COHOMOLOGY OPERATORS DEFINED BY A DEFORMATION
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INTRODUCTION

A lot of (co)homological information on modules over a commutative ring R is en-
coded in terms of composition products of various Ext and Tor modules. Two main
difficulties in using this information are that the resulting algebra and module struc-
tures are seldom finite, and the products are almost never commutative. One signif-

icant exception occurs when R = Q/(z) for a Koszul-regular set © = {z1,...,2.}
in a commutative ring @; we think of ) as a deformation of R over a regular base.
Indeed, Gulliksen [8] then constructs a set of commuting operators {X1,...,X.}

acting on Ext}; (M, N) by increasing degrees by 2 and on Tor®(M, N) by decreas-
ing degrees by 2, making Ext and Tor graded modules over a polynomial ring
S = R[Xi,...,X.] with variables of cohomological degree 2. He proves that if
Extg) (M, N) is noetherian over @ for each n and vanishes for n > 0, then the
graded S-module Exty (M, N) is noetherian. This partly overcomes the first ob-
stacle referred to above.

Under more restrictive conditions on @ and &, Mehta [9] interprets Gulliksen’s
operators as composition products: this makes the second difficulty manageable,
as the actions of Extp (M, M) and Exti(N,N) on Extp(M,N) are “essentially
central.”

These results have provided the basis for extensive studies of the (co)homolo-
gical properties of modules over local complete intersections by Eisenbud [7], and
of more general classes of modules of infinite projective dimension by Avramov [1].

Each of the papers quoted above also uses alternative construction(s) of coho-
mology operators. It has been repeatedly stated in the literature that they yield
the same result, but a close inspection of the arguments supporting such claims has
revealed serious defects. On the other hand, no single approach seems to give all
the essential properties of the cohomology operators which have been extensively
used in [4].

In an attempt to provide complete proofs for the coincidence of the various
operators, we were led to two new constructions. Both of them come from view-
ing R—modules as DG (=differential graded) modules over a Koszul complex K
resolving R over (), and our arguments make a full-fledged use of techniques of
DG homological algebra, summarized in Section 1. As a bonus, we construct the
operators and establish their main properties directly for complexes of R—modules.

We first introduce operators d la Gulliksen, as connecting homomorphisms. Un-
like previous approaches, both module arguments are involved from the start. This
is important in proving that “left” and “right” versions of earlier operators agree—
at least up to sign—which suffices for the applications in [7], [1].

1991 Mathematics Subject Classification. 13D99, 13c40, 18G15.
L.L.A. was partially supported by a grant from the National Science Foundation.

1



2 L. L. AVRAMOV AND L.-C. SUN

Our second approach produces cohomology operators from chain-level maps,
as did Eisenbud. However, our chain endomorphisms arise not from lifting the
differential of a complex of R—modules, but from descending the differential of a
DG K-module.

These constructions are presented in Section 2. They are used in Section 3 to
provide direct proofs of many formal properties of the cohomology operators, in
particular, of their centrality. Section 4 compares our approach to earlier ones,
filling in gaps and correcting misconceptions concerning the relations between the
various operators. Trying to avoid further inaccuracies, we include sufficient detail
for most of the essential computations.

In Section 5 we note that some of the existing proofs of the noetherian nature
of Extp (M, N) over the ring of cohomology operators carry over to complexes,
and establish a new property of these operators—their primitivity. When k is the
residue field of a local ring R, we prove that for certain finite R—modules M the
graded module Exty (M, k) is finite over the subalgebra of Exty(k, k) generated by
the central and primitive elements of degree 2, even though R itself may not have
a deformation. This plays a key role in the investigation of finite CI-dimension in
the recent paper [4].

1. BACKGROUND

This section contains a synopsis of DG homological algebra, taken from [3]. All
modules in sight are defined over a fixed commutative ring k, which is usually
suppressed from the notation. In particular, ® stands for ®, and Hom for Homy.

1.1. Complexes and DG modules. Differentials have degree —1 and are ubiq-
uitously denoted 0. The notation m € M means that m is a homogeneous element
of M; we denote its degree by |m|. If m is a cycle, then [m] is its homology class.
The functor forgetful of differentials is denoted (—)".

Let M and N be complexes. The complex Hom(M,N) has d’th component
[1icz Hom(M;, Niyq), and differential 9(y) = 9oy — (—=1)7ly0d. A chain map v
is a cycle in Hom(M, N), so that doy = (=1)/7ly0d. A chain map of degree 0
is called a morphism, and a quasi-isomorphism if it induces an isomorphism in
homology; the latter is indicated by the appearance of the symbol of ~ next to its
arrow. The complex M ® N has d’th component [[,(M; ® N4_;) and differential
d(m@n) =9d(m)®n+ (=1)™m @ dn).

A commutative DG algebra A is a complex together with a morphism AQ A — A
denoted by juxtaposition which has the usual associativity and unit properties, and
satisfies ab = (—1)///®lba for all a,b € A and a® = 0 when |a| is odd. An A-module
is a complex M, together with a morphism A ® M — M, satisfying the usual
conditions. If A; = 0 for ¢ # 0, then a DG A-module is simply a complex of
modules over the ring Ay, and we call it accordingly.

For A-modules M and N, the subcomplex Hom 4 (M, N) of Hom(M, N) consists
of those 7 for which y(am) = (—1)1"1%lay(m) for all a € A and m € M; it is an A~
module with (ay)(m) = a(y(m)) = (=1)1"!lely(am). Dually, the complex M @4 N
is the quotient of M ® N by its subcomplex generated by {(am) ®n—(=1)l*Imm®
(an) | a € A,m € M,n € N}; it is an A-module, with a(m ® n) = (am) @ n =
(=1)lellmlm @ (an).
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1.2. Resolutions. An A-module P is DG-projective if Hom (P, —) transforms
surjective quasi-isomorphisms into surjective quasi-isomorphisms. This is equiv-
alent to the property that Hom4 (P, —) preserves all quasi-isomorphisms and the
graded A"-module P! is projective. In that case (P ®4 —) preserves quasi-iso-
morphisms.

An A-module I is DG-injective if Homg(—,I) transforms injective quasi-iso-
morphisms into surjective quasi-isomorphisms. This is equivalent to the properties
that Hom(—,I) preserves quasi-isomorphisms and the graded A%*-module I° is
injective.

A bounded below (respectively, above) A-module M such that M? is projective
(respectively, injective) over A% is DG-projective (respectively, DG-injective).

Let X be an arbitrary A-module. There exists a quasi-isomorphism P = X
from a DG-projective module P; any such morphism is called a DG-projective
resolution of X. Dually, X has a DG-injective resolution, that is, a quasi-iso-
morphism X = I with I DG-injective. For each X we fix a DG-projective
resolution ¢4 : Py = X and a DG-injective resolution nx: X = IX.

Let p: A’ — A be a homomorphism of DG algebras, let M and N be A-
modules, and let M’ and N’ be A'-modules. A @-contravariant homomorphism
v: N — N’ is a k-linear such that v(p(a')n) = (=1)1"/1%"la’v(n) for all @’ € A’ and
all n € N. A p-covariant homomorphism p: M' — M is a k-linear map such that
pa'm') = (=1)1* Ikl p(a’ u(m') for all @/ € A’ and all m' € M'. In other words, v
and p are homomorphisms of A'-modules for the structures induced on N and M
through .

For ¢, u, v, as above, and a yp—covariant chain map A: L' — L, by 1.2 there
exist unique up to homotopy yp—equivariant chain maps A*, u*, v,, such that the
squares

7 A. L] v !
Pf —— PA P, —— P N —— N

T

v

2 r M s M Iy —=— Iy
commute up to homotopy. They induce a y-contravariant chain map
Hom,, (u*,v.): Homa(Piy, IY) — Hom (P IV, e (=)D, e
and a ¢p—covariant chain map
X @y u: P ®@a Pl = Pl aa Py,  pod = (=1)HIPIX@) @ p(g)
both of which are unique up to homotopy.

1.3. Derived functors. With the resolutions chosen in 1.2, set Ext} (M,N) =
HHom 4 (P, 1Y) and Tor?(L, M) = H(P£ ®4 P{). The morphisms from 1.2
uniquely define homomorphisms of graded k—modules

Ext (u,v): Exty (M,N) — Ext}, (M',N')
and

Tor? (A, p): Tor (L', M') — Tor (L, M)

which make Ext* and Tor, functors of three arguments. If ¢, A\, u, v, are quasi-
isomorphisms, then Ext,(u,v) and Tor? (A, ) are isomorphisms.
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When A = Ay is aring, the construction yields the usual hyper(co)homo-
logy of complexes. By further specialization to modules M = My and N = Ny,
it produces the classical derived functors of Hom4 and ®4.

Let v € Ext%(M,N) and § € Ext%(L,M) be represented by chain maps
¥: P& — IY and §: PA — I¥. By 1.2, choose unique up to homotopy chain maps
y*: P — P& and §*: P£A — P such that 7 = noe@oy® and § = nif oe 06"

The composition product is the degree 0 homomorphism of graded k—modules

Exty (M,N) ® Ext (L, M) — Ext} (L, N),
YR y-§=[y00"].

If ¢ is the homology class of a cycle >, ex ®a fr € Pf‘ A PA“}I, then

Ext* (M, N) ® Tor(L, M) — Tor(L, N),

YRty t= [Z(—l)”e’“'ek ®4 7'(fk)]

k

defines a degree 0 homomorphism of graded k—-modules.
Similarly, if u is the homology class of 3", ex ®4 gr € Pf* ®4 P&, then

Ext* (L, M) ® Tor(L, N) — Tor(M, N),

SQuid-u= [Z(S'(ek) ®A9k]
P

is a degree 0 homomorphism of graded k—-modules.

These pairings are associative, and so define a structure of graded k—algebra on
Ext% (M, M) with unit given by the class of the map n}loef;: P{t — IY; they
make Ext’ (M, N) into a graded left Ext% (N, N)-, right Ext’ (M, M)-bimodule,
while Tor2 (L, M) becomes a graded left Ext* (L, L)-, left Ext* (M, M)-bimodule.

2. CONSTRUCTION

We start by describing the setup for much of the discussion in this paper.

2.1. Koszul regularity. Let = {z1,...,2.} be a set of elements in @Q, a = (x)
the ideal it generates, and R = @)/a the quotient ring. We denote K the Koszul
complez K (x,Q); thus, K is the exterior algebra on a free Q-module with basis
&,..., & with || =1, and 0(&;) = z; for 1 < j < ¢. We denote 2 the kernel of
the canonical augmentation k: K — Ho(K) = R.

We assume that x is Koszul-regqular that is, that H;(K) = 0 for ¢ # 0; equiva-
lently, & is a quasi-isomorphism. The cotangent module C = a/a? is then free over
R on T, where T; = z; + a?, and for each R—module M and each i € Z there are
isomorphisms

Ext,(R, M) = H_; Homq (K, M) = Homg(K;, M) = /\ Homg(C, R) @ M
and

i
Tor? (R, M) = Hi(K ®q M) = K;®q M = \Cor M.
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The canonical isomorphisms x* = Ext},(M, N) and k. = Torf(L, M) are com-
puted as follows. For each R—module X factor its DG resolutions over K as

(idx)e

pf L, picjgple B0 x sy o g1y X .

Note that the intermediate complexes of R—modules are (respectively) DG-projec-

tive and DG-injective and the induced maps (¢¥)* and (n%). are quasi-isomor-

phisms, then choose e& = (e§)* and n%¥ = (9% ). as the DG resolutions of X over R.

2.2. Fundamental sequences. We consider for each j the DG subalgebra KUl c
K generated over Ko = @ by &i,...,&;,...,&:, and the multiplication map
ﬂj:K(X)K[j]K—)K with ﬂj(b@C):bC.

Proposition. Let L, M, N, be K-modules.
(a) The canonical inclusion (3;|X and the degree one map a;|X defined by

v (m e (=1)"ly(gm) — gy(m))

yield an exact sequence of chain maps
0 — Homg (M, N) 2%, Hom g (M, N) 2%, Homy (M, N)
in which ajH‘V’I is surjective if MY is projective or NY is injective over K.
(b) The canonical projection B;|Lv and the degree one map aj|rav defined by
Lok m = (=)l @i (¢m) — (1) @gm m
yield an exact sequence of chain maps

ojlLm Bl

LIk M — L@y M —— LOx M — 0
in which a;|par is injective if L* or M¥ is flat over KA.

Proof. To simplify notation, we set A = KUl and ¢ = ¢;.
A direct computation yields equalities

Kerfj = (K®aK)(1®4£6—E®41)=0:kp,x (1Q46—E®a1)).

Thus, left multiplication by 1 ®4 £ — £ ®4 1 on K ® 4 K defines a degree 1 homo-
morphism of graded K ® 4 K—modules

oj: K 2 K®s K given by a—1®a(fa)—€®aa

which fits into a fundamental exact sequence

05 K Ko K K —0.

More verifications show that the action ((b®a4 ¢)v)(m) = (=1)l1Vlby(cm) gives
Hom 4 (M, N) a structure of K® 4 K—module, and that the action (b® ac)(I®am) =
(=1)lelllpl ® 4 em produces such a structure for L ® 4 M. Furthermore, if X is a
K ® 4 K-module and K acts on X @ M by a(x ® m) = (azx) ® m, then there is a
canonical isomorphism

Hom kg , k) (X, Homa (M, N)) = Homg (X ®x M, N)
given by v +— ((z ®k m) — y(z)(m)), and a canonical isomorphism
(L®aM)&Ke, k) X =Lk (X @k M)
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given by @ m) @ z — (=1)™#l] @ (z ® m). To obtain the exact sequence
in (a), apply the functor Hom kg, k)(—, Hom4 (M, N)) to the fundamental exact
sequence, and set o;|¥ = Hom(a;,Hom(M, N)). For the sequence in (b), apply
(L®aM)® ke, k) — to the fundamental sequence, and set oz = (L® M) ® a;.
Finally, use the isomorphisms above with X = K to identify the outer terms.

The first isomorphism shows that the sequence in (a) can be obtained in two
stages. The first is an application of — ® k M to the fundamental exact sequence,
with the K-module structure on K ®4 K given by a(b® ¢) = (—1)1?/tlp @ (ac).
The map ﬂjh is then split by a — 1 ® a, so we get an exact sequence of K—modules

0 — M 2 e, M B a g
Thus, o;|¥ is surjective if N? is injective over K% or M¥ is projective over K¥.
A similar argument proves the injectivity of a;|zar if Lf or M*? is flat over K5. O

2.3. Cohomology operators. Let x = {z1,...,2.} C @ be a Koszul-regular set.
Let L, M, N, be complexes of R—modules. We view them as K-modules via x and
introduce shorthand notation for their resolutions over K

U=Pf V =P} Y =1y .
Then we choose as in 2.1 resolutions over R
E=U/AU=PF F=V/AV =P J=(0:A)y =1y,

andlet ep: U — E,ey:V — F,and ¥ : J = Y be the canonical maps.
By 2.2 there are exact sequences of K—modules

v v
0 — Homg (V,Y) 2% Hompy (V, V) 2% Homg (V,Y) — 0
and
05UV "% Uem v 2% Uuerv —o.

The connecting homomorphisms d; of the associated long (co)homology exact se-
quences define operators x; by commutativity of the squares

Exth(M,N) —=— Exti(M,N) TorX (L, M) —=— Tor®(L, M)
X;l l‘aj 511 lxj
Extit?(M,N) —=— Extit?(M,N) TorX ,(L, M) —=— Tor?,(L, M)

where the isomorphisms are the maps Exty (M, N) and Torf (L, M) induced by
Homp(F,J) = Homg(V,Y)  with v n¥oyoey
and
UekV =S EQgF with u®g v ey(u) @rey(v).
We call x = (x;)§ the family of cohomology operators defined by x.

For another construction of cohomology operators we study
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2.4. DG-projectives. Let P be a DG-projective K—module.

The projectivity of K%module P%, cf. 1.2, implies that of P = P"/KE_Ph over
@, hence the epimorphism P? — P is split by a homomorphism o of graded Q-
modules. The degree zero homomorphism of K®-modules 7: K ®¢ Im(o) — P*
given by 7(a ® p) = ap induces an isomorphism 7 Q gt (), so Coker(n) = 0. Thus,
we have an exact sequence of graded K% modules

0 — Kerm — K ®q Im(0) = P* — 0
which splits because P is projective. In the exact sequence obtained by applying
— Qg @ the map 7 Qg @ is bijective, so Ker(m) @ g1 @ = 0. Due to the nilpotency
of the ideal Kﬂ_ = (&1,...,&.)K", we have Ker(7) = 0, hence 7 is bijective.

For {h1,...,hi} = H C Z={1,...,c} with hy < -+ < hy, set &g = &p, A=+ A
&n: € K. Each v € P can be written in the form v =}y, {m(v) g with uniquely
defined (v)g € Im(o), so for each H C Z we have a Q—linear endomorphism

Om: Im(o) — Im(o) with du(p) = (—1)H1(dp) &
of degree (—|H| — 1). The equation 8?(p) = 0 then yields

() =D _;0;(p); (24.1)
020;(p) = 0;05(p) mod alm(o) for j=1,...,c. (2.4.2)

Note that D = R Qg P = Im(c)/alm(c) = P/AP is a complex of projective
R-modules with differential 9(1 ® p) = 1 ® 0z (p), that the maps
P?.:D—D ivenby 1®p—1®0; for j=1,...,c
j g J

are degree —2 chain endomorphisms of D, and that the family 77 = (r°)f is

uniquely determined by . It allows for chain level computations of the operators.

Proposition. Let L, M, N, be compleres of R—-modules, and let Ef: E — L,
el F— M, nﬁ‘{: M — I, be their DG resolutions over R described in 2.3.

Ifrf,...,7E:E - E and 1f',...,7F: F — F are families of chain endomor-
phisms described above, then for j = 1,...,c there are equalities

x; =HHompg(r] , J): Ext}(M,N) — Ext(M,N);
xj = H(rf ®r F): Torf(L, M) — Tor(L,M);
x; = —H(E®grT;): Torf(L, M) — Tor(L,M).

Proof. Along with the chosen in 2.3 DG-projective resolutions V and F of M over
K and R, we consider the complex of R-modules FIUl = R ® ;) V. Identifying
FUIR with F* @ & F%, we see that its differential is given by

f' +&f") =a(f) = &(r (f)+a(f") for f',f" €F.
Due to 2.2 we have a commutative diagram of chain maps with exact rows
0 —— v A penv 25y g
l: l: (2.4.3)

0 N A 1L ) 5j|RF> F y 0
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where the middle vertical arrow is & ® ;) V' and the maps in the bottom row are
&;lrr(f) =& f and Bilrr(f' + & f") = f'.

Apply Homg (—,Y) to (2.4.3). As Y is DG-injective over K, this functor is
exact. Furthermore, on complexes of R—modules it reduces to Hompg(—, J), so we
get a commutative diagram with exact rows

\4 \4
Bily ajly

0 —— Homg(V,Y) 2% Homyw(V,Y) —2X% Homg(V,Y) —— 0

T I -

0 —— Homg(F,J) 2124 Homp(F1,7) <Y Homp(F,J) —— 0
and chain maps Bj|§(§)(f’ + & ") = F(f) and &;|5F)(f) = (=D)NF(Ef). Tts
commutativity shows that the operator x; on Exty (M, N) can be computed by the
connecting homomorphism &; of the lower row. A direct computation shows that
if y is the class of a chain map 5: F — J, then 3;(y) = [Jor]’]. In other words,
x;(7) = HHompg(r], J)(7).

Similar considerations applied to the DG-projective resolutions U and E of L
over K and R produce a commutative diagram of chain maps with exact rows

0 , B Silem, pa filem, g » 0

:T T: T: (2.4.4)
0 y U 25 Ugn K 28 U > 0

with EUl = E g kil R. In it the middle quasi—_isomorphism is U ®k1i1 K, and the
maps in the top row are &;|gr(€e) = —¢;e and B;|gr(e’ + Ee") =¢€'.

Applying (— @k V) to (2.4.4) and (U ®k —) to (2.4.2), we arrive at diagram

&j|EF Biler

0 — s EepF 5 Eilgp F 2255 EQpF —— 0

T .

0—>U®RVM>U®KU]VM)U®RV—)O

Y "

0 —— EopF 225 o pil 250 popp — 5 0

which is commutative with exact rows. By the bottom portion, x; on Tor® (L, M)
is the connecting homomorphism 3 ; of a short exact sequence of complexes in which
jler(e® f) = (1) e® (&) and Bj|pr(e ® (f' +£f")) = e ® f'. By an easy
calculation éj([zk er ® fr]) = —[Xx ex ® 7/ (f1)], hence x; = —H(F ®g 7]).

The top part shows that the action of x; on Tor®(L, M) is also given by the
connecting homomorphism 3; of a sequence with &;|gr(e ® f) = —(§e) ® f, and
ﬂ.j|EF((€I+§j€”)®f) = ¢e'®f. This time, 6]([2]9 ek®fk]) = [Ek TjE(ek)(X)fk] .

Corollary. Ifn¥: M — I is a DG-injective resolution over R and 15y = [n¥ ok,

€ Ext% (M, M), then x;(1np) = g oefrorf] € Exth(M,M) for j=1,...,c. O

An alternative approach to operators in cohomolgy is obtained by using
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2.5. DG-injectives. In addition to the assumptions and notation of 2.1 and 2.3,
let {{f;}rcz be the Q-basis of HomQ(Kh,Q) dual to the basis {{r}rcz of Kb,
The action of K* on Homg (K", Q) is described by &;é5 = 0if j ¢ H, and ;&) =
(_1)1‘—16;{\3' lf] = hr; where H = {h]_, .- ,hz} and hl <0 < hz

Let I be a DG-injective K—module.

The graded module I = (0 : K 5_) 4 is then injective over @), due to the injectivity
of It over Kb, cf. 1.2. Let p be a Q-linear splitting of I C I, and set i(y)(a) =
(—1)l¥llelp(ay) for y € I' and a € K. Therefore, ¢: I* — Homg (K", I) is a degree
0 homomorphism of graded K%-modules. As Homg:(Q,¢) is bijective, we see that
Ker(:) = 0, so ¢ is injective and yields an exact sequence of graded K i-modules

0 — I* % Homg (K", I) — Cokert — 0.

The sequence splits, due to the injectivity of I%. Applying to it Homg:(Q, —) we
get an exact sequence whose first map is bijective, so Hom g (Q, Cokert) = 0. We
remark that if X is a K*-module such that Hom g (Q, X) = 0, then the nilpotency
of the graded ideal K Er implies that X = 0. Thus, Coker: = 0 and ¢ is bijective.

The map »: K*®¢g I — HomQ(Kh,Q) ®q I with a @ w — (—1)lelagy, @ w is
a bijective degree (—c) homomorphism of graded K%-modules. Thus, y € I has a
unique expression of the form y =Yy, u(y)m with (y)g € W =17 13(1 ®q I).
In particular, for each y € I there is a unique w € W such that y = £zw. For
H C Z we define a Q-linear degree (—|H| — 1) endomorphism

Om:I =1  with  9g(y) = (1) Hlez(0w) g .

By a direct computation, the equation 2(w) = 0 now yields a congruence

(O0w)a)e = =3 z;(0uw); + 3 & ((0(w);)e — (9(0w)a);)

mod( > Galowypnpy+ Y gHW>.

{h.j}CZ |H| >2

Multiplication on the left with £z gives £2(0{0w)g)e = —&2 E;Zl zj{Ow);. Thus,
[+
05 (y) = (=1)°>_ 2;0;(y)
j=1
and the congruence above simplifies to

c
> &((0(0w)e); — (8(0w);)5) =0 mod ( > Galowympy + D §HW) :
j=1 {hj}CZ |H| >2
Multiplying the new congruence on the left with {z; for j =1,...,¢c, we get

c
9;05(y) = 8x0;(y) mod (Z a(@w){h,j}> .
h=1
Remark that y isin B = (0 : a); = (0 : )7 if and only if w is in (0 : a)w,

and that the restriction of dy to B is equal to the differential & of B. Thus,
setting v; = (—1)°0; and denoting vf the restriction of v; to B, we obtain a family

B B

v" = (v;’){ of chain endomorphisms of degree —2 of the complex of R-modules B.
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Proposition. Let M and N be complezes of R—modules, let F = V/AV and J =
(0: A)y be their DG resolutions as in 2.3, and let v{,... ,v7: J — J be the family

) [+
of chain endomorphisms described above. For j = 1,..., c there are equalities

x; = HHompg(F,v}): ExtRp(M,N) — Exti(M,N).

Proof. Consider the complex of R-modules JU = Homg;;(R,Y), and identify .J914
with £z(0 : a)E,V ®Ez;(0: a)%v. The differential of JU! is then given by
d(Ezw' + &z ") = 05(E7w") + (=1Yvj(Ezw") + (1) 7 (Ow") o

for w',w" € (0: a)%v. Thus, from 2.2 we get a commutative diagram of chain maps

0 g Ll JUul ZIFiN — 0
. Bily a; |y
0 >y Y > HOmK[j] (K,Y) >y Y > 0

in which the rows are exact, the middle vertical arrow is induced by Hom g1 (k,Y)
and is a quasi-isomorphism because the external two arrows are, and where

BilFzw) =Ezw  and  &;|F(Epw’ + &z ") = (1) Ezw"

The rest of the argument is similar to that for Proposition 2.4. |

3. PROPERTIES
We derive the main formal properties of the cohomology operators.

3.1. Naturality. Given a commutative diagram of ring homomorphisms

Q —5Q

a |°

R —*5 R
with @’ = Ker(p') generated by a Koszul-regular set ' = =,...,z,, C @', let

x' ={x!1,---, x5} be the family of cohomology operators defined by x', and let
c
¢($;) = Z%‘jxj with gij € Q for 1<i<¢
i=1

be equalities resulting from the inclusion ¥ (z') C Ker(p).
We can now describe the functoriality of the cohomology operators.

Theorem. Let u: M' — M be p-covariant chain map.
If A\: L' = L is a p-covariant chain map, then

xjoTorf(A, p) =Y qij Torf (A, p)ox}  for j=1,...,c.
i=1
Ifv: N — N'is a p-contravariant chain map and q;; = 1(q;;), then
CI
Zqz’.jxgo Exty, (u, v) = Exty,(u, v)ox; for j=1,...c.
=1

Proof. This is immediate from 1.2, Proposition 2.4, and the following lemma. O
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Lemma. Let K' be the Koszul compler K(z',Q'), and let ¥: K' — K be the
homomorphism of DG algebras defined by ¥(£)) = 2;21 gij& for 1 <i <. Let

P' be a DG-projective module over K', and let T/ = (71)$ be the family of chain
endomorphisms of the complex of R'-modules D' = P'/U'P' defined by x'. Given
a U-covariant chain map v: P! — P, let 1 ® v: D' — D be the induced covariant
chain map of complexes over the ring homomorphism ¢: R' — R.

The chain maps TjDO(l ® ) and Zflzl gi;(1® Y)orP" are homotopic.
Remark. In view of Proposition 4.2 the Lemma is equivalent to [7, Proposition 1.7].

Proof. In the notation of 2.4, for each H C Z = {1,...,c} consider the degree
(|v] = |H|) homomorphisms of graded @'—modules

~vr: Im(c') — Im(o) with ya(y') = (—1)|H‘ (N -

By definition, we have

N(Y') = 0e7a(y Z%%

+i§j(&2ﬁj(y) W)+ Y. Ezaymp > mod( > fHP)

j=1 {h.j}cz |H|>2

Due to the ¥-covariance of v, we get

70'(y') = 700l ( zm,a' — ()" " W(E) 10 04y)

i=1
=700,y +Z€y< 1)‘”_1Zqiﬂgaé(y')—w%( ') mod ( > £HP)
i=1 |H| >2

Noting that 8y = (—1)I"l4d’, and that v induces the morphism 1 ®y: D' — D,
we conclude by comparing the coefficients of £; that

o(1®7y) - unlm D' — gy, — (~1)1ly;0" forj=1,...,c

Thus, v; is a homotopy from 7,°0(1 ® 7) to Eflzl gij (1 ®y)orP". O
3.2. Centrality. Cohomology operators (anti)commute with products:
Theorem. For j =1,...,c there are equalities
Xi(M-6 = xi(v-8) = v-x;(6) € Extg(L,N)
t =—x;(v-1t) =—7-x;(t) € Tor,(L,N)
Xj(6)-u = xj(6-u) = 6-x;(u) € Torf(M,N)
for all v € Exty (M, N), 6 € Exthy(L, M), t € Tor®(L, M), u € Tor®(L, N).

Proof. In addition to the resolutions F', E, J, described in 2.3, we consider DG
resolutions M = IM =T and G = P = N.
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Choose chain maps 7: F — J and 6: E — I such that v = [3] and & = [4],
cf. 1.2. Extend ¥ to 7, € HomR(I J) and lift 4 to 6* € Hompg(F, F). Lemma 3.1
applied to idx shows that 7; Fos* and 4° 07' are homotopic, so Proposition 2.4 gives

Xj(7) -8 = [Forf] - 6 = [Yo(7} 08%)] = [Yo(3"o7)")] = [(F08")or}] = x; (v - 6).
On the other hand, by [6, §7, no. 2] and Proposition 2.4 we have
Xi (7 - 8) = X3 ([§03°]) = [(§03*)orf] = [(Fu0d)or’] = 7 - [8*07] = - x;(9) -
With ), ex ® fi representing t and ¥*: F — G 11ft1ng v, Proposition 2.4 yields
x;(7) -t = [yor]’ [Z€k®fk] = [Z( 1){=2lexle, @ 3*(r] (fk))]

k

X1 1) = xj([2<—1)'v“ek'ek w(fk)]) =[S e o 7 (1)

v - x5t k[ Zek@v ] [Ek:(:)lvllekekm'(ff(ek))].

As T]-G o¥* and 'y'orj are homotopic by Lemma 3.1, we get the second statement.
Finally, if 3, ex ® gi represents u, then by Proposition 2.4 we have

Xi(8) - u = [or/’] [Z er ® gk] = [Z (807 (er)) @ gk] ;

k

X;(6 - u) =Xj([z (g.(ek)) ®gk]> = [Z (TfOS'(ek)) ®9k] ;

k k
0-x;(uw)=0- [Z (TJ-E(Ck)) ® gk] = [Z (g.OT]-E(ek)) ® gk:| .
k k
As 7} 0d* and g'OTJE are homotopic, we have the last statement. O
3.3. Characteristic homomorphism. Set C = a/a?, and let z},...,z* denote

the basis of C* = (a/a2)* dual to the basis € = {z; +a?,...,z. + a?} of C.
Theorem. The unique homomorphism of R—modules
C* — Exth(M, M) with x> x;(1ar) for j=1,...,c

is independent of the choice of the Koszul-reqular set . Its image lies in the center
of Extp(M, M), and so it extends canonically to a characteristic homomorphism
of graded R-algebras from the symmetric algebra S = Symp(C*):

Cum: S — Extyp(M, M)
The maps (pr and (n induce on Extip (M, N) the same S—module structure:
(n(@f) -y =xi(M) =v-Cu(aj)  for v €Extp(M,N),
The maps 1, and (y induce on Tor® (L, M) opposite S—module structures:
(@)t =xj(t) = —~Cu(aj) -t for te€Tor(L,M).
Corollary. On Ext}(M,N) and Tor?(L, M) there are equalities
XiXi = XjXi for i,j=1,...,c. O
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Remark. When M is an R—module the characteristic homomorphism (3 coincides
with one constructed by Mehta, cf. 4.4; his definition does not seem to generalize
to complexes of R—modules. When ¢ = 1, he proves in [9, Proposition 2.3] that the
image of (js is central and in [9, Proposition 2.4] that over complete local rings the
actions on Tor coincide. The theorem extends (and corrects some signs of) loc. cit.

Proof of the Theorem. Theorem 3.2 yields the formulas for the action of CM(:E;‘-),
and the first one of them implies that the image of (ps is in the center of of
Ext’, (M, M).

Along with @, consider a Koszul-regular set ' C @ such that (z') = (x). As
both T and T’ are bases of C, the set &’ also consists of ¢ elements, say z},...,z..
Let Tl'F, .. ,TéF be the chain endomorphisms of 2.4 defined by ' on the chosen
DG projective resolution F' of M over R. Writing z = 25:1 gi;2;, and applying
Lemma 3.1 to the identity maps of K and of P = PE, we get

(&

F_ /F .

7; —E qij T; for j=1,...,c.
i=1

It follows that the degree zero R-linear homomorphism (a/a?)* — Hompg(F, F)

with z} — TJ-F for j =1,...,c does not depend on the choice of the Koszul-regular
set . In view of the definition of (3; and Corollary 2.4 we have

Cu(z5) = [y oefrorf] = x;(1m).
This establishes the independence of (s from the choice of x. a

4. COMPARISON

We present the cohomology operators constructed by Gulliksen [8], Eisenbud [7],
Mehta [9], Avramov [1], and compare them to the operators x; from 2.3.

Throughout this section p: @ — R is a surjective homomorphism of commu-
tative rings with Ker(p) = a generated by a Koszul-regular set € = z1,..., ..
We consider R—modules L, M, N; as a further adjustment, we assume that DG-
resolutions U, V, Y of L, M, N over K have been chosen with U; =0 and V; =0
for ¢ < 0, respectively ¥; = 0 for 4 > 0. This can always be done, cf. [3], and has
the effect that the chosen in 2.3 complexes F' = U/AU and E = V/AV are classical
projective resolutions of the R-modules L and M, while the complex J = (0: 2)y
is a classical injective resolution of the R—module module N. Finally, recall that

Exth(M,N) = HHomg(F,J) and  Tor®(L, M) = H(E ®x F).

4.1. Gulliksen’s construction [8, p. 176] starts from short exact sequences

0 E2 gl 2 g 0
and
o, gl %
0=F —FJV S F—=0
where EUl and FUl are as in 2.4; the maps in the first sequence are given by
ali(e) = (=1)l¢/¢je and Bi(e' + £;e") = €'; the second sequence is defined similarly.
The preceding sequences yield exact sequences of (anti)chain! maps

Homg (8} ,N) Hompg(aj,N)

0 — Hompg(F, N) Homp(FU! N) Hompg(F,N) =0

IThe relations ag(') = (')a;- and as-’ o= 8a;’ are opposite to those in 1.1 for degree 1 chain maps.
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and
'@ rM ) 'QrM
0= BEop M 22 plil g it 22 pop M =0

whose connecting homomorphisms we denote 6;-.
For j =1,...,c, Gulliksen defines X; by commutativity of the squares

Exth(M,N) +—— H_;Homg(F,N)
le l(fl)"ag
Exti+?(M,N) +—— H_; 5 Hompg(F,N)
with isomorphism H Hompg(F,n} ) and
Hi(E®r M) +—— Torf(L,M)
(-1 | |
H;_s(E ®g M) +—— Torf ,(L, M)
with isomorphism H(E ®g ;).
Proposition. There are equalities x; = X; for j=1,...,c.

Proof. Set w(f) = (—1)/If, and paste (2.4.3) to the commutative diagram

0 N ACLLLN F) ﬁj‘RF> F 5 0

O B

7 B/I

a

0 ~ F —1 4 pli I s F —~ 0

along their common row. The diagram induced by applying Hompg(—, N) implies
the desired assertion for Ext} (M, N). The argument for Torf(L, M) is similar. [

4.2. Eisenbud’s construction [7, §1] begins with a lifting of a complex of free
R-modules (F',8) to a pair (F',d) of a graded free Q-module F' and its endo-
morphism 8 of degree —1, such that (F ®q R,d Qg R) = (F',0). It is easy
to see that liftings always exist. Fixing one, note that 5* ®g R = 0, hence
9% = Py z;t;(F', ) for some family (¢;(F",8))¢ of degree —2 endomorphisms
of the graded @Q-module F'. AsTis a basis, %}(ﬁ' ,5) ®q R is a chain endomor-

phism of F" ®q R. Let tf " be the corresponding chain endomorphism of F".
Eisenbud defines e;?ft for j =1,...,c by commutativity of the square

Extiy(M,N) +—— H_;Hompg(F', N)
e;.e“l lH Homg(t! ,N)
Exti}?(M,N) +—— H_;_, Homg(F',N)
and ;5" by that of
Hi(L®g F') +—— Torl(L, M)
H(L®Rtf')l l

H; »(L®g F') «—— Tork (L, M)
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where F' = M is a free resolution of the R—-module M, ¥: F — F" is a comparison

of resolutions, and the isomorphisms are H Hompg (9, n¥ ) and H(eF® ). Operators

e are similarly defined on Torf(L, M), by means of a free resolution E' = L.

Proposition. On Exty (M, N) there are equalities x; = ei-eft forj=1,...¢
On Torf(L, M) there are equalities x; = eleft —e;ight fori=1,...,c.

Remark. This corrects a sign error in [7, Proposition 1.6], which asserts that €™ =

;‘ght. The argument given there may not be used to compare the two maps: it

assumes incorrectly that the canonical projections

E'®r M + E' QpF' - LQgrF'
commute with the chain endomorphisms

V' op M, tF@pF' +E optl, BEot.

Proof. For an R—free resolution F' =» M, pick a homogeneous basis {fi}ren of the
graded R-module F'% and let P be a graded K% -module on a basis {g | [gx] =
|fil}rea. Set weo = 0, and assume by induction that a k-covariant morphism
wep: Peop = H\g;|<h Kbg\ — F', has been constructed such that w<s(gx) = fi
when |gx| < h, and w«p, is a surjective quasi-isomorphism.

If |f{| = h, then O(f}) is a cycle in Im(w<p), hence 9(f}) = w<n(2x) for some
cycle zy € Py. Extend the differential from P.j, to P<j, by setting 0(gx) = 2x, and
extend wep, to w<p: P<p — FL by w<p(ga) = fy for all X with |gx| < h. By the
choices made w<y, is a morphism and by the Five-Lemma it is a quasi-isomorphism
onto its image. The induction step is complete.

Set P:hﬂhp<h and w Zliﬂhw<h: P — F'.

Clearly, w is a k-covariant surjective morphism, and the induced map R®x P —
F' is an isomorphism of complexes of R—-modules. Using the notation of 2.4, we see
that the pair (Ph/KiPh,()g) is a lifting of the complex F'. In view of (2.4.1) we
can choose 0y, ...,0. to be the chain endomorphisms associated with this lifting.
This choice leads to equalities of Eisenbud’s endomorphisms with those from 2.4:

=7 for j=1,..c. (4.2.1)

Lemma 3.1 with ¢ = idg and y = ¢ shows that ¥ and 7} "9 are homotopic, hence

H Hom (¥, 7y Jo HHomp(t!, N) = HHompg(r], J)o H Homp (9,75 ) .

left

As HHompg(T The argument for Tor is similar. O

T FJ) = Xj, We get x; = €;

4.3. Avramov’s construction [1, §1] dualizes that of Eisenbud described in 4.2.

Recall that J is the chosen injective resolution of the R—-module N. Choose
a graded (Q—module J such that the @-module j is an injective envelope of the
@-module J; for each i. Clearly, HomQ(R J) =~ J. Since J is a graded injective
Q-module, there exits an endomorphism & of degree —1 on J such that 6| J=20.
By [1, Proposition 1.2] there are degree —2 endomorphisms (J,z): J — J, which
satisfy 62 = 3¢ =1 Tjlj (J, ), and which restrict to degree —2 chain endomorphisms
uJJ S = J.
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right

The operators €;°" studied in [1] are defined by commutativity of the square

Ext%(M,N) +—— H_;Homg(M,J)
egightJV J,H HomR(M,uf)
Ext}i*(M,N) +—— H_;_, Homp(M, J)

with isomorphisms H Hompg (e, J).

right

Proposition. On Extp (M, N) there are equalities x; = € forj=1,.

Remark Comparison with Proposition 4.2 shows that e;eft ;‘ght. This is stated

n [1, (1.5)], as a consequence of [1, Proposition 1.4]. However, that proposition is
not correct: the morphisms Hompg(F,n ) and Hompg (e, J ) do not commute with
the actions induced by the chain endomorphisms tf and u] .

Proof. With the notation of 2.5, we set ¥ = (0: Ki)y and consider the endo-

morphisms dg: Y — Y constructed in 2.5. Because J = (0 : a)y = (0 : )y

and 0y = Og|s = Oy |J, there is an injective homomorphism of graded Q —modules
7t J — Y with 1]y = idy and 700 — Oyoi = Z] 1 z;h; for appropriate degree —1

homomorphlsms of graded @-modules h;: J =Y. A direct computation yields

Z x; (tot] (J, ) — vjol) = Z:Uj (hjod + dgohy;) .
j=1 j=1

As the Koszul complex is exact, u7 is homotopic to v7, yielding the middle equality

e;ight = HHompg(F,u]) = HHomg(F,v}) = x;;

the last one comes from Proposition 2.5. a

4.4. Mehta’s construction [9, §1] proceeds from a presentation
0B—o>GySM-—-0

with a projective @Q—module Gy.
In view of the isomorphisms Tor® (R, Go) = 0 and Tor? (R, M) = C ® M, where
C = a/a? is the cotangent module, it induces an exact sequence of R-modules

EM: 0-Co®M 5B -Gy =>M—0.
where —' = R ®g —. In the notation of cf. 2.1, «(}°, Tr @ mp) = 1® >, zpmy,
where mj, € Gq satisfy e(m},) = my. For each j we get an exact sequence
eM: 0 M — M; =Gl =5 M —0.

as the pushout of £M along z;®M:C®r M — R®r M = M, where z7,...,z}
is the basis of C* dual to Z1,...,Z.- '

The iterated connecting homomorphisms induced by &£ yield operators 6;1ght
on Exty (M, N) and 6 on Tor®(L, M) studied by Mehta. Furthermore, the exact

sequences £ and £} yield operators 61" on Ext}, (M, N) and 65" on Torf (L, M).

Proposition. On Extp(M, N) there are equalities x; = 07" = —6;ight for j =
1,...,c.
On Torf'(L, M) there are equalities x; = —0%°™ = 6;lght forj=1,...,c.
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Remarks. (1) The last statement corrects a sign error in [9, Proposition 2.4], which
asserts that 6 = 578" on Torf(L, M).

(2) Mehta also considers an analogous exact sequence obtained as the pullback
of an injective copresentation of M; when ¢ = 1 he proves that these sequences
are congruent with SJM , and hence define the same cohomology operators. His
argument in [9, Proposition 2.5] can be extended to arbitrary codimension.

Proof. Let (G, 0) be a free resolution of M over Q). As z;M = 0, for each j there
is a homotopy o7 from z;idg to Og. Consider the diagram of R-modules

Gloc, 2 arec, 25 6 —2 6 — M —— 0
| weta] A |
0 —— C®M —— B y Gl —= M > 0
wjem | l | |
0 — M » M; y Gl —— M > 0
where "' =C®qg —, 05 = 0?181 gé] and 04 = [o¢ 0%], the middle and lower rows

are the exact sequences £ and 8;-"1 above, m comes from the canonical factorization
of 8 and 0y(}, T @ gi) = 1® >, 0¥ (gx) for i = 0, 1.

The commutativity of the upper left hand square is clear. The one to its right
commutes because O; a{) = z;idg. Thus, the diagram is commutative. It is checked
directly that the first row is exact?. We extend it to a free resolution F' of M over
R, and identify Exty (M, M) with HHompg(F’, I) via the canonical isomorphism.

Let uj-"f : F' — I be the chain map which on Fj is the composition of T; ®F
with the embedding n: M — I, and is trivial elsewhere. The commutativity of
the diagram implies that —[p;-” ] is the extension class associated with the exact

sequence EJJ-"I, cf. [6, §7, no. 3, Definition 1]. Now [6, §7, no. 6, Corollary 3] yields
St (y) = —v-[-p}'] and 87 (y) =[-pf1-y for 7€ Extp(M,N).
while [6, §7, no. 8, Corollaries 2 and 4] show that
SNt = [-pu}] -t and SP(t) =[-puf]-t for te Torf(L,M).
On the other hand, lifting Fj — F{ — F§ to homomorphisms of free Q—modules
c 52 51
Gi® Gy — G — Go

with 8, = 8; and 85((g1,...,9.) + g) = > 0&(gr) + 02(g), we see that Eisenbud’s
operator tf' from 4.2 acts on Fj by the formula tf' (CiZk®@g+1®0g) =1®g;.
This implies [uM] = [nMoefot!"]. As tI" = 7F" by (4.2.1), Corollary 2.4 and
Theorem 3.3 yield x; = ;" = —6;ight on Ext},(M,N) and x; = 6;ight = —6;¢" on
Torf(L, M). O

2In fact, it represents the beginning of a free resolution of M over R, constructed from G by
Eisenbud [7], but we shall not need the rest of it.
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5. APPLICATIONS

We extend the important finiteness result discussed in the introduction and its
recent converse to Ext’s of complexes of R—modules. We also establish a new
property of the cohomology operators—their primitivity.

For the first two subsections we keep the notation and hypotheses of 2.1, and as in
Proposition 3.3 denote S the symmetric algebra of the R-module Hompg(a/a?, R),
graded by assigning to its generators cohomological degree 2.

5.1. Finiteness. The R-module Extg (M, N) is noetherian when Extg (M, N) is
noetherian over R (or, equivalently, over @) for each n, and vanishes for n > 0.

Theorem. Let M and N be complezes of R-modules. The R-module Extg,(M, N)
is noetherian if and only if the S—module Exty (M, N) is noetherian.

Comments in place of proof. Eisenbud’s constructions of operators e;-eft, recalled in

4.2, can easily be extended to complexes, and the proof that they coincide with
the cohomology operators x; carries over. Thus, by Theorem 3.3, we may consider
ExtRp (M, N) as a module over the ring S of Eisenbud operators.

If Exta(M ,N) is noetherian over @, then the spectral sequence argument given
in [2] for finiteness over S shows that Exty (M, N) is noetherian over S. (If H(M)
is bounded below and H(N) is bounded above, then Gulliksen’s original proof of
[8, Theorem 3.1] can also be applied, in view of Proposition 4.1.)

If M and N are Q—modules and Exty (M, N) is noetherian over S, then it is
proved in [4, Theorem 4.2] that Extg (M, N) is noetherian over ). That argument
only depends on the formal properties of the spectral sequence of [4, Theorem 4.4],
whose construction works equally well for complexes. |

Let Z},(M) denote the subalgebra of Exty (M, M) generated over R/ ann(M) by
the central elements of degree 2. From Theorems 5.1 and 3.3 we get

Corollary. If the Q-module Ext,(M, N) is noetherian, then the Z5(M)-Z5(N)-
bimodule Exty (M, N) is noetherian over each ring. O

5.2. Primitivity. A DG algebra with divided powers (or DGI'-algebra) over R
is a graded commutative DG R-algebra A with A; = 0 for i < 0, equipped with
maps As, 3 a — ald € Ayy;, defined for all n > 1 and i > 0, and satisfying some
standard conditions, cf. e.g. [5, (1.3)]. A I'-derivation is an R-linear map 6: A — A
such that

8(a'a") = 0(a")a" + (-1)I17"¢'6(a”")  and  6(a?) = 6(a)alV .

Let S and T be DGT algebras over R. An extension of Tate’s procedure [10]
of adjunction of I'-variables to R factors the structure homomorphism R — S as
the of composition R — E, where Ef = R(X) is a free I'-algebra over R, with a
surjective quasi-isomorphism E = S. By [5, (2.16)], Tor®(S,T) = H,(E @& T)
inherits a structure of I'-algebra, which is independent of the choice of E.

Theorem. On Tor®(S,T) the operator x; is a I'-derivation for 1 < j < c.

Proof. Consider a graded I'-algebra E = Q(X), with X a new set of divided power
variables in bijective, degree preserving correspondence T «» z with those of X.
This correspondence extends to an isomorphism of I'-algebras £ ®¢g R = E". For

each z € X, choose in E an element z' such that z' ® 1 = Od(z), and let d be the
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unique Q-linear D-derivation of E with 8(z) = '

I'-derivation. B B B _
For each Z € X there are €;(Z) € E such that 0*(Z) = 2% (@). Let t;
be the unique Q-linear T-derivation of E such that #;(%) = e;() for all ¥ € X.
As 8% and Z;Zl xﬁj agree on the I'-generators of of the (J—algebra E‘, these two
endomorphisms of E coincide. Thus, tf = tNJ ®q R is a I'-derivation of E’@Q R=E,
and hence H(tf @ T) is a [-derivation of Tor (S, T).
As x; = H(tf ®gr T) by Proposition 4.2, this proves our assertion. |

It is easy to see that &2 is a

We say that v € Ext?s(S,S) is primitive if v(tu) = 0 whenever t € Torf (S, S)
and u € Tor® ,(S,8) with 0 < i < n, and y(t(?) = 0 for all ¢t € Tork (S, S) with
n > 0 and ¢ > 2. Primitives form a graded R-submodule Pry(S) C Extj(S,S),
and Pr%(S) = Ker(r3), where 73 is the homomorphism of R-modules

mh: Exth(S,S) — Hompg (Tor((S,S)?, Tory(S,S)), wa(y)(t) =~-t.

We denote Py, (S) the subalgebra of Exty (S, S) generated over R/ ann(S) by the
central primitive elements of degree 2. The last theorem and Corollary 5.1 yield

Corollary. IfT is a DG I'-algebra over R and M is a complex of R—modules such
Extg) (M, T) is noetherian over Q, then Exty(M,T) is noetherian over Pi(T). O

5.3. CI-dimension. Let R be a noetherian local ring with residue field k.

A quasi-deformation of R is a diagram of homomorphisms R — R’ < @ of local
rings, with R — R’ faithfully flat and R’ « @ surjective with kernel generated by
a regular sequence. An R—module M # 0 has finite CI-dimension, cf. [4], if R has
a quasi-deformation such that M ®g R' has finite projective dimension over Q.

Theorem. If R is a local ring with residue field k and M is a finite R—module of
finite CI-dimension, then the left module Extp (M, k) is finite over the k-subalgebra
Pr(k) C Exty(k, k) generated by the central primitive elements of degree 2.

Proof. We set S = k®g R' and identify Exty(k, k) ®; S with Exty, (S, S) through
the canonical isomorphism due to the flatness of R' over R. We have

Zp(k) @K S = Z5(S)
since the center of a tensor product of algebras over a field is equal to the tensor
product of the centers of the factors. The flatness of R’ also identifies Tor® (k, k)®4S
and Tor® (S, S) in a way compatible with products in Tor and the action of Ext, so

Prg(k) ®r S = Ker(nk) ®g S = Ker(n%,) = Prg(5)

and we conclude that

Pr(k) ®r S =Pr(9).
Identifying Extp (M, k) ® S with Extp (M ®@g R, S), and noting that by Corollary
5.2 the latter is a noetherian module over P, (S), we conclude by flat descent that
Exty (M, k) is noetherian over Pg(k). O
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