COMPLETE INTERSECTION DIMENSION
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ABSTRACT. A new homological invariant is introduced for a finite module over a commutative
noetherian ring: its CI-dimension. In the local case, sharp quantitative and structural data are
obtained for modules of finite CI-dimension, providing the first class of modules of (possibly)
infinite projective dimension with a rich structure theory of free resolutions.
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INTRODUCTION

Let M be a finite module over a commutative noetherian local ring R. There always
exists a minimal free resolution F of M over R, that is unique up to isomorphism, and
defines the Betti numbers b®(M) = rankg F,,. The structure of finite resolutions is very
rigid, but little is known in the infinite case.

To some extent, this is due to intrinsic numerical difficulties: Anick [2] shows that the
Betti sequence of the residue field k£ of R may be non-recurrent, and Avramov [6] that it
has exponential growth, unless R is a complete intersection. In contrast, the behavior at
infinity of Betti sequences over complete intersections is not so daunting: Tate [36] proves
that b2(k) is eventually given by a polynomial, and Gulliksen [23] that each b (M) is a
quasi-polynomial of period 2 and degree smaller than the codimension.
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The point of view of this paper, expanding on that of Eisenbud [18] and Avramov
(8], [9], is that while the beginning of a minimal free resolution is usually unstructured
and (therefore) complicated, remarkable patterns emerge at infinity. Our objective is the
introduction and study of a class of modules that afford a highly non-trivial, yet tractable,
theory of minimal free resolutions. As necessary ingredients for such a study, we develop
a conceptual framework for describing infinite resolutions, and new techniques for their
analysis. They belong to asymptotic homological algebra, which shifts the focus from
properties of an individual module to those of its entire sequence of syzygies.

* %k %k

In Section 1 we define a new homological invariant for a finite module M over a noe-
therian ring P, its complete intersection dimension CI-dimp M. It is finite for all modules
over a complete intersection, and the example is paradigmatic, exactly as modules over a
regular local ring provide the paradigm of modules of finite projective dimension. There
is more to the concept: exactly as the complete intersection property of a ring is interme-
diate between its being Gorenstein and regular, the new dimension interpolates between
the G-dimension of Auslander and Bridger [3] and the classical projective dimension:

G-dimp M < Cl-dimp M < pdp M,

and equalities hold to the left of any finite dimension.

Cl-dimension shares many basic properties with other homological dimensions. In
particular, it localizes, so it is more flexible than the strictly local wvirtual projective di-
mension of [8], which it generalizes. Over a local ring R it satisfies an analog of the
Auslander-Buchsbaum and Auslander-Bridger Equalities: if Cl-dimp M is finite, then it
equals depth R — depthyp M. The finiteness of Cl-dimpg k implies that the ring R is a
complete intersection, giving a CI version of Serre’s characterization of regularity and
Auslander and Bridger’s characterization of Gorensteinness.

The class of modules of finite CI-dimension contains all modules of finite projective di-
mension and all modules over a complete intersection. In Section 3 we show that the notion
is meaningful in a much wider context, by constructing modules of finite CI-dimension and
infinite projective dimension over any ring that has an embedded deformation.

* % %

An initial estimate of the size of a minimal resolution F is given by the complezity
cxgp M of M, that is, the smallest integer d such that lim,, . bZ(M)/n = 0, cf. [1], [8].
When CI-dimpg M is finite, so is cxg M, due essentially to Gulliksen [23]. In Section 5 we
establish a uniform bound on complexities: If CI-dimgp M < oo, then

cxp M < edim R — depth R,

with strict inequality unless R is a complete intersection. Since complexity provides a
polynomial scale for infinite projective dimensions, the inequality may be viewed as a
version of the fact that depth R is a universal bound on the finite projective dimensions.
In sections 7 and 8 we obtain definitive results on the behavior of the Betti sequence for a
module of finite CI-dimension. An important role is played by the discovery of a “marker”
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that signals a place after which F starts to exhibit asymptotically stable patterns. This
critical degree cr degp M is equal to the projective dimension when pdp M < oo, but the
finiteness of cr degp M is a much weaker condition, and is implied by CI-dimp M < oo.

We prove that the Betti sequence of a module of finite CI-dimension is either constant
or strictly increasing after cr degp M steps, that asymptotically there are equalities

VE(M) =o0(n®) and  bE(M)—-0bE (M)=0n*?) with d=cxgM,

and that the order cannot be improved in the second one. These facts are obtained as
consequences of a very precise statement on the form of the Poincaré series of M. They
are new even over complete intersections, and provide the last step in a proof that over
local rings of small codimension, or linked in few steps to complete intersections, all Betti
series are eventually non-decreasing.

* %k %k

When R = Q/(x) for some Q-regular sequence x, Shamash [33] and Eisenbud [18]
produce a not necessarily minimal standard resolution of M over R, by using higher order
structures on a minimal resolution of M over ). In Section 6 we investigate how tightly
a standard resolution approximates the minimal one. Contrary to many expectations, we
prove that this approximation is almost always very weak.

Previous work on modules over a ring R with a deformation ) has extensively used
Gulliksen’s finiteness theorem [23]: if Extg, (M, N) is finite over R for some R-module
N, then ExtRh (M, N) is finite over a ring R[x] of cohomology operators. To study these
operators we develop in Section 4 a novel type of change-of-rings spectral sequence, and
obtain a perfect converse to Gulliksen’s theorem. We also use it in Section 9 to construct
obstructions to the validity of a conjecture [18] on the existence of graded R[x|-module
structure on minimal free resolutions, and produce modules for which they do not vanish.

* %k 3k

This paper brings new tools to the study of resolutions over commutative rings.

Much of our analysis is based on the Yoneda product structure of Extp(M, k) as a
graded left Ext*(k, k)— and right Extyh (M, M)-bimodule. In general these algebras are
neither finitely generated nor commutative. We expand on a result of Mehta [30] to show
that if CI-dimp M < oo, then Extp(M, k) is finite over the subalgebra of Extp(M, M)
generated by central elements of degree two. Furthermore, by [12] it is also finite over the
subalgebra of Ext*(k, k) generated by the degree 2 part of the center of the homotopy Lie
algebra 7*(R): this is crucial in obtaining the universal bound on cxr M, as deep results
of Félix et al. [20] on the radical of 7*(R) can be applied.

Non-commutative ring theory is used to produce modules of finite CI-dimension. In
Section 2 we develop the new concept of a quantum reqular sequence of endomorphisms of
a module, that generalizes the classical notion of regular sequence. To study such sequences
we introduce constructions over quantum symmetric algebras, in particular an extension
of Manin’s [28] quantum Koszul complex. The application of quantum techniques in the
commutative context is so efficient as to suggest possibilities of further interaction.



4 L. L. AVRAMOV, V. N. GASHAROV, 1. V. PEEVA

1. HOMOLOGICAL DIMENSIONS
In this section, R is a commutative noetherian ring and M is a finite R-—module.

A primary motive for the introduction of a new homological dimension is to describe a
class of modules over a local ring with tractable minimal free resolutions. There are two
basic ways of changing a local ring R to a local ring R’ by a local homomorphism (that is,
one that maps the maximal ideal of R into that of R’) without introducing complications
into the homological structure of M. If R — R’ is a local flat extension, then the structure
of a minimal free resolution of M over R is essentially the same as that of M’ = M ®gr R’
over R'. If R" — R is a (codimension c) deformation, by which we mean a surjective local
homomorphism with kernel generated by a (length ¢) regular sequence, then the resolution
of M over R' can only be simpler than over R.

We describe a notion that incorporates these two classes of maps.

(1.1). A quasi-deformation of R is a diagram of local homomorphisms R — R’ «+— @, with
R — R’ a flat extension and R’ < @ a (codimension c¢) deformation. When M is an
R-module and R — R’ < @ is a quasi-deformation, we set M' = M Qg R/.

The next definition describes the modules that have finite projective dimension “up
to quasi-deformation.” As we are targeting properties of minimal resolutions, the new
homological dimension is introduced locally. We write (R, m, k) or (R, m) to denote a local
ring R with maximal ideal m and residue field k = R/m.

(1.2) Complete intersection dimension. For a module M # 0 over a local ring R, set
Cl-dimg M = inf { pdg M’ — pdg R'| R — R' + Q is a quasi-deformation } ,

and complement this by CI-dimgr0 = 0. The CI-dimension (a shorthand for complete
intersection dimension) of a module M over a noetherian ring R is defined to be the

number
Cl-dimp M = sup { CI-dimp, My, | m € MaxR }.

The choice of terminology is motivated by the next two theorems. Recall that R is
a complete intersection if the defining ideal of some Cohen presentation of the m-adic
completion Rasa quotient of a regular ring can be generated by a regular sequence; when
this is the case, any Cohen presentation has the corresponding property.

(1.3) Theorem. Let (R,m,k) be a local ring.
If R is a complete intersection, then each R—module M has finite CI-dimension.
If Cl-dimpg k < oo, then R is a complete intersection.

This result should be viewed in the context of homological characterizations of other lo-
cal properties. By the Auslander-Buchsbaum—Serre theorem if R is regular, then pdp M <
oo for each R—module M, and pdp k < oo implies R is regular. A similar description
of Gorenstein rings is due to Auslander and Bridger [5, (4.20)]. It uses their general-
ization of the classical projective dimension pdp M, based on properties of the functor
M* = Hompg (M, R) and of the canonical biduality map Sar: M — M**.
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More precisely, G-dimg M = 0 means that M is a reflexive (that is, Sy is bijective),
and Ext‘(M, R) = 0 = Ext'(M*, R) for i # 0. In general, the Gorenstein dimension (or:
G-dimension) of M is the infimum G-dimg M of those n for which there exists an exact
sequence 0 - P, — ... > P, - Py — M — 0 with G-dimg P; = 0 for 7 € Z.

The place of CI-dimension in the hierarchy of homological dimensions is determined by

(1.4) Theorem. For each finite module M over a noetherian ring R there are inequalities
G-dimp M < Cl-dimgp M < pdp M .

If some of these dimensions is finite, then it is equal those on its left.
If R is local and Cl-dimp M < oo, then Cl-dimp M = depth R — depthp M.

The rank of the n’th free module in the (unique up to isomorphism) minimal free resolu-
tion of a finite module M over a local ring R is known as the n ’th Betti number of M over
R. Betti numbers can be computed from the equality b%(M) = ranky Ext (M, k), and are
often most conveniently studied through the generating function P (t) = Yo7 bE(M)t™,
known as the Poincaré series of M over R. We include a variation on known results.
(1.5) Lemma. For a codimension ¢ quasi-deformation R — R’ <— @, an R—module M,

and M' = M Qg R', there are coefficientwise (in)equalities of formal power series
Pii(t) = Pt (1);
Pifi (t) < Pag (0)(1 = £2)7°;
Pg,(t) < PE.(t)(1 +1)°.

Proof. For the equality observe that if F is a minimal free resolution of M over R, then
F ®pg R’ is such a resolution of M’ over R'. For the inequalities it suffices to treat the case
¢ = 1. The standard change-of-rings spectral sequence

2EP? = Exth, (M', Ext} (R, £)) = Ext}) (M’, 1),
with £ denoting the residue field of R’, degenerates to a long exact sequence
.. = Ext 2 (M, £) — Exth (M, 0) — Extg (M, £) — Exth, {(M',£) — ...

For each n > 0 we get b2 (M') < Zi>0bg_2i(M’) and b@(M') < bE (M') + b2 | (M"):
these are transcripts of the desired inequalities. O

Proof of Theorem (1.3). In view of the Auslander-Buchsbaum—Serre characterization of
regular local rings, the first assertion follows immediately from the definition in (1.2).
Conversely, let R — R’ <— () be a quasi-deformation such that the Q-module R'/mR' =
(R/m) ®g R’ has finite projective dimension. By (1.5) the sequence b2 (R/m) is bounded
by a polynomial in n, hence [24; (2.3)] shows that R is a complete intersection. O

Recall from [8] that a module over a local ring R has finite virtual projective dimension
if its completion has finite projective dimension over some deformation of R. Tt is not
known whether localizations of a module of finite virtual projective dimension also have
this property. However, such a module has finite CI-dimension, and we show next that so
do its localizations. Finiteness of CI-dimension is thus not only a more general property,
but also a more natural one.
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(1.6) Proposition. For any multiplicatively closed subset U of R there is an inequality
Cl-dimy-1 g (U"*M) < Cl-dimgr M, and furthermore

Cl-dimgr M = sup { Cl-dimg, M, | p € Suppr M } .
Proof. Tt suffices to establish the last formula, so we need to show that CI-dimg, M, <
Cl-dimpg M for R local and p € Suppp M. Let R — R’ + @ be a quasi-deformation. By

faithful flatness, pick in R’ a prime p’ lying over p, let q be its inverse image in ), and
note that the induced diagram R, — Ry, <= Q4 is a quasi-deformation. The (in)equalities

deq Mél < pdg M’ and deq Rél =pdg R
finish the proof, since My = M, ®g, Ry, and R} = R, as Q4 modules. O

(1.7) Lemma. If R is a local ring, R — R' + Q is a quasi-deformation, and M is a
non-zero R—module, then

depth R — depthp M if pdg M’ < oo;

doM' —pd, R =
Plo Ple {oo if pdg M’ = oo.

Proof. Note that depthp M’ —depthy M = depth R’ — depth R = depth(R'/mR’), cf. e.g.
[29; (23.3)]. Thus, when pdg M’ is finite the Auslander-Buchsbaum Equality yields

pdg M’ — pdg R’ = (depth @ — depthgy M') — (depth @ — depthg R')
= depthg R' — depthgy M’ = depth R’ — depthp, M’
= depth R — depthp M . O

(1.8) Syzygies. The n’th syzygy of a finite module M over a local ring R is defined uniquely
up to isomorphism by Syzf} (M) = Coker 0,11, where (F, d) is a minimal free resolution of
M. The exact sequence of R-modules with 0, (F,) C mF,_; forn > 1

1.8.1 0= SysP(M) 5 Fy y 25 F 5. 25 Fy 5 M 0.
n

shows that when R — R’ is a local flat extension, then

(1.8.2) Syz® (M) = Syz (M) ®r R’ .

(1.9) Lemma. If M # 0 is a finite module over a local ring R, then
(1.9.1) CI-dimg SyzZ (M) = max { CI-dimg M —n, 0} for n>0.
If furthermore CI-dimg M 1is finite, then the following also hold:

(1.9.2) depthp, SyzZ(M) = min { depthp M + n, depth R} for 0 <n < pdp M .
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Proof. If R — R’ + (@ is a quasi-deformation, then it is easily seen from (1.8) that
Cl-dimp Syzf (M) is infinite if and only if CI-dimp M is. For the rest of the proof we
assume that CI-dimp M is finite. In view of (1.7), then CI-dimp M = depth R—depthp M,
hence it suffices to prove (1.9.2). Changing notation, we may also assume pdgy M’ < oo.
If x ==x,...,2 is a regular sequence generating Ker(Q) — R'), then (x)M' = 0 implies

(1.9.3) pdg M > gradeg M >c= pdg R .

Now (1.7) yields depthyp M < depth R, so we conclude by counting depths in (1.8.1). O

Proof of Theorem (1.4). Both the projective dimension and the Gorenstein dimensions can
be computed locally, in the sense that there are equalities

pdp M =sup {pdp, My [ p € Suppr M };
G-dimp M = sup { G-dimp, M, | p € Suppp M } :

this is classical for the first dimension and proved in [5; (4.15)] for the second one. As the
Cl-dimension has the corresponding property by (1.6), it suffices to treat the local case.

If the projective dimension of M over R is finite, then so is its complete intersection
dimension, because the constant quasi-deformation R — R <— R appears in the deter-
mination of CI-dimg M. By expressing pdp M from the Auslander-Buchsbaum Equality
and CI-dimg M from (1.7), we see that they are actually equal.

Suppose next that n = Cl-dimg M is finite. By (1.9) the CI-dimension of SyzZ(M) is
zero and its depth is equal to that of R. Thus, after changing notation, we may may assume
that Cl-dimp M = 0 and depthp M = depth R, and we want to show that G-dimp M = 0.

Choose a codimension ¢ quasi-deformation R — R’ < (Q with pdgo M " < 00. By the
Auslander-Buchsbaum Equality we then have pdg M’ = pdg R’ = ¢, and the inequalities
(1.9.3) imply that the @—-module M’ is perfect of projective dimension c.

For any R’-module L there are well known change of rings isomorphisms due to Rees:

(1.9.4) Extf (L, R') = Extg (L, Q) for n€ Z.

With L = M’ they show that Extg/ (M',R') = 0 for n > 0, and that the @—-module
M" = Hompg/(M', R') is perfect of projective dimension ¢ and naturally isomorphic to
Exto(M', Q). With L = M'" the Rees formulas yield Extf, (M'*, R') = 0 for n > 0, and
M"™" = Extg, (Extg (M, Q), Q). As M’ is perfect, the last module is isomorphic to M’,
hence G-dimg: M’ = 0. In view of the faithful flatness of R’ over R, it follows easily from
the definition that G-dimgz M’ = 0 implies G-dimg M = 0, as desired.

We have now shown that G-dimp M < Cl-dimgp M. Thus, if the Cl-dimension of
M is finite, then so is its G-dimension. By [5; (4.13.b)] we then have G-dimp M =
depth R — depthp M, and (1.7) shows that this is precisely CI-dimp M. O

We establish change of module and ring formulas for CI-dimension under certain types
of ring homomorphisms. The arguments are based on the following construction.
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(1.10) Compositions. Let R £+ R' £~ Q and Q LN Q' <~ P be quasi-deformations. The
lower row of the following diagram

E

Q _r 5 Q'
Pl ll/@QQ’
R s R s R R Q.
pl R’®QK/’

is then a composition of local flat extensions, and its right hand column is a composition
of deformations. Thus, the resulting diagram R — R’ ®¢g Q' +— P is a quasi-deformation,
that we call the composition of the initial two. This operation is associative and yields a
category whose objects are local rings and whose morphisms are quasi-deformations, with
the identity morphism of R given by the constant quasi-deformation R — R < R.

(1.11) Lemma. If R — R’ + Q is a codimension c quasi-deformation and M is a finite
R-module, then
Cl-dimp M < Cl-dimp: M’ < Cl-dimg M’ —c.

When one of the quantities is finite it is equal to those on its left.

Proof. The first inequality is immediate from the observation that R — R’ <— R’ is a
quasi-deformation, and that quasi-deformations form a category. When Cl-dimg: M’ is
finite, by using (1.7) we get CI-dimp: M’ = CI-dimp M .

If @ — Q' < P is aquasi-deformation, and R — R"” = R'®qQ’ < P is its composition
with R — R’ < @, then in view of the isomorphism M @ R" = (M ®r R')@r' R" we get
an inequality CI-dimps M’ < CI-dimg M’. When the right hand side is finite, (1.7) shows
it is equal to depth @ — depthgy M’ = depth R + ¢ — depthgp M’ = Cl-dimp: M’ + c. O

(1.12_) Proposition. Given a sequence y = y1,...,yy of elements of a noetherian ring R,
set R=R/(y)R and M = M/(y)M. If y is M —regular, then

(1.12.1) Cl-dimp M < CI-dimgp M + ¢
with equality when y is in the Jacobson radical of R. If y is R-reqular, then
(1.12.2) Cl-dimz M < Cl-dimp M when 'y is M —regular;

(1.12.3) Cl-dimg M < Cl-dimg M — g when (y)M =0,

with equalities when y is in the Jacobson radical of R and Cl-dimg M is finite.

Proof. In view of (1.6) and an obvious induction, it suffices to prove the claims when (R, m)
is local, g = 1, and y; = y is a non-zero-divisor in m.
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Consider a quasi-deformation R — R’ +— Q. If y is M-regular, then the exact sequence
0> ML M — N — 0 induces an exact sequence of R'-modules 0 — M’ % M’ —
N'" — 0. Thus, N' = M'/yM' and pdg N’ = pdg M’ + 1, so (1.12.1) follows.

Assume next that y is R—regular. If (y)M = 0, then M = M, and (1.12.3) is obtained by
applying (1.11) to the quasi-deformation R — R < R. If y is M—regular and CI-dimp M
is finite, then the equality in (1.12.2) is a consequence of the other two formulas. O

(1.13) Proposition. Let M be a module over a noetherian ring R.
(1) If ¢: R — S is a faithfully flat homomorphism of rings, then

CI-dimgp M < ClI-dimg (M ®g S)

with equality when Cl-dimg (M ®g S) is finite.
(2) If a G R is an ideal, R* is the a-adic completion of R and M* is that of M, then

Cl-dimps M* < Cl-dimp M

with equality when a is contained in the Jacobson radical j(R) of R.

Proof. (1) Pick q € Spec S and set p = qNR. The induced local homomorphism ¢q: R, —
Sq is flat, the Sy—modules M, ®g, Sq and (M ®r S), are canonically isomorphic, hence
(1.11) yields Cl-dimg, M, < Cl-dimg, (M ®g S)q, with equality when the right hand side
is finite. As each prime of R is the contraction of one of S, the desired (in)equality follows.

(2) Any maximal ideal of R* is of the form m* = mR* for some maximal ideal m C R
with m D a. Let R, — R’ < @ be a quasi-deformation and let b be the inverse image
in Q of aR’. Ideal-adic completions yield a quasi-deformation RY. — R’ < Q*. As
pdg« (M- Qr:., R™) = pdg (M ®r,, R') and pdg. R™ = pdg R', we get the inequality.
If a Cj(R), then R* is faithfully flat over R, so (1) gives a converse inequality. O

(1.14) Residue field extensions. Let R — R’ < @ be a quasi-deformation, let &’ be the
residue field of R, and let ¥’ C £ be a field extension. By [15; Appendice] there is a local
flat extension Q@ — @', such that Q' ®¢ k¥’ = £. Composition of the original quasi-defor-
mation with Q — Q' < Q' yields a quasi-deformation R — R” < @', such that £ is the
residue field of R", and pdg (M ®r R’ ) = pdg: (M ®r R ) for each R—module M.

It follows that CI-dimg M can be computed by using quasi-deformations in which the
local rings @ have infinite, or even algebraically closed, residue fields. In view of (1.13.2),
one can further restrict to those quasi-deformations for which the ring () is also complete.

2. QUANTUM REGULAR SEQUENCES

In this section E is a module over a commutative ring ). We define a notion of E—
regular sequence of endomorphisms of E, that extends the classical notion of F-regular
sequence of elements of (), and reduces to it when the endomorphisms are homotheties.

We say a square matrix ¢ = (g;;) of elements of @ is a commutation matriz if ¢;jq;; = 1
and ¢j; = 1for 1 <i,j <ec. A family {¢1,...,¢.} of endomorphisms of a —-module E
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is said to be quantum commuting if there is a ¢ X ¢ commutation matrix q such that
vip; = qijpjp; for all 7, j. Powers of elements of a quantum commuting family also form
such a family, with a new commutation matrix.

We denote (¢j,,...,9;,)E the @-submodule Im(p;,) + --- + Im(p;,) of E, and set
()E = (¢1,-..,pc)E. If the family is quantum commuting, then for arbitrary integers
JyJ1,---,Js between 1 and ¢, the endomorphism ¢; maps the (¢j,,...,¢;,)E into itself.

Thus, each ¢; induces on any of the modules E/(g;j,,...,¢;,)E an endomorphism, also
denoted by ¢;. A sequence ¢ = ¢1,...,p. of quantum commuting endomorphisms is
said to be E-regular, if E # (¢)E and ¢; is an injection on E/(¢1,...,9;-1)E for
j =1,...,c. Note that zq,...,2. € @ form a (classical) E-regular sequence precisely
when the commuting sequence of endomorphisms x; idg, ..., z.idg is E-regular.

(2.1) Proposition. Let n,...,n. be positive integers. A sequence @1, ..., . of quantum
commuting endomorphisms is E—-regular if and only if so is the sequence o1, ..., 0.

Proof. When the endomorphisms commute, [29; (16.1)] establishes the “only if” part,
and the argument carries over. As a first step, it shows that if u,...,u. € E satisfy
o1(u1) + -+ + @c(ue) = 0, then u; € (p)E for j = 1,...,c. Suppose the sequence
7Y, ..., @l is E-regular and note that (¢1,...,0.)™ T FE C (p7*,...,¢%)FE implies
(¢)E # E. To establish the regularity of ¢1,. .., ¢, it suffices to show that @1, 52, ..., @l
is E-regular. We assume n; > 2 and argue by induction on c.

When ¢ = 1 we have to show is that ¢, is injective, and this follows from the injectivity
of ¢7*. Let ¢ > 2 and suppose that

0oe(u) = p1(u1) + @57 (uz) + - + 927" (ue-1)
for appropriate u, u1,us,...,u._1 in E. Applying go?l_l to this expression we get
02 (g (W) = @1 () + 952 (297 (u2)) + -+ + 007 (Gem 197 (Ue1)),

where ¢; = (qu)("l_l)"j is a unit in Q for j = 2,...,c. Since 7", ...,¢% is E-regular,
there are vy,...,v._1 € E for which @7 7' (u) = @ (v1) 4+ - + ©1°7" (ve_1), that is:

Te—1

e = p1(v1)) = @52 (v1) + -+ 0n7 (V1) -

-1

Since @1, 952, ..., 027" is E-regular by the induction hypothesis, the “only if” part shows

¢?1—17 @82, ..., po°7" has the same property. Thus, there exist wy, ..., w.—1 € E such that

Ne—1

u—@1(v1) = @7 Hwr) + -+ ©he 7 (we_1). Rewriting the last equality as

u=p1(v1+ @7 2 (w1)) + @5 (w2) + -+ 0n7 (we1) € (P)E,

we see that the sequence @1, ¢52,..., pP is E-regular, as desired. O

(2.2) Quantum symmetric algebras. Let ¢ = (g;;) be a ¢ X ¢ commutation matrix with
entries in (). Following Manin [28], we call the Q-algebra Q4[X] generated by a set
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X = {Xi,..., X} whose elements are subject only to the relations X;X; = ¢;; X;X; for
1 <14,j < e, a quantum symmetric Q—algebra (with commutation matrix g). For a c-tuple
J=(J1,---,Jc) € N°,set |J| = j1+---+je. Clearly, the algebra Q4[X] is N°—graded, with
component of multidegree J the free Q-module with basis element X7 = 1T, XZ'

We use without further comment the coincidence of the left, right, and two-sided ideals
in Qq[X] generated by some set of monomials in the indeterminates. Any such ideal is
called a monomial ideal. These are the only ideals homogeneous with respect to the multi-
grading of Qq[X]. Such an ideal A is cofinite—in the sense that the @Q-module Q4[X]/2
is finite—precisely when it contains positive powers of all the variables.

The following properties are easily established by tracking multi-degrees.

(2.2.1) The monomial ideals of Qq4[X]| are generated by finite sets of monomials. As in
[17], where monomials in commuting indeterminates are treated, we consider the lattice
with respect to sums and intersections of the (cofinite) monomial ideals in Q4[X], and note
that it is distributive. It follows that any (cofinite) monomial ideal is the intersection of a
finite family of ideals generated by positive powers of (all) the indeterminates.

(2.2.2) The lattice of (cofinite) monomial ideals is closed under colons %A : B = {u €
Qq[X] | Bu C A}. In particular, setting X;** 7% =1 if n; < s;, one has equalities

C
(X7, X)) (HX;”) = (X8 L X e
=1
(X7 X205 (X7 X2 = (LA ) (X X2
=1

(2.3) Quantum Koszul complezes. Let ¢ = {p1,..., 0.} be a quantum commuting family
of endomorphisms of the Q-module F, with commutation matrix gq. Consider a graded free
()-module Y with Y,, free on a basis {Yy | H C {1,...,c},card(H) = n}. Let hy,..., hy
be the elements of H listed in increasing order, and define a degree —1 endomorphism 0
of the graded ()-module Y ®¢ E by the formula:

n i—1

(2.3.1) OYr @v) =Y (-1)"" (H qhihj)YH\hi ® on, (v) .
i=1 j=1
A direct computation that uses the quantum commutativity of the sequence ¢1,..., @,

shows that 92 = 0. We denote K(¢; E) the complex (Y Q¢ E,d), call it the quantum
Koszul complex of the family {¢1,..., ¢}, and set Hy(p; F) = H. K(p; F).

(2.3.2) Example. When x = {z1,...,x.} is a set of elements of Q, the quantum Koszul
complez K(p; E) on the family o = {z11dg,...,z.idg} of commuting endomorphisms of
E coincides with the classical Koszul complex K(x; E) = K(x;Q) ®¢ E.

As in the classical case, vanishing of Koszul homology is related to regularity.
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(2.3.3) Proposition. For a quantum commuting family ¢ = {p1,...,0.} of endomor-
phisms of a QQ-module E, there is an isomorphism Ho(yp; E) =2 E/(p)E.
If the sequence ¢ is E-regular, then H,,(p; E) =0 for n # 0.

Proof. The expression for the zeroth homology is clear from the definitions.
If ¢ is regular, then ¢’ = @1,...,p._1 is a quantum commuting E-regular sequence.
By induction, we may assume H,(¢'; F) = 0 when n # 0. For each H C {1,...,c} set

(=) Y. .®v ifceH;

a(Yu ®v) =Yg ®v; IB(YH®U):{O if c¢ H

It is easy to see that 0 — K(¢'; E) = K(p; E) LN sK(¢'; E) — 0 is an exact sequence

of complexes of -modules. The associated homology exact sequence yields equalities
H,(p; E) =0 for n # 0,1 and an exact sequence:

0 — Hi(p; E) = E/(¢')E =5 E/(¢')E — E/(¢)E — 0.

As ¢ is regular, the homomorphism ¢, is injective, hence H; K(¢; E) = 0. O

(2.3.4) Example. The sequence X of endomorphisms of Qq(X], induced by left multipli-
cation with X1,..., X., is quantum commuting and Qq[X]-regular, hence H,(X;Qq[X])
vanishes in degrees n # 0, and equals QQ in degree 0 by (2.3.3). Observe that in this case
our quantum Koszul complex coincides with that of Manin [28].

Given a quantum commuting family {¢1, ..., ¢.} C Endg(F) with commutation matrix
g, there is a unique homomorphism of Q)-algebras Qq[X] — Endg(E) that maps X; to
@; for 1 < j < ¢, and so E becomes a left Q4[X]|-module. A submodule of E of the form
2AE for some monomial ideal 2 in Q4[X] is said to be monomial. It is clear that sums of
monomial submodules are monomial. Under additional conditions, intersections and colon
submodules (P : B) = {v € E | Bv C P} also display a similar stability.

(2.4) Theorem. Let o = ¢1,...,p. be a quantum commuting sequence of endomorphisms
of E with commutation matriz q, and let 2 be a cofinite monomial ideal in Qq[X].

If the sequence @ is E-reqular, then Torg"[X] (Qql X/, E) =0 for n > 0, the natural
map A ®q,x] £ — 2AE is bijective, and for each cofinite monomial ideal B there are
equalities (AN B)E = (AE) N (BE) and (AE : B) = (A : B)E.

Proof. The first assertion is proved by induction on the rank r of the free (Q—module
Qq[X]/A. If r =1 then 2 is the ideal (X1,...,X;). As K(X;Qq[X]) is a complex of free
right Qq[X]-modules, by (2.3.4) it provides a free resolution of Q@ = Q4[X]/(X), hence

Tord:X)(Q, E) = H, (K(X; QqlX]) ®q,1x1 E) = Ho(p; E)

and by (2.3.3) the last group vanishes for n > 0.
When r > 1 there is a sequence Qq[X] =g D -+ D A, = A of monomial ideals such
that 2; /2,41 =2 @ for 0 < ¢ < r. For n > 0 the modules at both ends of the exact sequence

Tor@X(Q, E) — Tor@X(Q [ X1/, E) — Tor%X(Q,[X]/2,_1, E)
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are trivial by induction, hence so is the middle one. Using this fact for n = 1 we see
that the short exact sequence 0 — A — Qq[X]| — Q¢[X]/2 — 0 induces a canonical
isomorphism A ®q, [x] £ — 2AFE, as desired.

To compute the intersection of monomial submodules, consider the short exact sequence
of right Qq[X]-modules 0 — ANB — ADB — A+ B — 0. It induces a commutative
diagram with exact rows and bijective (by the first part of the theorem) vertical maps:

(ANDB) ®q,x1 E — (ABq,ix1 E) @ (BRq,x) E) — (A+B)®q,x) £ — 0

~| «| «|

@AnNBE s AE & BE 2y @A+WE  —— 0

As (A + B)E = AE + BE, we see that Kerd = (AE) N (BE). On the other hand, as

Tor?e (A + B, F) = Tor, alX] (Qq[X]/(A+ B), E) and the last module vanishes by the
first part of the theorem, we see that «y is injective. The exactness of the bottom row now
shows Im~y = Ker §, that is, (ANB)E = Kery = (AE) N (BE), as desired.

Finally, we compute the colon submodule of a monomial submodule and a monomial
ideal, and start with the special case when 2 = (X7",..., X") and B = ([[;_, X;"). In
view of (2.2.2) and the obvious inclusion (2 : B)E C (AE : B), we have to show that
if ([Ti—; ¢i)(v) € (o1, ..., )E then v is in (@' 7%,... @l ) E, where ¢ % =
idg if n; < s;. The assertion is trivial when ¢ = 0, so we assume by induction that
it has been established for less than ¢ quantum commuting variables; also, since there
is nothing to prove otherwise, we assume that n; > s; for 1 < ¢ < ¢. The sequence
052, ..., @ being regular on E/¢]* (F) by (2.1), we conclude by the induction hypothesis
that ¢i'(v) = @1 (w1) + Y s @i’ “(w;) for appropriate w; € E. The regularity of
P11, 05272 L e implies v — [T (w1) € (P32, . .., T T%) E, as required.

In general, we know from (2.2) that A = () _, A, with each 2, generated by positive
powers of the variables X;, and that 8 = (B, ..., B;) for appropriate monomials By. By

the special case of the formula for colons and the formula for intersections, we get

(AE : B) = |UaE : By) = (Yo : By)E) = (ﬂ(ma : Bb)>E = (A:B)E.

a,b a,b a,b

The proof of the theorem is now complete. O

3. CONSTRUCTIONS OF MODULES OF FINITE CI-DIMENSION

The simplest type of modules of finite Cl-dimension are those with finite projective
dimension. It is easily seen that there are rings, over which these are the only ones. For
instance, if R is Cohen-Macaulay and its multiplicity e(R) has the minimal possible value,
equal to edim R — dim R + 1, then each R-module M has bZ(M) = bE (M)(e(R) — 1)*—™
for n > m = depth R —depthp M +1; it follows from (5.3) that CI-dimr M = oo whenever
e(R) > 3 and pdr M = oco. This raises the problem to determine which local rings admit
modules with finite CI-dimension and infinite projective dimension.
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In [16] Buchweitz et al. have produced an interesting class of maximal Cohen-Macaulay
modules over a complete hypersurface ring. Their method easily extends to provide mod-
ules with periodic of period 2 free resolutions over any quotient of a local ring (R, m) by a
non-zero-divisor in m?, a fact noted independently by Herzog et al. [25].

In this section we produce a plentiful supply of modules of finite CI-dimension and
infinite projective dimension over any quotient of a noetherian ring by a decomposable, in
a very weak sense, regular sequence. The input comes from different sources: the technique
of quantum regular sequences developed in Section 2; a procedure of Shamash [33] and
Eisenbud [18] that yields an R—free resolution starting from a ()—free one; and, to a much
larger extent than [16], the rich internal structure of exterior algebras.

(3.1) Theorem. Let QQ be a noetherian ring, let n = (ay,...,a,,) be a proper ideal in Q,
and let x =1, ..., 2. be a Q-regqular sequence contained n.

Over R = QQ/(x) there exists a sequence of modules {Mic]}rez such that whenever s > r
the module Ms[c] is an (s — r)’th syzygy of MT[C], and for each r € Z there are equalities
pdg (M,Ec]) =c and CI-dimR(Mr[c]) =0. If Q is local, then also

2cm (_”_H'C_z) for0<mn< —r;

c—1

2em (") for m > max{0, —r} .

b9 (ML) = 2em (¢) forn € Z, and bE(MI) = {

The modules above are obtained from an unbounded complex of free R—modules T. We
denote =T the shifted complex: (=T), = T,,_1, and 95T = 97T ,.

(3.2) Theorem. Let a = (ai,...,a;,) and b be ideals in a commutative ring Q, and let
X = I1,...,%. be a Q-reqular sequence contained in ab. QOuver the ring R = Q/(x) there
erists an exact complex of free modules (T, ) such that O(T) C (a+ b)T (and hence T is
not split if a4+ b # Q), there is a chain isomorphism Hompg(T, R) = =T, and

gcm n+c—1 > 0;
= { Vers ) Jorm
2cm( c—1 ) fOT‘n< 0_

Furthermore, M (a,x) =Imdy has a Q—free resolution (K, d) with 9(K) C (a+ b)K and
rankg K, = 2" (fl) forneZ.

We present various stages of the construction of the complex T in a series of steps.

(3.3) The module M(a,x). Write ; = Y bjra, with bj, € b for 1 < j < c. Let E be
the free module of rank 2°™ underlying the (non-graded) exterior algebra @, A" L on

a (-module L with basis eq, ..., eqn. Let €, be left wedge multiplication by e; on E, let
0y, be the Q-linear skew derivation of E with 6 (ey) = 1 and 6p(e;) = 0 for i # h. Set

8j = Z are(j—l)m+r ) 5j = Z bjrg(j—l)m+r )

r=1 r=1
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and consider the sequence ¢ = @1, ..., ¢, of endomorphisms of E given by ¢; = 0; + ¢;.
Set M(a,x) = E/(¢)E. As a module over @, it has a free presentation

ge L) B Ma,x) — 0,
where ¥ = (¢1,...,9.) and 7 is the canonical projection. The inclusions

(X)E = (-771,- ..,$C)E = (‘P%V "750?:)E - ((pla .- -790c)E = (‘P)E

show that M(a,x) = E/(¢)F has a natural structure of R—module.
When ¢ = 1 we recover the construction of [16; (2.3)].

(3.4) Lemma. The sequence of endomorphisms @ is quantum commuting, with

Qip; = —P;Pi ¢} =z;idp @;i(E) C (a+b)E

for 1 <i4,5 <c withi# j. If the sequence x is QQ-reqular, then @ is E-regular.

Proof. The inclusions ¢;(E) C (a+ b)E are clear from the construction.
The multiplication table for the ¢;’s easily follows from the relations

8j8j =0 (5j(5j =0 8j(5j + 5j6j = x;idg,
éwj = —8j8i 5Z<SJ = —5j5i 8J51 = _5iaj

that hold for 1 < 4,5 < ¢ with ¢ # j. Indeed, the first column results from the fact that
both 0;0; + 0;0; and 0;0; are degree —2 derivations of E which vanish on the algebra
generators, hence are identically zero; the second one reflects the strict skew-commutativity
of the exterior algebra; the third one follows from the next computation, in which f; =
Z:nzl bjr€(j—1)m+r and e stands for an arbitrary element of E:

e ifizi:
9;0i(e) +6:0;(e) = 0;(fs Ae) + fi A Oj(e) = 9;(fi)e = { gje ;f z#j

If x is Q-regular, then the E-regularity of ¢ follows from (2.1) and (2.3.2). a

(3.5) Grassmann duality. An excellent reference for this is [14; §11], from where we borrow
a sign convention: for subsets J and K of I = {1,...,em}, set pyjx = (—1)P, with p equal
to the number of pairs (j,k) € J x K with j > k. When J = {ji,...,js}, with elements
listed in increasing order, set e; = e;, A---Aej, € /\ L. Note that {es}scr is a Q-basis
of E, and let {e} }xcr be the dual basis of E* = Homg(F, Q).

The Q-linear homomorphism w: E — E* defined in these bases by

S

w(es) = (—1)(2) pik€ey , where K =1~ J,
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is clearly bijective. Furthermore, it is symmetric or antisymmetric, in the sense that

(3.5.1) w= (1)) gy,
where w* = Homg (w, @) and fg: E — E** is the canonical biduality map. To see it, use
wley) = (—1)(2) PIKEK 5 w*Be(es) = (—1)( 2 )pKJe},

in conjunction with the relation psxpxs = (—1)*(°"=%) and the congruence

<;> * (C;n> + (ch_ 8) +s(em —s) =0 mod (2).

Next we exhibit a beautiful reflexivity of M (a,x). With bars denoting reduction modulo
(x) set ' =FE = E/(x)E and E* = F* = Hompg(F, R) via the canonical isomorphism.

(3.6) Lemma. The homomorphism T = w H§=1 pj: B — E* induces a homomorphism
a: M(a,x) — M(a,x)*
of R—modules, that is bijective if the sequence x is QQ—reqular.

Proof. For a start, note that for 1 <1i,j < c and ¢} = Homg(y;, Q) there are equalities

*

(3.6.1) (p5)> =0, Pipj = —PijPi, WP =Pw.

The first two are clear from (3.4). For the third, consider 0 from (3.3) and set 0] =
Homg(0;,Q). If k1, ..., k: are the elements of K in listed increasing order, then wép(es) =
0 = 6jw(ey) for h ¢ J, while for h = j, 41 € J with k, < h < ky41 we get

s—1
wlp(eg) = (-1)** (", )P(J\h)(Kuh)efKuh

(—1)et () =G gyt per

(=1)"* &) prxeteon = Owler).

Thus, wd; = O5w. By a similar computation, wen(es) = efw(es) for e = Homg (en, Q).
With homomorphisms 9: E¢ — E and £: E — E€ defined by ¥(ey,...,e.) = p1(e1) +
-+ @c(ec) and £(e) = (p1(e), -, pc(€)), we now have a diagram of R-modules

Fe b, p Wm®op € pe
(3.6.2) (A_Jcl% %J/Q \N{- ng glwc
(F*)c - N F* 3 F* - N (F*)c .
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From (3.6.1) we see that the diagram is commutative and that its rows are complexes of
R-modules. It follows that 7 induces the desired homomorphism
a: M(a,x) = Coker ¢ = Coker ) — Keryp* = M(a,x)*.

The sequences ¢ C Endg(E) and ¢* = ¢F,...,¢% C Endg(E*) quantum commute and
the squares of their elements are homotheties by z1,...,z. by (3.4). Thus, ¢ and ¢* are
regular by (2.1), so (3.6.2) has exact rows by (2.4) and (2.2.2), hence « is bijective. O

We study the homological algebra of M (a,x), first over the ring Q.

(3.7) Lemma. If the sequence x is QQ—reqular, then the quantum Koszul compler K(p; F)
1s a complex of free Q-modules which satisfies

Ho(p; E) = M(a,x) and H,(p;E)=0 for n >0
O(K(p; E)) C (a+b)K(p; E);
rankg K,, = 2" (;) forneZ.
In particular, pdg M(a,x) < c, and equality holds when a+b # Q.

Proof. By (2.3), we have K(p; E)* = Y ®g E where Y is a graded Q-module whose
n’th homogeneous component has a basis {yg} indexed by the n—element subsets H of
{1,...,em}. Thus, K(p; E) is a complex of free modules with rankg K, = 2™ (fl) = ¢p.
As ¢ is E-regular by (3.4), K(¢p; E) is a Q-free resolution of M (a,x) by (2.3.3), so
pdg M(a,x) < c. Now (2.3.1) and (3.3) yield 9(K(p; E)) C (a4 b)K(p; E), hence

Extfy (M (a,x),Q/(a+ b)) = (Q/(a+1b))™,
that is different from zero when a+b # @ and 0 < n < c. O

In order to produce an R—free resolution of M (a, x) starting from its Q—free resolution
K(p; E), we use a construction of Shamash and Eisenbud, that we recall below.

(3.8) Higher homotopies. We use the multi-grading convention from (2.2) and abuse no-
tation by writing (0) for (0,...,0) € N¢, and (j) for the c-tuple (0,...,0,1,0,...,0) in
which 1 appears in the j’th place. Let (E,d) be a complex of @—-modules. A family
o = {07 € Homg(E, E)sj_1}sene is called a system of higher homotopies on E if

o® =9,
el 4 5060 = z;idg for 1 <j <c;

Z o’ 07" =0 for J €N with |J| > 2.
J+Jr=J

Partly responsible for the name is the following observation: the first two conditions
above imply that for j = 1,...,c the endomorphism ¢(/) of E is a homotopy between
multiplication by z; and the zero map. In particular, (x) annihilates H, E. Conversely,
if M is a module over R = @/(x), and (E, 0) is a free resolution of M as a @Q-module,
then basic homological algebra exhibits a family of homotopies {o(7): z;jidg ~ O higjge-
If (x) is a proper ideal which contains a non-zero-divisor, then by [18; (8.1)] this family
can be extended to a system o = {07} jene of higher homotopies for x.
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(3.9) Lemma. The complex K(p; E) admits a system o of higher homotopies such that

oD@ =0 and 0Do® = —6We® for 1<i<j<c
UJ(K((,D;E)) C(a+b)K(p;E) when |J| <1, and 0/ =0 when |J| > 2.

Proof. With the notation of the proof of (3.7), for j =1,...,c set

yau; ® pj(uw) i j ¢ H;

U(j)(yH@)u):{o if e H

A direct computation, that uses (2.3.1) and the anticommutativity (3.4) of the sequence
¢, shows that the degree 1 endomorphism o) of K(p;E) = Y ®¢ E is a square zero
homotopy from x; id to the zero map, and that it anticommutes with (. By [18; p.56]
such a set of homotopies can be extended to a system o of higher homotopies on K(¢p; E)
by setting o7 = 0 when [J| > 2. For |J| =1 we have ¢/ (K(¢; E)) C (a + b)K(yp; E) by
(3.3) and the definition above. The desired inclusion for the ¢(°) comes from (3.7). O

(3.10) Standard resolutions. Let Q[x] = Q[xi,---, X be a polynomial ring graded by
assigning to the indeterminates x1, ... X lower degree —2, let o be a system of higher ho-
motopies on a bounded below complex of ()—modules, E, and set E{a’} = Homg (Q[x], E).
For v € Homg(Q[x],E), ¥ € Q[x], and x’/ = xJ'...xJ, all but a finite number of
summands in the expression ) JeNe o”y(x”y) vanish for degree reasons. Thus,

(3.10.1) 0= o’oHomg(x’,E): E{o} — E{c}
JeENe

is a degree —1 homomorphism of graded ()-modules. A direct computation shows that
(3.10.2) (E{c},8) = (E{o} ®g R,0®¢ R)

is a DG module over the graded ring R[x] = Q[x] Q¢ R.
If E is a complex of free Q-modules, then E{o} is one of free R-modules, and

(3.10.3) Hilbg( o (t) = Hilbg (t) Hilb3

Q[x] (t) = Hﬂbg (-7,

where Hilb%2 (t) denotes the generating function ), (rankg E,)t".
The basic property of this construction is given by [18; (7.2)], that extends [33; §3]:

(3.10.4) There is a natural isomorphism HyE{e'} = M. If E is a Q—free resolution of M,
and the sequence x is Q-regular, then E{o} is an R—free resolution of M. O

A resolution E{o} as above is called a standard R-free resolution of M constructed
from a system of higher homotopies & on a (Q—free resolution E. Now we describe the
homological algebra of M (a,x) as an R—module.
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(3.11) Lemma. If the sequence x is Q-regular, E = K(p; E) is the quantum Koszul
complez, and {o} is its system of higher homotopies (3.9), then the compleres of free
R-modules F = E{o} and F* = Hompg(F, R) satisfy

HoF = M(a,x); Ho(F*) = M(a,x)*;
H,F =0 for n>0; H,(F*) =0 for n<0;
O(F) C (a+b)F; O(F*) C (a+b)F*;
rankg F,, = 2°™ (”jf;l) for n>0; rankp F, = 2" (_"’ctcl_l) for n <0.

In particular, pdp M (a,x) = co when a+ b # Q.

Proof. The preceding proposition computes the homology of F.
It follows that Ho(F*) = M(a,x)*, and that H_, (F*) = Ext} (M (a, x), R) for n > 0.
As the Q-regular sequence x of length ¢ annihilates M (a, x), (1.9.4) yields

Extf (M (a,x), R) = Ext$;"¢(M(a,x),Q) for n € Z.

As pdg M(a,x) < ¢ by (3.7), these modules vanish when n > 0.
In view of (3.7), the equality of power series (3.10.3) becomes

Hilbg (t) = 2°™(1 + £)°(1 — t3)7¢ = 2°™(1 — ) ~°,

which is another way to say that r,, = rankg F,, is equal to 2™ ("‘c"le) for n € Z.
Now (3.10.1), (3.10.2), (3.9) imply 9(F) C (a+ b)F, hence 9(F*) C (a+ b)F*. Thus,
Ext}, (M (a,x), R/(a+b)) = (R/(a+1b))"™", so pdg M (a,x) = co when a + b # Q. O

We are finally ready to assemble the information obtained so far for the

Proof of Theorem (3.2). Identify the differential 0; of the complex (F,d) with the homo-
morphism : F'¢ — F of (3.3). Accordingly, identify the differential 95 of (F,d)* with
—*: F* — (F°)*. As 701 = 0 = 9)7 due to the commutativity of (3.6.2), setting

(T,0)s0 = (F,0) Do =7 (T,0)<—1 ="' ((F,0)*)

we obtain a complex of free R—modules (T, ).
By inception, it comes along with an exact sequence of complexes

0—-F—T—s1(F*)—0.

The associated long homology exact sequence degenerates to isomorphisms

1%

H,F for n > 1;
H, T

H,1 1 F* for n < -2,
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and an exact sequence 0 — Ho T — M(a,x) - M(a,x)* — H_; T — 0. The exactness
of T now follows from (3.6) and (3.11). The latter statement also yields the desired
expression for ¢, = rankg T,,, and an inclusion (T) C (a+b)T. Thus, with N = Q/(a+b)
we get Hn(T ®q N) ~ Nt» for and n € Z, so T is not split if a + b # Q.

It remains to see that T is self-dual up to shift. We have expressions

—On—1 if n>1; —or* if n>1;
o, =< —T if n=1; oy =3 7* if n=1;
(-t "or_,, ifn<l1; (-t mof_,, ifn<l,

for the differentials 9’ of =T and 0" of Hompg (T, R). Using (3.5.1) and (3.6.1) we get
el — — cm c
%*ﬂF:H(pZ JO"Br = (- H H — (2)"‘(2)%_
i=0 i=0 i=0
It follows that the maps (y41: T, — Homp(T—,,, R), defined by

Cng1 = { (_1)1+(§)+(c?)ﬂn when n > 0;

idr, when n <0,

provide a chain isomorphism of complexes (: T — Hompg(T, R).
The proof of Theorem (3.2) is now complete. O

Proof of Theorem (3.1). By (1.6) we may assume R is local. The formulas for the Betti

numbers of M, = M9 follow from (3.2) applied with a = b = n. In particular, the Q—
module My has finite projective dimension. This conclusion propagates to all M,., as My is a
syzygy of M, when r < 0, and has M,. as a syzygy when r > 0. Since each M, is an infinite
syzygy over R, we have depthp M, = depth R, and consequently pdg M, =pdg R=c. It
follows that CI-dimp M, is finite for all r, and hence zero by (1.9.1). Il

4. COHOMOLOGY OPERATORS

In this section () denotes a commutative ring, x = x1,...,x. is a Q-regular sequence,
p: Q@ — Q/(x) = R is the canonical projection, and M, N are R-modules.

(4.1) Eisenbud operators. If (F,0) is a free resolution of a module M over the ring R =

Q/(x), then a pair (F,d) consisting of a graded free ()—module F and its degree —1

endomorphism 9, such that (F,d) = (F ®q R, d ) Qq R), is called a lifting of the complex

(F,0). The relation 9% = 0 yields an inclusion 9%(F) C (x)F hence for 1 < j < ¢ there

are endomorphisms %,(Q,x, F, d) € HomQ(F F), such that 9% = > = L zit;(Q,%x,F, D).
Any lifting as above defines a family of Fisenbud operators

{tj =1;(Q,x,F) =1;(Q,X,F,0) @ R € Hom?%(FvF)} ~
1<5<c
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The £;’s are chain maps that are defined uniquely up to homotopy, and they commute up to
homotopy, cf. [18; §1]. Thus, for each R-module N, they define a family x = x1, ..., xc of
commuting cohomology operators x; = H*(Hompg(t;, N)). In this way, H* Homg(F, N) =
Extxr (M, N) becomes a graded module over a polynomial algebra S* = R[x]. This struc-
ture may be computed from any system of Eisenbud operators on any R—free resolution.

In partlcular if o is a system of higher homotopies (3. 8) on a Q—free resolution E of
M, then E{a’} = Homg (Q[x], E) with the endomorphism 0 from (3.10.2) is a lifting of
the standard resolution (E{o},d) of M over R. Computing with it, one easily sees that
the map #;(Q, x, E{a} 8) may be chosen to be multiplication with x;, cf. [18; (7.2)].

By [12] the action of the x; coincides with that of the operators studied by Gulliksen,
who shows [23; (2.3)] that when the R-module Extg, (M, N) is noetherian, so is the R[x]-
module Extp (M, N). A direct proof for the Eisenbud operators is given in [8; (2.1)], and
a partial converse in [8; (3.10)]. Here is the full converse.

(4.2) Theorem. If Extyp(M,N) is a noetherian graded R[x]-module, then Extg(M, N)
1s a noetherian graded R—module.

We also characterize the regularity of a family of Eisenbud operators.

(4.3) Theorem. The kernel of the canonical change of rings homomorphism
(4.3.1) pun = Ext; (M, N): Extp(M,N) — Extg (M, N)
contains (x) Extp (M, N), hence it factors through a homomorphism

Exth (M, N)

(4.3.2) KN (50) Bxtia (M, N)

— Ext} (M, N).

Furthermore, the following conditions are equivalent:

(i) The sequence X = X1,---, Xc 18 Exty(M, N)-regular.
ii) The change of rings homomorphism p3},A 1S surjective.
PMN
(iii) The reduced change of rings homomorphism >4,y is bijective.

The proofs depend on a very useful change of rings spectral sequence. For group coho-
mology, a sequence with similar flavor is obtained by Benson and Carlson [13; §4].

(4.4) Theorem. There exists a fourth quadrant spectral sequence
rig. T rpq—r+1lyr>1 -p _ —
(4.4.1) { di: Eg — Eg_r } —ETP = ExtqQ P(M,N)

whose initial terms are expressed in terms of the classical Koszul complex K(x;—) on the
family x = x1,- .-, Xc and its homology H,(x; —) as follows:

'BY = K, (x; Exth(M, N))“, ’Ef = Hy (x; Extj (M, N))".

The spectral sequence has the following vanishing lines and convergence properties:
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_ HIRG _ 2T L.
(4.4.2) "EL = 0 when p < 0 or p > c, hence “T'El = “T?El = ... = ®E] .

(4.4.3) TEZ = 0 when q < 0, hence there exist vertical edge homomorphisms
"vin: "E§ = CEf = E? = Ext), (M, N),

and vl = pl, n and vl = sy, the maps from (4.3.1) and (4.3.2).
(4.4.4) TEg = 0 when 2p > q, hence there exist diagonal edge homomorphisms

6%+ Exth (M, N) =EP — ©E2 < 2EX = H,,(x; Ext}(M, N))™ .

We isolate parts of the argument for (4.4) in the form of a lemma and a remark.

(4.5) Lemma. For each R—module N there is a natural isomorphism of DG R[x]-modules:

(Homg(E{c}, N)%9) = (R[X] ®r Homg (E, N)*, Z x’ ®r HOIHQ(O’J,N)) .
JENe

Proof. The natural isomorphisms of graded modules

Homp(E{c}, N)* 2 Homg (Homg (Q[x], E*), N)
= Homg (HOmQ (Qx], Q) ®q Eh’ N)
= Homyg (HOmQ (Q[x]; @), Homg (E, N))
(R[x], R), Homg(EF, N))
(R[x], R), R) ®g Homg (E*, N)
>~ R[x] ®r Homg (E, N)"

= Homp (Hom R

= HOIIIR (HOIIIR

are compatible with the action of R[x]. The formula for the differential on the right hand
side is obtained by transporting that on Homg(E{o}, N) via these isomorphisms. O

(4.6) The Koszul DG module. The Koszul complex K(x; R[x]) is a complex of graded
R[x]-modules. By means of the standard process of condensation, cf. [27; §X.9], it gives
rise to a DG R[x]-module K = €, = 2" K, (x; R[x]), that has a natural filtration by
the DG submodules K,y = @ _, =7*" K, (x; R[x])-

n=

Proof of Theorem (4.4). The spectral sequence (4.4.1) is obtained from the filtration of
the DG R[x] - module D = Homg(E{c}, N) ®g|,; K induced by {K;)}p>0. The lemma
shows that its first page is the Koszul complex on x1, ..., x., with the bigrading

'Ef = K, (x; ExtR(M, N))?.

To get the vanishing lines announced in (4.4.2), (4.4.3), and (4.4.4) simply note that
the variables x; have degree —2 and filtration level 1, hence in the bigraded R-module
IE! = Extl (M, N) @z \*(RC), the generators of the exterior algebra lie in 'ET 2.
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To compute the limit of (4.4.1) consider the filtration béte of Homp(E{o}, N): its p’th

level consist of the homomorphisms of degree < p. The 0’th page of the spectral sequence
{"E}"20 it defines on D is the Koszul complex K(x; Hompg(E{o}, N)h) bigraded by

OEP — K,(x; Homgp(E{o}, N)")?.

It follows from the lemma that X1, ..., X. is a regular sequence on Hompg (E{c}, N)¥, hence
the Koszul homology vanishes except in wedge degree zero, where we have

\f_ Homb(Bloh, N o,
(E()) = (X) HOIIII%{2(E{O'},N)|J =~ Ho Q(E,N) .

Thus, E is the complex Homg (E, N) concentrated in the line ¢ = 0, hence
H*D = *E; = °E, = H* Homg(E, N) = Ext},(M, N).
It remains to identify the vertical edge homomorphisms in (4.4.3). Consider the inclusion

C = (x) Homg(E{o},N) @ EB (Homg(E{o}, N) ®gp = " Kn(x; R[x])) C D

n>1

of DG R[x]-modules. The preceding argument shows that H, C = 0, hence the projection
D — Homg(E, N) identifies H* D with Extg (M, k). Thus, the vertical edge homomor-
phism "vi, is the map induced in homology by the inclusion D, < s~ K, (x; R[x]) C D.

From the lemma, we get v}, = pisn. Furthermore, as v}, is the composition of
LEG — with 2u%, v 2Ef = E*, and ?Ef = Exti (M, k)/(x) Extyp (M, k), we see that pi,
annihilates (x) Exty (M, k), and that 2v%,, is the induced map s}, - O

Proof of Theorem (4.2). For each p the graded R[x]-module Hy,(x;ExtR(M, N)) is noe-
therian and annihilated by (x), hence is noetherian over R[x|/(x) = R. This property is
inherited by the columns on each page of the finitely convergent spectral sequence (4.4).
Its stable page is the graded object associated to a finite filtration of Extzg (M, N), hence
the latter R—module is noetherian. O

Proof of Theorem (4.3). The map s}, has been constructed in the proof of (4.4).

(i) = (iii). When the sequence x1,...,Xc is Exty(M, N)-regular ’E; = 0 for p # 0 in
the spectral sequence (4.4), so (4.4.3) shows that s}, is bijective.

(iii) = (ii) is obvious.

(i) = (i). When ¢ = 1 the page ?E of the spectral sequence (4.4.1) lives in just two
columns, hence it reduces to an exact triangle of graded modules:

Exth(M,N) —2—— Exth(M, N)
A ,\ \/ PMN
Ext (M, N)
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in which A is a homomorphism of upper degree —1. The desired implication follows.

For the rest of the argument we assume that c is at least 2, and that the implication
holds for regular sequences of length less than c.

Set Q" = Q/(x1,...,%c—1), and let p': Q@ — Q' and p"”: Q" — R be the canonical
projections. Note that if o is a system of higher homotopies for x on a Q—free resolution E
of M then o’ = {0’ €o|J= (j1,.-.,Jc_1,0) € N°} is a system of higher homotopies for
x' =m1,...,7.-1 on E. Let x’ = x7,..., X be the family of operators on Extg, (M, N)
defined by the standard resolution E{o’}. The morphisms of complexes of R—modules

Hompg(E{c}, N) — Homgr(E{co'} ®¢' R, N) = Homg (E{c'}, N) — Homg(E, N).
show that the following diagram commutes:

Extt, (M, N) . Ext’ (M, N) . Extj(M,N)
RS " (X1,- -2 Xe_1) Exti (M, N) " (x) Exty(M, N)

p’I\I/I*NJV l l"}kv[N

Extly (M, N) Extt (M, N)
- , X ,N).
(Xhs-- -+ Xo_) Bxtiy (M, N) s Q

The composition in the lower row is phyn. As Py nPvin = Py IS surjective by as-

sumption, it follows that the same holds for pfyy;. We now get from the induction hy-
pothesis that the sequence xi,...,x._; is Extg (M, N)-regular, and then conclude from
the already established implication (i) = (iii) that s}y, is an isomorphism. Thus, the
middle vertical map in the diagram is surjective. It follows by Nakayama that so is pjf -
The already established case ¢ = 1 shows that x. is a non-zero-divisor on Extp (M, N),
and that Exty (M, N)/x.Extp(M, N) = Extg, (M, N). We now know that the sequence
Xes X1y« - -3 Xe—1 18 Extp (M, N)-regular, and then we conclude from Matsumura [29; (16.5)]

that the sequence x = x1,..., X has the same property, as desired. O

(4.7) Yoneda products. The graded R—module Exty (M, N) has a natural structure of left
Exty (N, N)- and right Exty (M, M)-bimodule, given by Yoneda products, cf. [27; §II1.5].
Mehta [30; (2.3)] shows that there are natural homomorphisms of graded R-algebras
ExtRr (N, N) < R[x] — Extgr (M, M) whose images lie in the centers of the corresponding
Yoneda algebras. Furthermore, the §* = R[x]-module structures on Extp (M, N) induced
by either of these homomorphisms coincides with that described in (4.1), cf. [12].

Extfy (M, N) ;

(4.8) Flat extensions. If R — R’ is a local flat extension, then the canonical homomor-
phism Extp(M, M) g R’ — Extp (M’', M') is an isomorphism of graded R'—algebras,
and Extp (M, N)®g R' — Extg,/(M’, N') is an equivariant homomorphism of graded right
modules over it. We identify the objects connected by the canonical isomorphisms.

The following two finiteness results are crucial for this investigation.

(4.9) Theorem. If M is a finite module over a noetherian local ring R, and CI-dimg M is
finite, then for each finite R—module N the graded right module Extp (M, N) is finite over
the R—subalgebra Z* of Exthy(M, M) generated by the central elements in Ext% (M, M).
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If R — R’ <+ @ is a quasi-deformation and pdg M' < oo, then Z* ®g R' is the graded
R'—subalgebra Z'* of Exty, (M', M'), generated by the central elements of degree 2.

Proof. By the finiteness theorem [23; (2.3)] or [8; (2.1)], Extx/ (M', N') and Extp, (M', M'")
are noetherian graded modules over the algebra &* of cohomology operators of the defor-
mation R’ +— Q. In view of (4.7), we conclude that Extp (M', M') and Extyp (M', N')
are finite graded Z'*-modules. In particular, the R'-algebra Ext}, (M’, M') is finitely
generated. By faithful flatness so is the R—algebra Exty (M, M). Let u1,. .. 4y be a set of
homogeneous generators, and let |u;| denote the degree of p;. The map

Exti(M, M) < @ Bxtf ™ (M, M), ae) = (], [ )

where [p, pj] = pp; — pip, is a homomorphism of R-modules with Kera = Z%. As
p1®1,..., puy, ®1 generate the R'—algebra Extyp (M, M) ®g R, we get

Z2@r R = (Kera) ®g R' = Ker(a @z R') = 2'%.

Thus, Z2* @ R' = Z'*. Now Ext} (M, N) is finite over Z* by faithfully flat descent. O

When (R, m, k) is a local ring, it is known from Milnor and Moore [31], André [3], and
Sjodin [34], that Extp(k, k) is the universal enveloping algebra of a graded Lie algebra
(also known as a Lie superalgebra), the homotopy Lie algebra n*(R). In this context, we
make frequent use of the following result of [12].

(4.10) Theorem. If (R, m, k) is noetherian local ring and M is a finite R—module such
that Cl-dimp M < oo, then graded left module Extyp (M, k) is finite over the k—subalgebra
P* of Exty(k,k) generated by the central elements in w2(R). a

5. COMPLEXITY

In this section (R, m, k) is a local ring, and M is a finite R—module.

One aspect of the asymptotic behavior of the minimal free resolution of M is captured
by its complexity, a concept originating in the work of Alperin and Evens [1] on group
representations and group cohomology, and adapted to local algebra in [8], [9]. We start
this section by recalling some basic facts on this invariant, and proceed to establish a
uniform bound on the complexities of all modules of finite CI-dimension over R. We finish
by providing new and more direct proofs, based on the work in the preceding section, of
some pivotal results of [8].

(5.1) Complezity. The complexity of M over R is the number
cxg M = inf { d € N | there exists v € R such that bZ(M) < yn?! forn >0}.

We list some properties that hold quite generally, cf. [9; Appendix].
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(5.2) Proposition. With R and M as above the following hold.

(1) cxp M =0 if and only if pdp M < co.

(2) If a sequencey C m is both R—regular and M -regular, then cxg M /(y)M = cxp M.

(3) If R — R’ is a local flat extension and M' = M ®@g R', then cxp M = cxp: M.

(4) If R+ Q is a codimension c deformation, then cxg M < cxp M < cxqg M +c.
Proof. (1) is immediate from the definition.

(2) Let K = K(y;R) be the classical Koszul complex, and let F be a minimal free
resolution of M over R. Since H,(F ®r K) = H,(M ®r K) = 0 for n # 0 we see
that F ®p K is a free resolution of M = M/(y)M over R. It is clearly minimal, hence
PE(t) = (1+t)9Pg(t), with g = cardy. The desired equality follows.

(3) and (4) follow easily from (1.5). O

A deeper understanding of complexity relies on a study of the Yoneda bimodule structure
(4.7) on ExtRp (M, k). In the case of finite CI-dimension we obtain strong numerical bounds.

(5.3) Theorem. If Cl-dimp M < oo, then cxp M is finite, it is equal to the order of the
pole at t = 1 of the Poincaré series Pie(t), and

(1) cxgp M = dimzg« Exty (M, k) = dimp« Extip (M, k).
Furthermore, for each finite R—module N there is an inequality

(2) dimz. Ext’ (M, N) < dimg N + cxg M .

Proof. (1) We know from (4.9) and (4.10) that Extp(M, k) is a finite module over the
graded k-algebras Z*/mZ* and P*, generated over k by a finite number of elements of
degree 2. Thus, the desired equalities follow from basic properties of Hilbert functions.

(2) The argument is by induction on n = dimg N, and uses the fact that a short exact
sequence of R—modules 0 — N’ — N — N” — 0 induces an exact sequence

Exth(M, N') — Exth(M,N) — Exth(M,N") — s~ Exth(M, N')

of degree zero homomorphisms of graded right Exty (M, M)-modules, hence also one of
Z*-modules. (Note that as we use the homological suspension, 57! Exty (M, N') is the
graded module with degree i component equal to Ext’* (M, N').)

If n =0, then dimg« ExtRh(M, N) < cxg M follows from this exact sequence by induc-
tion on the length of M over R. So assume that dimgp N = n > 0, and that the statement
holds for modules of dimension less than n.

Let N’ = HY (N) be the largest submodule of finite length in N. As the result is available
in dimension zero, and dimzp N = dimg N, the exact sequence shows it is sufficient to
prove the inequality for N”. Changing notation, we assume that depthy N is positive and
choose an N-regular element z € m. The cohomology exact sequence induced by the short
exact sequence 0 — N 5 N — N/xN — 0 shows that Exth(M, N)/z Exth(M, N) is
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isomorphic to a Z*-submodule of Extj(M, N/xzN). This gives the second inequality in
the following computation, where the third one is provided by the induction hypothesis:

dimz- Exty (M, N) < dimg- (ExtR (M, N)/z Extp(M,N)) + 1
< dimz- Ext’ (M, N/zN) + 1
< dimg(N/xN)+cxpg M + 1
=dimgp N +cxp M. O

Ext algebras are almost never commutative and usually very complex, so we note:

(5.4) Corollary. When CIl-dimp M < oo the graded R—algebra Extp (M, M) is module-
finite over its center, that is a finitely generated graded R—-algebra, and whose Krull di-
mension m satisfies max { dimg M,cxp M } < m < dimp M + cxp M.

Proof. To see that dimgp M is a lower bound for the Krull dimension of the center of
Extp(M, M), note that Exty (M, M)/Extil(M, M) = Homp(M, M) is a finite module
over this algebra, and its Krull dimension is dimp M. The lower bound cxr M is obtained
by remarking that Exty (M, k) is a finite module which has this Krull dimension. O

Clearly, the upper and lower bounds on m coincide if dimgr M or cxg M is zero, but

(5.5) Example. The inequality m < dimr M + cxgp M may be strict.

Let (S, p) be a local domain containing Z and having residual characteristic p > 0, and
let G = (h) be a cyclic group of order ¢ = p¢ > 1. The group algebra R = S[G] is then
a local ring with maximal ideal (p,h — 1)R. When S is considered as an R-module via
the isomorphism S = R/(h — 1), the deformation R < S[Y], y_1), h <= Y, shows that
Cl-dimp S is finite. The sequence 60: 0 - S — R — R — S — 0, whose middle map
is multiplication by h — 1, is exact. Splicing it with itself we obtain a minimal R-free
resolution of S which yields isomorphisms of R-algebras Exty(S,S) = 2* = S[X]/(¢X),
with 0 <+ X. Thus, dim Z2* = dimg § < dimp S + 1 =dimg S + cxg S.

The embedding dimension of R, edim R, is the minimal number of generators of m.
Given the latitude for base change allowed by (1.2), it is quite remarkable that there exists
an upper bound on the complexities of all R—modules of finite CI-dimension:

(5.6) Theorem. If M has finite CI-dimension, then cxg M < edim R — depth R, and the
inequality is strict unless R is a complete intersection.

Proof. Let (2 denote the (super) center of 7*(R), and set rankj 7' = e;. From (4.10)
and (5.3.1) we get cxg M < ranky (2. It follows from [20; Theorem A] that ranky ¢? <
edim R — depth R, and when equality holds e; = 0 for ¢ > 2. In that case, Poincaré-
Birkhoff-Witt yields PE(t) = (1 + ¢)*1(1 — ¢?) 72, and we conclude that R is a complete
intersection by the criterion of Assmus [4; (2.7)]. O

When pdp M is finite, the Auslander-Buchsbaum Equality implies that 0 < pdp M <
depth R, and exactness of the Koszul complexes on R-regular sequences shows that all
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intermediate values occur. Similarly, (1.4) shows that when CI-dimpg M is finite 0 <
Cl-dimp M < depth R, but we do not know whether these values appear in combination
with each complexity allowed by (5.6). Nevertheless, the following example shows that
many such combinations do occur: its list will be exhaustive if, as suggested by [9; (4.3)],
ranky, 2 is equal to the maximal codimension of an embedded deformation of R.

(5.7) Example. If the local ring R has a codimension ¢ deformation QQ with edim @Q =
edim R, then for any pair of integers (d,g) with 0 < d < ¢ and 0 < g < depth R there
exists an R—module M with cxg M = d and Cl-dimgp M = g.

Indeed, given d as above, the original deformation can be factored through an embedded
deformation of codimension d, hence it suffices to construct the relevant examples when
d = c. Fix an arbitrary integer r, and let M denote the module M introduced in (3.1).
That theorem yields cxp M = ¢ and CI-dimr M = 0, hence depthp M = depth R by (1.4).
For g as above choose a length g sequence y C m which is regular on both R and M. Thus,
CIl-dimp M/(y)M = g by (1.12.1) and cxg M/(y)M = c by (5.2.2).

One of our main techniques for studying a module of finite CI-dimension is to construct
a quasi-deformation that reflects a particular aspect of its minimal resolution.

(5.8) Factorizations. Consider a deformation R’ < @ with kernel ¢, and set C = (¢/¢?)*.

A factorization R’ <+ Q' +— Q of p into a composition of deformations with kernels ¢’
and 0 = ¢/¢’ yields an epimorphism of free R’~modules ¢/c¢2 — ¢/(¢' + ¢?) = 9/02. Thus,
(0/0%)* = Hompg(d/0%, R) is a direct summand of C. Conversely, given a decomposition
C = D ® E, consider the direct summand D+ = Maep Ker A of ¢/c?. If a sequence y C ¢
lifts a basis of D+, then it is Q-regular, and @ = ¢/(y) is generated by a Q' = Q/(y)-
regular sequence. This provides a factorization R’ < Q' <— Q of p such that (0/02)* = D.

Let z3,...,z* be the basis of (2%(c/c?))* dual to the basis of =2(¢/c?) provided by
the canonical images of £2(x1),...,s%(z.). Identify the symmetric algebra Symp, (==20C)
with the algebra &* = R[x]| of cohomology operators defined by p by an isomorphism
under which z7 corresponds to x; for 1 < j <ec. If § =mn1,...,74 is a basis for a direct
summand D of C as above, then then R'[n] is identified with a subalgebra of R[x], and
thus Extx (M, N) becomes a graded R'[n]-module for arbitrary R—modules M and N. The
functoriality of Eisenbud operators [18; (1.7)] shows that this module structure coincides
with the one defined by the deformation R’ +— Q/(y) = Q' through which p factors.

The next result can also be deduced from [8; (3.6)], but the proof of [loc. cit.] is
considerably more complex.

(5.9) Theorem. If R — R' + Q is a quasi-deformation with pdg M' < oo, then
cxp M < pdg R', and the deformation R' < @Q is embedded when equality holds.

If furthermore the residue field £ of R’ is infinite, then R' <— Q factors as a composition
R' + Q' < Q of deformations with cxp M = pdg, R'.

Proof. The inequality cxg M < pdg R' is immediate from (5.2.4). Assume that equality
holds, and that edim R’ < edim Q. We can then generate ¢ = Ker(QQ — R’) by a regular
sequence whose first element x is not in the square of the maximal ideal of the ring (). The
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inequality above and [32; (27.5)] yield cxp M < Pdg /() M' =pdgM'—1=cxgM —1,
which is absurd.

Set ¢ = Ker(Q — R), and note by (4.10) that Exty, (M’,£) is a finite graded module
over 8*, and that its Krull dimension d is equal to cxg M’ = cxgp M. As the residue
field of R’ is infinite, we may choose in S? a homogeneous system of parameters 7 for
Ext}, (M',£), such that R'n is a direct summand of S2. By (5.8) we identify R'[n] with
the algebra of cohomology operators defined of a codimension d deformation R’ <+ Q'
trough which R’ <— Q factors. As Exty/ (M’',£) is finite over R'[n], we get from (4.2) that
pdg: M’ is finite, hence Q' has the desired properties. O

As an immediate corollary, we obtain:

(5.10) Theorem. If Cl-dimp M < oo, then there erists a quasi-deformation R — R’ <
Q such that cxg M = pdg M'. Furthermore, edim R’ = edimQ, and Q may be chosen
complete with algebraically closed residue field. (Il

In the context of CI-dimension it is natural to consider the following variant of the
notion of the virtual projective dimension of [8 (3.3)]

aqpdp M = inf {pdy(M ®r R') | R — R’ < @ is a quasi-deformation } .
Our last result contains the Auslander-Buchsbaum Equality, and its extension in [8; (3.5)].
(5.11) Theorem. For any R—-module M there is an equality
qpdr M = CI-dimp M + cxp M .
If CI-dimp M 1is finite, then qpdp M = depth R — depthp M 4 cxp M < oo.
Furthermore, qpdp M < vpdp M, and equality holds when vpdgr M is finite.

Proof. By (5.3), a module of finite CI-dimension has finite complexity, hence CI-dimpg M +
cxp M and qpdr M are finite simultaneously. Assume this is the case, and choose a quasi-
deformation R — R’ <= @ with qpdg M = pdgy M'. By (1.14) and (5.2), it is harmless to
assume that the residue field of R’ is infinite.
On the one hand, we then have
Cl-dimp M + cxg M < Cl-dimg M + pdg R' = (pdg M’ — pdg R') + pdg R’ = qpdp M
where the inequality comes from theorem (5.9), and the first equality from (1.7) and (1.3).
On the other hand, replacing @ by a deformation @’ constructed in (5.10), we get
qpdr M < pdg M’ = depth Q" — depthg, M’
= del RI + deptth RI - deptth MI
= cxgp M + depth R’ — depthg M’
= cxp M + depth R — depthp M
= CXR M + CI—dimR M
with equalities provided by Auslander-Buchsbaum (twice), (5.10), (1.7), and (1.3).
The inequality qpdp M < vpdp M is clear from the definitions. If the virtual projective

dimension is finite, then the preceding argument works for the flat extension R — R’ = R,
and shows that vpdy M = cxp M + Cl-dimp M. O
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6. HOMOLOGICAL REDUCTIONS
In this section (R, m, k) is a local ring and M is finite R—module.

Much of the work in this paper revolves around the perception that for any given
quasi-deformation R — R’ < (@, the homological properties of the Q-module M’ =
M ®gr R’ provide an “upper bound” for those of the R—module M. A case in point is the
coefficientwise inequality of formal power series

(6.0) P(t) < Po.(H)(1—t*)~°

recalled from (1.5). On a structural level, the standard resolution E{o} of Shamash and
Eisenbud, recalled in (3.10), provides an approximation to the minimal resolution F' of
M'. The latter is always a direct summand of E{e}, and when these complexes coincide,
then the minimal resolution of M over R is completely determined by data defined over
. In this section we introduce and study the concept of homological reducibility, that
descibes how much structure on F/ can be induced by the procedure above.

Some early results provide handy conditions for equality to hold in (6.0).

(6.1) Example. If (Q,n) is a deformation of R and M is an R—module with nanng M D
Ker(Q — R), then equality holds in (6.0) by [36; Theorem 5] and [33; §3, Corollary 1].

First we explore what can be said in general in the extremal situation.

(6.2) Proposition. Let ¢ denote the residue field of R', let E{o} be the standard R'—free
resolution (3.10) of M' = M ®gr R’ constructed from a system of higher homotopies o
on a minimal QQ—free resolution E of M', and let R'[x] = R'[x1,---,Xc| be the algebra of
cohomology operators (4.1) defined by R' < Q. The following conditions are equivalent.

(i) Pi(t) = Py, (6)(1 — 1)

(ii) o(E) C nE for each o € 0.

(iii) E{o} is a minimal R—free resolution.

(iv) Extr (M',£) = £x] ®¢ Ext(M',£) as graded £[x]-modules.

(V) X = X1s---sXe 18 an Extp (M, £)—regular sequence.

In particular, the validity of (ii) or (iii) does not depend on the choice of o.

Proof. The equivalence of the first three conditions follows from the expression (3.10.3) for
the ranks of free modules in a standard R'—free resolution E{o}, and from the observation
that by (3.10.1) and (3.10.2) the resolution E{e} is minimal precisely when o(E) C nE
for each o € . The implication (iv) = (v) is clear.

(iii) = (iv). Consider the complexes Homp: (E{c},¢) and R'[x] ® g Homg (E, £), whose
differentials are zero in view of the minimality of the free resolutions E{o'} and E. By
(4.5) they are isomorphic as DG R’'[x]-modules, so we get an isomorphism in (iv).

(v) = (i). Set E* = Extp (M, £)/(x) Extp/ (M’,£). On the one hand, the regularity
of the sequence X1,..., X on Extp (M’ £) produces an equality of formal power series
PE,(t) = (D iso ranke E*t%)(1 — t2)=¢. On the other hand, by (4.3) the same assumption

yields an isomorphism E* 2 Extg)(M', £), hence Y-, rank, E* t* = P2, (t). O
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When the conditions above are fulfilled, the homological algebra of M over R is essen-
tially determined by that of M’ over (). This motivates the next definition.

(6.3) Homological reduction. When the equivalent conditions of (6.2) hold, we say that
a quasi-deformation R — R’ «+— Q is a homological reduction of the R-module M. The
homological redundancy of M over R is defined to be the number

homredgp M = sup { ¢ € N | M has a homological reduction of codimension ¢} .
A module M with homredgp M = 0 is said to be homologically irreducible. Note that such
a module is necessarily non-zero, since clearly hom red 0 = cc.

To study homological redundancy, we introduce the depth of a graded module W over
a commutative graded ring A as the supremum of the lengths of A-regular sequences of
homogeneous elements of non-zero degree, and denote this number by depth, W. Note
that 0 < depthy, W < oo when W # 0, and depth, 0 = —oo. In the next theorem, that
should be compared with (5.3.1), Z2* and P* are the algebras defined in (4.9) and (4.10).

(6.4) Theorem. If M # 0 is a finite R—module, then 0 < homredp M < cxp M.
If furthermore M has finite CI-dimension, then
hom redg M = depth z. Exty(M, k) = depthp. Extip (M, k).

A crucial part of the argument for (6.4) is provided by a factorization theorem.

(6.5) Theorem. In a quasi-deformation R — R' & Q such that pdg M’ < oo and R
has an infinite residue field, the homomorphism p can be factored as a composition of
deformations R’ < Q' < @, where homredg M = pdg, R’ and the Q'-module M’ is
homologically irreducible.

After some preparation, the theorems are proved jointly at the end of the section.

(6.6) Lemma. (1) If R — R < @ and Q — Q' < P are quasi-deformations, then the
composition R — R' ®¢g Q' <— P defined in (1.10) is a homological reduction of M if and
only if R — R' < Q is one of M and Q — Q' < P is one of M'.

(2) If R — R’ < @ is a homological reduction of M, then edim R’ = edim Q.

Proof. (1) By multiplying each side of (6.0) with the corresponding side of the coefficien-
twise inequality 1 < (1 — #2)~9ePth B we obtain a symmetric relation

Pﬁ(t)(l N t2)—depthR < Pﬁ,(t)(l _ t2)—depthQ

that becomes an equality precisely when R — R’ +— @ is a homological reduction of M.
Thus, setting M" = M'®g Q' = M ®r (R' ®¢g Q'), we get a concatenation of inequalities

Pﬁ(t)(l _ t2)—depthR < P]\?p (t)(l _ t2)—depthQ < PAI/DIH(t)(l _ t2)_depthp

in which the extreme two terms are equal if and only if all three are.
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(2) Suppose that edim R’ < edim (), and choose a minimal generating set for Ker(Q —
R') whose first element z is not in the square of the maximal ideal of @. From (1)
we see that R — R’ + Q' = Q/(z) is a homological reduction of M, hence Pl (t) =
Pz\?[" (t)(1 —t2)='. On the other hand, PE(t) = P&, (t) = Pﬁ,’ (t)(1 +¢)~! due respectively
o (1.5), and to [32; (27.3)] in view of the choice of z. The two expressions for P (t) being
incompatible, we get a contradiction, whence edim R’ = edim Q). O

The essence of the following remark is that properties invariant under finite descent are
also invariant under the more general operation of replacing the original ring by another
ring of operators, that acts in a compatible way, and over which the module is noetherian.

(6.7) Bimodules. Let R be a commutative ring, let A and B be graded commutative R—
algebras, and let W be a graded A-B-bimodule (over commutative algebras we drop the
distinction between left and right actions). Equivalently, W is a graded module over the
graded R—-algebraT = A®pg B, and thus it has a canonical structure of faithful module over
the graded R-algebra C = T/ annyp W, such that the natural homomorphisms of graded
R-algebras a: A — C and C <— B : 3 induce the original actions of A and B on W.

Let R be noetherian, the R-algebras A and B finitely generated, and the module W fi-
nite over each one of them. In this case C is finitely generated, W is a finite C-module, and
the maps o and 8 are both finite. Indeed, v: T — End 4 (W), v(a®b)(m) = (—1)™Plamp,
induces an A-linear embedding of C into the noetherian A—module Hom 4 (W, W). The
finiteness of « follows. That of [ results by symmetry.

Proof of Theorem (6.4) and Theorem (6.5). The inequality hom redg M > 0 is simply the
observation that the constant deformation (1.10) is a homological reduction of any M.
For the other inequality, note that if a quasi-deformation R — R’ <+ (Q is a codimension
¢ homological reduction of an R—module M # 0, and M’ = M ®pg R', then there are
coefficientwise inequalities PE (t) = P&, (t)(1 —¢2)~¢ > (1 — t2)~¢, that is, have b%, (M) >
(2";01_1) for n > 0. Thus, cxg M > ¢, and hence cxg M > homredr M.

For the rest of the argument we assume that CI-dimg M is finite, pick a quasi-deforma-
tion R — R’ < @ such that pdg M’ < oo and the residue field £ of R’ is infinite, and
set M' = M ®@r R'. Also, we denote by Z* and Z'* the subalgebras generated by the
degree 2 central elements of Ext%(M, M) and Ext%, (M’, M'), respectively, and note that
Z*@r R' = Z'* by (4.9). Finally, we set depthz. (Exty(M, k)) = g.

If F is a minimal free resolution of M over R, then

EXtE(M, k) Qr ¢ = H, HomR(F, k) Qr ¢ = H, Hompg: (F QR RI, f) = EXtE: (MI, f) ,

This provides an identification of (Z*®pgk)®4 £ with Z'* ®p: £, that is compatible with the
isomorphism Extp (M, k) ® £ = Exty (M', £) of graded right modules over these algebras.
As by (4.9) the 2* @p k-module Exty (M, k) is finite, and the depth of a finite graded
module over a finitely generated graded k—algebra is invariant under base change by field
extensions of k, we see that depth zi.g g (ExtR(M, k) ®k £) = g. This implies that the
depth of Ext}, (M',£) over Z'* is equal to g, and hence, in view of (4.7), so is its depth
over the algebra &* of cohomology operators of the deformation R’ +— Q.
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If the R—module M has a homological reduction of codimension ¢, then (6.2) shows
that ¢ < depthg. (Ext}‘%(M, k) ®r Z), that is, ¢ < g. As /£ is infinite, then we can choose
in S2 a regular sequence 7 of length g, that generates an R'-direct summand of that free
R'-module. By (5.8), there is a factorization R’ < Q' < @ such that the algebra of
cohomology operators defined by R <— Q' is equal to R'[n]. From (6.6.1) we see that
R — R’ + @' is a homological reduction of M, hence homredg M > g.

We now know that homredg M = g. Assuming the @Q'-module M’ has a homological
reduction Q" — Q" <+ P of positive codimension b, we see from (6.6.1) that R — R” «+— P
is a homological reduction of the R—module M. But its codimension g+b is strictly greater
than hom redg M, which is absurd. This proves M’ is homologically irreducible over Q’.

Finally, recall that Ext (M, k) is a bimodule over Z* and P*, that by (4.9) and (4.10) is
finite over each one of these algebras. As depth is invariant by finite descent, we conclude
from (6.7) that depth z. Exty(M, k) = depthp. Exty (M, k).

All the assertions of (6.4) and (6.5) have now been established. O

7. CRITICAL DEGREE AND GROWTH OF BETTI NUMBERS
We consider finite modules over a local ring (R, m, k).

We prove there is a critical degree in the minimal resolution of each module M of finite
Cl-dimension, after which asymptotically stable patterns develop. In particular, we prove
that beyond this degree the Betti sequence is non-decreasing, answering a basic question of
[7] in the case of finite CI-dimension—and thus for all modules over complete intersections.

We provide examples to illustrate unstable phenomena at the start of Betti sequences.
Furthermore, we show that the syzygy following the critical degree is the simplest one in
the entire syzygy sequence: it admits a homological reduction of highest codimension, and
thus its properties are determined by a module of lowest possible complexity.

(7.1) Critical degree. An R—module M is said to have critical degree at most s, denoted
by crdegp M < s, if its minimal resolution F has a chain endomorphism g of degree
g < 0, such that ppyq: Fryq — F), is surjective for all n > s; if no such s exists, we set
crdegp M = oco. Clearly, cr deg0 = —o0, and —1 < cr degp M < oo when M # 0.

If M # 0 and pdp M is finite, then cr degp M = pdr M, so the critical degree sharpens
the measure of inhomogeneity of free resolutions expressed by the notion of projective
dimension. More generally, if M has period q after s steps, in the sense that Syzg (M) =
SyzZ? (M) for n > s, then cr degp M < s. For modules of finite CI-dimension we have a
cohomological characterization, using the graded algebras Z* and P* introduced in (4.9)

and (4.10).

(7.2) Proposition. If M # 0 is a finite R—module with CI-dimg M < oo, then the critical
degree of M is finite, say cr degp M = s, and the following hold.

(1) There are equalities
cr deggp M = sup{r € N | depthp. Ext2" (M, k) = 0}
= sup{r € N | depthz. ExtZ" (M, k) = 0} .
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(2) There is a codimension 1 quasi-deformation R — R’ <— (), such that cr degp M’ = s
and the Eisenbud operator on the minimal resolution of M’ is surjective in degrees n > s.

Part (0) of the next theorem is well known and is included only for comparison. Part
(1), that can also be obtained from [8; (4.4)] and extends [18; (7.2)], shows that modules
of finite CI-dimension satisfy a conjecture of Eisenbud [18], that fails in general [21].

(7.3) Theorem. Let M # 0 be a finite R-module with depth R — depthp, M = ¢ and
crdegr M =s. When CI-dimp M s finite and n > s, the following three cases occur.
(0) If cxg M =0 then s = g and bE(M) = 0.
(1) If cxp M =1 then s < g and bE(M) = b for some integer b > 0;
furthermore, M has period 2 after s + 1 steps.
(2) If cxg M > 2 then s < co and bE (M) < b2, (M).

The next result shows that cr degp M determines the homological reducibility of all
the syzygies M,,. It contains the result of Eisenbud [18; (8.2)] that high syzygies have a
homological reduction of codimension 1; we also prove that, surprisingly, they cannot be
deformed to any higher codimension when n > cr degp M + 1.

(7.4) Theorem. Let M be a finite R—module of finite CI-dimension, with s = cr degp M.
The homological reducibility of the n’th syzygy M,, of M is then described as follows:

(1) M, is homologically irreducible for 0 <n < s;

(2) Ms41 has a homological reduction of codimension h > 1;

(3) M, has a reduction of codimension 1 and none of higher codimension, if n > s+1.

If h > 2, then Extfzs(M, k) is the largest submodule of finite length of Extyp (M, k), both
as a left Exty(k, k)-module and as a right Extp (M, M)-module, and the decomposition

Ext} (M, k) = Ext§* (M, k) ® Ext3° (M, k)

18 compatible with both structures.

Before giving arguments, we illustrate ‘strange’ patterns of growth of Betti numbers of

modules of finite CI-dimension, based on the modules M; = Mi[c] from (3.1), with (@, n) is
a local ring with edim Q = m, x is a length ¢ > 2 regular sequence in n?, and R = Q/(x).

The critical degree of a module of complexity d < 1 is bounded by depth R, but

(7.5) Example. There is no bound on the critical degree, valid for all modules of com-
plexity equal to some integer d > 2.

Indeed, fix s > 0 and note that M, is the s+ 1’st syzygy of M_;_;1. As the graded P*—
module Extly(M_,_1,k) is isomorphic to Ext*(M_,_1,k) ® k[x] @& 5~*~* Exte, (Mo, k)
by (6.2) and (7.4), it follows from (7.2.1) that cr degp M_,_1 = s.

The first (depth R + 1) Betti numbers contain the information that cxgp M = 0, but

(7.6) Example. No finite interval of constant Betti numbers implies that cxg M = 1.
Indeed, for ¢ = 2, s > 0, and 0 < n < s we have b% (Mo ® M_,_,) = 4™(s+2) by (3.1).

The Betti sequence of any module is monotonic after the critical degree, but
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(7.7) Example. Strict growth of the Betti sequence does not signal the critical degree.
Take ¢ = 2 and s > 0 and note that My & My & M_,_; has a strictly increasing Betti
sequence by (3.1), and critical degree s by (7.5).

Among the consequences of the finiteness of cr degp M is the validity of a weak form of
a conjecture of Eisenbud [18 p.37] (boundedness implies periodicity), as well as a partial
answer to a question raised in [7; p.34] (is the Betti sequence of each finite R-module
eventually non-decreasing?) Note also that the next result implies that the non-periodic
modules with constant Betti numbers constructed in [21; §3] have infinite critical degree.

(7.8) Theorem. If M is a finite R—module such that cr degp M = s < oo and p: F — F
is a chain endomorphism that satisfies (7.1), then either cxg M < 1 and M has period q
after depth R — depth, M steps, or cxg M > 1 and bE(M) < bfﬂ(M) forn > s.

If furthermore q < 2, then bE(M) < b2, (M) forn > s, with equality when cxg M < 1.

Proof. Let F and p be as in (7.1), set M,, = 0(F,) for n € Z, let p: F;, — M be the
composition of pg: Fy, — Fy with the augmentation Fy — M, and identify Extx(M, k)
with H* Hompg(F, k). Consider the pushout diagram with exact rows

6+1 1s) 8_1 6—2 0
Foppr—— F, —— F; 1 ——— F;, —— ... —— F, > M > 0
7| J | [
Og—2 o
0 > M » M(p) —— Fyg ——— ... > Fo > M > 0

It follows from [27; §II1.9] that p™ = Hompg(jn+q, k) is the iterated connecting homomor-
phism of the bottom row, which itself is the Yoneda splice of the exact sequences

(7.8.1) 0—>M— M(u) — M;_1 —0,

Oq— d
= S Fy—» M —0.

(7.8.2) 0= My_1 — Fy_o
Thus, p" = £8"T1a", with o™ the connecting homomorphism of (7.8.1) and A"*! the
iterated connecting homomorphism of (7.8.2). As 8" *! is bijective for all n, the cohomology
exact sequence of (7.8.1) takes the form

= Ext (M(p), k) — Bxt (M, k) “5 Ext™ (M, k) — Ext (M (u), k) — ... |

Since p™ is the k-vector space dual of py44: Fri4q ®r k — F), ®p k, that by assumption
is surjective for n > s. Thus, pu™ is injective for n > s, the exact sequence splits, and

(7.8.3) bE

n+q(M) = b'rIE(M) + bﬁ—i—l (M(ll')) .

We see that M has complexity < 1 precisely when r = pdy M (p) < oo. Set b, = bE(M).

If cxp M > 1, then (7.8.3) yields b, < b4 for n > s. On the other hand, if cxg M <1,
then p™ is an isomorphism for n > r, hence by Nakayama pi,, 4 is a surjective homomor-
phism of free R—modules of the same rank, and thus an isomorphism.



36 L. L. AVRAMOV, V. N. GASHAROV, 1. V. PEEVA

As r = depth R — depthy M (u) > 0, to finish the proof of the first part we show
that depthp M < depthp M (p). Assuming depthp M > depth R, we use (7.8.2) to get
depthp M,_; > depth R, and then (7.8.1) implies depthp M (p) > depth R. As M (u) has
finite projective dimension over R, it is free, so M is itself periodic, and thus an infinite
syzygy. This forces depthp M = depth R, a contradiction. Assuming depthp M(u) <
depthp M < depth R, we get depthp M,_1 = depthr M (1) < depthyp M from (7.8.1) and
depthp M,_1 > depthp M from (7.8.2). This is a new contradiction, so we are done.

In the proof of the last assertion we may assume that ¢ = 2. The map p,,2 is surjective
for n > s, and thus it induces a surjection M,, 3 — M,,. Choosing a minimal prime ideal
p of R and counting lengths over R, in the localizations of (7.8.2) and (7.8.1), we get

(bpt1 — by) length(Ry) = length(My42), — length(M,,), > 0,

hence b,41 > b, for n > s. If cxp < 1, then M, is periodic of period 2 by (1), hence for
n > r we have My, 12 = M, and thus b, = by,. ]

Proof of Proposition (7.2). The finiteness of cr degp M = s follows from the equalities in
(1), in view of (4.9). As both (1) and (2) are trivial when pdgp M is finite, we assume
cxp M > 0. We use the notation of the preceding proof.

(1) By [27; §II1.9], the homomorphism u™ is, up to sign, given by Yoneda multiplication
of Ext(M, k) with cls(zz) € Ext§ (M, M). Thus, the splitting of the cohomology exact
sequence established above shows that cls(fz) is a non-zero-divisor on Ext3*(M, k). The
graded subalgebra Z*[cls(pz)] of Extp(M, M) is commutative since Z* is central, and by
(4.9) the graded Z*|[cls(jz)]-module Ext3° (M, k) is finite. Thus, its depth over Z* coincides
with its depth over Z*[cls(p)], that we have just seen to be positive.

This implies s = cr degp M > max{r € N | depth z. ExtZ" (M, k) = 0}. As each element
of Extp (M, M), in particular of Z*, comes from a chain endomorphism of F, the opposite
inequality is clear, and thus cr degp M > max{r € N | depth z. ExtZ" (M, k) = 0}. On the
other hand, by (4.9) amd (4.10) the right Z*— and left P*-bimodule Extﬁr (M, k) is finite
on each side. It follows from the construction in (6.7) that its depth is the same over either
algebra.

(2) By (1.14), choose a quasi-deformation R — R’ <— @ such that mR’ is the max-
imal ideal of R', the residue field £ of (Q,n) is infinite, and pdgy M’ is finite. Note
that depthg. ExtZ, (M’,£) = depthz. ExtZ (M’, £) for each r, so (1) yields cr deggp M’ =
crdegp M. In view of (4.7), it also shows that

depthg. Extz (M, £) = depth z. Extzf (M, £) > 0,

As /£ is infinite, there is an Extg? (M’ £)-regular element 7 in S2. Note that n ¢ nS?, for
otherwise y would annihilate Ext}, (M’,£). Thus, R'n is a direct summand of S2. By (5.8)
there is a factorization R’ <— @' +— @ whose Eisenbud operator ¢’ induces on Extp, (M’ £)
the same action as 7. It follows that Homg(t,,,,, k) is injective for n > s, hence t;, 5 is
surjective by Nakayama. O
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Proof of Theorem (7.3). Let R — R’ < Q' be a quasi-deformation given by (7.2.2), in
particular, cr degp M’ = cr degRM =3s. As R — R’ is a flat extension and Syzf’ (M) =
SyzE(M) ®@r R' by (1.8.2), Syzl (M') = SyzE.,(M') implies SyzZ(M) = SyzE,,(M),
cf. [22; (2.5.8)]. Thus, neither the hypotheses nor the conclusions of the theorem change
when we replace the R-module M by the R'-module M’. Changing notation, we assume
R = Q/(x) for a local ring @ and a non-zero-divisor z, and ¢ = ¢(Q, z, F) is an Eisenbud
operator on a minimal resolution F of M over R, with ¢, 42 surjective when n > s.

By (4.1), there is a lifting of the complex (F,0) to a sequence of homomorphisms of

free Q-modules (F,d), and a degree —2 endomorphism # of F such that t = { ®¢ R. As
tnta = %anrg ®q Q/(x) is surjective, 5o is t,15 by Nakayama. Thus, Fn+2 = F @ G with
E = Ker tn+2, and the restriction 6 of tn+2 to GG is an isomorphism with F

Next we assume that bR( ) = bE (M) = b # 0 for some n > s, and show that

bE ., (M) =b. Let v: G — Fn+1 be the restriction of 8n+2 As 8n+1’y is the restriction to
G of 6n+18n+2 = mtn+2, we have 8n+1'y = x6, and hence

b
/\3+1/\7 /\ 1Y) = /\($9):$b/\9-

Note that G, ﬁn+17 and F, have rank b and fix isomorphisms of () with /\b(G),
A’ (Fny1), and A°(F,). The maps A’Opg1, A’v, and A’ are then given by multi-
plication with elements of @), say y, z, and u, respectively. The equality above becomes
yz = zPu. As 0 is bijective so is /\b( ), hence u is a unit in Q. Since z is a non-zero-divisor
in @, so is y, hence 5n+1 is injective. From 8n+18n+2 (E) = a:tn+2 (E) = 0 we now see that
E C Ker 5n+2, so Im 5n+2 is a homomorphic image of Fn+2 /E = G. Remarking that

(Coker ,,43) Q@ R = Coker 0,13 = Mp 4o

we conclude that M, 2 is a homomorphic image of the free R-module G ®¢g R = RY.
It follows that bZ, ,(M) < b = bE(M). On the other hand, we know from (7.8) that
bE (M) > bE (M) > bE(M), hence all three numbers are equal to b.

Thus, the sequence {bZ(M)},~5 is either strictly increasing or constant. In the second
case the equality rankp Fj, 12 = rankp F;, implies E' = 0, so the surjective homomorphism
tn42 is bijective, and hence the induced homomorphism M,, ;5 — M, is bijective. 0

Proof of Theorem (7.4). By (6.4) and (7.2.1), homredg M,, = depthp. Extp(M,, k) =
depthp. Extﬁn (M, k). This number is 0 precisely for n < s. To see it is 1 for n > s+ 1,
use the homological characterization of depth and the exact sequence of P*-modules

0 — Ext2" ™ (M, k) — Ext2" (M, k) — 5"k =0,
where b = bE(M). Set next h = hom redgr M, 1, and consider the exact sequence

0 — Ext3*(M, k) — Extly(M, k) — Ext$*(M, k) — 0
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of left Exty(k, k) @ g Extkp (M, M)°P-modules. The center of the tensor product contains
the image of P* ®g Z*, over which the graded module Extz®(M, k) is finite. Using again
the construction of (6.7) and the invariance of depth under finite homomorphisms, we get

h = depthp. Ext3® (M, k) = depth p. gz Extz° (M, k) = depth z. Ext3° (M, k) .

Thus, an inequality A > 2 implies both that Ext7*(M, k) has no non-trivial submodule of
finite length, and that the exact sequence above splits. O

8. ASYMPTOTES OF BETTI SEQUENCES

In this section R is a local ring, and M is a finite R—module of finite CI-dimension.

We show that the rational function representing the Poincaré series of M satisfies non-
trivial arithmetical properties. As a consequence, we determine the first two terms of the
asymptote of the Betti sequence of modules of higher complexity, and show that for big
n the gaps {bf (M) — bE(M)} between consecutive Betti numbers grow essentially like
a polynomial of degree d — 2. This may be viewed as a quantitative sharpening of the
assertion of (7.3.2), that if cxg M > 2, then the Betti numbers of M are eventually non-
decreasing. An application of these results yields a description of all Betti sequences over
several classes of local rings that are “close” to complete intersections.

(8.1) Theorem. Let M be a finite module over a local ring R. If Cl-dimr M < oo (for
instance, if R is a complete intersection) and cxg M = d > 2, then for n > 0

by (n) when n is even;

bE(M) =
n (M) { b_(n) when n is odd,

where by € Q[t] are polynomials of the form

b

= m + lower order terms

b (¢) $d-1 4 5 €k jd-2

(d—2)!
with integers b, cy,e such that either 0 < e<d—2,cy =c_ andb >0, ore=d—1 and

b> |cy —c_|. In particular, both difference polynomials by (t+1) —bx(t) have degree d —2
and positive leading coefficient.

(8.2) Corollary. When d > 2 there ezist periodic of period 2 functions 6;: Z — Q,
0 <i<d-—2, such that 5o(0) > 0, do(1) > 0, and for n>>0

by (M) = by_y (M) = §o(n)n?™2 + -+ + 84-2(n) . O

From (8.1), or from [8; (4.2)], one has lim,, o bZ(M)/n%=t € (2¢(d — 1)!)~1Z, but
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(8.3) Example. When cy = c_ the sequence (bE(M) — bE_,(M))/n?=2 converges to a
number in (2971(d — 2)!)71Z; when c,. # c_ it diverges; furthermore, both cases occur.
Indeed, let (@, n) be a two-dimensional regular local ring, let x = z1, 2 be a Q-regular
sequence contained in n®, set (R, m) = (Q/(x),n/(x)), and note that
bE(R/m) = n + 1 for each n > 0 by the result of Tate recalled in (6.2).

bE(R/m?) = 3n+1 for even n > 0 and b%(R/m?) = 2n+ 3 for odd n > 1 by [10; (2.1)].

The theorem has an interesting application to local rings “close” to complete intersec-
tions. Indeed, if R satisfies one of conditions (a) through (d) of the next theorem, then by
[11] all finite R—modules have rational Poincaré series with a common denominator. Fur-
thermore, [9] determines the possible denominators and shows that if PE(¢) has radius of
convergence > 1, then M has finite virtual projective dimension, hence finite CI-dimension.
For the rings in (e) the corresponding analysis is carried out in [26]. Thus, we get

(8.4) Theorem. Let R be a local ring that satisfies one of the following conditions:

(a) R is one link from a complete intersection;

(b) R is two links from a complete intersection and R is Gorenstein;

(c) edim R — depth R < 3;

(d) edim R — depth R = 4 and R is Gorenstein;

(e) edim R —depth R =4 and R is a Cohen-Macaulay almost complete intersection of
residual characteristic # 2.

If M is a finite R-module whose Poincaré series PL.(t) has radius of convergence p > 1,
then cxp M = d < edim R —depth R and there exist polynomials A1 and Ao, both of degree
d — 2 and with positive leading coefficients, such that

Ar(n) < bH(M) — byt (M) < Ag(n) for n>>0.
In particular, {bR(M)},>0 is eventually either constant or strictly increasing. O

Remark. Using the information on the denominators of Poincaré series from [9] and [26],
Sun [35] has shown that if p < 1, then lim, oo b2, ,(M)/bE(M) = 1/p > 1. Thus, the
asymptotic pattern—in particular, the eventual growth—of Betti sequences is now known
for all modules over complete intersections, and over the rings described in (8.4).

We establish Theorem (8.1) in an equivalent form, stated in terms of Poincaré series.
An immediate consequence of the finiteness result in (4.10) is that the Poincaré series
of an R-module M of finite CI-dimension can be written uniquely in the form

pum(t)
(1 —1¢)4(1+1t)e
The next theorem shows that it satisfies non-trivial arithmetical relations.
(8.6) Theorem. If M is a finite R-module with CI-dimp M < oo and Poincaré series
given by (8.5), then cxpg M = d, pp(1) > 0, and one of the following cases occurs.
(0) d=10: e<0, ore=0 with ppr(—1) > 0; also, deg par = depth R —depthyp M +e.
(1) d=1: e<0, and degpy < depth R — depthp M + e.
(2) d>2: e<d—1,0ore=d—1 withpp(1) > |pm(—1)|.

(8.5) PE@t) = with pys € Z[t] such that pas (1) #0.
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Proof. Basic dimension theory and (5.3.1) yield d = cxgp M. Set s = cr degp M.

(0) Here pdp M < 00, so PE(t) is a polynomial of degree depth R — depthy M, hence
e < 0 and degpys = depth R — depthy M +e. As PE(t) has positive coefficients, we get
pu(1) = 2°PE (1) > 0. If e = 0, then pps(—1) = PE(—1) is the Euler characteristic of M,
which is non-negative. As —1 is not a root of pys, this yields pas(—1) > 0.

(1) By (7.3.1), we have s < depth R—depthp M and Y, bF(M)t* = b=+ (1—t)~! # 0.

(2) In view of (1.5) and (7.2.2), after performing a local flat extension of R we may
assume that it has a deformation R <— () such that pdg M < oo, and that there exists a
degree —2 chain endomorphism g of the minimal free resolution of M, that is surjective
in degrees n > s. Thus, we can switch to the notation of the proof of (7.8), with ¢ = 2.

We prove e < d — 1 by induction on d. For d = 1 this is contained in (1), so let d > 2.
The exact sequence (7.8.2) shows that pdg M is finite, and then the exact sequence (7.8.1)
yields pdg M (p) < oo, hence CI-dimg M (i) < co. Write the Poincaré series

Py()(t)
102 (1+ )

(8.7.1) Pyr () = (

in irreducible form (8.5). The equalities (7.8.3) translate into an equality of power series
Pii(t) = t*P{i(t) + tPy () +7(t), for some polynomial r € Z[t]. Thus, we get

m(t) — (1= +)e tr(t
(8.7.2) P]\}}(N)(t) =t ( )t(l(— t)dzl(l(_{_:_)ezl 0

At ¢t = 1 the numerator above is equal to pas(1) # 0, so no factor (1—t) cancels. Comparing
(8.7.1) with (8.7.2), we see that d’ = cxg M (u) = d — 1, hence the induction hypothesis
applies to M (u). For e < 1 the desired inequality e < d — 1 is clear, so let e > 1. The
numerator of (8.7.2) at ¢t = 1 is then pps(—1) # 0; by another comparison with (8.7.1):

(8.7.3) e=¢e¢ +1<d =d-1.
Note that ug = pas(1)/2¢ and v = par(—1)/2% in the prime fractions decomposition

d e

pum(t) . Ug—_; Ve ;
(L=t +0) Zﬁ tY (1+ )7 +9(t).

i=1

Thus, there are Ay and h_ in Q[t], of degree at most d — 2 and e — 2, respectively, and

(n ji-f; 1) 4 (P (n +e- 1) +hy () +(=1)"h_(n)

_ pu(1)
)= 2d e—1

(8.7.4) bR(M 5

for n > 0. As d > e and the Betti sequence is positive, we see that pas(1) > 0.

To finish the proof of (8.6) we assume that e = d—1 > 1 and show by another induction
on d that par(1) > |pam(—1)|. If d =2, then for n > 0 in (8.7.4) hy(n) = h, a constant,
and h_(n) = 0. The formula for the Betti numbers simplifies to

pum(1)
2

an(_l)

1 +h forn>0.

bE(M) = n+ (—1)
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By (7.3.2) the Betti sequence of M is eventually strictly increasing. This means that
the function bE(M) — b2 | (M) = ipp (1) + (—1)"ipp(—1) is positive for n > 0. In
other words, pps(1) > |par(—1)|, hence we have a basis for our induction. To perform the
induction step, choose d > 3 and note from (8.7.3) that the module M (u) hase’ =e—1 =
d—2=d —1> 2, hence the induction assumption applies to it. Finally, note the equality

pu(t) = tpary () + (L — )41 (1 + ) r(t)

that results from (8.7.1), (8.7.2) and (8.7.3). It shows that pap(1) = pau (1) and
pum(=1) = =par(u)(=1), hence [par(1)| > |par(=1)| by induction. O

Proof of Theorem (8.1). The polynomials by whose existence is asserted by the theorem
are obtained by splitting (8.7.4) into two expressions, one for each parity of n. By (8.7.3)
we have e < d — 1. If the inequality is strict, then both polynomials b, and b_ have the
same coefficient of ¢¢~2, hence both difference polynomials have degree d — 2 and leading
coefficient b/2¢(d — 2)! > 0. If e = d — 1, then the coefficients of =2 in the difference
polynomials are (b+ ¢4+ — c5)/2%71(d — 2)!. As the numerator of this fraction is equal to
pum (1) £ par(—1), it is positive by (8.6.2). O

9. OBSTRUCTIONS TO EMBEDDINGS INTO STANDARD RESOLUTIONS

Consider a local ring (R, m, k) with a deformation p: Q — R with kernel generated by
a regular sequence X = x1,...,%., and a finite R-module M. For the standard R-free
resolution (3.10) of M, Eisenbud [18; p.37] makes the following

Conjecture. If M is a finite R—module M with pdg M < oo, then its minimal R—{ree
resolution is a subcomplex of a standard resolution in such a way that the maps t; may be
chosen to be induced by the standard x;. In particular, the ¢; may be chosen to commute.

We produce obstructions to its validity, and show that any ring R with an embedded
deformation of codimension 2 has modules with non-vanishing obstruction.

(9.1) Theorem. If there exist a family {t;(Q,x,F)}1<j<cc of Eisenbud operators on the
minimal R—free resolution F of M, a system o of higher homotopies on E, and a compar-
ison a: F — E{o} of R-free resolutions of M such that at; = xja for 1 < j <c, then
the spectral sequence (4.4.1) stops at *E.

In particular, the canonical homomorphism

o Exth(M, k)
ME® (x) ExtR(M, k)

— Extl (M, k)

from (4.3.2) is injective, hence Extyp (M, k) is generated over k[x] in degrees < pdg M.
The theorem suggests a more precise version of an earlier conjecture, cf. [6; (5.3.1)]:

(9.2) Conjecture. If F has any structure of DG R[x]-module, then s}, is injective.
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(9.3) Example. When s > 0 and ¢ > 2 no embedding of a minimal resolution of the

R-module M_4,_, = M[_cl_l into a standard resolution coming from a codimension c de-

formation is compatible with the action of the Eisenbud operators.

Indeed, the direct sum decomposition of Extp(M_s_1,k) described in (7.5) is also one
of graded k[x]-modules, cf. (4.7), hence any system of generators contains elements of
degree pdg My +s+1. As pdg M_5_1 = pdg My = ¢ by (3.1), we conclude by (9.1).

Proof of Theorem (9.1). The hypotheses imply that by setting x;f = ¢;(Q,x,F)(f) for
f € Fand 1 < j < ¢ one obtains on F a structure of DG R[x]-module such that
a: F — E{o} becomes a morphism of DG modules over R[x]. This produces a morphism

Hompg(w, k): Homg(E{co}, k) — Hompg(F, k)
of DG modules. Filtering the Koszul DG module K by wedge degree, we get a morphism
Hompg(a, k) ®gpy K: Homg(E{c}, k) ®gp K — Hompg(F, k) ®g K.

of filtered DG modules. The first page of the induced morphism of spectral sequences
is the map K(x; H* Hompg(c, k)) of Koszul complexes. As « is a comparison of R—free
resolutions, H* Hompg(a, k) is bijective, so the sequences are isomorphic from the page 'E
onwards. Due to the minimality of the resolution F, the differential of Hompg(F, k) is
trivial, hence the second spectral sequence stops at 2E.

This implies the first spectral sequence, that by construction is the one in (4.4.1) with
N =k, also collapses at 2E, and thus its vertical edge homomorphism 2v},, is injective.
By (4.4.3), this map is equal to the reduced change of rings homomorphism s}, . O

Next we prove that the cohomology over R of the high R-syzygies of each finite R—
module M completely determines its cohomology over ). Thus, the obstructions of (9.1)
vanish for such syzygies, leaving open the asymptotic form of Eisenbud’s conjecture stated
in [18; p.37] as follows: “In the spirit of this paper, it would be interesting to prove this
conjecture just for some truncation of the minimal free resolution.”

(9.4) Theorem. Let x be a system of cohomology operators defined by a codimension c
deformation p: QQ — R, and let M be a finite R-module such that pdg M is finite. When

n > 0 the spectral sequence (4.4.1) for the modules M, = SyzE(M) and k stops at the
page 2E, and produces for each p € Z a natural exact sequence

0 — Hy_1 (3 Extiy(Ma, k)™ — Ext?) (My, k) 2 H, (x; Exth (M, k) — 0

of k-linear homomorphisms, in which 6P is the edge homomorphism from (4.4.4).

Proof. The graded module Extp (M, k) = =" Extin (M, k) over the polynomial ring k[x]
splits as a direct sum of its even and odd parts. For n > 0 the minimal resolution of the
even (respectively, odd) submodules has its p’th free module generated purely in degree
—2p (respectively, —2p—1): By simple regrading this can be deduced from [19; (1.1)], which
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shows that if M is a finite graded module over a polynomial ring generated by elements
of upper degree 1 then for n > 0 the module M>" has a (finite) linear resolution. As

TorkX (k, Exty (M, k))? 2 Hy, (x; Exth(M,, k),

we see that the sequence (4.4.1) for M,, and k has 2Eg =0, unless —1 < 2p+ ¢ < 0.

This leaves no space for non-trivial differentials, hence the sequence stops at 2E and
produces a two-tier filtration of the limit term ExtqQ_p (M,,, k). The desired short exact
sequences represent precisely this information. Il
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