2. If p is finite, then p = r by 4.5.1, and ¢ = r by the
already established part of the proposition. O

The equivalence of the first three conditions below slightly extends a result of
Jorgensen [24, (2.1)], cf. [6, (9.3.6)] for a concise proof. Again, the number of
consecutive vanishing Tor’s in (i) or (iv) may not be decreased, cf. [24, (4.1)].

4.9. Theorem. If R is a noetherian ring, and M is a finite module of finite CI-
dimension, then for each R-module N the following conditions are equivalent.

(i) Tor®(M,N) =0 for cxg M + 1 consecutive values of n > CI-dimp M.

(ii) Tor®(M,N) =0 for n > 0.

(iii) Tor M, N) =0 for all n > Cl-dimg M.

(iv) T r R(M,N) =0 for cxg M + 1 consecutive values of n.
(v) TorB(M,N) =0 for n < 0.

(vi) Tor (M,N)=0 for alln € Z.

Proof. A transposition of the proof of Theorem 4.7 yields the desired result. O

5. COMPLETE INTERSECTIONS

By definition, a local ring R with maximal ideal mis a complete intersection ifin
some Cohen presentation of its m-adic completion R as a residue ring of a complete
regular local ring (), the defining ideal a is generated by a regular sequence. It is
well known that the defining ideal of any Cohen presentation of R then has this
property, cf. 5.10.2, and the least length of such a sequence is equal to codim R.

The results of the preceding section fully apply to complete intersections, due to

5.1. Let M be aAﬁnite R-module. If R is a local comple/t\e intersection, then
projdimg(M ®g R) < oo for any quasi-deformation R — R < @ with regular
ring @, so CI-dimg M = depth R — depthp M < depth R < dim R by 4.1.5.

In this section we attach to any pair of finite modules M, N over a local complete
intersection R a variety Vi(M, N), derive some of its fundamental properties, and
apply them to prove the results described in the introduction.

5.2. Let R be a local complete intersection with residue field k.
We fix an embedding of k into an algebraic closure, k.
For any pair of finite R-modules M, N we define its support variety by

Vi(M,N) = V(Q,R; M,N) C (a/na) @ k.

Q)/a is a Cohen presentation with a complete regular local ring @), and

where R =~
R;M,N) is the variety defined in Remark 2.3.

V(@
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Varieties of pairs do not depend on the choice of the Cohen presentation, due to

5.3. Theorem. The variety V(Q, R; M, N) is contained in ((a N n2)/na) @y k.
Any presentation R =2 @Q'/a' with a complete regular local ring (Q',n', k) de-

fines a k-linear isomorphism s: (a' Nn'2)/n'a’ = (a N n?)/na, and » @ k maps
V(Q’,I/%;]\//.\T,J/\?) bijectively onto V(Q,]/%;M,J/\f) for all R-modules M, N .

We recall the construction of a variety Vi (M), given in [5, §6].

5.4. For any local ring R with residue field % the algebra Ext},(k, k) (under compo-
sition products) is the universal enveloping algebra of a graded Lie algebra 7*(R),
cf. [6, §10] for details of the construction.

If R is a complete intersection, then 7 (R) = 0 for n > 3, so m2(R) is a central Lie
subalgebra and ranky 72(R) = codim R. By the Poincaré-Birkhoff-Witt Theorem
for graded Lie algebras, the associative subalgebra P = k[r?(R)] C Ext}(k, k) is a
polynomial ring on variables of degree 2. When M is a finite R-module, Exty (M, k)
is a finite module over P. In [5, (6.2)] the cohomological variety V(M) is defined
to be the zero-set over k of the annihilator of Ext’ (M, k) in P.

5.5. Theorem. The varieties V(Q,ﬁ;ﬂ,k) and V5 (M) are isomorphic.

In our main result we establish basic properties of support varieties of pairs, and
some new properties of varieties of modules. Theorems I and II in the introduction
are abstracted from the next couple of results.

5.6. Theorem. If (R,m,k) is a local complete intersection of codimension c, and
M, N are finite R-modules, then the following hold.

(1) VR(M,N) is a cone in ke
(2) dim Vi (M,N) = cxg(M,N).
(3) Vr(M,N) = {0} if and only if Extx(M,N) =0 for n >0,
if and only if Ext(M,N) =0 for alln € Z.
(4) dim VR(M,N) < 1 if and only if Exty(M, N) = Ext%"?(M, N) for n > 0.
(6) VR(M,N)=V5(M',N") if M' is a syzygy of M and N’ is a syzygy of N.
(6) If 0 > My —» My - M3 — 0 and 0 & Ny - No — N3 — 0 are exact se-
quences of finite R-modules, then for {h,i,j} = {1,2,3} there are inclusions
Vi(Mp,N) CVR(M;, N)UVE(M;,N);
VR(M, Ny) C VR(M,N;) UVR(M,Nj).
(7) VR(M,N) =, ; VR(M;,N;) if M = @;_, Mi and N = @;_, N; .
(8) VR(M,N) = VR(M)NVg(N) = Vg(N,M).
(9) VR(M, M) = Vg(M,k) = Vi(k, M) = VR(M).

By Part (2) of the theorem, the following relations come from equalities of vari-
eties and estimates for the dimension of intersection of varieties in (9) and (8).

5.7. Corollary. If M is a finite modules over a local complete intersection R, then
CXR(M, M) = CXR M

and for each finite R-module N there are (in)equalities

cxp M +cxp N —c < cxp(M,N) =cxp(N, M) < min{cxg M,cxp N}. O
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As another consequence, we get equations for the support variety of a pair.
They encode the asymptotic behavior of Exty (M, N) into finitely many matrices
of systems of higher homotopies o and 7, defined over the regular ring ). They
can be computed by Grayson and Stillman’s software system Macaulay 2 [18].

5.8. Corollary. Assume that R = Q/(f) for a regular local ring QQ and o Q-regular
sequence f = f1,...,f.. Let E be a free resolution of M over @ with E, = 0 for
n >2u+1, let F be a free resolution of N over QQ with F,, =0 for n > 2v+ 1, set
r=31 orankg Es; and s = Y, rankg Fy;, and fiz systems of higher homotopies
for f, say o on E and T on F, respectively.

If matrices o(x) and T(x) over k[xi,...,z.] are formed from o and T as in
Theorem 3.2, then Vi (M, N) is the zero-set of the ideal I.(c(x)) + I;(7(z)), where
I;(~) denotes the ideal generated by the t x t minors of a matriz .

Proof. By Theorem 3.2 the zero set of I.(g(z)) is VR(M), and that of I,(7(x)) is
V&(IN). Thus, the zero set of I.(c(x)) + I;(T(z)) is equal to V(M) N VE(N). By
part (8) of Theorem 5.6 the intersection coincides with Vi (M, N). O

We start working on the proof of the theorems with
5.9. Lemma. Let (Q,n, k) and (Q',n', k) be complete reqular local rings, and let
Q5 QLR be surjective homomorphisms with a = Ker p and o' = Ker(pk).

(1) The induced k-linear map %: (a' Nn'2)/n'a’ — (aNn?)/na is bijective.

(2) rankg(ann?)/na> codimR.

(3) equality holds in (2) if and only if a is generated by a regular sequence.

Proof. (1) The homomorphism & defines a commutative diagram of @'-modules

0 > b s o > a > 0
0 > b s n' >y n > 0

where the rows are exact and b = Kerx. Tensoring it over Q' with k we get a
commutative diagram of k-vector spaces with exact rows and columns:

0 0

(@' Nn'2)/n'a’ —— (n?Na)/na

b/n'b —— a /n'a — a/na — 0
0 —— b/n'b —— n'/n'? —  n/n? — 0
m/m2 —— m/m2
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Indeed, the only point at stake is the injectivity of ¢: it is due to the fact that

b, being the kernel of a surjection of regular local rings, is generated by part of a

regular system of parameters for (). The Snake Lemma shows that % is bijective.
(2) Let m be the maximal ideal of R. The inequality comes from the relations

vr(m) — rankg(a N n?)/na = vg(n) — vg(a) = dim Q — vg(a)
> dim @ — height(a) = dim R = dim R
due, in turn, to the right hand column, the regularity of @), the Krull Principal Ideal
Theorem, the catenarity of (), and the invariance of dimension under completion.
(3) The same chain shows that rankg(a N n?)/na = codim R if and only if

height(a) = vg(a). By the Cohen-Macaulay Theorem, the last equality holds if
and only if a can be generated by a @)-regular sequence. O

The preceding lemma is best used in conjunction with a construction of
Grothendieck [20] that compares different Cohen presentations.

5.10. Let (@Q,n,k) and (Q',n', k) be complete regular local rings, p: Q@ — R and
p': Q" — R be surjective homomorphisms of rings.

5.10.1. There exists a complete regular local ring P with surjective homomor-
phisms Q' &~ P 5 Q such that p's’ = pk.

Indeed, the fiber product @' x 5 @ is a complete local ring, cf. [20, (19.3.2.1)], so
take a Cohen presentation of Q' x 5@ as homomorphic image of a regular local ring
P and get the desired homomorphisms as compositions of canonical projections.

As k is a surjection of regular local rings, any minimal system of generators of
Ker k can be extended to a minimal system of generators of the maximal ideal of
P, and similarly for Ker x'. In view of Lemma 5.9.3, we get

5.10.2. The ideal a = Ker p is generated by a regular sequence if and only if the
ideal ' = Ker p’ is generated by a regular sequence.

Proof of Theorem 5.5. Let M be a finite module over a local complete intersection
R, and let R~ @/a be a Cohen presentation. The R-flatness of R yields a canon-
ical isomorphisms Ext R(M k) = Exty(M, k) compatible with an isomorphism of
graded algebras Ext*ﬁ(k, k) = Ext}(k, k) that maps w*(}A%) to m* (R). It follows that
V%(J\Zf) ~ Vi(M), cf. 5.4, so we may assume that R = R Q/a and M =1.

Choose a regular sequence f generating a by first picking { f1, ..., f»} to map onto
abasis of a/(anNn?) 2 (a+n?)/n?, then extending it by elements fy1, ..., f. € aNn?
to a minimal set of generators of a. Also, choose a minimal set of generators f' =
{fi,--s fu} of v with fi = f; for 1 < j <b. Since @ is regular, f' is a Q-regular
sequence, so Proposition 1.2 yields an isomorphism Ext’,(k, k) = R®y A, (k¢ ~?) of
graded modules over R = S®grk = k[x1,-- -, Xc), where S is the ring of cohomology
operators defined by f and R = R/(x1,---»Xb)-

Let & : R — Extgi(k, k) be the homomorphism of graded k-algebras from 1.1.2.
The preceding computation yields Ker & = (x1,-..,xs)- By [9, (5.2)] each & (x;) €
Ext%(k, k) annihilates the subspace of Torf(k, k) spanned by products of elements
in Torf'(k, k); this property characterizes the elements of 72(R), cf. [6, §10.2], so
& induces an injective homomorphism of graded k-algebras £: R — P. Both are
generated in degree two. Also, rank, R? = ¢ — b = codim R by Lemma 5.9.2 and
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ranky, P? = rank; 72(R) = codim R by [6, (10.2.1) and (7.5.1)], so £ is bijective. By
1.1.2 the action of R on & = Exty(M, k) factors through &, hence it induces an
isomorphism R/ anng & =2 P/ annp &, so VR(M) 2 V(Q, f; M). O

We recall a change of rings theorem of Nagata [29, (27.3)], cf. also [6, (3.3.5.1)].

5.11. If (Q',n') is a local ring, ¢ a is non-zero-divisor in n' \ n'2, and M # 0 is a
finite Q'-module with g'M = 0, then projdimg, (M) = 1 + projdimg /¢, (M).

The next result is a counterpart in cohomology of the theorem of Huneke and
Wiegand [22, (1.9)] that the vanishing of two consecutive Tor’s over a local hyper-
surface implies that one of the modules involved has finite projective dimension.

5.12. Proposition. If M, N are finite modules over a local hypersurface R, and
Ext (M, N) = Ext}it (M, N) =0
for some n > dim R, then projdimp M < oo or projdimp N < oo.

Proof. By 4.7 the hypothesis implies that Extg(M,N) = 0 for all n > dim R.
Replacing M by a high enough syzygy, we may assume that Exti (M, N) = 0 for
n > 0. Completing if necessary, we may further assume that R = Q/(f) for a
regular local ring () and a non-zero-divisor f. If both projdimgp M and injdimp NV
were infinite, then by Corollary 1.4 and Proposition 1.5.3 we would have

1> pxpHomp(M,N) =cxp M +pxg N >1+1.

This is absurd, so (at least) one homological dimension is finite. Hypersurfaces
being Gorenstein rings, injdimpg IV is finite if and only if projdimp N is. O

Proof of Theorem 5.3. Clearl/y, we may replace R by its completion, and so write
M and N instead of M and N. By 5.10.1 we may assume that there is a surjective
homomorphism k: Q' — @ of regular local rings. Any minimal system of generators
g of Kerk can be extended to a regular system of parameters for ), so the ring
Q'/(g") is regular for each subset g’ of g. Inducing on the cardinality of g, we may
assume that Q = Q'/(g') for some ¢’ € n’~n'2. Applying 2.2 to Q' we may further
assume that the common residue field & of @', @, and R is algebraically closed.

If f € a/na is not contained in the subspace (aNn?)/na, and f € n is a lifting of
f ton, then f ¢ n’. Tt follows that Q/(f) is regular, hence Extg) ¢ (M, N) = 0 for

n>>0,s0 f ¢ V(Q, f; M, N) by Theorem 2.5. Thus, V(Q, f; M,N) C (ann?)/na.

Lemma 5.9.1 yields a k-linear isomorphism %: (a' N n'?)/n'a’ = (a N n?)/na.
We want to prove that f' € (o' Nn'2)/n'a’ is in V(Q', f'; M, N) if and only if
f=%(f") € (ann?)/naisin V(Q, f; M,N). If f' € o’ Nn'2 is a lifting of f’, then
f = k(f'") € ann? is a lifting of f, so by Theorem 2.5 it suffices to prove that
Ext¢y gy (M, N) = 0 for n > 0 if and only if Ext), (M, N) =0 for n > 0.

The sequence f',¢' is @Q'-regular, so the image ¢” of ¢’ in Q" = Q'/(f') is a
non-zero-divisor. The change of rings spectral sequence with second page

2EPY — EXt%,,/(g,,) (M, EthQ,, @Q"/(g"), N)) — Eth‘zQ(M’ N)

has 2EP*? = 0 unless ¢ # 0, 1, so it degenerates into a long exact sequence. Due to
the isomorphisms Q" /(¢") = Q'/(f',9') = Q/(f) it can be written in the form

p p p—1
e ExtQ/(f)(M,N) — ExtQ,/(f,)(M,N) — ExtQ/(f)(M,N) — ...

Thus, lf Eth/(f)(M, N) = 0 fOI' n > 0, then Extg,/(f,)(M, N) = 0 fOI' n > 0
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Conversely, if Extg, /(f,)(M ,N) = 0 for n > 0, then Proposition 5.12 shows
that over the hypersurface Q" = Q'/(f') one of the modules M or N has finite
projective dimension. Since f’ € n'2 and g’ € n’ \n'2, we have g € n” \ n"?, where
n” = nQ". We conclude from 5.11 that M or N has finite projective dimension
over Q'/(f',9") = Q/(f), so Extgy (M, N) =0 for n > 0, as desired. O

Proof of Theorem 5.6. By the definition of support varieties in 5.2, we may assume
that R is complete. We fix a Cohen presentation R 2 Q/(f) with regular local ring
@ and regular sequence f = fi,..., f¢; by Lemma 2.2, Theorem 5.5 and Theorem
5.3 we may assume that k is algebraically closed. In (f)/n(f) = k¢ we set

VR(M,N) =V(Q, f; M,N)  and V(M) =V(Q, f; M,Fk).

(1) was noted in 2.1.

(2) dim VR(M, N) = cxg(M, N) by Proposition 2.4.2.

(3) Support varieties are homogeneous by (1), so Vi(M,N) = {0} if and only
if dim Vi (M, N) = 0. By (2) the latter condition is equivalent to Extp(M,N) =0
for n > 0. Theorem 4.7 recasts the last condition as Ext%(M,N) =0 for n € Z.

(4) If Ext}h(M, N) = Ext;"?(M, N) for n > 0, then we can find a real number
c such that vg (Ext}(M,N)) <cfor all n € Z, so cxp(M,N) < 1.

Conversely, if cxg(M,N) < 1, then the graded module & = Extp(M,N) Qg k
has dimension < 1 over R = S ®g k. Thus, we may find a linear combination x =
a1 X1+ ---+acxe an an integer i such that the map x ®pg k: £ — £"*2 is bijective
for h > i. By Nakayama’s Lemma the map x": Ext’}z(M, N) - Ext%"'Q”(M, N) is
surjective for n > 0. Choosing j so that the sequence of graded S-submodules

Kery C--- C Kerx" C Ker "™ C --- C Ext}(M, N)
stabilizes for n > j, we see that the R-linear homomorphism y: Ext’];c(M ,N) =
Extst2(M, N) is an isomorphism for h > i + 2j.

(5) Let M',N" be syzygies of M,N. As Exté,(R,M) = 0 for i > 0 and
Extyr (M, R) = 0 for ¢ > dim R, Proposition 2.4.3 yields VR(M,N) = Vi(M', N').

(7) If M = @;_, M; and N = @j_, Nj, then we have an isomorphism

Extf(M, N) = P Ext},(M;, N;)
i,j
of graded R[x1, ..., xc]-modules, hence Vi(M, N) = U, ; Vir(M;, N;).
(8) By 2.6.4 and Corollary 2.7 we have Vi (M, N) C V(M) N Vi(N).
Assuming that equality fails, we may choose f € V(M) N VE(N) C (f)/n(f)
with f ¢ VR(M,N). If f € n is a lifting of f, then projdimg,s M and
projdimg ;) N are both infinite by 2.6.3, while Extg (M, N) = 0 for n > 0

by Theorem 2.5. This is ruled out by Proposition 5.12, so we conclude that
Vir(M,N) = Vi(M)NVy(N). Interchanging M and N, we see that

VRN, M) = VR(N) N VR(M) = VR(M)NVE((N).
(9) As Vi (k) = k¢, (8) yields Vi (M, M) = Vi (M, k) = Vi(k, M) = Vi(M).
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(6) f0 - My - My — M3 — 0 is an exact sequence of R-modules, then by
1.1.2 the induced cohomology exact sequence of R-modules yields an exact sequence

Extp(Ms, k) — Extp(Ms,k) — Extp(Mi, k) —
Exty(Ms, k)[1]— Exti(Ms, k)[1]
of graded R-modules, where brackets denote degree shifts. It follows that
Va(Mp, k) C Vi(M;, k) UVE(M;, k)
for {h,i,5} = {1,2,3}. In view of (8), we then get
Vi(Mp,N) = Vi(Mp) N VR(N)
C (VR(M;) UVR(M;)) N VR(N)
= (VR(M;) N VR(N)) U (VR(M;) N VR(N))
= Vi(M;, N)UVE(M;,N).
Exact sequences 0 - N; — N — N3 — 0 are treated by a similar argument.

(10) If M is Cohen-Macaulay of codimension m, then it is a perfect )-module
of grade g = ¢+ m, so V(M) = VR(Ext (M, R)) by Theorem 3.3. O

6. VANISHING OF COHOMOLOGY

A ring R is locally complete intersection, or [.c.i., if the local ring R, is a complete
intersection for each maximal ideal m of R.

As l.c.i. rings are Gorenstein, each finite R-module has a complete resolution by
4.4.3 and 4.4.4. In particular, stable (co)homology is defined for any pair of finite
modules. Its vanishing is described in the following result.

6.1. Theorem. For finite modules M, N over a locally complete intersection ring
R the following conditions are equivalent.

(i) Ext"(M N)=0 foralln €eZ.
(ii) Ext"(N M)=0 for alln € Z.
(iii) Tor (M,N)=0 for alln € Z.
(iv) V

Proof. The conditions are local, so we may assume that R is a local complete
intersection with maximal ideal m. The equivalence of (i) or (ii) with (iv) is then
established by parts (3) and (8) of Theorem 5.6, so it remains to deal with Tor’s.

Choose a syzygy M' of M that is also a syzygy in a complete resolution of M
and note that CI-dimgp M’ = 0 by 4.4.5 and 4.5.1. By 4.4.2 and 4.4.7 condition
(iii) is equivalent to Egt%(M ™ N) =0 for all n € Z. By the already established
equivalence of (i) and (iv) this condition is tantamount to Vi (M"™*)NVE (V) = {0}.
Parts (10) and (5) of Theorem 5.6 translate the last condition into (iv).

R, (Mn) N VR (Nu) = {0} for all m € Max(R) .

Due to 4.4.6, the preceding result contains Theorem IV from the introduction.

To deduce Theorem III, we use the fact that the l.c.i. property of R is charac-
terized by the finiteness of CI-dimension for all finite R-modules. For local rings
this appears in [8]. The following global version is due to Liana Sega.

6.2. Proposition. A noetherian ring R is locally complete intersection if and only
if Cl-dimg M is finite for each finite R-module M.
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Proof. Recall from Section 4 that CI-dimg M = sup{CI-dimg, M, |m € Max(R)}.
If each finite R-module has finite CI-dimension, then CI-dimpg,, Ry /mRy < 00
for each maximal ideal m of R, so Ry, is a local complete intersection by [8, (1.3)].
Conversely, if R is L.c.i., then it is Gorenstein, so G-dimg M < oo by 4.4.3. On
the other hand, [3, (4.15)] yields G-dimp M = sup{G-dimp,, My |m € Max(R)}.
As Cl-dimp,, My = G-dimp,, My by 4.5.1, we see that CI-dimpg M is finite. O

Proof of Theorem III. Let R be a locally complete intersection ring, set d = dim R
and ¢ = sup{codim Ry, |m € Max(R)}, and let M be a finite R-module.
For each m € Max(R), 4.1.2 yields cxg,, My < codim Ry, so cxg M < ¢. Also,
Cl-dimg,, My, = depth Ry, — depthg My < dim Ry, by 4.1.5, so Cl-dimg M < d.
Putting together Theorems 4.7, 4.9, and 6.1 we get the desired equivalences. [

6.3. Remark. For a commutative noetherian ring R, consider the properties
(ee) if Extk(M,N) =0 for n > 0, then Exts(N, M) = 0 for n > 0;

(et) if Exth(M,N) = 0 for n > 0, then Tor’(M, N) = 0 for n >> 0;

(te) if Torf (M, N) = 0 for n >> 0, then Ext% (M, N) = 0 for n>> 0,

where M, N range over all finite R-modules.

Denoting (lci) the condition that R is locally complete intersection, and (gor)
the one that it is Gorenstein, we have a diagram of implications

(ee)
2N
R C))

(Iei) == (et) & (te) (gor)
@ %

(te)
Indeed, (1) is a consequence of Theorem 6.1, via 4.4.6. The isomorphisms
Tor?(M,N) = Torf(N, M) yield (2). To see (4) and (5), note that for each
m € Max(R) and all n € Z we have Exth (Rn/mRn, Rn) = Exth(R/m, R)n;

the latter module vanishes for n > 0, and so R is Gorenstein, if either (ee) or (te)
holds, since Ext’(R, R/m)y = 0 = Tor(R/m, R) for n > 0.

Forty years of research in commutative algebra have not produced a class of rings
intermediate between locally complete intersections and Gorenstein rings, hence

6.4. Problem. Is any one of the implications in the diagram above reversible?
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