STRUCTURE OF LOCAL HOMOMORPHISMS
LucHEZAR L. AvrRAMOV, HANS-BJ@RN FOXBY, AND BERND HERZOG

INTRODUCTION

A by now standard and most productive technique for studying local properties of
commutative noetherian rings proceeds in two stages: The corresponding problem is first
treated in the maximal-ideal-adic completions of a ring, and then the flatness of completion
is used in order to descend the information to the initial ring.

The success of the first step largely depends on a fundamental result of commutative
algebra — 1. S. Cohen’s Structure Theorem which shows that a complete local ring may be
presented as a homomorphic image of a ring of formal power series over a complete discrete
valuation domain; thus, questions on complete local rings are reduced to questions on ideals
in specific rings.

The second step has been developed by A. Grothendieck into a full-fledged and versatile
theory of flat descent. The idea behind it is that if ¢ : R — S is a faithfully flat homo-
morphism of commutative rings, then the properties of R and of the fibers of ¢ determine
and are determined by the properties of S; this is in accordance with geometric intuition,
which perceives such homomorphisms as algebraic substitutes for fiber bundles.

The purpose of this paper is to introduce the local stage of a new approach to the study
of arbitrary homomorphisms of noetherian rings. If ¢ : R — S is a local homomorphism,
it involves breaking down the canonically associated homomorphism ¢ from R to the
completion of S into a composition of a flat homomorphism followed by a surjective one.
The flat map has a regular closed fiber, hence well known results on flat descent and ascent
can be applied. The surjective homomorphism can be investigated by means of powerful
methods of ideal theory.

The preceding part of our procedure plays a role similar to that of Cohen presentations
in the study of complete local rings. At a second stage we have to solve a descent problem
for homomorphisms, namely, to transfer information from ¢ to (. This requires a whole
new bag of tricks (mostly — homological ones), and will be dealt with in an upcoming series
of publications.

The layout of the present paper is as follows. In Section 1 we prove the existence of the
factorizations mentioned above, by using Cohen’s theorem and Grothendieck’s theory of
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formal smoothness; we also discuss the uniqueness of the factorizations. The results are
used in Section 2 to define analogues for local homomorphisms of some basic invariants
of local rings — dimension, depth, and Cohen-Macaulay defect; these quantities are then
compared to the corresponding ones for rings, but a deeper investigation is relegated to
[4]. In Section 3 we focus on homomorphisms of finite flat dimension, for which there are
particularly tight relations between invariants of the rings and of the homomorphism. We
also introduce and briefly discuss a class of local homomorphisms which provides a natural
extension of the class of Cohen-Macaulay local rings.

Part of the material of the last two sections was initally obtained in [4], by a completely
different approach. The constructions of the first section allow for a more direct introduc-
tion of the basic concepts, as well as for simplifications of some arguments. They also yield
definitions of other invariants, like embedding dimension, complete intersection defect,
Cohen—Macaulay type, etc.; these are deferred to later publications, as their treatment
requires different sets of techniques.

For the rest of the paper ¢ : (R,m) — (S,n) denotes a local homomorphism, that is,
a homomorphism of commutative noetherian rings, which maps the unique maximal ideal
m of R into the unique maximal ideal n of S; whenever convenient, we shall simply write
“p: R — S is a local homomorphism?”.

1. COHEN FACTORIZATIONS

A local homorphism 7 : (R, m) — (T, p) is said to be weakly regular if it is flat andf its
closed fiber T/mT is a regular ring. Following [5, (4.1)], we say that a local homorphism
@ : R — S is factorizable if it can be decomposed as ¢ = o7 with 7 : R — T weakly
regular and o : T — S surjective; often we shall refer to such a situation by saying that
@ = o7 is a regular factorization of . Here are two basic instances.

(1.0.1) Example. A local homomorphism ¢ : R — S is said to be essentially of finite type
if it can be factored as
RS RXlm=T-%

where R[X]| = R[X;,...,X,] is a polynomial ring, 91 is a prime ideal in R[X] lying over
m, the homomorphism 7 : R — T is the localization map, and the homomorphism ¢ is
surjective.

Any such factorization yields a regular factorization of ¢.

(1.0.2) Example. Let p > 0 be the characteristic of the residue field S/n of the local
ring S. The homomorphism 7s : Z) — S, obtained by localization from the canonical
homomorphism Z — S, will be called the local structure homomorphism of S.

Cohen’s Structure Theorem, cf. [7, Theorem 12] or [9, (19.8.8.1)], asserts that if S is
complete, then there is a complete discrete valuation domain D with maximal ideal pD,
and residue field D/pD = S/n, and a local homomorphism D — S which induces the
identity on the residue fields; such a ring and homomorphism are called, respectively, a
Cohen ring and a coefficient homomorphism for S. Furthermore, if y1,...,y, is a set
of generators for n, and D[[Y]] = D|[Y3,...,Y,]] is a formal power series ring, then any
coefficient homomorphism has a unique extension to a surjective homomorphism of rings
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D[[Y]] — S which sends Y to y; for j = 1,...,n. Thus, the local structure homomorphism
ns has a regular factorization

We let R and S denote the m-adic and n-adic completions of R and S respectively. A
local homomorphism ¢ : R — S induces by continuity a map ¢ : R— S which is a local
homomorphism, called the completion of ¢. We shall also consider the semi-completion
of ¢, that is, the local homomorphism ¢ : R — S obtained by composing the canonical
inclusion R — R with ® or — equivalently — by composing ¢ with the canonical inclusion
S—8S. . ,

A regular factorization R 5 R’ % S of ¢ with R’ a complete local ring will be called a
Cohen factorization. Clearly, in order for ¢ to admit a Cohen factorization, the local ring
S has to be complete. Cohen’s theorem shows that the local structure homomorphism of
such a ring admits a Cohen factorization. Our first result stretches this statement to cover
any local homomorhism to a complete ring.

(1.1) Theorem (Existence of Cohen Factorizations). For any local homomorphism
p: R — S there is a Cohen factorization

RI
o ) N\ @'
@

(1.1.1) Remark. Under the additional assumption that the induced residue field extension
R/m — S/n is separable, the result is noted in [5, (4.2.2)]. The proof given below expands
on that of [11, (1.6)].

(1.1.2) Remark. Recall that a local homomorphism 7 : (R,m) — (T,p) is called formally
smooth (or: p-smooth) if it is flat, and the closed fiber T/mT is a geometrically regular
algebra over the residue field of R. Clearly, formally smooth homomorphisms are weakly
regular; the converse also holds when the induced residue field extension is separable, cf.
[9, (19.6.4)] or [13, (Lemma 1, p. 216)], but fails in general.

We say that a local homomorphism ¢ : (R, m) — (S, n) is formally smoothable, if it ad-
mits a decomposition ¢ = o7 with 7 formally smooth and ¢ surjective. Thus, a formally
smoothable homomorphism is factorizable, and the converse holds when the residue field
extension R/m = k < £ = S/n is separable. The precise condition for a local homomor-
phism to a complete local ring to be formally smoothable involves the Cartier imperfection
module Ty, cf. [9, (20.6.1)] or [13, p. 205], which can also be defined as the homology
group H;(k,£,£) in the André-Quillen homology theory of commutative algebras, cf. [1]:

It is shown in [8] that ¢ : R — S is formally smoothable if and only if dimy, Ly < 00.
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Proof of (1.1). If § : R — S has a Cohen factorization $ = @'p, and  : R — R is
the completion map, then it is easy to see that ¢/ = @' and ¢ = Pk provide a Cohen
factorization for ¢ = @k. Thus, it suffices to prove the theorem assuming that both R and
S are complete.

Consider then the commutative diagram of local homomorphisms

Uiolihg
Ly == D[Y]]
no 4 Lo
C - R— S
P’ ®

in which C is a Cohen ring for R, D is a Cohen ring for S, while p’ and ¢’ are, respectively,
a coefficient homomorphism and a surjective homomorphism given by Cohen’s Structure
Theorem, recalled in (1.0.2). As C is a Cohen ring, the ring D|[[Y]] is complete, and the
homomorphism ¢’ is surjective, there exists a local homomorphism ¢’ : C' — D[[Y]] which
preserves the commutativity of the diagram, cf. [9, (19.8.6.1)].

Let now zi,...,2,, be a set of generators of the maximal ideal m of R, and let p
be the extension of the coefficient homomorphism p’ to a ring homomorphism C[[X]] =
Cl[X1,...,Xm]] = R defined by p(X;) = z; for i = 1,...,m. Furthermore, extend o’ to
a homomorphism o : D[[X,Y]] — S by setting o(X;) = ¢(x;), and extend &’ to a local
homomorphism £ : C[[X]] — D|[[X,Y]] by setting &{(X;) = X; , fori = 1,...,m. By
construction, the square

C[[X]] = D[IX, Y]]
pd lo

R — S
%)

is commutative, with surjective vertical arrows. Note that ¢ is flat: This is a consequence
of the flatness of &', which is straightforward, since C is a discrete valuation ring with
maximal ideal generated by p, and D[[Y]] has no p-torsion.

Set R' = R®c¢x)) D[[X,Y]], and let ¢ : R — R’ and ¢' : R' — S be the canonical
homomorphisms defined by ¢(r) = r®1 and ¢'(r®u) = ¢(r)o(u). As the equality ¢ = ¢'¢
is clear, it remains to show that it yields a Cohen factorization of ¢.

First, the surjectivity of ¢’ is implied by that of o.

Next, as ¢ = R ®cyx7) €, the flatness of ¢ follows from that of &.

Furthermore, the fiber of ¢ is a regular local ring, by the following computation:

R /mR = (R/m) ®r (R ®cqx) DI[X, Y]))
= (C[[X1]/(p, X)C[[X]]) ®cpxy DX, Y]
= D[[X,Y]]/(p, X)D[[X, Y]]
= (D/pD)[[Y]] -
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Finally, the local ring R’ is complete, due to the canonical isomorphism:
R' = D[[X, Y]}/ (Ker p) D[[X, Y]] .

g

The proof of the preceding theorem shows that a homomorphism to a complete local
ring admits various Cohen factorizations. The next result establishes that any two such
factorizations are linked in a particularly simple manner to a third one.

In order to relate two Cohen factorizations R 5 R’ % S and R & R A S of p:R— 5
we introduce some more terminology. A local homomorphism v : R' — R; is said to be a
comparison of ¢'¢ to ¢}, when the diagram

RI
¢ /vl e
R .—>R1—,>§
¥1 P1

is commutative. If v is surjective, we say that )1 is a reduction of ¢'¢, and also that
¢'¢ is a deformation of ¢} py.

(1.2) Theorem (Comparison of Cohen Factorizations). Any two Cohen factoriza-

tions R ﬂ) R, %S and R 32) Ry %3 of a local homomorphism ¢ : R — S have a common
deformation.
If v is a deformation of ¢,¢1 to R 5 R' % S, then Ker v is generated by an R'—reqular

sequence, whose elements are linearly independent over R'/m' in m’/(m'2 + mR’), where
m’ is the mazximal ideal of R'.

Remark. Tt will be shown below in (1.7) and (1.8) that under additional assumptions there
might be a direct comparison of ¢} 1 to phpa, but that this will not be the case in general.

In the proof which follows, the use of fiber products is inspired by Grothendieck’s proof
in [10, (19.3.2)] of the independence of the property of a local ring S to be a complete
intersection from the presentation of S asa quotient of a regular local ring.

Proof. Consider the fiber product

Q ={(r1,m2) € R1 X Rz | 1(r1) = @3(ra)} .

This is a noetherian complete local ring: cf. e.g. [10, (19.3.2.1)]. The natural projections
R, < R; X Ry — R5 induce surjective homomorphisms

RiEQ3BR,



6 L. L. AVRAMOV, H-B. FOXBY, AND B. HERZOG

such that ¢)m = @hme. Let R AP Q@ be a Cohen factorization of the local homomor-
phism R — Q, 7 — (¢1(r), 92(r)), and set:

v =mv P — Ry
vg =mv : P — Ry ;

0 =plvr =poue 1 P — S .

It is easy to see that ¢ = ¢’¢ is a Cohen factorization, and that v; and vy are reduc-
tions to ¢}¢p1 and @hpa, respectively. Thus the first assertion of the theorem has been
established.

Let a1, ...,a, be a minimal system of generators of Ker v. Due to the R—flatness of R/,
the exact sequence

0— Kerv— R -5 Ry — 0

yields an exact sequence
0 —s Kerv/m(Kerv) — R'/mR' -2 R /mR; — 0,

which shows that @; = a; + mR/,...,a, = a, + mR’ is a minimal system of generators of
Kerw. As by assumption both rings R'/mR’ and R;,/mR; are regular, and the homomor-
phism T is surjective, a well known result, cf. e.g. [13, (14.2)], shows that the sequence
a1, ...,0, is R'/mR/'-regular, and its elements are linearly independent over R’'/m’ modulo
(m'/mR')2.

The latter condition means that ay, . . ., a, are linearly independent modulo (m’”>+mR’).

Due to the flatness of ¢, the former condition implies that the sequence ay,...,a, is
R'—regular, by an application of the following well known result. O

(1.3) Lemma [13, (22.5.Corollary)]. Let (R,m) — (R,,m’) be a flat local homomorphism.

The images in R'/mR’ of a sequence a1, ..., a, of elements in m’ then form an R’ /mR’—
reqular sequence if and only if the sequence ay,...,a, is reqular in R’ and the induced
homomorphism R — R'/(a1,...,a,)R’ is flat. O

Next we turn to the problem of improving a given Cohen factorization. Our strategy is
based on an elementary remark, in which edim R denotes the embedding dimension of R,
that is, the minimal number of generators of its maximal ideal m.

If R % R % § is a Cohen factorization of the local homomorphism ¢ : R — §, then
there is an inequality:

(1.4) dim R’ — dim R > edim(S/mS) .
Indeed, the surjection ¢’ : R' — S induces a surjective homomorphism:

¢ :R'/mR — §/m§
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which implies that edim(R’/mR’) > edim(S/mS); as the embedding dimension is invari-
ant under completion, the desired inequality follows from the equalities edim(R'/mR’) =
dim(R'/mR') = dim R’ — dim R, due to the regularity of R'/mR’ and to the flatness of ¢,
respectively.

A Cohen factorization is said to be minimal, if equality holds in (1.4) above. Note that
the formula Ker ¢’ = (Ker ¢')(R’'/mR’) shows that a Cohen factorization is minimal if and

only if Ker ¢’ ¢ m'? + mR'.

(1.5) Proposition. Any Cohen factorization has a reduction to a minimal one.
A minimal Cohen factorization has no proper reduction, that is, if v is a reduction of a
minimal Cohen factorization, then it is an isomorphism.

Proof. Let R % R’ % § be a Cohen factorization with dim R’ — dim R > edim(S/m5).
By the remarks above there is then an z € (Ker ¢) \ (m’> + mR’). As the image Z of z in
R'/mR’ is different from 0, we conclude from (1.3) that z is a non zero divisor on R’, and
that the composition ¢ of ¢ with v : R — R'/(z) is flat. Remark next that the fiber of
¢ is canonically isomorphic to the factor ring of the regular ring (R’/mR’) modulo Z, and
hence is regular, as T is not in the square of the maximal ideal. Thus, the composition

R4 R /(x) £ S yields a Cohen factorization.

This factorization is obtained as a reduction of the original one, and dim(R’/(z)) —
dim R — edim(S/mS) is smaller than dim R’ — dim R — edim(S/mS). It follows that ¢'¢
reduces to a minimal Cohen factorization after a finite number of iterations of the preceding
construction. ’

Let now v be a reduction of a minimal Cohen factorization, R % R’ % S. On the one
hand, we know from (1.2) that the kernel of the surjective homomorphism v is generated
by elements which are linearly independent in m’/(m’ >+ mR’' ). On the other hand, in view
of the remarks made before the statement of the theorem, the inclusion Ker v is contained
in (m'> + mR’). This is only possible if Ker v = 0. O

As an application of the last result we establish a lifting theorem for weakly regular
homomorphisms.

(1.6) Theorem. Consider a surjective local homomorphism © : P — R and a weakly
reqular local homomorphism ¢ : R — R’.
If the local Ting R’ is complete, then there exists a commmutative diagram of local
homomorphisms:
P, p

wl JW,

R —— R
%)

where P' is complete, C is weakly reqular, ™' is surjective, and the induced map v : R ®@p
P’ — R’ is an isomorphism.
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Proof. Let P ™y P' % R’ be a minimal Cohen factorization of o

Clearly, the homomorphism v : R®p P’ — R’ induced by the universal property of the
tensor product is surjective. Furthermore, the homomorphism R ®é :R— R®p P is
flat, and its fiber k ® g (R ®p P’) is canonically isomorphic to the regular ring k @ p P’.
Thus, vo (R® C ) is a Cohen factorization of ¢, and the commutative diagram:

R®PPI
R@C:/‘U\L \‘U

R —R —R
@ idpr

shows that v is a reduction of vo (R® C) to idg: o . By the preceding theorem, the fact
that v is bijective will follow once we show that the Cohen factorization v o (R ® ¢) is
minimal.

To see this, note that dim(R ®p P’) — dim R = dim P’ — dim P by the canonical iso-
morphism above, that the latter difference is equal to dim(P’/mP’) = edim(P’/mP’) as
¢ is weakly regular, and finally that edim(P’/mP’) = edim(R’/mR’) by the minimality of
the Cohen factorization /(. O

The statement obtained from the preceding result by replacing “weakly regular” by
“formally smooth” is also true, and forms the existence part of [9, (19.7.2)]; under formally
smooth assumptions, [loc. cit.] establishes also that a lifting such as ( is essentially unique.

For a local homomorphism ¢ : R — S which is formally smoothable, cf. (1.1.2), both the
existence result of (1.2) and the uniqueness result of (1.5) can be considerably sharpened.

(1.7) Proposition. Let R 2 Ry 2% § and R 2 Ry, 22 § be Cohen factorizations of
a local homomorphism ¢ : R — S.

If ¢1 is formally smooth (for example, if the induced field extension R/m — S/n is
separable), then there exists a comparison v of ©p1 to Phpa.

If furthermore both Cohen factorizations are minimal, then any such comparison is an
isomorphism.

Proof. Consider the commutative square:

R —® , R,

o |«

~

Ry —’) S.
Y1
Assume the left-hand vertical map is a formally smooth homomorphism. As the right-hand
vertical map is a surjective homomorphism from a complete local ring, it follows from [9,
(19.3.11)] that there exists a homomorphism v : Ry — Ry which makes the diagram
commute. Thus, v is a comparison of ¢} ¥1 to 5.
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Assume furthermore that both Cohen factorizations are minimal, and consider the in-
duced commutative diagram:

R1 L) R2

m | |

Rl _— Rz

a’ll la;
S /m§ — 5 /m§
where bars denote applications of the functor k ®p —.

The minimality of the factorization ¢4¢s and the commutativity of the lower square
imply an equality m; Ry = my. As U induces an isomorphism of the residue fields, it follows
that U is surjective, cf. [13, (8.4)]. As both rings R; and Ry are regular, and have the
same embedding dimension by the minimality assumption, the homomorphism v is in fact
bijective. It remains to note that on R; the m-adic topology is separated, that on R, it

is complete, and that Rs is a flat R—module: under these conditions it follows from [9,
(19.7.1.4)] that v is bijective, as desired. O

The purpose of the following example is to show that the smoothability condition in the
preceding proposition cannot be dropped, hence the comparison and uniqueness results of
(1.2) and (1.5) are best possible in general.

(1.8) Example. Let p be a prime number, let F, be the prime field with p elements,
and let £ = F,(a) be a purely transcendental extension of F,,. Furthermore, let £ = k(b)
be an extension of k with 5*° = a. For indeterminates X , Y, and Z over £ consider the
formal power series rings Ry = £[[X]], Rs = £[[Y]], and the homomorphisms of /—algebras
o Ry — S =/[Z]]/(ZP) and ¢} : Re — S = {[[Z]]/(ZP) defined by ¢} (X) = Z+ (ZP) =
@ (Y).

Consider the homomorphism ¢, : R = k£ — R;, obtained by composing the canonical
inclusions k¥ — £ and ¢ — /[[X]]. The equality ¢ = ¢|¢1 defines a local homomorphism
@ : R — S, and provides it with a minimal Cohen factorization.

Consider next the homomorphism of F, —algebras F, [a] — £[[Y]] which sends a to a+Y?"
The image of 0 # f € Fp[a] is a polynomial in Y with constant term f(a) # 0, which is
invertible in £[[Y]], so that the homomorphism extends to a homomorphism of F,-algebras
¢2 : R — Ry. The equalities phpa(a) = ph(a + Yp2) = a show that @by is a Cohen
factorization of ¢, and it is clearly minimal.

Claim. There is no comparison of Cohen factorizations from @1 to phps.

Indeed, assume that such a comparison v : Ry — R exists, and set ¢ = v(b). One then
has:

p5(c) = pyu(b) = ¢ (b) = @ (b)
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so that Y divides ¢ — b € £[[Y]], and hence Y7’ divides (c — b)?" = ¢®" — b?". Howevever,
the computation:

& =v(t”") = v(a) = vj1(a) = ga(a) = a + Y’

shows that ¢® — bP" = (a+ sz) —a=Y?  and this yields a contradiction. O

We finish this section by spelling out what happens when a Cohen factorization is par-
ticularly easy to come by, namely, when ¢ already has a regular factorization. The results
are clear, but they are needed in tracking down the specialization of notions introduced
below for arbitrary local homomorphisms to concepts considered earlier for surjective ho-
momorphisms, or more generally for homomorphisms essentially of finite type, cf. (1.0.1).

~

(1.9) Remark. If R 5 T % S is a regular factorization of ¢, then R - T % § is a Cohen
factorization of ¢, and R 5T 3 §is a Cohen factorization of P.

The canonical isomorphisms T'/mT = T /mT = T /mT show that + and 7 have isomor-
phic closed fibers, which may be identified with the completion of the fiber of 7.

The equality Kero = (Ker a)f identifies the kernel of & with the extension in T of the
kernel of o.

2. DIMENSION, DEPTH, AND COHEN-MACAULAY DEFECT

The main numerical invariants which measure the “size” of a local ring, R, are its
dimension, dim R, and its depth, depth R. Their non-negative difference, cmd R = dim R—
depth R is called the Cohen—Macaulay defect (or codepth) of R, and evaluates the “Cohen—
Macaulay character” of R. To any local homomorphism we assign numerical invariants
which represent relative versions of these numbers.

(2.1) Dimension. This notion is introduced by means of Cohen factorization, due to the
following result in which the height of an ideal, a, is denoted ht a.

Lemma. If R % R % § is a Cohen factorization of ¢, cf. (1.1), then the integer
dim R’ — dim R — ht(Ker ¢') does not depend on the choice of the factorization.

Proof. By (1.2) it suffices to show that this integer does not change when one replaces the

factorization above by R % Ry 21 S, where Ry = R'/(ay, .. .,a,)R and ay, ..., a, is an R/~
regular sequence in Ker ¢’. But then dim R; = dim R’ —r, and ht(Ker ¢}) = ht(Ker ¢') —r.
The result follows. U

We set
dim ¢ = dim R’ — dim R — ht(Ker ¢)

and call this number the dimension of ¢.

Note that, unlike the corresponding notion for rings, the dimension of a homomorphism
may take on negative values. Far from being a pathology, this is, in fact, a reflection of
the structure of ¢:
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Example. If ¢ is surjective, then dim ¢ = — ht(Ker ¢).

Indeed, the composition R — R % § in which the first homomorphism is the comple-
tion map, provides a Cohen factorization of ¢, hence we get:

dim ¢ = dim R — dim R — ht(Ker &) = — ht(Ker ¢) .

(2.2) Depth. We introduce the depth of ¢ by an ad hoc formula:
depth ¢ = depth S — depth R .

This definition may be read as an equality, depth S = depth R + depth ¢, which echoes
the naive expectation that depth S reflects the genesis of the ring S out of the base R by
means of the extension . Such a hope is too simplistic to be fulfilled without further
conditions on the homomorphism: We shall shortly see that while the desirable inequality
dim ¢ > depth ¢ does hold over Cohen-Macaulay bases, it fails in general. This deficiency
might be remedied through some different — and probably more sophisticated — definition
of depth . In case ¢ has finite flat dimension such a definition is available, and by [6,
(5.3)] it agrees with the one adopted here; furthemore, we show in (3.6) below that in this
case the “normal” relation holds between dimension and depth.

Example. Let k be a field, set R = k[[X,Y]]/(X?2, XY), and denote by z the image of X
in R. If ¢ is the canonical projection R — R/(xz) = S, then by the preceding example we
have dim ¢ = — ht(zR) = 0, while depth ¢ = depth S —depthR=1-0=1.

This omen notwithstanding, we proceed to introduce a measure of the Cohen—Macaulay
character of local homomorphisms by mimicking that for rings.

(2.3) Cohen-Macaulay Defect. The difference
cmd ¢ = dim ¢ — depth ¢

is called the Cohen—Macaulay defect of (.

COMMENTS ON TERMINOLOGY AND NOTATION. It might be more in keeping with tradition
in Commutative Algebra to consider in place of a local homomorphism ¢ : R — S the
equivalent concept of a local R—algebra S. A notation consistent with this point of view
would not refer to the structure homomorphism ¢, and use dim(S|R) in place of dim ¢, etc.
We have decided for the present choice of terminology because we feel it represents a slightly
different point of view, by giving equal status to the three components of a homomorphism:
its target, source, and map. As a bonus we obtain a more flexible notation, which is simpler
both to write and to read, compare e.g. the handling of localizations in (3.7) below.

By definition, depth provides an additive function on local homomorphisms. It is easy
to see that the dimension or Cohen-Macaulay defect functions do not have this property
for arbitrary homomorphisms. Somewhat surprisingly, the next result shows them to be
always subadditive.
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(2.4) Theorem. For a local homomorphism ¢ : R — S the following double inequalities
hold:

depth R + dimp < dim S < dim R+ dim ¢ ;
cmdy <cmd S <cmd R+ cmd ¢ .

Proof. Consider a Cohen factorization of ¢ as in (1.1). The double inequality
depth R’ < dim S + ht(Ker ¢') < dim R’ ,

is well known to hold for the surjective homomorphism ¢’ : R’ — S.
The right-hand side yields:

dim § = dim §
< dim R’ — ht(Ker ¢’)
=dim R + (dim R’ — dim R — ht(Ker ¢’))
=dimR+dimey .

As R'/mR’ is Cohen—-Macaulay and ¢ is flat, the additivity of dimension and depth on
local flat extensions gives:

depth R’ = depth R + depth(R'/mR’)
= depth R + dim(R'/mR)
=depthR+dim R —dimR .

Thus, the left-hand side of the double inequality produces:

dim S = dim §
> depth R’ — ht(Ker ¢')
= depth R+ (dim R’ — dim R — ht(Ker ¢'))
= depth R 4+ dim ¢ .

The relations for Cohen—Macaulay defects are consequences of those for dimensions,
together with the relevant definitions. a
(2.5) Corollary. If the ring R is Cohen—Macaulay, then there are inequalities:

dim S =dim R + dim ¢ ;
cmd S = cmd ¢ .
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d

Some immediate, but important special cases of the preceding corollary deserve separate
mention.

(2.6.1) Remark. If R is Cohen-Macaulay, then cmd ¢ > 0.

(2.6.2) Remark. For the local structure homomorphism g, cf. (1.0.2), there is an equality
cmdng = cmd S.

The next result shows that dim ¢ is a finer invariant than a classical measure of the size
of ¢, namely, the dimension of its closed fiber. As a consequence, the second inequality of
(2.4) is seen to be a sharpening of the standard relation: dim S < dim R + dim(S/mS), cf.
e.g. [13, (15.1.i)].

(2.7) Theorem. For any local homomorphism ¢ : R — S there is an inequality:
dim ¢ < dim(S/mS) .
If furthermore dim S = dim R + dim(S/mS), then there are equalities:

dim ¢ = dim(S/mS) = dimS —dim R .

Proof. A regular factorization ¢ = ¢’¢ as in (1.1) induces a surjective homomorphism
g torization ¢ = ¢'¢ ]

R'/mR' — §/mS = S/mS; denote its kernel by a, and set a = Ker ¢/
Using the catenarity of the regular ring R'/mR’ and the flatness of ¢, we get:

dim(S/mS) — dim ¢ = dim(5/mS) — dim ¢
= (dim(R'/mR’) — ht &) — (dim R’ — dim R — ht a)
=hta—hta.

Using the Cohen—Macaulayness of the regular ring R'/mR’, we can find an (R'/mR’)-
regular sequence by + mR' ... by + mR' in @, with A = hta. As a = a(R'/mR’), we may
furthermore assume the b;’s to be in a. From the flatness of ¢ it follows that the sequence
b1,...,bp is R'—regular, cf. (1.3). Thus, there are inequalities:

hta > gradep R'/a > h=hta,

and the desired inequality follows.
If dim S = dim R 4 dim(S/mS), then this inequality combines with (2.4) to yield the
relations:
dim S — dim R < dim ¢ < dim(S/mS) = dimS —dim R ,

which prove the second assertion of the theorem. 0

The concepts introduced in this section acquire a particularly transparent interpretation
in the case of flat homomorphisms: This is the contents of the following result, which also
establishes that dimension and Cohen-Macaulay defect are additive on flat extensions.
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(2.8) Proposition. If ¢ is a flat local homomorphism, then there are equalities:

dimyp = dim(S/mS) =dimS —-dimR ;
depth ¢ = depth(S/mS) = depth S — depth R ;
cmd ¢ = cmd(S/mS) =cmdS —cmdR .

Proof. 1t is a classical fact that for a flat local homomorphism there is an equality dim S =
dim R + dim(S/mS), cf. e.g. [13, (15.1.ii)]. Thus, the equalities for dimensions result from
the preceding proposition.

Comparing the definition of depth ¢ in (2.2) with the well known equality depth S =
depth R + depth(S/mS), cf. e.g. [13, (23.3.Corollary)], one gets depth ¢ = depth(S/mS),
and this yields the assertion on depths.

The equalities of Cohen—Macaulay defects are now clear. O

The smooth behavior of the invariants of ¢ under completions is an easy consequence
of the definitions.

(2.9) Lemma. The dimension, depth, and Cohen-Macaulay defect of a local homomor-
phism ¢ coincide with the corresponding invariants of its semi-completion, ¢, and of its
completion, . O

Finally, we note that the dimension — and hence the Cohen-Macaulay defect — of a
factorizable local homomorphism can be computed from any one of its factorizations.

(2.10) Proposition. If o : R 5T % S is a reqular factorization of o, then

dimy = dimT — dim R — ht(Kero) .

Proof. As remarked in (1.9), ¢ = &+ is a Cohen factorization with Kers = (Kero)R.

The expression for the dimension of ¢ now follows from the equalities dim7 = dim T and
ht(Ker o) = ht((Kero)T). O

3. FINITE FLAT DIMENSION

Blurring somewhat the focus on homomorphisms, we begin this section by establishing
an obstruction for finitely generated S—modules to have finite flat dimension over R. Recall
that the flat (respectively, projective) dimension of an R—module M is the infimum fdg M
(respectively, pdp M) of the lengths of the resolutions of M by flat (respectively, projective)
R-modules. The Cohen—Macaulay defect of a finitely generated S—module N is defined by
cmdg N = dimg NV — depthg N; thus, cmdg S = cmd S.

When R is an algebra over a field, the next result is proved in [5, (2.1)] by using big
Cohen—Macaulay modules [12]. The argument given below essentially repeats the one used
for the particular case N = S'in [3, (5.4)], and relies on (corollaries of) the New Intersection
Theorem [15]; the new input is given by (1.1), which shows that any local homomorphism
is “standard” in the sense of [3].
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(3.1) Theorem. If N is a finitely generated S—module, such that fdg N is finite, then
cmd R < cmdg N .

To get started on the proof we need to know how the crucial assumption of finite flat
dimension is affected by passage to a Cohen factorization. This is the contents of the next
result.

(3.2) Lemma. Let ¢ = ©'¢ be a Cohen factorization as in (1.1), let N be an S—module,
and set N = N ®s S. If N is finitely generated, then

fdg N =fdg N = fdz N < pdp N = fdp N < dim R’ —dim R + fdg N .

Proof. The two equalities on the left follow from the faithful flatness of S over S , the
natural isomorphisms

Tor?(R/m, N) ®s S Tor?(R/m, ) Tor? (R/m )
and the extension of the classical “local criterion for flatness” by the formula
fdp N = sup{i | Tor®(R/m, N) # 0} ,

which may be found in [1, (2.57)].

The first inequality is immedlate from the fact that R’ is R—flat.

The equality pdg, N=1d r' N is due to the finite generation of N over R

The second inequality results from [5, (2.7)], applied to the regular factorization ¢ =
¢ O
Proof of (3.1). Let ¢ = ¢'¢ be a Cohen factorization. It is well known that cmdg N =
cmdgﬁ = cmdp N. As ¢ is flat with Cohen-Macaulay fiber, we also have cmd R’ =
cmd R. Furthermore, by the preceding lemma the projective dimension of N over R/
is finite. There is then an inequality dim R’ < dimpg: N + pd g N: as shown in [14,
pp. 69 and 74] this is a consequence of the New Intersection Theorem, proved in [15].
Rewriting the last inequality by means of the Auslander-Buchsbaum Equality, pd g N =
depth R’ — depthyp, N , we obtain the desired expression. O

3.3) Flat Dimension of a Homomorphism. We set fd ¢ = fdr S, and call this number the
(3.3) @
flat dimension of ¢. The (in-)equalities of (3.2) yield

fdp=fdp=fdg <fdy¢' <dimR —dimR+fd¢p .

It follows, in particular, that fd ¢’ is finite if and only if fd ¢ is finite. When this is the
case, new relations hold between the invariants of ¢ introduced in the preceding section.
First we complete the inequalities of (2.4).
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(3.4) Theorem. If ¢ : R — S is a local homomorphism of finite flat dimension, then the
following inequalities hold:

dim R + depth o < dim S ;
cmd R <cmdS .

Proof. The second inequality is a restatement of (3.1) when N = S, and is equivalent to
the first one by the definition of depth ¢ in (2.2). O

Next we complement the expression for the dimension of ¢ obtained in (2.10). For an
arbitrary ideal a in a local ring T', the difference pd;(T'/a) — grade,(T'/a) is non-negative
by a classical result of Rees, cf. [13, p. 132]. We call it the imperfection of a, and denote
it by imp a.

(3.5) Proposition. If R 5T % S is a regular factorization of p, and fd ¢ is finite, then
fd o is finite, and
dimy =dim7T — dim R — grade; S ;
depthp =dimT —dim R — pd, S ;
cmd ¢ = imp(Kero) .

In particular, if ¢ is surjective, then dimp = —graderp S, depthyp = —pdrp S, and
cmd ¢ = imp(Ker ).

Proof. The finiteness of fd o is seen from (1.9) and (3.3).

The expression for dim ¢ then follows by substituting in (2.10) the equality ht(Ker o) =
grader S, cf. [4]. The expression for depth ¢ is a consequence of its definition in (2.2) and

the Auslander—Buchsbaum Equality.
In the surjective case, consider the regular factorization ¢ = ¢ oidg. i

As ecmdp = cmd @ by (2.9), the proposition applied to a regular factorization of ¢
yields:

(3.6) Corollary. Iffdy < oo, and ¢ = ¢'¢ is a Cohen factorization, then
cmd ¢ = imp (Ker ¢') .
It follows in particular that imp (Ker ¢') does not depend on the choice of the factoriza-
tion, and that cid ¢ is non-negative. U

Another application of the proposition is to localization of Cohen—Macaulay defects.
Let q be a prime ideal in the local ring S. We want to compare the Cohen-Macaulay
defect of ¢ with that of the induced local homomorphism

where g N R denotes the inverse image of q in R; we call ¢4 the localization of ¢ at q.

Unlike the case of rings, where there always is an inequality cmd S; < cmd S, the cor-
responding inequality cmd ¢4 < cmd ¢ may fail even for flat homomorphisms. A detailed
investigation of the localization problem for Cohen-Macaulay defects of homomorphisms
of finite flat dimension is carried out in [4]. Here we treat an important special case.
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(3.7) Proposition. Let ¢ : R — S be a local homomorphism, and let q be a prime ideal
of S. If ¢ is essentially of finite type and of finite flat dimension, then ¢, has the same
properties, and there is an inequality:

cmd pg < cmd e .

Proof. 1t is clear from the definitions that ¢, is essentially of finite type, and it is a standard
consequence of the flatness of localizations that its flat dimension is finite.

Consider a factorization ¢ = o7 as in (1.0.1) and set p’ = qNT, p = p' N R. The
decomposition ¢ = 047y then yields a regular factorization of 4. By (3.5) the proposition
would follow from an inequality imp(Kero,) < imp(Kero). As o is surjective, we have
Kero, = (Kero),. The inequality imp(Kero), < imp(Kero) is clear, since pdr, Sy <
pdr S, and gradeTp, Sq > grader S. g

We now single out those local homomorphisms which provide a relative version of the
local Cohen—Macaulay rings.

(3.8) Cohen—Macaulay Local Homomorphisms. Recall that an ideal a of a local ring T is
called perfect if pd(T/a) = grade,(T/a) (that is, if imp a = 0).

(3.8.1) Proposition. The following conditions on a local homomorphism, ¢ : (R,m) —
(S,n), are equivalent:
(1) fd ¢ is finite and cmd ¢ = 0.
(i1) @ has a Cohen factorization ¢ = @' with Ker ¢’ a perfect ideal.
(731) In each Cohen factorization ¢ = ¢'¢ the ideal Ker ¢’ is perfect.

Proof. Tt is clear that (¢) implies (¢i7) by (3.6) and that (¢3¢) implies (¢) by (1.1). To see
that (i7) implies (7), note first that if Ker ¢’ is perfect, then fd ¢’ = pdp, S is finite; thus,
(3.6) applies, and shows that cmd ¢ = imp(Ker ¢’) = 0. O

A local homomorphism ¢ which satisfies the conditions of the proposition is said to be
Cohen—Macaulay at n. We note some familiar forms of the new concept.

(3.8.2) Remark. The local structure homomorphism ng of a local ring (S,n) is Cohen—
Macaulay at n if and only if the ring S is Cohen—Macaulay: this follows from (2.6.2).
Thus, the notion of Cohen—Macaulay homomorphism contains that of Cohen—Macaulay
ring as “the absolute case”.

(3.8.3) Remark. A flat local homomorphism ¢ : (R, m) — (5,n) is Cohen—Macaulay at n
if and only if the closed fiber S/mS is a Cohen—Macaulay ring, cf. (2.8).

(3.8.4) Remark. If ¢ = o7 is a regular factorization, then ¢ is Cohen—-Macaulay at n if and
only if the ideal Ker o is perfect: this is a consequence of (3.5). In particular, a surjective
homomorphism is Cohen—Macaulay precisely when its kernel is a perfect ideal.

(3.8.5) Remark. If ¢ is essentialy of finite type and Cohen-Macaulay at n, then for any
prime ideal q of S the induced homomorphism ¢4 is Cohen-Macaulay at q.5: this follows
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from (3.7). However, the situation is much more comphcated in general: For instance the
completion map R — R is obviously Cohen—Macaulay at mR by (3.8.3), but its localiza-
tions do not always inherit this property, cf. [4] for details.

The next statement is a parallel to (2.5), with the Cohen—Macaulay hypothesis switched
from the base ring to the homomorphism; the similarity of the conclusions obtained is quite
remarkable.

(3.9) Proposition. If a local homomorphism ¢ : (R,m) — (S,n) is Cohen—Macaulay at
n, then there are equalities:

dim S =dim R + dim ¢ ;
cmdS =cmdR .

Proof. 1t suffices to combine the corresponding inequalities of (2.4) and (3.4). O

Now we can complete the solution of the problem of descending and ascending Cohen—
Macaulayness of local rings by homomorphisms of finite flat dimension, cf. [5, Section 2].
The result is a perfect generalization of the well known fact that a flat extension S of R
is Cohen-Macaulay if and only if both R and S/mS are, cf. e.g. [13, (23.3.Corollary)];
indeed, by (3.8.3) the Cohen-Macaulay properties of ¢ and of S/mS are equivalent when
@ is flat.

(3.10) Theorem. If ¢ : (R,m) — (S,n) is a local homomorphism, then the following are
equivalent:

(1) R is Cohen—-Macaulay and ¢ is Cohen—Macaulay at n.
(i) S is Cohen—Macaulay and ¢ has finite flat dimension.

Proof. If R and ¢ are Cohen—-Macaulay, then so is S by the second equality in the preceding
proposition, and fd ¢ is finite by definition.

Conversely, let cmd S = 0; then cmd ¢ = 0 by (2.4); as fdp < oo is also assumed in
(i), it follows that ¢ is Cohen-Macaulay at n, and the equality cmd R = 0 results from
another application of (3.9). O

A particular type of Cohen—-Macaulay homomorphisms has been identified earlier, in an
entirely different context.

(3.11) Gorenstein Local Homomorphisms. A local homomorphism ¢ : (R,m) — (S,n) is
called Gorenstein at n, if fd ¢ is finite and there is an integer d such that an equality of
Bass numbers pb, = ,u“d holds for ¢ € Z (in [2] and [3] such a ¢ is called a Gorenstein
local homomorphism). These homomorphisms are shown in [loc. cit.] to provide a relative
version of the class of Gorenstein local rings. In order to characterize them in terms of
Cohen factorization, we recall that an ideal in a local ring is called Gorenstein if it is
perfect, and the last non-zero module in its minimal free resolution is cyclic.
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Proposition. The following conditions on a local homomorphism, ¢ : (R,m) — (S,n),
are equivalent:

(i) ¢ is Gorenstein at n.
(ii) @ has a Cohen factorization ¢ = @' with Ker ¢’ a Gorenstein ideal.
(731) In each Cohen factorization ¢ = ¢'¢ the ideal Ker ¢’ is Gorenstein.

Proof. (i) = (ii1). If ¢ is Gorenstein, then fd ¢ < oo by definition, hence fd ¢’ is finite
by (3.3). On the other hand, fdp = 0 by assumption. Thus, ¢’ is Gorenstein by the
decomposition property for Gorenstein local homomorphisms, cf. [3, (4.6.b)], and we
conclude that the ideal Ker ¢’ is Gorenstein by applying [idem, (4.3)].

(#i1) = (47) : Follows from (1.1).

(#¢) = (7). The local homomorphism ¢ is flat with Gorenstein closed fiber, hence is
Gorenstein by [3, (4.2)]. The homomorphism ¢’ is surjective with kernel a Gorenstein
ideal, hence is Gorenstein by [idem, (4.3)]. By the composition property of Gorenstein
local homomorphisms, cf. [idem, (4.6.a)], we conclude that ¢ = ¢'¢ is Gorenstein, and
clearly this implies that ¢ has the same property. Il

The first assertion of the next result now follows by simple comparison of the statements
of (3.11) and (3.8.1); the second assertion then comes from (3.9), and generalizes [3, (5.5)].

(3.12) Corollary. A local homomorphism ¢ : (R,m) — (S,n) which is Gorenstein at n is
also Cohen—Macaulay at n.
In particular, for such a ¢ there is an equality cmd R = cmd S. O



20 L. L. AVRAMOV, H-B. FOXBY, AND B. HERZOG

REFERENCES

1. M. André, Homologie des algébres commutatives, Grundlehren Math. Wiss., vol. 206, Springer-Verlag,
Berlin, 1974.

2. L. L. Avramov and H.-B. Foxby, Gorenstein local homomorphisms, Bull. Amer. Math. Soc. (N. S.)
23 (1990), 145-150.

, Locally Gorenstein homomorphisms, Amer. J. Math. 114 (1992), 1007-1047.

, Cohen—Macaulay properties of local homomorphisms, Adv. Math. 133 (1998), 54-95.

5. L. L. Avramov, H.-B. Foxby, and S. Halperin, Descent and ascent of local properties along homomor-
phisms of finite flat dimension, J. Pure Appl. Algebra 38 (1986), 167-185.

6. L. L. Avramov, H.-B. Foxby, and J. Lescot, Bass series of local ring homomorphisms of finite flat
dimension, Trans. Amer. Math. Soc. 335 (1993), 497-523.

7. I. S. Cohen, On the structure and ideal theory of complete local Tings, Trans. Amer. Math. Soc. 59
(1946), 54-106.

8. L. Franco and A. G. Rodicio, On the vanishing of the second André—Quillen homology of a local
homomorphism, J. Algebra 155 (1993), 137-141.

9. A. Grothendieck, Eléments de géométrie algébrique. Chapitre IV, Premiere Partie, Publ. Math. IHES
20 (1964).

, Eléments de géométrie algébrique. Chapitre IV, Quatrieme Partie, Publ. Math. IHES 32

o

b

10.
(1967).

11. B. Herzog, Local singularities such that all deformations are tangentially flat, Trans. Amer. Math.
Soc. 324 (1991), 555-601.

12. M. Hochster, Topics in the homological theory of modules over commutative rings, CBMS Regional
Conf. Ser. in Math., vol. 24, Amer. Math. Soc., Providence, RI, 1975.

13. H. Matsumura, Commutative ring theory, Cambridge Univ. Press, Cambridge, 1986.

14. P. Roberts, Homological invariants of modules over commutative rings, Sém. Math. Sup., vol. 72,
Presses Univ. Montréal, Montréal, 1980.

15. P. Roberts, Le théoréme d’intersection, C. R. Acad. Sci. Paris Sér. I 304 (1987), 177-180.

DEPARTMENT OF MATHEMATICS, PURDUE UNIVERSITY, WEST LAFAYETTE, INDIANA 47907, U.S.A.
E-mail address: avramov@math.purdue.edu

INSTITUTE OF MATHEMATICS, UNIVERSITY OF COPENHAGEN, UNIVERSITETSPARKEN 5, DK—-2100
K@BENHAVN (), DENMARK
E-mail address: foxby@math.ku.dk

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF STOCKHOLM, Box 6701, S—11385 STOCKHOLM,
SWEDEN
E-mail address: herzog@matematik.su.se



