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INTRODUCTION

We study finite modules M over a noetherian (on both sides) ring R.

Auslander and Bridger [2] singled out the class of R-modules of finite Goren-
stein dimension (or G-dimension) as a common generalization of modules of finite
projective dimension over arbitrary rings, and arbitrary modules over commutative
Gorenstein rings. Projective modules always have G-dimension 0. Over a Goren-
stein ring the modules of G-dimension 0 are precisely the maximal Cohen-Macaulay
modules; their central position in the category of finite R-modules is emphasized
by the maximal Cohen-Macaulay approximations of Auslander and Buchweitz [3].

Classically, G-dimension is studied by means of functors Extg(M, ). Our ap-
proach is based on the interaction of this absolute cohomology theory with two other
theories that are naturally defined on the category of modules of finite G-dimension.

The relative cohomology functors Extg (M, ) treat modules of G-dimension zero
as projectives. Their vanishing defines a numerical invariant, the relative dimen-
sion rel dimg M, which refines the classical projective dimension: reldimg M <
projdimp M, with equality when the projective dimension is finite.

At the other extreme, the Tate cohomology functors E;Etﬁ(M , ) capture only
those properties of M that are shared by all its syzygy modules. This theory is
rigid, in the sense that vanishing of any one of these functors implies the vanishing
of all of them; vanishing characterizes modules of finite projective dimension.

Relative and Tate functors come equipped with natural transformations,

eg: Extg — Exth and el Ext?, — Ext], .

Our main result shows that, in all degrees, they provide remarkably tight connec-
tions between the three theories: There exists an exact sequence of functors

El en n —~ 5n
0 — Exty —5 Exth — --- — Ext} —% Ext} —% Ext}, —% Ext2™ — ...

This is new even for maximal Cohen-Macaulay modules over Gorenstein local rings.

In Section 1 we summarize some basic facts about complexes of modules, used
throughout the paper, and introduce an intrinsic notion of minimality for com-
plexes. Sections 2 and 3 provide a concise treatment of the classical aspects of
finite G-dimension developed in [2]. Unlike the module-theoretic point of view of
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the original and of the recent systematic expositions of Christensen [13] and Magek
[29], our approach is based on explicit constructions of complexes.

The next two sections contain elementary, self-contained constructions of the
relative and Tate theories. We emphasize the parallelism of their properties and
provide essentially parallel arguments, some of which may be new.

The relative cohomology in Section 4 is ‘relative homological algebra’ in the sense
of Eilenberg and Moore [16], and MacLane [25], with respect to the class of modules
of G-dimension 0. These sources are mostly concerned with existential aspects of
the theory, while we focus on hands-on constructions of proper resolutions. As an
application we recover properties of modules of finite G-dimension, due to Aus-
lander and Bridger [6]. Also, we establish the equality of relative and Gorenstein
dimensions, proved over commutative Gorenstein rings by Enochs and Jenda [19].

Tate cohomology, introduced through complete resolutions, has been the sub-
ject of several recent expositions, in particular by Buchweitz [11] and Cornick and
Kropholler [14]. However, we could not find in the literature an adequate treatment
of two essential points: functoriality in the contravariant argument and naturality
of comparison maps. To tackle them, in Section 5 we incorporate into the notion
of complete resolution a comparison morphism to a projective resolution. Such a
device might prove useful in other contexts as well.

For the special class of G-perfect modules, defined in [2], relative and Tate co-
homology groups have functorial comparisons with appropriate absolute homology
groups: this is the topic of Section 6. In Section 7 we derive the exact sequence
above, involving the comparison morphisms. In both sections the arguments heavily
rely on explicit constructions developed earlier in the paper.

In Section 8 we produce and characterize minimal resolutions over commutative
local rings. We prove that in all theories ‘minimal’ constructions yield minimal
resolutions, and that our general concept of minimality specializes to a variety of
notions, introduced earlier in the Gorenstein case in more or less ad hoc ways.

In the final two sections we test the techniques developed in the paper. For finite
modules over a commutative local ring we consider relative and Tate versions, both
of Betti numbers and of Bass numbers. Exploring the relation of these invariants
with their absolute prototypes and with Auslander’s ‘delta invariants’, we uncover
patterns that may be rather surprising from an absolutist perspective.

1. COMPLEXES. MINIMALITY

Let R be an associative ring and M = M(R) the category of left R-modules.
Right R-modules are treated as left modules over the opposite ring, R°. For
any left or right module M, the dual Hompg (M, R) is equipped with the canonical
action on the other side, and ( )* denotes either of the dualization functors
Hompg( ,R): M(R)°®®* — M(R°) or Hompgo( ,R): M(R°)® — M(R).
Complexes have differentials of degree —1, and are often displayed as sequences
a2, oB

n

B= ---— B, — B, — B4 — ---

The dual complex of B is the complex of R°-modules with (B_,)* in degree n:

(02,)* (08, 11)"

B*"= ... — (B_, 1) ———— (B_,)* (B 1) — -

We identify a module M and the complex with M in degree zero and 0 elsewhere.
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Let i be an integer. The ith syzygy module of B is Q!B = Coker 6ﬁ1. The ith
shift of B is the complex %?B with nth component equal to B,_; and 8> B =
(—1)'02_,. We write B.; or Bg¢;_1 for the subcomplex of B with nth component
equal to By, for n < i and to 0 for n >4, and set By; = Bs;_; = B/B;.

A homomorphism [: B — C of degree i is a sequence of R-linear maps
Brn: Bn — Chyi for n € Z. All homomorphisms of degree ¢ form an abelian group,
denoted Hompg(B, C);, that we identify with [[,, ., Homg (B, Cny:). It appears as
the ith component of a complex Hompg (B, C) of abelian groups, with differential

O(Bn) = (054i Bn — (-1)'Bn—107) for B = (8,) € Homp(B,C);.
For any i € Z, the cycles in Homg(B, C); are the chain maps B — C of degree 1.
Chain maps ,3': B — C are in the same homology class, denoted g ~ ', if and
only if they are homotopic. As usual, we set H' Homg(B,C) = H_; Homg(B,C).

A morphism of complexes is a chain map of degree 0. A quasiisomorphism is a
morphism : B — C with H,(8): H,(B) — H,(C) bijective for all n; if such a 3
is surjective, then each cycle of C is the image of some cycle of B. Since homology
classes in Ho Hompg (B, C) represent homotopy classes of morphisms, the Lifting
Lemma and Extension Lemma below are obtained by unraveling definitions.

1.1. Let 8: B — C be a morphism of complexes.

(1) Let P be a complex such that Homg(P,3): Homg(P,B) — Hompg(P,C)
is a quasiisomorphism. For each morphism y: P — C there is a morphism
a: P - B with v ~ Ba (even v = Ba if Homg(P, ) is surjective). If
v': P — C and o': P — B satisfy v/ ~ v and v/ ~ f &/, then o' ~ a.

(2) Let I be a complex such that Homg(8,I): Homg(C,I) - Hompg(B,I) is
a quasiisomorphism. For each morphism «: B — I there exists a morphism
v: P — B with v ~ a (even v f = o if Hompg(g, I) is surjective). If o/: B —
I and v': C — I satisfy o/ ~ a and v/ 8 ~ o/, then ' ~ .

This is often applied by means of a standard Comparison Lemma. A complex A

is bounded below (respectively, above) if A; = 0 for all § < 0 (respectively, ¢ > 0).

1.2. Let 8: B — C be a quasiisomorphism of complexes of R-modules.

(1) If P is a bounded below complex of projective R-modules, then Hompg (P, 3)
is a quasiisomorphism; it is surjective when g is surjective.

(2) If I is a bounded above complex of injective R-modules, then Hompg(8, I) is a
quasiisomorphism; it is surjective when § is injective.

The fact that the induced maps are quasiisomorphisms can be proved along the
lines of Lemma 4.3, using a simple Mittag-Leffler Criterion for acyclicity:

1.3. Let w(i_) : AD 5 AGD pe surjective morphisms of complexes, for ¢ > 1.
If H, (A”) = 0 for all i > 0 and all n € Z, then H, (lim A®) =0 for all n € Z.

Indeed, the definition of inverse limit yields a sequence of morphisms
0 — lim AD — [T A & [T 4@
i>0 i>0
where  A(a?) = (a® — 7(+D (a(HD))
The surjectivity of each 7 implies that X is surjective. Since H"(]_[i20 A(i)) =
[Tiso Hn (A™) =0, the homology exact sequence yields Hn(anA(i)) =0.
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A resolution (of length < ¢) of a module M is a quasiisomorphism v: G — M
with G, = for alln < 0 (and G, = 0 for n > q); it has an associated exact sequence

Gt= G G — - — G B G LM —0.

The next classical result [12, V §2] is sometimes called the Horseshoe Lemma.

]

1.4. Let 0 » M & M’ &5 M" — 0 be an exact sequence of R-modules.
Given projective resolutions m: P — M and 7'": P" — M", there exists a
commutative diagram with exact rows

1

0 M —Es a2 e 0
Tﬂ— Tﬂ_l Tﬂ_li
0 P H Pl H PII 0

Given a commutative diagram of the form above with bounded below complexes
of projective modules P’, P', and P", a commutative diagram

1

0 M= L 0
b, b
0 G H GI H GII 0

with bottom row split exact in each degree and a quasiisomorphism v, a morphism
¢: P — G with v¢ = 7, and a morphism ¢": P" — G" with 4"¢" = 7", there
exists a morphism ¢' with v'¢' = 7' making the following diagram commute

~ ~1

0 G H GI H GII 0
Td) - T¢l B T‘ﬁ”
0 P H PI H PII 0

If v:C — B and f: B — C are morphisms with fv ~ id¢g, then v is a
right homotopy inverse of 8, and f is a left homotopy inverse of v. A homotopy
equivalence is a morphism « having a left homotopy inverse 3, which itself has a left
homotopy inverse +'; in this case vy = idpyB8 ~¥'B8vB ~+'idg S =+'8 ~ idp
so that v and § are homotopy inverse morphisms. The same conclusion holds if v
has a right homotopy inverse 3’ which itself has a right homotopy inverse ~".

Well known sources of homotopy equivalences come from 1.2 and 1.1:

1.5. A quasiisomorphism 8: B — C' is a homotopy equivalence if
(1) B, and C, are projective for all n, and vanish for all n < 0; or
(2) B, and C,, are injective for all n, and vanish for all n > 0.

A complex A contractible if ida ~ 04. A subcomplex A of a complex B is
irrelevant if A is contractible and A, is a direct summand of B,, for each n € Z.

1.6. Lemma. If A is an irrelevant subcomplex of a complex B and C = B/A,
then the canonical morphism B: B — C' is a homotopy equivalence.

Proof. The exact sequence 0 > A — B NV RN 0 induces exact sequences

0 —s Homg(C, A) —s Homg(C, B) 222 CA), gomp(C,C) —s 0

Hompg(8,B)

0 — Hompg(C, B) Hompg(B,B) — Hompg(A,B) — 0
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As Hompg(C, A) and Hompg(A, B) are contractible along with A, their homology
is trivial, so the maps induced by [ are quasiisomorphisms. From 1.1 we get
morphisms v,v': C — B with 8y = id¢ and v'8 = idp. O

We introduce a concept of minimality, applicable to any complex: A complex B
is minimal if each homotopy equivalence §: B — B is an isomorphism.

1.7. Proposition. Let B be a complex of R-modules.

(1) The following conditions are equivalent.
(i) The complex B is minimal.
(ii) Fach morphism 3: B — B homotopic to idp is an isomorphism.
(iii) If B: B — C and~y: C — B are homotopy inverses, then 3 is injective,
v 14s surjective, Ker~y is contractible, and C = Im 3 & Ker~y.
(2) Every homotopy equivalence between minimal complezxes is an isomorphism.
(3) If B is minimal and A is an irrelevant subcomplex, then A = 0.

Proof. (1) i) = (ii). If 8 ~idp, then 8% ~ B ~ idp, so 3 is its own homotopy
inverse. In particular, 8 is a homotopy equivalence, and so an isomorphism.

(i) = (iii). The morphism a@ = v§: B — B is homotopic to idg, and so
is an isomorphism. Thus, 7' = a~!y: C — B is a homotopy equivalence with
~4'8 =idp, hence C =Im 3 & K for K = Kery' = Ker+. In the exact sequence

Hompg (K ,y")
— 4

0 — Homp (K, K) — Homgp(K,C) Homp(K,B) — 0

the map Hompg(K,~') is a homotopy equivalence, and so a quasiisomorphism. It
follows that HHompg (K, K) = 0, so the cycle id is a boundary, that is, idg ~ Ok

(iil) = (i) is clear.

(2) follows immediately from property (1.iii) of minimal complexes.

(3) If B is minimal and A is an irrelevant subcomplex, then f: B —+ B/A is a
homotopy equivalence by Lemma 1.6, so A = Ker § = 0 by property (1.iii). O

1.8. Example. Let B be a complex with B, injective for all n, B, = 0 for n > 0,
and H,(B) = 0 for n # 0. Using Proposition 1.7.1 and well known properties of
injective envelopes, one sees that B is minimal if and only if B, is an injective
envelope of Ker(9,) for all n < 0. Thus, for ‘injective resolutions’ our concept of
minimality agrees with the classical notion.

2. TOTAL REFLEXIVITY

For the rest of the paper R denotes a left and right noetherian ring.
Let G be a finite R-module. Recall that G is said to be reflexive if the canonical
map (9 : G = G** is bijective. We say that G is totally reflexive® if, in addition

(+) Ext?(G,R) = 0 = Ext}.(G*,R) forall n>0.

Problem. Are the conditions defining total reflexivity independent?

! Auslander and Bridger [2] introduced these modules and called them modules of G-dimension
zero, in anticipation of their role in the construction of a homological dimension. The difficulty
of using that name is quite obvious (the reader should try substituting ‘modules of projective
dimension zero’ for ‘projective modules’). Another name, systematically used by Enochs and
collaborators, cf. e.g. [19], is Gorenstein projective modules, referring to their role in a relative co-
homology theory. We have opted for a name reflecting their intrinsic module-theoretic properties.



6 L. L. AVRAMOV AND A. MARTSINKOVSKY

2.1. Examples. Let R be a commutative ring and G a finite R-module.

(1) If R is local Gorenstein, then the following are equivalent: (i) G is totally
reflexive; (ii) G is mazimal Cohen-Macaulay; (iii) Ext (G, R) = 0 for all n > 0: cf.
30, (4.15)] for (iii) => (ii) and [10, (3.3.10.d)] for (i) = (i).

(2) If R = @72, Ri is graded with Ry a field, G is graded, and (x) holds, then the
following are equivalent: (i) G is reflexive; (ii) ¢¢ is injective; (iii) (¢ is surjective.

Indeed, by the Hilbert-Serre Theorem, the Laurent series Y-, , rankp, (G;)t¢ is
the Laurent expansion around ¢ = 0 of a rational function Hg(t). If N is a graded
R-module such that Extk (G, N) =0 for n > 0, then [7, Theorem 1] yields

Hg(t™')-H
> (1) Hgey (.3 () = W

n

Applying the formula to the pairs of modules (G, R) and (G*, R), we get

Hg(t™') - Hr(t) Hg-(t7') - Hr(t)
Hg(t) = ———F——= d Hees (1) =
G ( ) HR(t_l) an G ( ) HR(t_l)
hence Hg-:(t) = Hg(t). Thus, ranky G,, = rank;, G5* for each n € Z. Since (¢ is
a degree 0 homomorphisms of graded vector spaces, our assertion follows.

We recall from [2] some basic properties of totally reflexive modules. Proofs
are included for three reasons: not all statements appear in [2] in the form or
generality needed here; some of the original arguments do not carry over to the
non-commutative case; we are able to offer some substantial shortcuts.

The following full subcategories of M(R) are of special interest in this paper:

F = F(R) whose objects are the finite R-modules.
G = G(R) whose objects are the totally reflexive R-modules.
P = P(R) whose objects are the finite projective R-modules.

The three lemmas that follow reproduce, and partly generalize, portions of [2,
(4.12), (4.9), (3.11), (4.11)], sometimes with considerably shorter proofs.

2.2. Lemma. If G is a totally reflexive R-module, then Extg(G,N) = 0 for all
n > 0 and all R-modules N of finite projective dimension.

Proof. As R is noetherian and M is finite, the functor Ext(M, ) commutes with
arbitrary direct sums, so Extj (M, Q) = 0 for all n > 0 when @ is projective. When
1 < projdimy N = p < 00, choose an exact sequence 0 - N’ — Q — N — 0 with
Q projective. By induction we have Ext%(M,Q) = 0 and Ext};™ (M, N') = 0 for
all n > 0, so the cohomology exact sequence yields Extg (M, N) = 0. O

2.3. Lemma. The category G is closed under extensions and kernels of epimor-
phisms, and G(R) contains P(R).

Proof. The last assertion is elementary. Let E =0 - E -+ F —- G — 0 be an
exact sequence with G € G; we assume that one of F or F' is in G, and show that
so is the other. The sequence E* = 0 —» G* — F* — E* — 0 is exact because
Extp(G,R) = 0. Thus, we obtain a commutative diagram with exact rows

0 E F G 0

[ e e
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By assumption (¢ and one of (¥, ¢¥ is bijective. The Snake Lemma shows all three
are bijective, so E** is exact. Since Ext%(G, R) = 0 for n > 0, the exact sequence
E yields Extg(F, R) = Exti(E, R) for each n > 0; one of these groups vanishes by
assumption, hence both do. As Ext%.(G*, R) = 0 for n > 0, the exact sequence E*
shows that Extg. (E*, R) — Ext. (F*, R) is bijective for n > 1 and surjective for
n = 1; it is injective also for n = 1 because E** is exact. By assumption, at least
one of Ext. (E*, R) or Extg. (F*, R) vanishes, hence both do. O

A complex T is totally acyclic if T,, € P and H,,(T) =0 =H,(T"*) for alln € Z.

2.4. Lemma. Let T be a complex with T,, € P and H,(T') =0 for alln € Z.

The following conditions are equivalent.

(i) Ho(T*) =0 for alln € Z.

(ii) QT is totally reflexive for eachn € Z.

(iii) Hy Hompg(T,N) =0 for alln € Z and each N € M with projdimp N < co.
Proof. (i) = (ii). Fix n € Z and set G = Q"T. As ¥~ "T5,, is a P-resolution of
G, we have Exth(G,R) = H_;_,(T*) = 0 for i > 0 and G* = Ker(dT,,)* =
Ker(9%,). As T* is exact, Ker(9T,) = Q= "H'T* and S"7'T%_, ., is a P-
resolution of G*. Since T** = T is exact, we get Exth(G*,R) = H;_,1(T**) =0
for i > 0 and G** = Ker(97T,,,,)* = Ker(9I" ) = Ker(0I_,) = G.

(ii) = (iii). For each n the complex ¥~ "*1T'5,, 4 is a P-resolution of Q" 1T,
so H_,, Hompg(T, N) = ExtL(Q" 1T, N); this module vanishes by Lemma 2.2.

(iif) = (i) is clear. O

If C is a full subcategory of M, then a resolution G — M is called a C-resolution
if G, belongs to C for all n € Z.

The next result is [6, (3.13)], with a new proof we learned from Idun Reiten.

2.5. Lemma. If M has a G-resolution G — M of length < g, then in each P-
resolution P — M the module Q" P is totally reflexive for all n > g.

Proof. Choose a comparison morphism P — G. Its mapping cone is exact, so for

each n > g we have an exact sequence of R-modules
0=-Q"P—=Pr1—=--=>P 5P, 180Gy = --- =P ®G - Go—0

Using Lemma 2.3, we get first P,_1 ®G; € Gfori=1,...,g, then Q"P € G. O

3. GORENSTEIN DIMENSION

In this section R is a noetherian (on both sides) ring.
For a finite R-module M we introduce several notions of resolution.

A G-resolution G — M is said to be strict if G, is projective for all n > 1.

A complete resolution of M is a diagram T' % P 5 M whererisa ‘P-resolution,
T is a totally acyclic complex, ¥ is a morphism, and 1,, is bijective for all n > 0.

A G-approzimation® of M is a resolution x: B — M of length < 1, where By is
totally reflexive and By has finite projective dimension.

Parts of the next theorem are known: (i) <= (iii) is in [2, (3.13.)]; (i) <
(iv) is in [6, (4.4.4)]; i) < (ii) is proved independently by Holm [23, (4.51)].

2Complying with tradition, we also call a G-approximation of M the associated exact sequence
Bt =0— By - By - M — 0. By Example 2.1, when R is a Gorenstein local ring this is a
mazimal Cohen-Macaulay approzimation in the sense of Auslander and Buchweitz [3].
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3.1. Theorem. Let M be a finite module over a noetherian ring R.
For each integer g > 0 the following conditions are equivalent.
(i) M has a G-resolution of length < g.
(il) M has a strict G-resolution of length < g.
(ili) M has a P-resolution P with QIP € G.
(iv) M has a complete resolution o: S — P with o, bijective for alln > g.
) M has a complete resolution 9: T — P with 9, bijective for alln > g and
surjective for alln € Z.
(vi) M has a G-approzimation x: B — M with projdimg B; < g.

Proofs of all the results in this section are collected at the end of the section.
In [2, (3.1)] Auslander and Bridger assign to each R-module M a number
G-dimg M, called the Gorenstein dimension, or G-dimension, of M. If M # 0
is finite, then the equivalence of conditions (a) and (c) in [2, (3.13)] shows that
. . there exists a G-resolution
G-dlmRM = lnf {g c N ‘ G N M Of length S g }

We take this equality as the definition of G-dimension for a finite module M, and
observe the following consequences: G-dimg M = —oo if and only if M = 0, and
G-dimg M =0 if and only if M # 0 and M is totally reflexive.

Recall that R is regular (of dimension at most d) if each finite module, left or
right, has finite projective dimension (at most d). We say that R is Gorenstein (of
dimension at most d) if each finite module, left or right, has finite G-dimension (at
most d). By Auslander and Bridger [2, (4.20)] (for d < o0) and Goto [22], in the
commutative case this definition yields the classical notion: for each maximal ideal
m the injective dimension injdimp Ry, is finite (at most d). The following result
might be ‘well known’; for completeness, we include a proof later in this section.

3.2. Theorem. For a ring R and an integer d > 0 the following are equivalent.

(i) R 1is Gorenstein of dimension at most d.
(ii) R is noetherian with injdimp R < d and injdimg, R < d.

Remark. Some authors call Twanaga-Gorenstein rings R satisfying condition (ii) for
some d; for them Zaks [33, p. 84] proves injdimp R = inj dimp. R.

3.3. Examples. Let R be a noetherian ring.

(1) If d = 0, then by Eilenberg and Nakayama [17, Theorem 18] condition (ii)
can be weakened to (ii’) R is self-injective on one side, or strengthened to (ii") is
quasi-Frobenius, that is, left and right artinian and left and right self-injective.

(2) Let k be a commutative ring, R a k-algebra with a k-linear involution z — T,
and let ( )V be the functor Homg( ,k): M(R)°® — M(R), where for M € M(R)
the ring R acts on MY by (za)(y) = a(Ty). If R is in P(k) and the R-module R
is isomorphic to R, then G-dimg M < projdim, M for each M € F(R).

Indeed, each K € F(R)NP(k) satisfies K¥ € F(R)NP(k)and KV = K. Thus,
if0 » J— L — KV — 0is an k-split exact sequence in F(R) with middle term in
P(R), then the dual sequence 0 - K — LY — JY — 0 has the same properties.

Each P(R)-resolution P — M is a P(k)-resolution. If projdim, M = p < oo,
then K = QPP is in F(R) N P(k), so as above we obtain a k-split exact sequence
0> QPP 5> T —» K' —» 0 in F(R), with T" € P(R) and K' € F(R) N P(k).
Iterating, we extend T'y, = Py, to a k-split exact complex T with QPT = QP P.
Finally, the isomorphisms T = Hompg(T', RV) = Homy (T, k) yield H(T™) = 0.
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We introduce notation for two more full subcategories of F:

G = G(R) whose objects are the finite R-modules with G-dimp M < cc.

P = P(R) whose objects are the finite R-modules with proj dimp M < 00.
We summarize basic properties of these categories, extending [2, (3.14), (3.16)].

3.4. Proposition. The category g(R) is closed under extensions, kernels of epi-
morphisms, cokernels of monomorphisms, and there are inclusions

G(R) D P(R) and P(R)NG(R) =P(R).
Problem. Describe the noetherian rings R for which G(R) = P(R).
The following examples show that no simple answer could be expected.

3.5. Examples. Let R be a noetherian ring.

(1) If R is Gorenstein, then R regular if and only if G(R) = P(R).

(2) If R is local, commutative, Golod, and not a hypersurface, then G(R) = P(R).

Indeed, by Lescot [24, (6.5)], cf. also [5, (5.3.3.5)], if P — M is a minimal free
resolution and projdimp M = oo, then rankg P,y; > rankg P, for all n > d =
depth R. Assuming G(R) # P(R), find M € G(R) \ P(R) by condition 3.L.iii, set
M' = Q~24=3(P*), and choose a minimal free resolution P' — M'. AsH_,(P*) =
Ext(M, R) = 0 for n > 0, we have (22*+3(P*))¢aat2 = Pyqy9, S0 rankg Py, =
rankg P}, < rankg Pj,, = rankg P, ,, contradicting Lescot’s Theorem.

(3) If R is commutative, a is a proper ideal, f is a non-zero-divisor contained in
a2, and S = R/(f), then G(S) # P(S) by [8, (3.2)].

Our treatment of G-dimension is based on the following constructions.
3.6. Construction. Let 7: P — M be a P-resolution.

Fix an integer g > 0, set G = Q9 P. and choose a P-resolution A\: L — G* over

R°. As X971 ((P«,)*) is a complex of finite projectives, trivial in negative degrees
and has Q!79(P*) as degree 0 homology, choose a lifting of the canonical map

QI (P*) = Coker((@f_l)*) - Im(((?gp)*) — Ker((@ﬁrl)*) =G

to a morphism k: X971 ((P<,)*) = L. Define a graded module S and homomor-
phisms 8°: 8§ — S and 0: S — P of degree —1 and 0, respectively, by

Pr Oy idp, forn>g;
S,=¢ P, 95 =< NCCwP 0,=¢ idp, forn=g;
Ly n (8L )" ki n1 forn<g,

where wf : P, =+ G is the canonical surjection.

Fact. (S,05) is a complex of finite projective R-modules,

0 forn>g+1;
H,(S) = Ker(¢%) forn=g;
" Coker(¢%) forn=g-1;
Exty '""(G*,R) forn<g-2;
- P
Extpe Y(G,R) forn<-—g—1,

o is morphism, and o, is bijective for all n > g.
IfGisin G, then S 5 P 5 M is a complete resolution with Q98 = G.
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Proof. Easy verifications show that (S,0°) is a complex and ¢ is a morphism,
bijective in degrees > g. We get an exact sequence 0 - L9 ' (L*) - § — P35, = 0
of complexes. The associated homology exact sequence breaks down to produce two
series of isomorphisms, H,(S) = H,(P) = 0 for n > g + 1 and Ext%.'~"(G*,R) =

~

H,(L*) 2 H,(S) for n < g — 2, and an exact sequence

G
0 — Hy(S) — G L6 — H, 1(S) —0.
A similar computation with the exact sequence 0 = (P3,4)* = S* — Z'79L - 0

yields the expressions for H,(S*). When G is totally reflexive these computations
imply H(S) =0 = H(S™); each S,, is in P, so ¢ is a complete resolution. O

3.7. Construction. Let 0: S — P be a morphism of complexes.
Fix a number g < oo, set T,, = (S @ P, ® 7 'P.,), for all n € Z, and for
x € Sp,y € Py, y' € Pyyq define maps 8T of degree —1, and 9, 3, a of degree 0:

aT:T T by 0F(z,yy)= 05,0 @), y-001));
9:T—>P by Iy(zy9,y) =0 +y;
B:T—S by  PBulz,y,y)=x;
a:S—-T by an(z) = (2,0,0).

Fact. (T,07) is a complex, ¥ is a morphism with o = Yo and ¥, surjective for
n < g, the maps a and [ are inverse homotopy equivalences with fa = idg.
IfS 5 P 5 M is a complete resolution with o, bijective for n > g, then

THPS Misa surjective complete resolution with ¥, bijective for n > g.

Proof. The properties of 8T, 4, and fa follow directly from the formulas. To get a
homomorphism &: T — T with a 8 = idg +90T¢ + €97, set &, (z,y,y') = (0,4',0).

When ¢ is a complete resolution each T}, is in P by definition. As « is a homotopy
equivalence, so is a*, hence H(T') 2 H(S) = 0 and H(T™) = H(S™) = 0. O

3.8. Construction. Let T % P ™ M be a surjective complete resolution, with
¥, bijective for n > g. Set Q = Ker}, let s denote the inclusion Q C T, and set

Qn-1 forn>1; o
Gn =0T forn=0; 8% = —Ons forn > 2;
0 for <—1 " @) forn=1;
or < —1;
T, forn>0; T
T = QT forn=—1; 8;‘5": 67} forn > 1;
0 for n < —2; wy forn=0,
¥n for n > 0; ¥, forn>0;
%I;L: idQOT forn:—l; ’191;2 Qo’ﬂ fOI‘TL:—l;
0 for < —2; 0 forn < -2,

where wS: Qo = 0°Q and wT: Ty — Q°T are the canonical maps.
Fact. (G,0%) and (Tb,OTb) are complezes, 3’ : S'G — T® and ¥*: T — P are
b b
morphisms, the sequence 0 - 271G = T % P 0 is exact, and v: G - M
0
with vo: Go = Q°T 29 Q0P = M is a strict G-resolution of length g.
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Proof. All but the last statement result from direct verifications. As H(T”) = 0,
from the exact sequence of complexes we see that H,(G) = 0 for n # 0 and
Ho(y): Ho(G) — M is bijective. By construction, G, = 0 for n < 0 or n > g.
The module Gy = Q°T is totally reflexive by Lemma 2.4. If n > 1, then G,, is the
kernel of 4,,_1, an epimorphism of finite projective modules, so G, is in P. O

Proof of Theorem 3.1. (i) = (iii) by Lemma 2.5.

(ili) = (iv) by Construction 3.6.

(iv) = (v) by Construction 3.7.

(v) = (ii) by Construction 3.8.

(i) = (vi). If G - M is a strict resolution of length < g, then the sequence
Bt =0- Q'G - Gy = M — 0 is a G-approximation with projdimy Q'G < g.

(vi) = (i). If a G-approximation B — M has projdimp B; = p < g, splice it
with a P-resolution of B; of length p to get a G-resolution of M of length < g. O

Proof of Proposition 3.4. Let 0 - M — M' — M" — 0 be an exact sequence of
modules. An exact sequence of complexes provided by the Horseshoe Lemma 1.4
yields for every n € Z an exact sequence of R-modules

0—Q"P - Q"P — Q"P" —0

To see that G is closed under extensions and kernels of epimorphisms we apply
Lemma 2.3 and check membership in G using Lemma 2.5 and condition 3.1.iii.

If M and M' are in G, choose P-resolutions P — M and P’ — M’ lift M — M'
to a morphism P — P’, and form its mapping cone P". The exact sequence

0—P —P' —-3%P—0
shows that P" is a P-resolution of M" and yield an exact sequence
0— Q"P' — Q"P" — Q"'P—0
for every n € Z. As above, we conclude that M" is in CG.

For M € P NG there is an exact sequence 0 > L - P -+ M — 0 with P e P
and L € P. By Lemma 2.2 the Ext in the induced exact sequence

0 — Hompg(M, L) — Hompg(M, P) — Hompg(M, M) — Extp(M, L)

vanishes, so M is a direct summand of P. Thus, M is projective, and so we have
PNG CP. The converse inclusion is clear from the inclusion G 2 P of Lemma 2.3,
which also shows that every P-resolution is a G-resolution, and hence G D P. O

Proof of Theorem 3.2. (i) = (ii). By assumption, for each left ideal a there is a
P-resolution P — R/a with QP € G. Thus, Ext4™ (R/a, R) = Exth(Q¢P,R) =
0, so injdimp R < d by Baer’s Criterion; inj dim . R < d follows by symmetry.

(ii) = (i). For M € F choose P-resolutions P — M and L — (Q2¢P)* and
form a complex S as in Construction 3.6. It satisfies H,(S*) =0 for n > —d and
H,(S*) = Extp" (Q¢P, R) = Ext," (M, R)
for n < —d — 1. Since injdimp R < d, the last module vanishes, so S* is exact and
H,(S) = H, Homg(S*, R) = Ext&t'(Q~""4"1(S*),R).

for all n € Z. The last module vanishes because injdimg, R < d, so S is exact as
well. By Lemma 2.4, we conclude that Q¢P = Q¢S is totally reflexive. O
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4. RELATIVE COHOMOLOGY

All relative notions below are introduced with respect to the class G of totally
reflexive modules, references to which are dropped when no ambiguity arises.

A sequence E of homomorphisms in M is proper exact if the induced sequence
Hompg(G, E) is exact for all G € G; since R is in G, proper exact sequences are exact.
A proper resolution G — M is a G-resolution whose associated exact sequence G
is proper. We let G = G(R) denote the full subcategory of the category F of finite
R-modules whose objects are the modules admitting some proper resolution.

There are handy sufficient conditions for properness of sequences and resolutions.

4.1. Lemma. (1) Each split exact sequence is proper.

(2) Each ezact sequence 0 - N — N' — N" — 0 with projdimp N < oo is proper.
(3) Each strict G-resolution G — M of finite length is proper.

(4) There is an inclusion of categories G(R) D G(R).

Remark. The inclusion in (4) may be strict: If R is a ring with G(R) = P(R), for
instance one of the rings from Example 3.5.2, then every exact sequence is proper
exact, hence G(R) = F(R) 2 P(R) = G(R). We thank the referee for this remark.

Proof. (1) is clear. (2) holds because in the induced exact sequence
0 — Hompg (G, N) — Hompg(G, N') — Hompg(G, N") — Extk(G, N)

the Ext vanishes by Lemma 2.2. (3) follows from (2) by induction on the length of
G. (4) results from (3) due to Theorem 3.1. O

Choosing for each M € G a proper resolution G' — M, we define for each n € Z
and each N € M a relative cohomology group

Extg(M,N) = H" Homg(G,N) .
Choosing a projective resolution 7: P — M and a morphism of complexes ¢: P —
G that lifts the identity map of M, we define a comparison homomorphism
eg(M,N): Extg(M,N) — Extz(M,N)

by setting eg(M, N) = H" Hompg(¢, N): H" Homg(G,N) — H" Homg (P, N).

4.2. Theorem. The assignment (M, N) — Extg (M, N) defines a functor

Extg : G(R)°® x M(R) — M(Z)
and the maps e%(M,N) yield a morphism of functors e%: Exty — Ext such that:
G g G R
1) Extg and e are independent of the choices of resolutions and lifting.
g g .
(2.a) For every M € G and each g > 0 the following conditions are equivalent.
(i) G-dimg M < g.
(ii) Extg(M, ) =0 for alln > g.
(iii) Ext{t'(M, )=0.
(iv) Each proper resolution F — M has Q"F € G for alln > g.
2.b) €%: Ext® — Hompg is an isomorphism and Ext?(M, ) =0 for n < 0.
g g g
3) If projdimp M < oo, then (M, N) is bijective for all n € Z.
R 4
4) If G-dimg M < oo and N is projective, then e (M, N) is bijective for alln € 7Z.
4

Remark. Corollary 7.2 contains a stronger form of (4) and converses to (3) and (4).
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4.3. Lemma. Given proper resolutions v: G — M and v': G' — M', and P-
resolutions m: P — M and 7': P' — M', there exist unique up to homotopy mor-
phisms of complexes ¢: P — G and ¢': P' - G' withm=~v¢ and ' =~' ¢'.

For each homomorphism of modules p: M — M' there exists a unique up to
homotopy morphism [, making the right hand square of the diagram

P2

L L

P—G —M

commutes; for each choice of i1 there exists a unique up to homotopy morphism T,
making the left hand square commute up to homotopy.
If p =idas, then @ and o are homotopy equivalences.

Proof. The sequence G'* is proper exact, hence H Hompg(G;, G'T) = 0 for all i € Z.
Note that G = hg G, and consider the exact sequences of complexes

0 — Ggi1 — G¢g; — /Gy — 0.
As G¢_1 =0, using the induced exact sequence of complexes of abelian groups
0 — Hompg (X'G;,G'") — Homp(Ggi, G'Y) — Hompg(Ggi—1,G'") — 0
and induction on i we get HHompg(Gg;, G't) = 0 for all i € Z. Thus, we have
HHomg(G,G'") = HHompg (li_n;Ggi,G"") =H (@HomR (Ggi, G"")) =0

with the last equality coming from the Mittag-Leffler Criterion 1.3.
The exact sequence 0 = X1 M’ — G't — G’ — 0 induces an exact sequence

0 — Homp(G,Y 'M') — Homp(G,G'T) — Homg(G,G') — 0
For each n, the connecting map in the homology exact sequence is an isomorphism
H, Homg(G,G') =2 H, ; Homg(G, S 1 M'").

Composing it with H,,_; Homg(G, X' M') = H,, Homg(G, M') we obtain the map
H, Homg(G,~'), so Homg(G,~') is a quasiisomorphism. The Lifting Lemma 1.1.1
yields a unique up to homotopy morphism g with vz = .

If ;o = idpy, then reversing the roles of M and M’ we get a morphism i: G' = G
inducing idas. Thus, i’ : G' — G’ induces idys, and hence is homotopic to idg:.
By symmetry, it it ~ idg, so p is a homotopy equivalence.

By 1.2.1 and 1.1.1 we get morphisms ¢, ¢ with 7 = v¢, ©' = 7' ¢', then a
morphism g’ with ¢’ ~ ' ¢, all unique up to homotopy. If u = idys all these
maps are quasiisomorphism, so 7z is a homotopy equivalence by loc. cit. O

Proof of Theorem 4.2. The first assertion of Lemma, 4.3, applied to the chosen res-
olutions of M, M', yields the naturality of Extg and €g.

(1) is due to the last assertion of the same lemma.

(2.a) is proved after Proposition 4.4.

(2.b) results from the left exactness of Homg( , N).

(3) Note that if M has a P-resolution P of finite length, then this is a proper
G-resolution by Lemma 4.1.3, so we can take G = P and ¢ = idp.

(4) is proved after Proposition 4.7. O

Exact sequences of relative Ext groups exist in certain cases.
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4.4. Proposition. For each R-module M € G and each proper exact sequence
VI

N=0-> N3N 5 N" 5 0 of R-modules there exist natural in M and N
homomorphisms 68(M ,IN'), such that the sequence below is exact

Extg (M,v) Extg(M,u')

e S Bxt2(M,N) Ext%(M, N")

0g(M,N)

Ext2 (M, N")

Extgt!' (M, N)

and the connecting maps 8" (M, N): Exth(M,N") — Ext5™ (M, N) satisfy
0" (M,N)oeg(M,N")=e}™ (M,N)odg(M,N) forall nez.

Proof. Let ¢: P — G be a morphism from a projective resolution of M to a proper
resolution of M, with Ho(¢) = idps. It induces a commutative diagram

0 —— Hompg(G,N) ——= Homg(G,N') —— Homg(G,N") —— 0
\LHomR(da,N) l/HomR((ﬁ,N') l/HomR(qS,N")
0 —— Hompg(P,N) —— Hompg(P,N') —— Hompg(P,N") ——=0

of complexes of abelian groups; the bottom (respectively, top) row is exact because
each P, is in P (respectively each G, isin G) and N is (respectively, proper) exact.
The homology exact sequence of the top row is the desired long exact sequence.
The commutativity of the diagram gives the formula for the connecting maps.
Naturality in IV is clear; naturality in M follows from Lemma 4.3. O

Proof of Theorem 4.2.2.b. (ii) = (iii) and (iv) == (i) are clear.

(i) = (ii). In view of Lemma 4.1.3 and Theorems 4.2.1 and 3.1 we can compute
Extg (M, ) from a proper resolution v: G — M of length < g.

(iii) = (iv). Let F — M be a proper resolution and set G = Q9F. Since
Y 9Fy, — G is a proper resolution, we have Exté(G, ) = Exté’Ll(M, ) = 0.
Proposition 4.4 applied to the proper exact sequence 0 = Q91 F — F, 4 5G-0
shows that Homg(G,w): Hompg(G, Fy4+1) = Homg(G, G) is surjective. Thus, G is
isomorphic to a direct summand of Fy;1, so G is in G by Lemma 2.3. |

A version of the Horseshoe Lemma, for proper resolutions reads as follows.

4.5. Lemma. Let M =0 — M £ M' X5 M" — 0 be a proper ezact sequence of
finite R-modules with M and M" in G.

Ifv:G — M and ¥": G" — M" are proper resolutions, while m: P — M and
7' P" — M" are P-resolutions, then there exists a commutative diagram

!

0 M —Lt L e 0
[ O £

0 G—t-g —Lt=g" 0
N N %

0 p—rtsp Lspr 0

of morphisms of compleres where the middle and bottom rows are split exact as
sequences of graded modules, ' is a proper resolution, m = v'¢' is a P-resolution,
and there are equalities v¢ = m and y"'¢" = n".
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Proof. As M is proper, the map Homg(Gj, M') — Hompg (G, M") is surjective,
so there exists a homomorphism v': Gj — M' with p'v/ = 4{. In the diagram

0 0 0
0 M—t sy — 5 s 0
Yo B "/6 . 'y(','
0 Go —2> Gy Gl —2 > g1 0
0 0G Ker el 0
0 0 0

where ) = [uyo V'], while fip and fi, are the canonical maps, the external columns
and the top row are proper exact by hypothesis, and the middle row is proper exact
by Lemma 4.1.1. Thus, for each G € G the induced diagram

0 0 0

0 —— Hompg(G, M) Hompg (G, M'") Hompg(G,M") ——=0
0 — Hompg(G,Go) — Hompg(G, G| & Gj) — Hompg(G,Gy) ——0

0 — Hompg (G, 2M'G) —— Hompg(G, Kerv)) — Hompg (G, G") —0

0 0 0

is commutative with exact external columns, top row, and middle row. Applying
the Snake Lemma to these rows, one sees that the middle column and bottom row
are exact. Thus, all rows and columns in the original diagram are proper exact.
Iterating the procedure we obtain the upper tier of the desired diagram of com-
plexes. The lower tier is produced by applying the Horseshoe Lemma 1.4. O
4.6. Proposition. For each proper ezact sequence M = 0 — M 2 M' £
M" = 0 of R-modules in G and each R-module N there are natural in M and N
homomorphisms 05 (M, N), such that the sequence below is exact

Ext} (1 ,N) Extg (u,N)

Ext?(M", N) Ext?(M', N) Ext?(M, N)

3% (M,N
) Extg™ (M",N) ——

and the connecting maps 8"(M,N): Ext}(M, N) — Extit (M", N) satisfy
O"(M,N)ocg(M,N) =eft"(M",N)o3g(M,N) forall neZ.
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Proof. The lower tier of the diagram in Lemma 4.5 yields a commutative diagram
0 — Homg(G",N) — Hompg(G',N) — Homg(G,N) —=0
| pomn(a.0) ——— | Hom (e
0 — Hompg(P",N) —— Hompg(P',N) — Hompg(P,N) —= 0
with exact rows. The homology exact sequence of the top row is the desired long
exact sequence. Commutativity of the diagram gives the formula for the connecting

maps. Naturality in NV is clear. To get naturality in M, take a morphism M — M
and apply Hompg( , N) to the commuting up to homotopy diagram

~ ~1

0 G H GI H GII 0
0 G H G/ G” 0
with rows provided by Construction 4.5 and columns by Lemma 4.3. O

Finite direct sums of proper resolutions are proper resolutions, and for each finite
R-module G the functor Hompg (G, ) commutes with arbitrary direct sums, hence

4.7. Proposition. For each finite set {M; € G|i € I} the module 1.,
G, and for any family {N; € M|j € J} there is a natural isomorphism

Extg(HMi,HNJ')% ]_[ ExtZ(M;, N;). O

iel jeJ (6,5)elxJ

M; is in

Proof of Theorem 4.2.4. By assumption, G-dimg M = g < oo and N is projective.
The map e (M, N): Extg(M,N) — Extk (M, N) is bijective for n < 0 by Theorem
4.2.2.b. By induction on g we show that it is bijective for all n. If g = 0 and n > 0,
then Extg(M,R) = 0 by Theorem 4.2.2a, and Exty (M, R) = 0 by definition. If
g > 0 Theorem 3.1 yields a G-resolution G — M of length g, so G-dimg Q'G < g.
Thus, each €3(Go, R) and e3(Q2'G, R) is bijective by the induction hypothesis. The
Five-Lemma, used on the commutative diagram given by Proposition 4.6 and the
exact sequence 0 = Q'G = Gy = M — 0, shows that eg(M, R) is bijective. O

For each finite module M # 0 a relative G-dimension is defined by

rel dimg M = inf {g €N ‘ there exists a proper g—resolution}

G — M of length < g

and set rel dimg 0 = —o0; thus, reldimg M = oo for M ¢ G.
The next result is proved by Enochs and Jenda [19, (5.2)] over commutative
Gorenstein local rings; an independent general proof is given by Holm [23, (4.51)].

4.8. Proposition. Every finite R-module M satisfies G-dimg M = reldimg M.

Proof. Any proper resolution is a G-resolution, so G-dimg M < reldimg M.
Equality holds trivially when M = 0 or G-dimg M = oo, so we assume that
G-dimp M = g is finite. Theorem 3.1 yields a strict G-resolution of length < g.
Such a resolution is proper by Lemma 4.1.3, so we get reldimg M < g. Putting
together the preceding relations, we obtain reldimg M = g = G-dimg M. O
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The next theorem combines several results of Auslander and Bridger, cf. [2,
(3.14), (4.13.a), (4.15)] (where some are proved assuming commutativity). Our
proofs, based on relative cohomology, are far from the original arguments.

4.9. Theorem. For any finite R-module M the following hold.
(1) There are inequalities

sup{n € N | Ext% (M, R) # 0} < G-dimgr M < projdimp M
and equalities hold to the left of any finite dimension.
(2) If 0 > M - M' - M" — 0 is an ezact sequence, then

G-dimg M' < max{G-dimg M , G-dimg M"}
with strict inequality possible only if G-dimg M = G-dimg M" + 1.
3) If M =M M", then G-dimg(M) = max{G-dimg M , G-dimg M'} .
(4) Each G-resolution G — M has Q"G € G for all n > G-dimg M.

Proof. (1) The inequality on the right hand side follows directly from Lemma 2.3,
and Theorem 4.2.3 implies that equality holds when projdimpg M is finite.

The inequality on the left hand side is clear, so assume G-dimg M = g < ©
and Ext%(M,R) = 0. For g = 0 this means that M* = 0; as M is reflexive, we
get M = 0, contradicting our hypothesis. When g > 1, Proposition 4.8 yields a
proper resolution G — M of length g, and shows each proper resolution has length
at least g. Our assumption means that the map 0; : G;_; — G} is surjective. The
R°-module G is then projective, so 9 is split by a homomorphism o: G — G}_;.
Thus, 0* 0, = idg,, hence E =0 = G, = 9,(G,) = 0 is an irrelevant subcomplex
of G. We then get a proper resolution G/E — M of length < g, which is impossible.

(2) The assertion holds trivially if any one of the modules is equal to 0, so we
assume that all G-dimensions involved are non-negative. If both G-dimr M and
G-dimg M" are infinite, then there is nothing to prove. If one is finite and the
other is not, then Proposition 3.4 yields G-dimg M' = oo, so the desired equality
holds. If G-dimg(M) and G-dimpg M" are finite, then Proposition 3.4 shows that
G-dimpg M’ is finite as well. To see the desired (in)equality it suffices to bear in
mind (1) while staring at the cohomology exact sequence

Ext}! (M, R) —> Ext}y(M", R) —> Ext},(M', R) —

Exty (M, R) — Ext®%t (M", R)

(3) In view of (2) we may assume that M', M", and their direct sum have finite
G-dimension. Now apply Proposition 4.7 with N = R, and use (1).
(4) is an easy consequence of (2). O

4.10. Remark. Yoneda congruence relations involving only proper short exact
sequences define equivalence classes of proper exact sequences of length n, starting
at N and ending at M. The result is an abelian group of proper extensions that
depends functorially on M and N, cf. MacLane [25, XII §4]. The map sending
the class of each proper sequence to its congruence class with respect to Yoneda
equivalence using all short exact sequences is a morphism of extension functors.
If M has a proper G-resolution, then there exists a canonical isomorphism of
the group of proper extensions with Extg(M, N); it transforms the morphism of
extension functors into the morphism ¢": Extg — Extip, cf. [25, XII §9].
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5. TATE COHOMOLOGY

For each module M of finite G-dimension over a noetherian ring R choose a

complete resolution T' P M by Theorem 3.1, then for each R-module N and
for each n € Z define a Tate cohomology group by the equality

Ext} (M, N) = H" Homg (T, N).
These groups come equipped with comparison homomorphisms
e%(M,N): Ext?(M,N) —s Ext} (M, N)
given by H” Hompg (¥, N): H" Homg(P,N) - H" Homg(T, N).
5.1. Example. Let II be a finite group, R = Z[II] its group ring, and turn Z into an
R-module by gm =m for g € Iland m € Z. The map }_ cyas9 — > cn agg " is
an involution, and the map b — (3_,cy; agg — an) defines an R-linear isomorphism

R = RY, so G-dimg Z = 0 by Example 3.3.2, hence E;(\t%(Z, N) is defined. This is
the original nth Tate cohomology group H™(II, N), cf. [12, XII §3].

5.2. Theorem. The assignment (M,N) — E;t%(M, N) defines a functor
Ext}: G(R)° x M(R) — M(Z)

and the maps 'y (M, N) yield a morphism of functors €}, : Exth — E;(\t% such that:
(1) E;t% and €%, are independent of the choices of resolutions and lifting.
(2) For any integer g the following conditions are equivalent.

(i) G-dimg M <g.

(i) e}(M,N): Extp(M,N) — Ext}(M, N) is bijective for alln > g.
(3) If projdimp M < oo, then Ext®%(M, )=0 foralln € Z.
(4) If projdimgy N < oo, then Egt%( ,N)Y=0 foralln e€Z.

Remark. Converses to Parts (3) and (4) are proved in Theorem 5.9.

5.3. Lemma. Let T % P 5 M and T' 25 P' =5 M' be complete resolutions.
For each homomorphism of modules p: M — M' there exists a unique up to
homotopy morphism Tu, making the right hand square of the diagram

T—ﬂ>P—7r>M

R

T > p’ ”;M/

commute, and for each choice of i there exists a unique up to homotopy morphism
11, making the left hand square commute up to homotopy.
If u = idyps, then i and [t are homotopy equivalences.

Proof. The existence of i1 and its uniqueness up to homotopy are classical, cf. 1.2.1
and 1.5; thus, we only have to deal with z.

Assuming first that ' is surjective, we set Q' = Kerd' and Q') = Q% _;. Thus,
for each 1 € Z we get an exact sequence of complexes

. . 1(3) .
0— I7Q'_) — QD 25 - g
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with (Y the canonical epimorphism. It induces an exact sequence of complexes
0 — Hompg (T, E_"(Q’ﬂ.)) — Hompg (T, Ql(i)) — Homp (T’Ql(z’—l)) 0

As Q') = 0 for i < 0, we assume by induction on i that H, Homg (T,Q'(~V)
vanishes for some 7 and all n. Lemma 2.2 yields H, Hompg (T, ©7¢Q’_;) = 0, hence
H,, Hompg (T, Q') = 0. Since Q' = l'LnQ'("), we get

HOHIR(T, QI) = HOmR (T’ m Ql(z)) = @ HOII’IR (T, Ql(’))
so H,, Homg(T, Q') = 0 for all n € Z by the Mittag-Leffler Criterion 1.3. The exact

o' .
sequence of complexes 0 - Q' — T' — P' — 0 induces an exact sequence

0 —s Homp(T, Q') —s Homp(T,T") 2222 Homy(T, P') — 0

of complexes of abelian groups, which shows Hompg(T,¥') is a surjective quasiiso-
morphism. By 1.1.1 we get a morphism g satisfying ' 1 = @ 9.

In general, factor ¥ as T' % T" 25 P’  with a homotopy equivalence a

and surjective morphism 4", cf. Construction 3.7. Thus, Hompg (T, a) is a quasi-
isomorphism. The map Hompg(T',d¥") is one by the special case above, hence so
is Hompg(T,?¥') = Hompg(T,¥") o Homg(T,a). Now 1.1.1 yields a unique up to
homotopy morphism [i such that ¥' i ~ 1.

If ;1 = id s, then reversing the roles of M and M' we get a morphism 7' : T' — T
inducing idy;. Thus, g': T' — T' induces idys, and hence is homotopic to idq:.
By symmetry, i’ i ~ idy, so i is a homotopy equivalence. O

Proof of Theorem 5.2. The naturality of E;c\t}"12 and €% is obtained by applying the
first assertion of Lemma 5.3 to the chosen complete resolutions of M and M'.

(1) is a consequence of the last assertion of that lemma.

(3) If projdimp M = p < oo, then in Construction 3.6 choose a P-resolution
P — M of length p, set ¢ = p+ 1, and resolve QPG = 0 with K = 0; the resulting
complete resolution is 0 -+ P — M, hence E;(\t%(M ,)=0.

(4) results directly from Lemma 2.4.

(2) (i) == (ii). By (1) and Theorem 3.1 the morphism ¢%(M, ) can be
computed using a Tate resolution ¥: T' — P with 4, bijective for n > G-dimg M,
so (M, ) is an isomorphism for n > G-dimpg M.

(i) = (). If (M, ) is bijective, then in particular Exty(M,R) =
E/:Et%(M, R). The last group is trivial by (4), so Extx(M,R) = 0 for n > g.
Theorem 4.9.1 now implies g < G-dimg M. ([l

With a fixed first argument, E;c\t}}(M , ) is a cohomology functor on M.

5.4. Proposition. For each R-module M of finite G-dimension and each ezxact

!
v

sequence N = 0 — N Ll N' — N" — 0 of R-modules there exist natural in M
and N homomorphisms 8™ (M, N), such that the sequence below is ezact

Exth (M)

E;tjn:{(M"’) E;(\tn (M Nl) — > Ext® (M N“)
R ) R ’

Ext}(M, N)

8" (M,N) E§t§+1(M, N)—

and the connecting maps 8"(M, N): Exth(M,N") — Exts™' (M, N) satisfy
8" (M, N) o (M,N") = e (M, N) 08" (M,N) for all neZ.
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Proof. A complete resolution T' — P — M induces a commutative diagram

0 —— Hompg(P,N) —— Hompg(P,N') —— Hompg(P,N") ——=0
\LHomR(ﬂ,N) \LHomR(ﬁ,N') \LHomR(ﬁ,N”)

0 —— Hompg(T,N) —— Hompg(T,N') —— Hompg(T,N") ——0

of complexes, whose rows are exact because P, and T}, are projective for all n. The
homology exact sequence of the bottom row is the desired long exact sequence. The
commutativity of the diagram gives the formula for the connecting maps. Naturality
in N is clear; naturality in M follows from Lemma 5.3. (|

We prove a version of the Horseshoe Lemma for complete resolutions.

5.5. Lemma. Let M =0 — M 2 M' &5 M" — 0 be an ezact sequence of finite
R-modules with max{G-dimg M, G-dimp M"} < g < oo.

Ifm: P = M and 7n": P" — M" are P-resolutions, then there exists a commu-
tative diagram with exact rows

0 M M M 0
I
0 p—Lt-p L pr 0
N L
0 T— 7 L s 0

whose columns are surjective complete resolutions that are bijective in degrees > g.

Proof. The classical Horseshoe Lemma 1.4 provides the upper tier of the diagram.
In the exact sequence 0 — QIP — QIP' — QIP" — 0 all modules are totally
reflexive by Lemmas 2.5 and 2.3. Lemma 2.2 then guarantees the exactness of the
top row in the following commutative diagram:

00— (WP")* — > (WP')* —= (WP)* —>0

o " x
¢II ,(/}I

0 LII LI L 0

The rest of the diagram is obtained by choosing P-resolutions A and X", then using

1.4 again; thus, the bottom row is split exact, considered as a sequence of graded
R-modules. Lift w! to a morphism x: £971((P<,)*) = L, do likewise for w}",

then use 1.4 for a third time to get a commutative diagram with exact rows

0 " id ' id L 0

" f L

0 —— B9 (PL,)") —= D971 ((PLL,)*) —= X9~ (P,)") —=0

where the maps in the bottom row are induced by & and &'
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Feeding these data to Construction 3.6, form the columns of the diagram

’

0 M—2 sy —E s 0
FT TI'I T 7.l_ll T

0 P H Pl H PII 0

0 S 6 SI f SII 0

where &, = m, for n > g, §, = ¢y~ ,,_; for n < g, and {' is defined similarly. The
explicit descriptions of its maps show that the diagram commutes. Processing its
columns through Construction 3.7, we obtain the columns of the desired diagram,
then complete its construction by setting f(z,y,y') = (£(z),n(y), 7(y")), and defin-
ing @' is in a similar manner. Once again, the commutativity of the diagram results
from the explicit formulas used in its construction. O

The next result reflects the fact that Tate cohomology is the restriction to g~ of
a cohomology functor on F, cf. 5.11.

5.6. Proposition. For each exact sequence M =0 — M 2 M' 25 M" — 0 of
R-modules of finite G—dzznension and each R-module N there exist natural in M
and N homomorphisms 0™ (M, N), such that the sequence below is exact

~n Exth(u',N) _ ~ n Ext%(u,N) _ ~ N
s Extj(M",N) ———— Extp(M',N) ———— Exti (M, N)

8™ (M,N)

Extit (M, N)
and the connecting maps 8"(M,N): Ext}(M, N) — Extt (M", N) satisfy
0"(M,N)oely(M,N) =%t (M",N) 0o 3"(M,N) forall neZ.

Proof. Since all modules P, and T,, are projective, applying Hompg( , N) to the
lower tier of the diagram in Construction 5.5, we get a commutative diagram

0 — Hompg(P",N) —— Hompg(P',N) —— Homg(P,N) ——= 0
\LHomR(ﬂ”,N) \LHomR(ﬂ',N) \LHomR(ﬁ,N)
0—— HOI’HR(TII,N) — HOIIIR(TI,N) —>H0mR(T, N) —0

with exact rows. The homology exact sequence of the bottom row is the desired long
exact sequence. Commutativity of the diagram gives the formula for the connecting
maps. Naturality in N is clear. To get naturality in M, take a morphism M — M
and apply Hompg( , N) to the commuting up to homotopy diagram

0 T ﬁ TI ﬁ’ TII 0
0 T H T/ H T” 0
with rows provided by Construction 5.5 and columns by Lemma 5.3. O

Finite direct sums of complete resolutions are complete resolutions, and for each
finite R-module T the functor Hompg(7T', ) commutes with all direct sums, hence
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5.7. Proposition. For each finite set {M; € G |i € I} the module [;cr M; is in

G, and for any family {N; € M|j € J} there is a natural isomorphism
Eﬁg(HMi,HNJ) ~ J] Extp(M;,N). O
el JjEJ (3,5)€TxJT

Let M be a finite R-module. Recall that a G-approzimation of M is a resolution
x: B — M, with By € G, B; € P, and B,, =0 for n > 2, and that by Theorem 3.1
M has a G-approximation if and only if it has finite G-dimension.

5.8. Lemma. If 0 — YV 5 X 5 M — 0 is a G-approzimation, then for all
R-modules L € G and N € M the following hold.

(1) If X': G —» M is a homomorphism with G € G, then there exists a homomor-
phism ¢: G — X with xy = x'.
(2) For all n € Z the following homomorphisms are bijective:
Ext}(L,x): Ext(L, M) — Bxt(L, X);
Ext}(x, N): Ext?(M,N) — Ext}(X, N).
(3) There is a natural exzact sequence where v(a ® y)(z) = a(z)y:
0 — Exty'(M,N) — X* @ N —% Hompg(X, N) — Ext%(M,N) — 0
(4) For each exact sequence M =0 — K — P — M — 0 with P € P the maps
0™(L, M): Ext}(L, M) — Ext’5 (L, K);
3"(M,N): Ext}(K,N) — Ext’s (M, N).
giwen by Propositions 5.4 and 5.6 are bijecive for alln € 7.

Proof. (1) is a consequence of Lemma, 4.1.2.

For (2) and (4) use Propositions 5.4 and 5.6 with Theorems 5.2.3 and 5.2.4.

(3) By (2) we may assume that M = X. Construction 3.6 yields a complete
resolution S = S>¢ — X. The exactness of S* implies that ' S* is isomorphic to
X* and that $71((S<o)*) — X* is a projective resolution. In view of the canonical
isomorphism Hompg(S <o, N) = (S<o)* ®g N we have an exact sequence

00— HOmR(SZ(),N) — HOmR(S,N) — (S<0)* QrN — 0
A direct computation with the expression for 85 from Construction 3.6 shows that
in degrees 1, 0 the associated homology sequence is the desired exact sequence. [

Unlike absolute or relative cohomology, no numerical invariant is defined by
vanishing of Tate cohomology functors. The reason is that this cohomology theory
is rigid, a fact established in the next result.

5.9. Theorem. For a module M of finite G-dimension the following are equivalent.
(i) projdimp M < oo.
(i) Ext®(M, ) =0 for somen € Z.
(ii") ExtR(M, =0 foralneZ.
(iii) Extiz( ,M) =0 for somen € Z.
)ExtR( ,M)=0foralln€Z
v) ExtR(M M)

Y

(iii

(i
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Proof. Theorems 5.2.3 and 5.2.4 show that (i) implies (ii’) and (iii’), from where
(ii) and (iii) clearly follow. We choose a G-approximation 0 Y = X - M — 0
and use Lemma 5.8.2 to replace M by X in conditions (ii), (iii), and (iv). Choosing
a surjective complete resolution T — P — X, from Lemma 5.8.4 we get isomor-
phisms Egc\t%(X,Q*”T) = E;c\t%(X, X) = E;c\t%(ﬂ”T, X); we see that (ii) implies
(iv), and so does (iii). If (iv) holds, then v: X* ® g X — Hompg(X, X) is surjective
by Lemma 5.8.3, so X is projective by [12, (VIL.3.1)]; thus, (i) holds. O

The next construction goes back to Buchweitz [11] and Auslander-Buchweitz [3].

5.10. Construction. Let S 5 P 5 M be a complete resolution.

Set U = Q%S and M’ = Coker Q°(mo). Choose an epimorphism ¢': V. — M’
with V' € P and a homomorphism ¢: V — M with up = ¢', where u: M — M’
is the canonical map. Set X = U @ V and define a map x: X - M by x(u,v) =
02%0)(u) + ¢(v). Finally, set Y = Kerx and let v: ¥ — X denote the inclusion.

Fact. A=---50-2Y B3UQV = 0— --- is a G-approzimation.

Proof. Tt is easy to see that x is surjective, so the sequence A% is exact. By Lemma
2.4 the module U is totally reflexive, hence so is U@V by Proposition 2.3. Choosing
a morphism 7: V — P with wg79 = ¢, we get a commutative diagram

§—7 S0V " sUav
| |¥ Jx
S 7 P T M

where 0L = 0, 0y, (z) = (,0) for n > 0, 7' = (0%,,idv), X'(5,v) = 030(s) + ().
The top row is a complete resolution of U @ V. Thus, H” Hompg(ids,Y) represents
for each n € Z the map Extg(x,Y"), which is therefore bijective. The exact sequence
of Proposition 5.6 yields Ext%(Y,Y) = 0, so projdimy, Y < oo by Theorem 5.9. [

5.11. Remark. During the 1980ies, Pierre Vogel developed, but never published, a
cohomology theory that associates to each pair (M, N) of modules over an arbitrary
ring R a sequence of abelian groups E%’ct%(M ,N) for n € Z, and comes equipped
with a natural transformation Ext? (M, N) — Ext%(M, N) of cohomology functors.
He also proved that if G is a finite group, then there is a natural isomorphism
E:\fct%[a](Z, N) = f:I"(G, N) of his theory and Tate cohomology.

Vogel’s argument extends, essentially wverbatim, to establish that if R is noe-
therian and M is a finite module of finite G-dimension, then there is a natural
isomorphism of cohomology functors Ext’, (M, N) = E;t%(M ,N), compatible with
the natural maps from Extg (M, N). The construction of Vogel cohomology and the
proof of the comparison theorem are presented in [21, I], and in [26, §2].

6. GORENSTEIN PERFECTION

In this section we study a class of modules of finite G-dimension whose relative
and Tate cohomology can be bounded by means of absolute (co)homology groups.
To each R-module M € G we associate an R°-module M, setting 01 = 0 and

M' = Ext}(M,R) when M #0 and g=G-dimgM.
Note that, in particular, if M is totally reflexive, then Mt = M*.
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An R-module M is said to be G-perfect? if it is finite, has finite G-dimension, and
there is an integer g such that Extx (M, R) = 0 for n # g. In view of Theorems 4.2.2
and 4.9.1, this notion can be introduced alternatively by requiring the existence of
an integer g such that G-dimgp M = g and Ext%(M,R) =0 for n < g.

6.1. Examples. Let M be a finite R-module.

(1) M is G-perfect with G-dimg M = 0 if and only if M € G\ 0.

(2) If projdimp M # +oo and Extg (M, R) = 0 for n < projdimp M, then M is
G-perfect with G-dimg M = projdimp M, cf. Theorem 4.9.

(3) If R is commutative and Gorenstein, then M is G-perfect with G-dimgp M =g
if and only if it is Cohen-Macaulay of codimension g, that is, depthp My =
dimp,, My = dim Ry, — g for all m € Max(R) U Supp(M), cf. [10, (3.3.10.c)].

6.2. Construction. Let M be a G-perfect R-module with G-dimgp M = g.

Let 7: P —+ M be a P-resolution, set G = Q9 P, let w: P, — G denote the
canonical surjection and ¢: G — P,_; the canonical injection.

Define a complex (G,3%) and a map ¢: P — G of degree 0 by

0 0 0 forn > g;
G,=¢ G ¢ =4 Op =< w for n = g;
P, oF idp, forn<g.

Fact. The map ¢: P — G is a surjective quasiisomorphism, the complexr YIG™ is
a strict G-resolution of MT and the map ¢*: G* — P* is a quasiisomorphism.

IfT AP Misa surjective complete resolution with 9, bijective for n > g,
then the inclusion v of Q = Kerd into T defines a surjective complete resolution

so-1p 2y 29-HQ*) — Mt with ¥' = $971(1*) and V', bijective for n > g.

Proof. The map ¢ is surjective by definition and a quasiisomorphism by inspection.

Set F = Ker¢ and consider the exact sequence 0 - F - P — G — 0 of
complexes of R-modules. The dual sequence of complexes of R°-modules 0 —
G* — P* — F* — 0is exact: there could be a problem only in degree —g, but the
sequence 0 - G* = Py — Fy — 0 is exact By Lemma 2.2. For n > —g we have
H,(F*) = 0 because F,, = 0. Left exactness of Hompg( , R) yields H_,(F™*) = 0.
For n < —g we have H,(F*) = H,(P") = Exty"(M,R) = 0. Thus, H,(F*) =0
for all n, so ¢* is a quasiisomorphism. In particular,

Q9G* =H_,(G*) = Extz’(M,R) = M'.

The module G is totally reflexive by Lemma 2.5, so by condition 3.1.v there is
a totally reflexive complex T such that G is isomorphic to Q7. By definition, the
complex T* is totally reflexive, and Q°(T™) is isomorphic to G*. Lemma 2.4 shows
that G* is totally reflexive. Thus, $9G* is a strict G-resolution of M.

As each P, is projective, the sequence of complexes 0 — P* — T* — Q* — 0
is exact. Because H(T™) = 0, the homology exact sequence yields H_,(Q*) =
H , 1(P*) = Ext};"' (M, R) for all n € Z. Since M is G-perfect with G-dimg M =
g, it follows that X9-1(Q*) is a P-resolution of Mt over R°. O

Under condition 3.2.ii, Part (3) of the next theorem is contained in [11, (6.3.4)].

3Auslander and Bridger, who first considered such modules over commutative rings in [2,
(4.34)], call them perfect. In view of Example 6.1.2 the notion of G-perfection extends that of
perfection, as defined by Rees [31]. We prefer to have distinct names for different concepts.
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6.3. Theorem. Let M be a G-perfect R-module with G-dimgp M = g.

(1) The R°-module M' is G-perfect with G-dimg. MT = g.
(2) There is a natural isomorphism of R-modules M = MTt,
(3) For each R-module N there exist natural in M and N homomorphisms

Tor)' , (MT,N) — Extg(M,N)

which are bijective for n > 2 and surjective for n = 1.
(4) For each R-module N there exist natural in M and N homomorphisms
Ext} (M, N) — Tor® _ (MT,N)

g—n—1

which are bijective for n < —2 and make the following sequence exact
0 ——— Extz}(M,N) —— Tor/(M',N)

—— Ext}(M,N) — —>T0rffn(MT,N)

er(M,N)

—— Ext}(M, N) Tor® (M, N)

g—n—1

Ext} (M, N)

- —— Ext%(M, N) Ext?,(M, N) 0
Proof. We adopt the notation used in the preceding construction.
(1) The proper resolution X9G* of M yields G-dimg. Mt < g, as well as the

second isomorphism of R-modules below:

) 0 ifn ;
Exth. (MY, R) 2 Ext3(M',R) 2 H_,, (2%(G*))*) 2 H, .(G) = {M £ i z;
the first isomorphism comes from Theorem 4.2.4, the third from the isomorphisms of
complexes (£9(G*))* = £79(G**) 2 X 79G. As a consequence, G-dimg. Mt = g.
(2) Due to (1), for n = g the formula displayed above becomes M1t = M.
(3) In view of (1), we can apply Construction 6.2 to the R°-module M. Tt yields
a surjective quasiisomorphism ¢': P' — G’ from a P-resolution P' — M over R°,
such that G™ is a proper G-resolution of Mt = M over R, and ¢*: G™* — P is
a quasiisomorphism. We have a natural commutative diagram with exact row

»T9¢’ N
(Z9P') @p N — = )%

|

Hompz (3¢ (P"™), N)

(E9G") 9g N —=0

|

Homp(29(G'™), N)

Hompg (X9 (¢'* ),N)

where ¢ denotes the morphism of complexes given by (£(z ® y)) (@) = a(z)y. The
composition of the maps in the square induces maps Torf_n(M f,N) — Extg(M,N)
for all n € Z. They are bijective for n > 2 and surjective for n = 1 because the
maps & are isomorphisms, and (¥79¢') ® g N is bijective in negative degrees.

(4) In view of the canonical isomorphism ¢: Q*®g M — Hompg(Q, N), the exact
sequence of complexes of Construction 6.2 yields an exact sequence

0 — 29HQ*) ®r M — Hompg (X9 'T,N) — Hompg(2¢"'P,N) — 0

The associated homology exact sequence yields the desired assertions. O
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7. COMPARISON MORPHISMS

By Theorem 3.1 and Lemma 4.1.4, three cohomology theories—absolute, relative,
and Tate—are defined on the category G of modules of finite G-dimension. Our
main result demonstrates that the morphisms of functors €f of Theorem 4.2 and
€% of Theorem 5.2 yield a very tight relation between these theories.

7.1. Theorem. Let M be a finite R-module with G-dimg M = g < 0.
For each R-module N there exist natural in M and N homomorphisms 0% (M, N),
such that the following sequence is exact:

g(M,N)

0 —— Ext}, (M, N) ———— Ext}, (M, N) ——

n(M,N 2(M,N)
—— Extg(M, N) L>Ext§(M,N) LlE>¢t',§(M,N)

0R(M,N)
_

Ext3t! (M, N) —— Ext%,(M,N) —=0
Comparing the theorem with Theorems 5.2.3 and 5.2.4, we get:

7.2. Corollary. For M € G the following conditions are equivalent.
(i) eg(M, ): Extg(M, ) = Extz(M, ) is an isomorphism for alln € 7.

(ii) eg(,M): Extg( , M) — Exty( , M) is an isomorphism for all n € Z.

(iii) projdimgp M < 0. O
Proof of Theorem 7.1. The exact sequences of complexes of R-modules in Construc-
tion 3.8 is split-exact in each degree, so it induces an exact sequence

m b m %b
0 — Homp (P, N) 22220, gomp(T?, N) 2225070, gomp (516, N) = 0
of complexes of abelian groups. Its cohomology exact sequence has the form

H” Hompg (5’ ,N
. — H"Hompg(T”, N) ot )

H"Homg (X 'G,N)

H"*t! Homg(9*,N)

— -~ H" Homp (P, N) H™ Homp(T?, N) — -+

We set out to identify the modules and maps appearing in this sequence.
Since P — M is a projective resolution, we have

H"*!' Hompg(P,N) = Ext%"' (M,N) for neZ.

The left exactness of Hompg( , N) yields H* Hompg(T”, N) = 0 for n < 0, and
H"! Homp(T’, N) = H"*! Homg(T, N) = Extt' (M, N) for n>0.
Since H"™' Hompg (¢, N) = H"* Hompg(®, N) for n > 0, Theorem 5.2.1 gives
H" Hompg(9°, N) = e} (M, N): Ext}(M,N) — Ext?(M,N) for n>1.

As G — M is a proper resolution, from Theorem 4.2.1 we see that

H"Hompg(2'G,N) = H"™ Hompg(G, N) = Extj™ (M,N) for neZ.
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Next we prove that 0" = ag“(M ,N) for n > 0. To this end we form, following
[9, §2.6], the fundamental commutative diagram with exact rows

P 9’

0——3y 1@ T P 0
H o4
0——>3ylg—>D—2>C 0

where C' is the mapping cone of »” and D its mapping cylinder, that is:
Cn=Gn®T, S (y,2) = (0S () , 24,1 (y) + OF ()
Du=Gun ®Gu® T, O2(y,y,2) = (y 6n+1< 0,08 (4) 7 1(v) + 07 (@)
and the morphisms are described as follows:
(y') = (4',0,0), Iy y2) = (y,2);
¢ y,2) =2 ) +9(@),  ¢ly2) =9 ().
It induces a commutative diagram with exact rows

Hompg(9°,N Hompg (3", N
0 — Hompg (P, N) Joma @) Homg (T, N) Homnlr M), Homg(X7'G,N) =0
lHomR(cja,N)

Homp (D, N) —"m 5N fomp(5-1G, N) = 0

lHomR(q},N)
Hompg (9,N)
_—

0— HOmR(C,N)

The connecting maps of the cohomology exact sequences yield a commutative square

g

H” Homg (271G, N)

H""! Hompg(G, N)

H"*! Hompg(P, N)

lH"“ Hompg(¢,N)
H"*!Homg(4,N)

H"*! Homg(C, N)

where §: C — G is the morphism given by 6(y’, ) = y'; note that Ho(0) = id,.
The morphism ¢ is clearly surjective; it is split as a homomorphism of graded
R-modules because each P, is projective. We have an exact sequence of complexes

0—E-5C-sP—0 where
Ey=Grp1®Gn, 08(.,y)=(%,0), &,y =, xy)).

The map (y',y) — (0,y') is a homotopy between idg and Og, so E is an irrelevant
subcomplex of C, hence ¢ is a homotopy equivalence by Lemma 1.6. We choose a
homotopy inverse 1): P — C of ¢ and note that Ho (1)) = Ho(p)~! = idy; = iday-
As Hompg(p, N) and Homg (), N) are inverse homotopy equivalences, we have
H"! Homp(p, N)~t = H"*! Hompg (1), N). Thus, the commutative square yields
" = H"*! Hompg(p, N) ™! o H"! Hompg(6, N)

= H"" Hompg(¢), N) o H**! Hompg (8, N)

= H""' Hompg(6 ¢, N)
Furthermore, Hq (6 ¢) = Ho(#) Ho(¢)) = idar, so the morphism 8: P — G lifts the
identity map of M, hence H*™ Homp(6 ¢, N) = eg*' (M, N) by Theorem 4.2.1.
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To finish the construction of the exact sequence in the theorem, we set
§"(M,N) = H""' Hompg (s, N): Ext}(M,N) — ExtZ (M,N) for n>1.

It is clear from the construction that the exact sequence is functorial in N.
For any homomorphism p: M — M', form a commutative diagram

» 9°

0—y1@ T P 0
ﬁlg—lgl ﬁl/ El
Py 9°
0—3 1@ T" P 0

by first choosing i from Lemma 5.3 so that the right hand square commutes, then
taking a to be restriction of fi. Since H(T”) and H(T'"), are both trivial, the
induced commutative diagram in homology shows that H_; (o) = p. Thus, for all
n € Z we get H" Hompg (@, N) = Exti (s, N), H" Hompg (i, N) = Egc\t%(,u, N), and
H" Hompg(a,N) = Extg"'1 (1, N). Applying Hompg( , N) to the diagram and taking
homology, we obtain the desired naturality in M. O

Some extra structure comes for free with the various cohomology functors.

7.3. Remark. Let R be a noetherian ring which is an algebra over a commutative
ring k. For a finite R-module M of finite G-dimension and an R-module N, let
F"(M, N) stand for Ext(M, N), its relative or Tate variants, or Torf(M, N).

(1) For each n the group F"*(M, N) has a structure of k-module, which is natural
for maps induced by homomorphisms of either module argument, for comparison
maps between various functors, and for connecting maps of long exact sequences.

Indeed, in each case there is an R-linear resolution P and a functor F on M(R)
such that F*(M,N) = H"F(P, N) for all n € Z. The action of k on either P or
N induces the same action on the complex F(P, N), and passes to homology. All
maps listed above are either induced by k-linear morphisms of complexes or are
connecting maps in exact sequences of k-linear morphisms of such complexes.

(2) The k-module F*(M, N) is annihilated by the ideal anng(M) + anng(N).

Indeed, let A\, denote any R-linear map given by left multiplication with z € k.
If zN = 0, then \Y = 0, hence F(P,\Y) = 0. If tM = 0, then A\ is a morphism
with Ho(AF) = AM = 0. By the lifting property for resolutions of the corresponding
type, AF is the homotopic to 0F, so H(F(AF, N)) = H(F(0F, N)) = 0.

(3) If R is finite over k and N is finite over R, then F"(M, N) is finite over k.

Indeed, the image k of k in R is noetherian by the theorem of Eakin-Nagata-
Eisenbud [18]. Each P, is finite over R, hence also over k. Being the homology of
a complex of finite k-modules, F™(M, N) is finite over k, hence over k.

We close off the discussion of relative and Tate functors with a note on homology.

7.4. Remark. If M is a right R-module of finite G-dimension, G — M is a proper
resolution and T' — P — M is a complete resolution, one sets

Tord(M,N) =H,(G®r N) and  Tor?(M,N)=H,(T ®x N).
for each R-module N and each n € Z. The resulting homology groups come
equipped with homomorphisms Torg(M ,N) = Torff(M ,N) — Torg(M ,N) that

are natural in both arguments. The proofs in Sections 2 through 6 dualize perfectly,
so all the results in these sections have valid analogs in homology.
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8. MINIMAL RESOLUTIONS

In this section R is a commutative noetherian local ring with unique maximal
ideal m and residue field ¥k = R/m, and M is a finite R-module.

Recall that M has a free cover, that is, a surjective homomorphism ¢: F — M
with F free and ¢ ® g k bijective. Classically, a free resolution P — M is said to be
minimal if P, — Q"P is a free cover for each n € Z, that is, if (P) C mP. This
is a special case of the general concept of minimality defined in Section 1.

8.1. Proposition. Quer a local ring R a complex P of finite free modules is min-
imal if and only if O(P) C mP.

Proof. Assume first that 9(P) C mP, and let §: P — P be a morphism such that
B =idp +00 + 96. por each n we then have 8, Qg k = idp,grk- As P, is free of
finite rank, £, is an isomorphism, so P is minimal by Proposition 1.7.1.

Assume next that 8(P) € mP, choose y € P, with d(y) = z ¢ mP,,_;. Setting
E, =Ry, E, 1 = Rz, and E; = 0 for i # n,n—1 we get a contractible subcomplex
E C P. This subcomplex is irrelevant because y (respectively, x) is part of a basis
of P, (respectively, P,,_1). Thus, P is not minimal by Proposition 1.7.3. O

Let f-rankg M denote the maximal rank of a free direct summand of M.

8.2. Lemma. Let R be a local ring, p: R — k the canonical surjection, M a finite
R-module, and P — M a minimal free resolution.

(1) frankp(Q"P) > rank, Exty(M,p) for alln € Z.

(2) f-rankp(Q"P) =0 for n > max{0,depth R — depthp M} .

Proof. (1) Choose homomorphisms ¢1,. .., ¢,: P, = R with ¢;0F; = 0, such that
the images of cls(¢1), ..., cls(¢,) € H" Homg(P, R) = Exty (M, R) form a basis of
Im H” Hompg(P, p). The map = — (py1(x),--., pp.-(z)) is then a surjective homo-
morphism P, — k. It follows that ¢: P, — R", given by = — (p1(x), ..., ¢r(1)),
is a surjective homomorphism. Since ¢dF,; = 0, the map ¢ factors through a ho-
momorphism Q" P — R", which is necessarily surjective; thus, frankg(Q"P) > r.

(2) is known, cf. e.g. [5, (1.2.5)] for a proof. O

For the following result of Auslander and Bridger [2, (4.30), (4.13.b)] the pub-
lished proof of (2) contains a mistake, corrected by Magek [29]. Our arguments are
based on Auslander’s early exposition [1, §3.2], which is not easily available.

8.3. Theorem. Let R be a local ring, M a finite module, and G-dimg M = g < 0.
(1) If x € m is R-regular and M -regular, then G-dimpg g, (M/xM) = g.
(2) G-dimg M = depth R — depthy M.

Proof. Set ( ) =( ®g (R/Rz)), and let G — M be a G-resolution of length g.

(1) Let first g = 0 and choose a totally acyclic complex S with Q°S = M,
cf. Construction 3.6. We obtain Q°(S) =2 M and H(S) = 0 from the ex-
act sequence 0 = S & § — § — 0, and HHompg(S,R) = 0 from the ex-
act sequence 0 — Hompg(S,R) = Hompg(S,R) — Hompg(S,R) — 0. Thus,
HHomz(S, R)  HHomg(S, R) = 0, so G-dimz M = 0 by Lemma 2.4.

For any g, the sequence 0 - G = G — G — 0 is exact because each G; is
contained in a free module. Thus, G is a resolution of M. We have just shown that
each G is in G(R), so G—dimﬁﬁ < g. By Theorem 4.9.1, in the exact sequence

Ext%(M, R) = Ext}(M, R) — Ext%(M,R) — Ext%™ (M, R)
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the last module vanishes and the first one does not. We obtain G-dimz M = g
from the following relations, the first of which is a standard isomorphism:

Extgﬁ(ﬂ, R) = Ext% (M, R) = Ext% (M, R) /z Ext%(M,R) #0.

(2) Set t = depthp M and d = depth R. Let first d = 0 and pick a monomorphism
t: k — R. For each L € F(R) let L(:) denote the image of Hompg(L,:) in L*; we
remark that mL(s) = 0, and that L(:) = 0 if and only if L = 0. If g = 0, then we
have M*(1) C M** = M, hence t = 0. Assuming g > 0, we have an exact sequence

0— G, N Gy—1 = V'G — 0. Since ExtR(G,—1,R) = 0, it induces an exact

sequence G_; AN G, =& E - 0 with E = Extk(Q97'G, R). Dualization yields
E* = Ker(d) = 0. Tt follows that E(:) = 0, hence E = 0, and thus Q971G is in G
by Theorem 4.9.1. This implies G-dimg M < g, contradicting our assumption.
Let now d > 1. For ¢ = 0 the exact sequence 0 = Q'G — Gy = M — 0 yields
G-dimg Q'G = g — 1 and depthgx(Q'G) = 1, so we may assume t > 1. Pick an
R® M-regular element z € m. We get G-dimz(M) = g from (1), and G-dimgz(M) =
depth R — depthz(M) by induction on d; the difference equals d — t. O

We say that a complete resolution T — P — M (respectively, a proper resolution
G — M, a G-approximation x: B — M) is minimal if the complexes T and P are
minimal (respectively, the complex G is minimal, the complex B is minimal).

The results that follow establish the existence of minimal resolutions of each
kind, and their uniqueness up to isomorphism.

8.4. Theorem. Let R be a local ring and M a finite module of finite G-dimension.

(1) M has a minimal complete resolution; more precisely:

(1) A minimal complete resolution S — P — M is produced by Construction
3.6, using a minimal free resolution 7: P — M, a module G = Q9P with
G-dimg G = 0 and f-rankg G = 0 (by Theorems 8.3.2 and 3.1, and Lemma
8.2.2, any g > G-dimpg M would do) and a minimal free resolution \: L — G*.

(2) A complete resolution T — P — M is minimal if and only if
O(T) CmT and O(P)CmP.

(3) Let T — P — M and T' — P' — M be complete resolutions, and let fi: T —
T' and i: P — P' be morphisms over idys, given by Lemma 5.3.
If T - P — M is minimal, then i and T are isomorphisms onto direct
summands; if both resolutions are minimal, then i and T are isomorphisms.

(4) In every minimal complete resolution T B P M the homomorphism 9, is
bijective for all n > G-dimp M.

Proof. (2) follows from Proposition 8.1, and (3) from Proposition 1.7.

(1) As 9(P) C mP and 0(L) C mL, Construction 3.6 yields a complete res-
olution § — P — M with 85(S,) C mS,_1 for n # g. It also shows that 85"
factors through G = 95, so G € mS,_; implies f-rankg G > 0, contradicting our
hypothesis. Thus, S -+ P — M is minimal by (2).

(4) By Theorem 5.2.2 the map e%(M, k): Ext(M, k) — Ext(M, k) is bijective
for all n > G-dimpg M. Furthermore, by Theorem 5.2.1 this homomorphism can be
computed as H” Hompg (9, k): Homg(P,k) - Hompg(T, k). From Part (2) above
we obtain H" Hompg (¥, k) = Hompg(9,, k). Referring to Nakayama’s Lemma, we
conclude that ¥, is bijective for all n > G-dimg M. O
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8.5. Theorem. Let R be a local ring and M a finite module of finite G-dimension.
(1) M has a minimal proper resolution; more precisely:

(1) Let AT =05Y B U®V 5 M — 0 be the G-approzimation produced by
Construction 5.10 from the minimal complete resolution in Theorem 8.4.1' and
a free cover ¢': V — Coker Q°(wa); the resolution F — M obtained by splicing
A with a minimal free resolution »: K — Y is minimal.

(2) A proper resolution G — M is minimal if and only if the following hold:
(a) Gy, is free of finite rank forn > 1.
(b) 0n(Gr) CmGp_1 forn > 2.
(c) 01(G1) contains no non-zero free direct summand of Gy .
(3) Let G = M and G' — M be proper resolutions, and let i: G — G' be a
morphism over idys, given by Lemma 4.3.
If the first resolution is minimal, then @ is an isomorphism onto a direct
summand; if both resolutions are minimal, then [ is an isomorphisms.

(4) If G —» M is a minimal proper resolution, then
G-dimg M =sup{n € Z | G,, # 0}.

Proof. (3) results from Proposition 1.7, and (2) is proved in two installments.

(2') Here we show that if G — M is a proper resolution satisfying the conditions
in (2), then the complex G is minimal. By Proposition 1.7.1 it suffices to show that
if f: G — G is a morphism and there are maps 6,: G, & G 1 with

ﬂn - idG,,L =0,10, + 6n+10n for n >0,

then each f, is bijective. By (a) the module G, is free of finite rank for n > 1,
so for these n it suffices to show that the right hand side is contained in mG,,.
Condition (b) guarantees this for n > 2, and reduces it to Im(6¢0;) C mG; for
n = 1. Assuming the inclusion fails, we can find z € Im 9; with 6y(z) ¢ mGy; as
G is free, Rx is a free direct summand of Gy, contradicting (c). Thus, 3, is an
isomorphism for n > 1. It follows that in the commutative diagram

0 NG Go Ho(G) —=0
lﬂl(ﬂ) lao lHo(B)
0 e Go Ho(G) —0

the homomorphism Q! () is bijective. On the other hand, Hy(8) = Ho(idg) is the
identity map. Thus, 8, is an isomorphism also for n = 0.

(1) The resolution F' — M satisfies conditions (2.a) and (2.b) by construction.
Assume that (2.c) fails, and choose y € Y so that d1(y) = (u,v) e UV = F
generates a non-zero free direct summand. We then get a surjective homomorphism
A: U@V = R with A(u) + Av) =1, so A(u) or A(v) is invertible. In the first case
Ru # 0 is a free direct summand of U, contradicting Lemma 8.2.2. In the second
case Rv # 0 is a direct summand of V; since ¢’ (v) = px(u,v) = pxdi(y) =0, we
have Ker(p' g k) © v ® 1 # 0, contradicting the choice of ¢': V' — M' as a free
cover. Thus, F — M satisfies condition (2.c) as well, hence is minimal by (2').

(2") Let G — M be a minimal proper resolution. By (3) it is isomorphic to the
resolution in (1'), for which we have just checked the conditions in (2).

(4) Let G — M be a minimal proper resolution. By definition of G-dimension,
G-dimg M <sup{n € Z | G, # 0}. The opposite inequality comes from (3). O
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By Part (3) of the next result, if R is Gorenstein then minimal G-approximations
are minimal Cohen-Macaulay approximations in the sense of Auslander. Thus, Part
(1) contains his existence theorem for such approximations, and its extension to
Cohen-Macaulay rings with dualizing module by Enochs, Jenda, and Xu [20, (5.1)].

8.6. Theorem. Let R be a local ring and M a finite module of finite G-dimension.
(1) M has a minimal G-approximation; more precisely:
(1") The G-approzimation A — M described in Theorem 8.5.1' is minimal.

(2) For a G-approzimation x: B — M the following conditions are equivalent.
(i) B is minimal.
(ii) v(B1) contains no non-zero direct summand of By.
(iii) v(B1) contains no non-zero free direct summand of By.
(iv) Each homomorphism o: Bg — Bo with xfo = x is bijective.
(v) The complex G obtained by splicing B with a minimal free resolution
»: K — By is minimal.
(3) Let x: B — M and x': B' = M be G-approzimations, and let 3: B — B’ be
a morphism with By: By — Bj, given by Lemma 5.8.1 and 31 = Bo|B, -
If the first approzimation is minimal, then B is an isomorphism onto a direct
summand; if both approximations are minimal, then B is an isomorphism.

4) If0o—=-Y - X - M — 0 is a minimal G-approxzimation and M # 0, then
G-dimpg M = sup{0, projdimp Y + 1}.

Proof. We start by proving that the conditions in (2) are equivalent.

(i) = (ii). If C is a direct summand of By contained in v(By), then setting
Ey=C, E, =v~YC), and E,, =0 for n # 0,1 we get an irrelevant subcomplex of
B. Since B is minimal, we have E = 0 by Proposition 1.7.2.

(i) = (iii) is clear.

(i) = (v). We have G531 = XK by definition, so Gy, is free for n > 1 and
On(G,) € mG,—1 for n > 2. Since Im d; = Im v, this module contains no non-zero
free direct summand of Gy by hypothesis. Thus, G is minimal by Theorem 8.5.2.

(v) = (iv). Let Bo: By — By be a homomorphism with x8o = x, and choose
a morphism E : K = K lifting the induced map By — Bj. Setting £, = En_l
for n > 1, we obtain a morphism 8: G — G with Ho(8) = idps. The resolution
G — M being proper by Lemma, 4.1.3, the morphism J is a homotopy equivalence
by Lemma 4.3. By hypothesis, G is a minimal complex, so § is an isomorphism; in
particular, 3y is bijective.

(ivy = (i)- Let 8: B — B be a morphism with § ~ idg. As Ho(B8) =
Ho(idg) = idamr, we have xBo = X, so fo is an isomorphism; as v is injective, 3 is
an isomorphism as well. Thus, B is minimal by Proposition 1.7.1.

(1") and (4) follow from the corresponding parts of Theorem 8.5, using (2.v).

(3) Follows from Proposition 1.7. O

For a module M of finite G-dimension choose a minimal free resolution P — M,
minimal G-approximations 0 — Y,, - X,, = Q" P — 0. The uniqueness of minimal
free resolutions and Theorem 8.6.3 imply that all choices yield isomorphic modules
X,,. We introduce the nth G-delta invariant of M by the formula

0 (M) = f-rankr(X,) for neZ.
When R is Gorenstein this is Auslander’s definition of §”(M), cf. [4, p. 314].
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8.7. Theorem. If (R,m,k) is a local ring, M is a finite R-module, G-dimpg M is
finite, and €% (M, k): Exty(M, k) - Extz(M, k) is the comparison map, then

0G(M) = ranky Kerex (M, k) forall neZ.
Furthermore, dg(M) = 0 for all n <0 and all n > G-dimg M.

Proof. In view of Theorem 5.2.2 the second assertion follows from the first.
Let P — M be a minimal free resolution. By Proposition 5.6 and Theorem 5.9,
the exact sequence 0 — Q' P — Py — M — 0 induces a commutative diagram

Ext}(Q1P, k) —> Ext’5™ (M, k)
ls};mlp,k) ls;;“(M,k)

Ext?(Q! P) — Ext’s™ (M, k)

Thus, it suffices to prove the equality dg(M) = ranky, (Kere% (M, k)).

Let B=0—>Y 3% X X% M — 0 be a minimal G-approximation. Decompose
X as U ® V where V is free with rankg V' = dg(M), and let +: U — X and
m: X — V be the canonical maps. Since f-rankg U = 0, Theorem 8.4.1 yields a
complete resolution S % P — U with 9(S) CmS and 9, = idg, for n > 0. Thus,
e (U, k): Exty(U, k) — E;tﬁ(U, k) is bijective for n > 0, so in the diagram

0 0

Kere% (M, k) — — — — > Hompg(V, k)

Hompg(m,k)

Hom g (x,k) Hom g (v,k)
A - 5

0 — Hompg(M, k) Homp(X, k) Hompg (Y, k)

€% (M, k) €% (U,k)oHomp (¢,k)
Ext (¢ x,k)

Ext% (M, k) Ext% (U, k)

the right hand column is exact. The left hand column is exact by definition and the
bottom square commutes by Proposition 5.6. This defines the hyphenated arrow,
which is necessarily injective. It is surjective if Im Hompg(7, k) C Im Homg(x, k).
In view of the exactness of the middle row, this condition can be rewritten as
Hompg(v, k) o Hompg(m, k) = 0. The composition is equal to Homg(7v, k), and the
last map is trivial because mv(Y") is contained in mV by the minimality of B. O

As illustration and for later use, we record some computations of Auslander.

8.8. Examples. Let R be a non-regular Gorenstein local ring.
(1) The residue field has trivial delta invariants: 03 (k) = 0 for all n € Z; this is
announced in [4, (5.7)], and follows also from the more general [27, Theorem 6].
(2) If ¢¢(R) denotes the Loewy length of R, that is, the smallest integer r such
that m” is contained in an ideal generated by some system of parameters of R, then
6g(R/m®) =1 for all s > ¢£(R): a proof may be found in [15, p. 273].
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9. BETTI NUMBERS

In this section R is a commutative noetherian local ring with residue field k.
The rank of the nth free module in a minimal free resolution of a finite R-module
M is called the nth Betti number of M; it is denoted BE(M), and is equal to
ranky, Ext (M, k). If G-dimg M < oo, then by 7.3 the numbers

B9(M) = ranky Ext2(M,k)  and  BR(M) = ranky, Ext}y (M, k).

are non-negative integers, that we call the nth relative Betti number and nth stable
Betti number of M, respectively. We relate them to their absolute counterparts.

9.1. Theorem. Let M be a finite R-module with G-dimg M = g < co. Let T —
P — M be a complete resolution and 0 Y — X — M — 0 a G-approzimation.
(1) BR(M) = BR(X) = BE ,(¥T) = BE,_,(X*) for alln € Z and all i € Z.

~

If the complete resolution is minimal, then BE(M) = rankg T), for alln € Z.
If M is G-perfect, then BE(M) = BE | (M%) for alln € Z.
(2) If projdimp M < oo, then B (M) = BE(M) and Bff(M) =0 foralnelZ.
(3) If projdimp M = oo, then the following tables express the relative Betti num-
bers and the stable Betti numbers of M.

n - 0 ]_ - g+1

0 | BE(M) | BH(M) — B (X) + BE*(Y) = 0g(M) < B (M) | B 1(Y)

n—1

n -1 0 g

BR(M) || BE, 1 (X*) | BFHX*) = 0G(X) | BIHX) — dg(X) | Br(X) | BFHX) — dG(X) | Br(M)

Furthermore, BS(M) >0 ifn=0o0r2<n < g, andBf(M) >0 foralln € Z.

Proof. (1) Lemmas 5.8.2 and 5.8.4 yield equalities 3%(X) = BR(M) = BR_(QT).
If T is minimal, then B\,}}(M) =rankg T}, by Theorem 8.4.2. If M is G-perfect, then
BR(M) = Af_l_n(M t) for all n by the last computation and Construction 6.2. As
X is G-perfect with Xt = X*, we get BR(X) = BE _,(X*)for all n € Z.

(2) results from Theorems 4.2.3 and 5.2.3.

(3) Theorem 4.2.2 yields the expressions for 39(M) when n < 0 or n > g.
G-approximations are proper exact sequences and Extg(X,k) = 0 for n # 0 by
Theorem 4.2.2, so Proposition 4.6 yields isomorphisms and an exact sequence:

Exty ' (Y, k) = Ext3(M,k) forall n>2;
0 — Exty(M, k) — Extg(X, k) — Ext} (Y, k) — Extg(M, k) — 0.

By Theorems 4.2.2.b and 4.2.3 all relative Ext modules above, except for Extg (M, k)
with n > 1, are isomorphic to the corresponding absolute Ext modules. This gives
the expressions for B9(M) for n > 2, and the first expression for 87 (M). The
second expression and the inequality for Y (M) come from Theorem 7.1.

Observe that the expression for B\,}}(M ) is given by Theorem 5.2.2 for n > g and
by Theorem 7.1 for n = g. Due to (1), this observation applied to X and to X*
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gives the tabulated values of BE(M) for 0 < n < g and for n < —1, along with an
equality BE(M) = BE(X*) — §3(X*); it remains to note that §3(X*) = 6%(X).
Assume B”(M) = 0 for some n € Z. In view of (1), this yields 75, = 0 in
a minimal complete resolution T — P — M, hence Ext%(M,N) = 0 for all R-
modules N. By Theorem 5.9 this implies projdimp M < oo, a contradiction. [

The theorem suggests how to find a Betti sequence with a hole at n = 1.

9.2. Example. If R is a non-regular Gorenstein local ring with dim R = d, then

0 for n<0,n=1, and n>d;
BY(k) =41 for n=0;
BE (k) for 2<n<d;

Bﬁ(k) =Rk +pR,_ (k) forall neZ.

Indeed, the value of 39 (k) is given by Theorem 4.2.2.b for n < 0, and by Theorem
6.3.3 for n > 2. Theorems 6.3.4 and 5.2.2 compute B\ﬁ(k) for n < —1 and for n > d.
Theorem 8.7 and Remark 8.8.1 imply that the exact sequences of Theorems 7.1 and
6.3.4 split, yielding 59 (k) = 0, and Bﬁ(k) =BRk)+pE , (k) for =1 <n <d.

In order to compare the asymptotes of a complete resolution we raise the

AR
Problem. If G-dimg M < projdimp M, does lim M exist for some i € Z7?
9.3. Remarks. (1) By Theorem 9.1 it suffices to treat the case when M is totally
reflexive with f-rankg M = 0. For such modules Theorems 6.3.4 and 5.2.2 yield
equalities BX(M)/BE (M) = BR(M)/BE, ,_,_,(M*) for all n > 0.

(2) For R Gorenstein and M = k the limit is known to exist if i = d — 1, cf.
Example 9.2, but not in general, cf. [5, §4.3]. Also, limits for various ¢ may differ:
if R = k[z,y,2]/(z* —y?,y* — 22, 2y,y2,22), then BE(k) = (b"t! —b—""1)/+/5 for
all n > 0 and b = (3 + /5)/2, cf. [32, Satz 9], so lim,,_,, BE(K)/BE (k) = bt

For more examples, consider the complete intersection dimension, defined by

Cl-dimp M = inf{projdimy(M ®r R') — projdimg R'}

with infimum taken over all diagrams of local homomorphisms R — R’ « () where
the first map is flat and the second is surjective with kernel generated by a regular
sequence. There are inequalities G-dimg M < Cl-dimg M < projdimp M, with
equalities to the left of any finite dimension, cf. [8, (1.4)]. The ring R is a complete
intersection if and only if CI-dimg M < oo for each M € F(R), cf. [8, (1.3)].

9.4. Example. If CI-dimg M < projdimy M, then lim,_,o, SE(M)/BE (M) ex-
ists for each i € Z, does not depend on ¢, and is a rational number; when the
sequence (BE(M))n>0 is bounded the sequence (BE(M))nez is constant.

Indeed, by [8, (8.1)] there exist polynomials b (t) € Q[t], with equal leading
terms, such that SF(M) = b} (n) for all even n > 0 and BE(M) = bM(n) for all
odd n > 0. We may assume M € G, cf. Remark 9.3.1, and then by [6, (2.6.2),
(3.3)] the polynomials for M and M* have the same degree, say c. If ¢ = 0, then
BE(M) = bM and BE(M*) = bM" for n > 0 by [8, (7.3.2)]. If T is a complete
resolution of M, then each QT is in G by Lemma 2.4, so Theorem 9.1 yields

BE(M*) = BE(M*) = BRQ™'T) = E(Q7'T) = BROQ7'T) = fF(M) .



36 L. L. AVRAMOV AND A. MARTSINKOVSKY

10. BASS NUMBERS

Let R be a local ring with residue field k. The nth Bass number of a finite
R-module N is the number of copies of the injective envelope of k in the nth
module of a minimal injective resolution of N; it is denoted uZ(N) and is equal to
ranky, Exty (k, N). To use a similar expression to define stable and relative analogs
of Bass numbers, we need G-dimpg k to be finite. This imposes restrictions on R.

10.1. Remark. For a local ring R with residue field £ the following are equivalent.
(i) R is Gorenstein.
(ii) G-dimp N < dim R for each finite R-module N .
(ili) G-dimg N < oo for each finite R-module N .
(iv) k is a G-perfect R-module with G-dimg k = dim R and kf = k.
(v) G-dimgk < c0.

Indeed, the equivalence of (i) and (ii) comes from Theorem 3.2. By Theorem
4.2.2.a condition (iv) can be restated as p(R) = 0 for n # dim R and p$i™#(R) =
1, and condition (v) as p%(R) = 0 for n > 0. Thus, (i), (iv), and (v) are equivalent
by the classical characterization of Gorenstein local rings by Bass, cf. [10, §3.3]

For the rest of this section R is a commutative noetherian local Gorenstein ring
and set d = dim R. For each finite R-module N we introduce an nth relative Bass
number and an nth stable Bass number by

pl(N) = ranky, Ext2(k, N)  and  J%(N) = rank; Ext(k, N) .
10.2. Remark. The Bass numbers of the R-module & are equal to its Betti num-
bers, so Example 9.2 expresses ug (k) and (k) in terms of p3(k).
10.3. Theorem. Let N be a finite R-module with G-dimg N = g < co. Let T —
P — N be a complete resolution and 0 Y — X - N — 0 a G-approzimation.
(1) @R(N) = a%(X) = aEti(Q'T) = B\f_l_n_i(QiT) foralln €Z and alli € 7.
(2) Ifprojdimp N < oo, then uG(N) = pg(N) and gh(N) =0 for alln € Z.

(3) If projdimg N = oo then the following tables, where t = depthy N, express the
relative Bass numbers and the stable Bass numbers of N.

n 0 1 d

pEN) || 0| pR(N) | < pp(N) | B, (N) 0

nll oo |9 d d+1
BE(N) || Bl (N) | nf(Q97T) | ph(Q°T) < pfy(N) #R(N)

Furthermore, G (N) > 0 for all n, and pS(N) > 0 for 2 <n <d.

Proof. (1) The first two equalities come from Lemmas 5.8.2 and 5.8.4. We obtain
the third equality directly from Theorem 6.3.4 when n +1i < —2, then shifting
degrees by means of Lemma, 5.8.4 we extend it to all values of n and 1.

(2) results from Theorems 4.2.4 and 5.2.4.
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(3) The first table comes from Theorem 4.2.2.b for n < 0 and from Theorem 7.1
for n = 1. Since k is G-perfect with G-dimpg k& = d, cf. Remark 10.1, the tabulated
values of ug(N) for n > 2 are given by Theorem 6.3.3.

Recalling that Exti(k,N) = 0 for n < ¢, we fill in the second table using
Theorem 6.3.4 for n < ¢t — 2, Part (1) for t —2 < n < d, Part (1) with Theorem 7.1
for n = d, and Theorem 5.2.2 for n > d + 1.

If i (N) = 0 for some n, then (1) yields 8%, (Q0T) = 0. Using alterna-
tively parts (3) and (1) of Theorem 9.1, for i > G-dimg N we get equalities 0 =
Ef(QOT) = Eﬁ(N) = BE(N) contradicting the hypothesis projdimy N = co. O

The number depthg N = inf{n € Z | u9(N) # 0} was introduced in [28, §2.3],

in search of an equality of Auslander-Buchsbaum type for relative invariants. We
obtain an amusing catalog of all cases where such an equality holds.

10.4. Corollary. An equality reldimg N = depthg R—depthg N holds if and only

if N satisfies one of the following disjoint conditions: depthyp N = 0, or depthg N =
1, or depthg N =2, or projdimp N < depth R — 3.
Proof. Applying Proposition 4.8, Theorem 8.3, and Theorem 4.2.4, one obtains
reldimg N = G-dimg N = depth R — depthy N = depthg R — depthp IV .
Thus, N satisfies a ‘relative Auslander-Buchsbaum Equality’ if and only if
depthg N = depthp N. From Theorem 10.3 one reads off the implications:
depthg N =0 <= depthy, N =0.
depthg N =1 = depthy N =1.
depthg N =2 <= depthy N =2.
If n > 3, then depthg N =n <= depthyr N =n and projdimp N < oo.
The list above is just another format of the desired assertion. O
The balance of this section is devoted to showing that all admissible configura-
tions of vanishing Betti numbers and Bass numbers do occur. We construct relevant
examples and analyze them through the results of the preceding sections. It may
come as a surprise that relative Bass sequences and relative Betti sequences can

have a gap at n = 1, or that the relative Bass sequence of a nontrivial module can
be identically equal to zero: no such pattern occurs in absolute cohomology.

10.5. Examples. Let R be a non-regular Gorenstein ring of dimension d.
The following table lists examples of all possible patterns of vanishing in pairs
(W% (N), pg(N)) for an indecomposable R-module N with projdimg N = co.

HG=0=pg | pg>0=pg | pg=0<pg| pg>0<pg
d=0 No such N Each N
No such N
d =1 || Each torsion-free N R/m? for s > LL(R)
k
d Z 2 m Nd—l Nd

The assertions on k, m, and N; come from Remark 10.2, and Propositions 10.6,
10.8, respectively; the rest follows from Proposition 10.7 and Example 8.8.2.
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10.6. Proposition. If R is a non-regular Gorenstein local ring with dim R = d >
1, then the following hold:

0 for n<1 and n>d+1;
pg(m) = ,
nfd(m) fO'I‘ 2 S n S da

2 (m) = 4 HR(®) + T (m) for n#1.d;
pd (m) for n=1,d.

Proof. Since R is Gorenstein, we have Ext%(k, R) = 0 for n # d and Ext%(k, R) =
k. Let p: R — k be the canonical surjection, let P — k be a minimal free resolution,
and let X — Q" P be a G-approximation. We then have

ranky Ext$(k, p) < frankg Q"P < frankg X = 63(k) = 0.

where the first inequality comes from Lemma 8.2.1 and the equality from Remark
8.8.1. Thus, the cohomology exact sequence induced by the short exact sequence
0—m— RS k— 0 yields equalities
n—1
~ e uy (k) for n#d;
n(m)=pa% (k) forall nez; Bm) =&
pig(m) = pg (k) pg(m) {u"}{l(k)ﬂ for med

The expressions for % (m) now follow from those for % (k), cf. Remark 10.2.
For n # 1 the values of ug(m) are given by Theorem 10.3. To prove that pug(m)
vanishes we use an exact sequence given by Theorem 7.1:

0 —» Exct, (k, m) — Bxtl(k, m) 25" BRt (5, m) — Ext2(k,m) .

If d = 1, then Exté(k,m) = 0 by Theorem 4.2.2, so e}, is surjective, hence
pg(m) = pp(m) — fip(m); the difference vanishes by the computation above.
If d > 2, then Proposition 5.4 yields a commutative diagram

Hompg(k, R) —> Hompg(k, k) — Exth(k, m) —= Ext}(k, R)
E%(k,k)l ls}g(k,m)
Ext%(k, R) — Ext%(k, k) — Extk(k, m) — Exth(k, R)

The upper ends vanish by the depth hypothesis, the lower ones by Theorem 5.2.4.
As €% (k,m) is injective by Theorem 8.7 and Example 8.8.1, so is ek (k, m). O

Next we take a look at dimension one.

10.7. Proposition. If R is a non-reqular Gorenstein local ring with dim R = 1
and N is a finite R-module, then pu;(N) = 6%(N).

Remark. The module N is torsion-free if and only if it is maximal Cohen-Macaulay.

Proof. For convenience of notation, we set r = §g(N).
If depth N = 1, then N is maximal Cohen-Macaulay, so N =2 R" &G with G € G
and f-rankp G = 0. From Proposition 4.7 and Theorem 4.2.4 we obtain

Extg (k, N) = Extg(k, R") @ Extg (k, G)
= Extp(k, R") ® Extg(k, G)
= k" @ Extg(k, G) .
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Since 0 - m — R — 0 is a G-resolution of k, from Construction 6.2 we obtain a
proper resolution 0 = R* —» m* — 0 of k' = k, and hence an exact sequence

Homp (m*, G) —2229, Homp(R*, G) — Extl(k,G) — 0.
Take any a € Homg(R*,G). If a*: G* - R** = R is surjective, then R splits off
as a direct summand of G*, so G =& G** has a direct summand isomorphic to R, a
contradiction. Thus, a*(G*) C m, hence a* = 18 for some §: G* — m. Dualizing,
we get a = o** = Hompg(*, G)(B*), hence Ext(k,G) = 0, and so pus(N) =r.
If depth N = 0, then Theorem 8.5 yields a proper exact sequence

0—>R33>RT@G—>N—>O

where G is maximal Cohen-Macaulay with f-rankg G = 0 and O(R?®) contains no
nontrivial free direct summand of R". Thus, the compositiono: R®* - R"&G — R"
satisfies o(R®) C mR". We have Extj(k,G) = 0 by the case treated above, and
Exté(k, R?) = 0 by Proposition 4.2.2.a, so by Proposition 4.6 the sequence

Extb(k,a’)

Extg(k, R*) Extg(k, R") — Extg(k, N) — 0

is exact. Now Ext(k, o) = 0 by the minimality of o, so pg(N) =7, as desired. [
The missing patterns in dimensions > 2 are provided by

10.8. Proposition. Let R be a non-regular Gorenstein local ring with dim R =
d>2, let x1,...,24 be a mazimal regular sequence, and set R; = R/(x1,...,%;).
Fori=d—1 and i = d there exist exact sequences

00— R, — N; —m —0
where N; is indecomposable, projdimp N; = oo, and
u’&(Ni)=<din) for  n=0,1.

i .
Proof. The exact sequences 0 & R; —— R; — Ri;1 — 0 induce exact sequences

oo 2 Bxth(k, R;) — Exth(k, Riy1) — Exti (k, R;) =2 ...
where multiplication by ;41 is the zero map. As Ry = R and R is Gorenstein, we
have pf(Ro) = (,°,)- Induction on i yields p(R;) = (,°,) for all 0 <4 < d and
n€Z.Ifi>d—1then p%(R;) # 0, so Exth(m, R;) = Ext%(k, R;) # 0, hence for
i > d — 1 there exists a non-split exact sequence 0 — R; - N; - m — 0. It is
proper by Lemma 4.1.2, so Proposition 4.4 and Corollary 7.2 give an exact sequence

Extg (k,m) — Exty(k, R;) — Extg(k, N;) — Extg(k, m)

Both ends vanish by Proposition 10.6, hence u& (N;) = ph(R;) = (,°,) forn =0,1.

Denote T; the torsion submodule of ;. The defining exact sequence shows that
projdim N; is infinite, that IV; has rank 1, and that 7j; is isomorphic to R;; in
particular, T; is indecomposable. If N; = V; @ W; with V; # 0 and W; # 0, we may
assume that rank V; = 0, and hence V; C T;. As V; is a direct summand of NV;, it is
also a direct summand of T, hence V; = T;. This implies that the defining sequence
splits, contrary to our choice. We conclude that NV; is indecomposable. |
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