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EXPLANATION

This paper evolved out of two lectures given at the Workshop of ICRA IX!.

In the lectures I tried to present to a group of experts in representation theory
of Artin algebras some recent developments in commutative algebra. To bridge
the gap between subjects, I looked for theorems that could be appreciated directly
off the blackboard in mathematically meaningful detail. The search ended close
to home: many results on free resolutions over commutative local rings can be
recast as statements on projective resolutions over artinian rings (that just happen
to be commutative). A further slate of assertions becomes intelligible when some
property of local rings (e.g. ‘Gorenstein’) is replaced by an adequate condition on
artinian algebras (e.g. ‘quasi-Frobenius’). Thus, I chose to discuss with a not-
necessarily-commutative audience problems whose solutions may be influenced by
a commutativity hypothesis, but whose statements do not depend on one.

Community of interest and hand waving provided some coherence to the oral
exposition. Work on the article rapidly convinced me that the written version
needs a more robust structure. Trying to find one I deleted material, expanded
a few themes, and embarked upon a series of rewritings. The text that emerged
focuses on measures of resolutions such as length, size, or width, and on the ways
that their values affect the homological life of modules.

I want to thank the organizers for an opportunity to present some favorite topics,
the participants for their willingness to cross mathematical frontiers, and the editors
for trusting, against all odds, that this paper will be completed.

INTRODUCTION

We discuss ramifications and extensions of the classical notions of projective
dimension and injective dimension of modules.

Various hypotheses are made on the base ring at different places in the text.
It is essentially arbitrary in Sections 2 and 4, noetherian in Section 3, and graded
in Section 10. Everywhere else, ring is assumed to be local, which here is taken
to mean ‘commutative noetherian ring with unique maximal ideal’;, and modules
are assumed to be finite, that is, finitely generated. For the convenience of some
readers, in Appendix B we recall the definitions of a few basic notions of local
algebra, and provide background.
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Modules of finite projective dimension or of finite injective dimension over a local
ring have rather special properties. Some highlights are recalled in Section 1 with a
dual purpose in mind: to provide a historical perspective and to indicate the kind
of results to be expected (or desired) for modules of finite generalized homological
dimension. An important area of research in commutative algebra—the structure
theory of finite free resolutions—is omitted because its results heavily depend on
determinantal ideals, and so have no clear counterparts outside of the commutative
context.

Early generalizations of the classical dimensions measured the minimal length of
resolutions (respectively, coresolutions) constructed using modules from a specific
class. If such a class does not consist of projective (respectively, injective) modules,
then for satisfactory results one needs extra conditions either on the maps or on the
modules used in the (co)resolutions. In Section 2 we review well known solutions to
the problems that arise. Our conventions for handling complexes and resolutions
are explained in Appendix A.

The best studied non-classical homological dimension is the Gorenstein dimen-
sion, which is the subject of Section 3. The not quite traditional approach there is
based on explicit constructions of complexes, and has applications to computations
of relative cohomology and Tate cohomology.

It is classically known that each module has a ‘minimal’ injective coresolutions,
and that some modules—in particular, finite ones over local rings—also have min-
imal projective resolutions. In either case the corresponding complex is unique up
to non-unique isomorphism, and splits off every (co)resolution as a direct summand
with contractible direct complement. Minimal (co)resolutions are discussed in Sec-
tion 4. We use a new approach, based on a notion of minimality applicable to
arbitrary complexes. It allows one to define and study minimal resolutions that do
not necessarily consist of projectives.

Over the last two decades, new invariants of modules have been introduced by
taking into account the ‘size’ of modules appearing in resolutions or coresolutions.
It is natural to measure a free module by its rank; the Betti numbers of a module
are the ranks of the free modules in its minimal free resolution. A measure for the
size of an injective module is defined by using the structure theorem for injective
module over commutative noetherian rings; it leads to the notion of Bass numbers.
In Section 5 we discuss bounds on sequences of Betti numbers and of Bass numbers.

In all cases when it is known, the asymptotic behavior of these sequences belongs
to one of two types—polynomial or exponential. Sample results pertaining to these
types of growth are discussed in Sections 6 and 9, respectively. A features of many
of their proofs is the use of subtle analogies with ‘distant’ branches of mathematics,
such as group cohomology or rational homotopy theory. The invariant used to
measure the growth of resolutions on a polynomial scale is known as the complexity
of the module, the one used to gauge growth on the exponential scale has been
called its curvature. Besides providing classifying parameters in situations where
other dimensions are infinite, the values of these asymptotic invariants impact the
vanishing of (co)homology.

In Section 8 certain kinds of resolutions are paired off with specified changes
of the base ring, so as to produce a variety of new homological dimensions. The
rationale comes from the fundamental hierarchy of properties of local rings. Section
7 focuses on complete intersection dimension. When it is finite, precise results are
available on the asymptotic behavior of free resolutions.
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A graded module over a graded ring has graded Betti numbers, which can be used
to measure the ‘width’ of its minimal free resolution. This new parameter leads to
the notion of Castelnuovo-Mumford regularity of a module. It is the subject of the
final Section 10, where we show that in the commutative case regularity behaves in
some respects like another homological dimension.

Throughout the text, and to the best of my knowledge, I have tried to give
references to the original publications. The intent was to provide readers from a
different area with a sense of the dynamics of the developments reported below.
On the other hand, systematic exposition in research monographs, textbooks, or
survey articles often offer the best introduction to a field. At the end of the relevant
sections I have collected references to such sources.

I want to thank Sasha Gerko, Srikanth Iyengar, and Oana Veliche for carefully
reading the manuscript and providing many helpful comments.

1. CLASSICAL DIMENSIONS

In this section (R, m, k) denotes a local ring and M a finite R-module.

A hypothesis that a classical (that is, projective or injective) dimension of M is
finite imposes stringent restrictions on the structure of M. We illustrate this fact
and give a flavor of things to come by reviewing basic results.

1.1. Finite projective dimension. When a projective dimension is finite, its
value is determined by a famous equality.

1.1.1. Theorem (Auslander-Buchsbaum [5]). If projdimg M is finite, then
projdimp M = depth R — depthy M
All admissible values of projdimy M are indeed achieved.

1.1.2. Example. Set d = depth R, choose an R-regular sequence a4, ..., aq, and
set y; = a1,...,a; for i = 0,...,d. By Theorem (B.1.2), the Koszul complex
K(y;; R) is exact, hence is a free resolution of the R-module N; = R/(y;). This
resolution is minimal, so projdimg(NV;) =1, cf. (4.2).

1.2. Regular local rings. One of the most influential results in commutative
algebra describes the local rings of finite global dimension as being the regular
rings. It is a formal consequence of the following more precise statement.

1.2.1. Theorem (Auslander-Buchsbaum [4], [5]; Serre [64]). The following
conditions are equivalent.

(i) R is regular.
(ii) projdimgy N < depth R for every finite R-module N.
(iii) projdimpgk < oo.
The implication (i) = (ii) may be viewed as the ultimate generalization
of Hilbert’s Syzygy Theorem, cf. also (10.2.2). The implication (iii) = (i) is
considerably strengthened below (note that projdimp 0 = —o0, cf. (2.2.3)).

1.2.2. Theorem (Levin-Vasconcelos [49]). If there ezists a finite module N such
that projdimp(m*N) is finite for some i > 1, then R is regular.

Our discussion of injective dimension parallels that of projective dimension.

1.3. Finite injective dimension. The first result may surprise.
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1.3.1. Theorem (Bass [22]). If injdimy M is finite, then
injdimp M = depth R
Some examples of modules of finite injective dimension are easy to produce.

1.3.2. Example. Every Cohen-Macaulay ring R has finite modules of finite injec-
tive dimension. Indeed, choose an R-regular sequence y of length d = depth R. By
Example (1.1.2), the module N; = R/(y) has a finite free resolution K. If E is an
injective envelope of k over R, then the complex Hompg (K, E) is a finite injective
coresolution of N = Hompg(Ny, E). Furthermore, lengthp(N) = lengthz(Ng) < o0,
with equality obtained by induction using the exactness of the functor Hompg(—, E),
and inequality due to the fact that the ring R is Cohen-Macaulay.

In 1963, Bass [22] asked if finite modules of finite injective dimension exist only
over Cohen-Macaulay rings. It took 25 years to get a complete answer.

1.3.3. Theorem (Peskine-Szpiro [56], Hochster [47], Roberts [60]). If the module
M has finite injective dimension, then the ring R is Cohen-Macaulay.

We go on to homological characterizations of the Gorenstein property; for de-
scriptions in terms of other homological dimensions cf. Theorem (3.5.1).

1.4. Gorenstein local rings. The classical description runs as follows:
1.4.1. Theorem (Bass [22]). R is Gorenstein if and only if injdimp R < oo.
This characterization is contained in the more precise result below.

1.4.2. Theorem (Foxby [40]). The following conditions are equivalent.
(i) R is Gorenstein.
(ii) Ewvery finite module N with projdimg N < oo has injdimz N < oo.
(iii) There exists a finite module N such that projdimg N and injdimgz N are
both finite.

Expositions. The monographs of Hochster [47], Northcott [54], Roberts [59],
Evans and Griffith [38], Strooker [66], Roberts [61] deal extensively (some—
exclusively) with modules of finite projective dimension or finite injective dimension
over commutative noetherian rings. The textbooks of Matsumura [52], Bruns and
Herzog [26], Eisenbud [35] contain many relevant results.

2. DIMENSIONS FROM RESOLUTIONS

Let R be an associative ring, and let M = M(R) be the category of R-modules.
We fix an abelian subcategory F C M, a subcategory C C F, and let P C F
denote the subcategory whose objects are the projective R-modules in F, cf. (A.1)
for some general conventions on categories of modules.

Two standard procedures for replacing projective resolutions by more general
ones lead to homological dimensions measuring rather different effects.

2.1. Relative dimension. Under this approach, modules other than projectives
are allowed in resolutions, but not all homomorphisms can be used as differentials.
The goal is to ensure the existence of comparison morphisms for resolutions, leading
to a theory of relative cohomology functors. The payoff is that whenever a module
admits a resolution, its homological dimension can be computed from the vanishing
of an appropriate cohomological functor. The downside is that the class of modules
of finite homological dimension may shrink, due to insufficiency of proper maps.
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2.1.1. Proper resolutions. A sequence E of homomorphisms in F is proper
ezact (with respect to C) if the sequence Hompg(C, E) is exact for all C € C. A
C-resolution v: C — M is proper if it yields a proper exact sequence

-— Oy —)Cn1—> —>C’1—>Co M —0
When C = P we are in the absolute case, where every C-resolution is proper.

2.1.2. Relative cohomology. Let C denote the subcategory of F whose objects
are the R-modules admitting some proper C-resolution.

To construct cohomology functors one uses a Comparison Lemma for proper
resolutions, proved by the usual arguments for the projective case.

2.1.3. Lemma. If e: C = M and €': C' — M' are proper C-resolutions, then
for every R-linear homomorphism pu: M — M' there is a unique up to homotopy
comparison morphism fi: C — C' that that satisfies € i = pe.

Choosing for each M € C a proper resolution C — M, define for each n € Z and
each N € M(R) a relative cohomology group

Ext? (M, N) = H" Homp(C, N)
By the Comparison Lemma, (M, N) — Ext; (M, N) yields a functor
Ext? : C(R)°® x M(R) — M(Z)

Choosing for each M € C a projective resolution 7: P — M and a morphism of
complexes ¢: P — C lifting idj; one obtains homomorphisms

(M, N) = H" Hompg (¢, N): Ext?(M,N) — Ext}(M, N)

These maps produce morphisms of functors Ec Extc — Ext; which commute with
connectmg homomorphlsms Furthermore, € : Extc — Hompg is an isomorphism
and e}: Ext; — Exty is a monomorphism.

Relative cohomology looks like a cohomological functor: every proper exact se-
quence in either argument induces a natural cohomology exact sequence.

2.1.4. Yoneda classes. For all M, N € F, Yoneda congruence relations involving
only proper short exact sequences define equivalence classes of proper exact se-
quences of length n, starting at NV and ending at M. The result is an abelian group
of proper extensions that depends functorially on M and N. For every M € C this
group is canonically isomorphic with Ext; (M, N). The map sending the class of
each proper sequence to its congruence class with respect to Yoneda equivalence
using all short exact sequences is a morphism of extension functors. For M € C,
the canonical isomorphism above transforms this morphism into e™: Extg — Ext.

Using properties of relative Ext functors outlined above, one gets the next result
by repeating wverbatim the classical arguments for the absolute case.

2.1.5. Proposition-Definition. Let C be a subcategory of F.
For every M € C and for each g € N the following are equivalent.
(i) There exists a proper C-resolution C — M with Cp, =0 for all n > g.
(ii) Fwvery proper C-resolution C — M has Q9C € C.
(iii) Extd™ (M -)=0.
(iv) Extc( =) =0 for all n > g.
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When they hold M has relative dimension at most g with respect to C, denoted
reldim¢ M < g

For M € F~C one sets rel dim¢ M = co.

2.2. Resolving dimension. In this approach no restrictions are placed on maps

in resolutions. Thus, enlarging the class of modules allowed in resolutions one gets a

corresponding enlargements of the class of modules of finite homological dimension.

Here the caveat is: for a dimension to be computable from every resolution, the
class of allowable modules cannot be arbitrary.

2.2.1. Resolving subcategories. A subcategory C C F is resolving for F if C is
closed under extensions and under kernels of epimorphisms, and contains enough
projectives for F, in the sense that every M € F is the homomorphic image of
some module from C NP. Every module M € F has a C-resolution.

2.2.2. Proposition-Definition (Auslander-Bridger [3]). LetC be a resolving sub-
category for F.
For every M € M and for each g € N the following are equivalent.

(i) There ezists a C-resolution C — M with Cp, =0 forn > g.
(ii) Fwvery C-resolution C — M has QIC € C.
(iii) There exists a P-resolution P — M with QIP € C.

When they hold, M is said to have C-dimension at most g, denoted
C-dimM <g
The next observations follow directly from the definitions.

2.2.3. Remark. If C is resolving for F, then for each M € F one has:
C-dimM = —0c0 <= reldim¢c M = —oc0 <= M =0
C-dmM=0 <= reldm¢M =0 <+= MeC~0

C-dim M < min{reldim¢ M , projdimgp M}
Standard use of mapping cones and the Horseshoe Lemma lead to

2.2.4. Proposition. For every ezact sequence 0 - M — M' — M" — 0 in F
there is an inequality

C-dim M < max{C-dim M', C-dim M" — 1}
If C-dim M' # C-dim M", then equality holds.

2.2.5. Example. The subcategory P is resolving for F if and only if P has enough
projectives for F; in that case P-dim M = projdimp M for M € F.

Expositions. In discussing relative homological algebra we have followed the mem-
oir of Eilenberg and Moore [33] and the book of MacLane [50].

3. GORENSTEIN DIMENSION

In this section R is a noetherian (on both sides) ring, and M a finite R-module.
We let F C M denote the subcategory of finite R-modules, and P C F the sub-
category of projective R-modules.
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3.1. Gorenstein dimension. An R-module G is reflezive if it is finite and
G E G**

This happens if and only if the canonical map G — G** is bijective, cf. (A.1).
We say that G is totally reflexive if it is reflexive and satisfies

ExtR(G,R) = 0= Extp.(G*,R) forall n>1

These modules were introduced in [3] as modules of G-dimension zero.
Let G C F be the subcategory of totally reflexive modules.

3.1.1. Lemma. The subcategory G is resolving for F.

By Proposition (2.2.2) the number G-dim M defined in (2.2.1) can be computed
from any G-resolution. This invariant, introduced by Auslander and Bridger [3], is
called the Gorenstein dimension or G-dimension of M; the name is explained by
Theorem (3.5.1). To use standard notation, we set

G-dimg M = G-dim M

In the next result the first inequality is obtained by an easy induction on
G-dimg M, the second from Proposition (2.2.2). The conditions for equality es-
tablish the precise sense in which G-dimension refines projective dimension.

3.1.2. Theorem (Auslander-Bridger [3]). There are inequalities
sup{n € N | Ext} (M, R) # 0} < G-dimgp M < projdimp M
and equalities hold to the left of any finite dimension.

The equivalence (i) <= (ii) below is proved in [3] over local rings, and in [19)
in general. The implication (ii) = (iii) is due to Zaks [69].

3.1.3. Theorem. For each integer d > 0 the following are equivalent.
(i) Every finite module, left or right, has G-dimension at most d.
(ii) injdimp R < d and injdimp, R < d.
(iii) injdimp R = injdimp R < d.
3.2. Relative dimension. Let reldimg M be the relative dimension of M with

respect to G, as in (2.1). To relate it to G-dimension, we say that a G-resolution
G — M is strict if G, is projective for all n > 1.

3.2.1. Theorem. For each integer g > 0 the following are equivalent.
(i) G-dimg M < g, that is, M has a G-resolution of length < g.
(il) reldimg M < g, that is, M has a proper G-resolution of length < g.
(iii) M has a strict G-resolution of length < g.
In particular, G-dimg M = reldimg M.
The implication (ii) = (i) is trivial, while (i) = (iii) is shown by an explicit

construction. Finally, (iii) = (ii) holds because strict resolutions are proper, by
the next lemma, easily proved by induction on projdimg N.

3.2.2. Lemma. If G is a totally reflexive R-module, then Extg(G,N) = 0 for
every R-module N of finite projective dimension and all n > 1. O
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3.3. Tate cohomology. A totally acyclic complex is a complex T such that T, is
finite projective for each n € Z and the following condition holds

H,(T)=0=H,(T*) forall neZ

A complete resolution of M is a diagram T 5 P 5 M with a P-resolution m,
a totally acyclic complex T', a morphism ¥ with 4, bijective for n > 0.

3.3.1. Theorem. For each integer g > 0 the following are equivalent.
(i) G-dimg M <g.
(il) M has a complete resolution 9: T — P with 9, bijective for alln > g.
(iil) M has a complete resolution ¥9: T — P with ¥, bijective for alln > g and
surjective for all n € Z

The proof yields explicit constructions of the desired complexes.
To define cohomology functors on the basis of complete resolutions, one needs a
corresponding Comparison Lemma; the one below is from [19].

!
™

3.3.2. Lemma. IfT 2P M and T 25 P' I M' are complete resolutions,
then for each R-linear map pu: M — M’ there exists o unique up to homotopy
morphism [, making the right hand square of the diagram

T—ﬂ>P—7r>M

Pl

T AN P AN M’
commute, and for each choice of [ there exists a unique up to homotopy morphism
1, making the left hand square commute up to homotopy.

Let G be the subcategory of F whose objects are the modules of finite G-
dimension. Choosing for each M € Ga complete resolution T A BN , one
defines for every N € M and every n € Z a Tate cohomology group

Ext} (M, N) = H" Homg(T, N)
By the Comparison Lemma, (M, N) — Egt%(M ,N) yields a functor
Ext}: G(R) x M(R) — M(Z)
for every n € Z, and the homomorphisms
(M, N) = H" Hompg (9, N): Ext}(M,N) — Ext’(M, N)

yield morphisms of functors e: Exth — E;(\t%, invertible for n > G-dimpg M.
Clearly, Ext; (M, —) is a cohomological functor, each short exact sequence of mod-

ules in G induces a natural exact sequence of Tate cohomology groups, and €%
defines morphisms of the corresponding long exact sequences.

The prototype of Tate cohomology is precisely what the name suggests:

3.3.3. Example. Let II be a finite group, R = Z[II] its group ring, and Z the
R-module with trivial action: gm = m for all g € Il and m € Z.

Choose a resolution €: P — Z by finite free R-modules. For each ¢, the action
(9a)(p) = a(g~'p) turns Homz(P;,Z) into a free left II-module. Furthermore,
Ho(Homgz(P,Z)) = Z, and H;(Homgz(P,Z)) = 0 for i # 0. Splice P with the
complex Homgyz (P, Z), shifted one degree to the right, along the R-linear maps € and
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n = n(Y,cn9)- The resulting complex T of finite free R-modules is contractible
over Z and hence so is the complex Homz(T', Z). The isomorphisms Homz(T', Z) =
Hompg(T,Homz(R,Z)) = Hompg(T, R) show that T is totally acyclic. Thus, T is
a Tate resolution of Z over R and EE&%(Z,N ) = H" Hompg(T, N) is the classical
Tate cohomology group ﬁ"(H, N) of the group II, cf. [29].

By Theorems (3.2.1) and (3.3.1), both relative cohomology and Tate cohomology
are defined on the category G of modules of finite G-dimension. The relations
between these theories and absolute cohomology, provided by the morphisms &7 of
(2.1.2) and €%, of (3.3), turn out to be unexpectedly tight.

3.3.4. Theorem (Avramov-Martsinkovsky [19]). If G-dimg M = g < oo, then
for each R-module N there exist natural homomorphisms §%(M,N), such that the
following sequence is exact:

1 eg(M,N) )
0 —— Extg(M,N) ——— Extp(M,N) ——
eg(M,N) eR(M,N)

—  Ext}(M, N)

SR(MN) g ~
> Extp™'(M,N) —— -+  ——=Ext},(M,N) —=0

Exth(M, N) “—— Ext}(M, N)

The proof is based on a careful analysis of the homology exact sequence induced
by the surjective morphism of complexes ¢: T — P from (3.3.1.iii).
3.4. Approximations. A G-approxzimation of M is an exact sequence
0—Y —>X—>M—0
with X € G and projdimg Y < co. For existence of approximations we have:

3.4.1. Proposition. M has a G-approximation if and only if G-dimp M < co.

Proof. If G-dimg M < o0, then the strict G-resolution from condition (3.2.1.ii)
provides an exact sequence 0 — &(G1) — Go - M — 0 with Gy € G and
projdimg(0:1(G1)) < oo. Conversely, f 0 - VY - X - M — 0is a G-
approximation, then splice this exact sequence with a P-resolution of Y of finite
length to obtain a G-resolution of finite length. O

Over local rings, G-dimension has additional properties.

3.5. Local rings. Let (R, m, k) be a local ring.
The next result gives the reason for the name Gorenstein dimension. The equiv-
alence of (i) and (ii) follows from Theorems (1.4.1), (3.1.3), and (3.5.2).

3.5.1. Theorem (Auslander-Bridger [3]). The following are equivalent.
(i) R is Gorenstein.
(ii) G-dimg N < depth R for every finite R-module N.
(i) G-dimpk < oo.
Finite projective dimension implies finite G-dimension by Theorem (3.1.2). It
follows from the preceding theorem that the converse fails, so the next result prop-
erly contains Theorem (1.1.1).

3.5.2. Theorem (Auslander-Bridger [3]). If G-dimg M < oo, then
G-dimp M = depth R — depthp M
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For every finite R-module N, Corollary (3.1.2) and Theorem (B.1.1.2) yield
gradeg(anng(N), R) < G-dimg N

If equality holds, then N is said to be G-perfect, by analogy with the notion de-
scribed in (B.1.3); below we use the notation N;'2 also introduced there.

3.5.3. Theorem (Golod [44]). If R — S is a surjective homomorphism of rings,
and the R-module S is G-perfect with St~ S, then every finite S-module N satisfies

G-dimg N = G-dimg S + G-dimg NV

This remarkable property of G-dimension is not shared by projective dimension:
if R = k[[t], S = R/(t?), and N = k, then the complexes

0—R-5R—0
e s 595958550
provide minimal free resolutions of N = k over R and over S, respectively.

Expositions. Chapters III and IV of the memoir of Auslander and Bridger [3]
constitute the canonical text on Gorenstein dimension. There exist several accounts
of that material within the framework of modules over local rings: in the early
lectures of Auslander [2], the recent survey of Magek [51], the monographs of Enochs
and Jenda [36] and of Christensen [31]. The paper [19] provides a self-contained
treatment of the classical results over arbitrary noetherian rings, using explicit
constructions of complexes.

4. MINIMAL (CO)RESOLUTIONS

In this section R is an associative ring and M is an R-module.

We describe a concept of minimality from [19], which is applicable to every
complex of R-modules. It explains the similarity of properties of minimal injective
coresolutions and minimal projective resolutions, whenever the latter exist. It is
also useful in situations where a notion of ‘minimality’ had been defined ad hoc
(like maximal Cohen-Macaulay approximations), or has been missing (like proper
resolutions). Omitted proofs can be found in [19].

4.1. Minimality. Let B be a complex of R-modules.

4.1.1. Proposition-Definition. The following conditions are equivalent.

(i) Every homotopy equivalence B: B — B is an isomorphism.
(ii) Fach morphism B: B — B homotopic to idp is an isomorphism.
(iii) If B: B — C and v: C — B are homotopy inverses, then [ is injective,
is surjective, Ker~y is contractible, and C = Im @ Ker~y.
When they hold, the complex B is said to ne minimal.

The proofs of the proposition and of its corollary use only basic homological
algebra—the interpretation of homotopy classes of morphisms as homology classes
in complexes of homomorphisms.

4.1.2. Corollary. Let B and C be minimal complezes of R-modules.

(1) Ewvery homotopy equivalence 3: B — C is an isomorphism.
(2) If B is minimal, and A is a contractible subcomplex of B such that for every
n € Z the R-module A,, is a direct summand of B, then A = 0.
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A first example is psychologically satisfactory, but carries little substance.

4.1.3. Remark. Every complex concentrated in a single degree—in particular,
every R-module—is a minimal complex.

Fortunately, less trivial examples of minimal complexes are at hand.

4.2. Minimal projective resolutions. We say that a projective resolution P —
M is minimal if the complex P is minimal. The existence of such resolutions
depends on the availability of some special homomorphisms.

4.2.1. Projective covers. A projective cover of an R-module M is an epimor-
phism e: P — M from a projective R-module P, such that every homomorphism
¢: P — P with e¢ = € is bijective. Over a general ring R, not every module has a
projective cover.

4.2.2. Proposition. Let P be a complex of projective R-modules.
If P, — Coker(On+1) is a projective cover for each n, then P is minimal; the
converse holds when Coker(On41) has a projective cover for each n.

4.2.3. Corollary. If P — M is a minimal projective resolution, then
projdimp M = sup{n € Z | P, # 0}

If P' — M is a projective resolution, then each comparison morphism P' — P is
a split epimorphism with contractible kernel; it is bijective if P' is minimal.

Proofs may be obtained by dualizing those below. For finite modules over local
rings, the general notion of minimal free resolution specializes to the standard
concept introduced by Eilenberg [32]:

4.2.4. Example. Let (R, m, k) be a local ring and M a finite R-module.

By Nakayama’s Lemma every finite projective R-module is free, an epimorphism
€: F'— M is a projective cover if and only if F' is finite free and Ker(e) C mF, and
M has a projective cover. In view of these facts and the results above, a projective
resolution F' — M is minimal if and only if each F,, is finite free and (F) C mF,
and every finite R-module has a unique up to isomorphism minimal free resolution.

4.3. Minimal injective coresolutions. We say that an injective coresolution
M — I is minimal if the complex I is minimal in the sense of (4.1).

4.3.1. Injective envelopes. An injective envelope of M is a monomorphism
n: M — I to an injective module, such that each homomorphism ¢: I — I with
tn = 7 is bijective. Every R-module M has an injective envelope.

For injective coresolutions minimality coincides with the classical concept.

4.3.2. Proposition. A complex I of injective modules is minimal if and only if
Ker(9,) — I, is an injective envelope for each n € Z.

Proof. Assume first each I, is an injective envelope of Ker(9,), and let 5: I — T
be a morphism homotopic to idy;. We want to prove (3, is bijective. Since I,
is an injective envelope of Ker(d,,), it suffices to show that the restriction of 8,
to Ker(0,,) is injective, that is, the module K,, = Ker(d,) N Ker(8,) is trivial.
Choose a homotopy 0 from § to idy. Every z € K, satisfies x = 0,416, (), hence
0.(K,) = K, and 0,,(K,,) N Ker(d,+1) = 0. Since I,,1; is an injective envelope of
Ker(0,,41), we conclude 6,(K,) =0, so K,, =0, as desired.
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Assume next some I, is not an injective envelope of Ker(d,), so I, = I}, & J,
with I! an injective envelope of Ker(9,) and J,, # 0. Thus, 8, maps J, bijectively
to a submodule J,_1 of I,_1. Setting J; = 0 for ¢ # n,n — 1 we get a contractible
subcomplex J C I. As each J; is injective, it splits off I;, so J is irrelevant, hence
T is not minimal by Proposition (4.1.3). O

4.3.3. Corollary. If M — I is a minimal injective coresolution, then
injdimp M = —inf{n € Z | I, # 0}
If M — I' is an injective coresolution, then each comparison morphism I' — I is

a split epimorphism with contractible kernel; it is bijective if I' is minimal.
Every R-module has a minimal injective coresolution.

Proof. Injective coresolutions of M are homotopy equivalent by the corresponding
Comparison Lemma, so the first part follows from Corollary (4.1.2). For the second
part, form an injective coresolution M — I by choosing the maps n: M — I,
Cokern — I_;, and Coker(9,42) — I, for all n < —2 to be injective envelopes.
Proposition (4.3.2) shows that I is minimal. O

In the applications below the descriptions of minimal resolutions and the proofs
of their existence are more delicate than in the classical cases. However, uniqueness
properties are again obtained by specializing Corollary (4.1.2).

4.4. Minimal proper resolutions. We say that a G-resolution v: G — M is
minimal if G is a minimal complex.

4.4.1. Theorem. Assume (R, m, k) is a local ring and G-dimg M is finite.

The module M has a minimal G-proper resolution. More precisely, a quasiiso-
morphism ~v: G — M is a minimal proper G-resolution if and only if

(a) G, =0 for alln < 0.

(b) Gy is totally reflexive.

(c) Gy, is free of finite rank for alln > 1.

(d) 0n(G,) contains no non-zero free direct summand of Gp—1 for alln > 1.

If G — M is a minimal G-proper resolution, then

G-dimg M =sup{n € Z | G,, # 0}
If G' — M 1is a G-proper resolution, then each comparison morphism G' = G is a
split epimorphism with contractible kernel; it is bijective if G' is minimal.
4.5. Minimal approximations. We say that a G-approximation
0—Y —-X—M—0
is minimal if the complex -+ ->0—Y - X — 0 — --- is minimal.

4.5.1. Theorem. Assume (R, m, k) is a local ring and G-dimg M is finite.

The module M has a minimal G-approximation. More precisely, an ezract se-
quence 0 =Y 5 X — M — 0 is a minimal G-approzimation if and only if X is
totally reflexive, Y has finite projective dimension, and v(Y) contains no non-zero
direct summand of X.

If0=>Y' —» X' > M — 0 is a G-approzimation, then it is isomorphic to

0—YaoFr XY xoF M —0

where F is a free R-module; it is minimal if and only if F = 0.
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4.5.2. Remark. Let R be a Gorenstein local ring. A finite R-module M is to-
tally reflexive if and only if it is maximal Cohen-Macaulay, that is, depthp M =
dim R. In particular, the G-approximations of M are precisely the mazimal Cohen-
Macaulay approximations of Auslander and Buchweitz [7]. The theorem shows, in
particular, that our concept of minimality for G-approximations agrees with that
of Auslander [8].

5. BETTI NUMBERS AND BASS NUMBERS

In this section (R, m, k) denotes a local ring and M a finite R-module.
First we recall the definition of a sequences of homological invariants used to
measure the size of a minimal projective resolution of M.

5.1. Betti numbers. By Example (4.2.4), every finite R-module M has a unique
up to a isomorphism minimal resolution F' — M. Thus,

BE(M) = rankg(F,)

is an invariant of M, called the nth Betti number of M over R.
The minimality of F' is characterized by the condition O(F) C mF, so the
complexes F @g k and Hompg(F', k) have trivial differentials. This leads to:

5.1.1. Remark. SE(M) = rank; Tor”(M, k) = rank; Exth(M, k).
Corollary (4.2.4) also determines the non-vanishing Betti numbers:
5.1.2. Remark. 3%(M) # 0 if and only if 0 < n < projdimy M.

The equicharacteristic hypothesis appears in the next result because all known
proofs use Hochster’s ‘big Cohen-Macaulay modules’ [47]: they are known to exist
only if R is an algebra over a field, or dim R < 2.

5.1.3. Theorem (Evans-Griffith [37]). If R is equicharacteristic and M has finite
projective dimension, then there are inequalities

2n +1 for n=0,...,projdimgy M — 2
BE(M) > { depth R — depthy M for n =projdimp M — 1
n R R
1 for n =projdimp M

Examples of Bruns [24] show that the inequalities given by the syzygy theorem
cannot be improved in general. On the other hand, much stronger bounds were
conjectured in [27] for modules of finite length.

5.1.4. Conjecture (Buchsbaum-Eisenbud). If projdimp M and lengthyp M are
both finite, then the following inequalities hold

BR(M) > (d”;‘R) for all n

Here are some comments on the status of this long open problem.

5.1.5. Remark. The conjectured bounds are best possible in general. Indeed, by
the argument in Example (1.3.2) the existence of a module of finite length and
finite projective dimension implies the existence of a module of finite length and
finite injective dimension. Theorem (1.3.3) then shows that R is Cohen-Macaulay,
so dim R = depth R by Remark (B.3.3). For d = depth R the R-module N4 of
Example (1.1.2) then has Sr(Ng) = (Z) for all n.
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The conjecture holds trivially for n = 0. It holds for n = 1 by Krull’s Theorem
(B.3.1). As R is Cohen-Macaulay, the module M is perfect of finite length, hence
so is the module ML. Thus, the conjecture holds for M;'2 and n = 0,1. By Remark
(5.3.3) below, it then holds for M and n =d — 1,d.

The known cases imply the conjecture holds whenever dim R < 4.

Next we describe sequences of invariants that measure the size of parts of a
minimal injective resolution of M. There is one such sequence for each p € Spec R,
where Spec R denotes the set of prime ideals of R. Invariants derived from injective
resolutions are often more difficult to handle, due to the fact that injective modules
are finite (if and) only if the ring R is artinian.

5.2. Bass numbers. Let M — I be a minimal injective coresolution, cf. Corollary
(4.3.3). By a well known theorem of Matlis, every injective module I, is a direct sum
of indecomposables, every indecomposable is isomorphic to the injective envelope
Er(R/p) for some p in Spec R, and the isomorphism

I, = @ Eg(R/p)+a®-M)
peSpec R

uniquely defines u’(p, M), the nth Bass number of M over R at the prime p. When
p = m, reference to the prime ideal is suppressed from terminology and notation.

The results on Betti numbers discussed above have analogs for Bass numbers.
Proofs use the following expression, which is not hard to establish.

5.2.1. Lemma. p}%(M) = rankg Exty(k, M) for all n € Z.

Vanishing patterns for Bass numbers p% (M) are well understood. By Rees’
Theorem (B.1.1.2), the first non-vanishing one appears for n = depthy M. Bass [22]
proved the last non-vanishing number occurs for n = injdimp M. The positivity
of all intermediate p (M), although formally similar to the statement for Betti
numbers in Remark (5.1.2), is a more delicate fact.

5.2.2. Theorem (Fossum-Foxby-Griffith-Reiten [39]).
up(M) #0 if and only if depthp M <n <injdimp M

In the next result, an equicharacteristic hypothesis on R appears for the same
reason as in Theorem (5.1.3).

5.2.3. Theorem (Bruns [25]). If R is equicharacteristic, then
1 for n =depthp M
pp(M) > < depth R — depthy M for n =depthyp M + 1
2(depthR—n)+1  for n=depthg M +2,...,depth R

5.3. Reductions. Certain adjustments can be made to facilitate computation of
Betti numbers or Bass numbers. We provide some samples.

5.3.1. Remark. If ¢o: R — R' is a faithfully flat homomorphism of local rings,
then BE(M) = BE (M ®g R!) for all n € Z.

Indeed, faithful flatness implies ¢(m) is contained in the maximal ideal of R', so
if F — M is a minimal free resolution of M over R, then F ® g R' — M ®gr R' is
a minimal free resolution of M ®g R' over R'.
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o~

5.3.2. Remark. 8E(M) = BE (M) and pp(M) = p(M) for all n € Z.

Indeed, R — R is faithfully flat by Theorem (B.4.1), so Remark (5.3.1) yields
the equalities for Betti numbgrs. As mR is the maximal ideal of R, we have
Extg(k, M) = Ext%(k, M ®r R), whence the equalities for Bass numbers.

5.3.3. Remark. If M is perfect with projdimp M = g, then
BE(M) = BE (M) forall neZ

Indeed, if FF — M is a minimal free resolution, then F™* — M;r2 is a free resolution
by the definition of perfection (B.1.3); it is clearly minimal.

If a submodules is ‘small’ in the m-adic topology, then its Betti are tightly linked
to those of the module and of the residue module.

5.3.4. Proposition (Avramov [9]). There ezists an integer s such that for each
R-submodule L contained in m* M there is an equality

BE(M/L) = BE(M) + BE (L) forall n>0
Finally, we note that, most of the time, one can stay with Betti numbers.

5.3.5. Proposition (Foxby [41]). For every finite R-module M there exists an R-

module M' such that pf(M) = BE_(M') for alln > d = dim M.

Expositions. Proofs of the results in (5.1) and (5.2) are given in [26].

6. COMPLEXITY

In this section (R, m, k) is a local ring and M a finite R-module.

We start a discussion of asymptotic properties of the sequences of Betti numbers
and of Bass numbers for R-modules of infinite projective or injective dimension,
to be continued in Sections 7 and 9. In view of Theorem (1.2.1), the only simple
R-module, its residue field &, has has infinite classical dimensions whenever the ring
R is not regular.

We describe a measure of the growth of Betti numbers, on the polynomial scale,
introduced by Alperin and Evens [1] in a slightly different manner for finite di-
mensional representations of finite groups. The definition below is from [11]. For
variants applying to general rings see the appendix of [12].

6.1. Complexity. The module M has complezity c, denoted cxg M = ¢, if ¢ is
the least non-negative integer d such that

BE(M) < pn?=! for areal number B andall n>>0

In particular, cxg M = 0 if and only if projdimy M < oo, so complexity offers a
refinement of the dichotomy between finite and infinite projective dimension.

The first non-trivial results on projective dimension many a student sees concern
the effect of factoring out a regular element. They have counterparts for complexity,
but the next property of complexity has no antecedent.

6.1.1. Lemma. If R = Q/(z) where Q is a local ring and x is a Q-regular element,
then

cxgM <cxpM <cxgM +1
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Proof. Consider the classical change-of-rings spectral sequence
*Epg = Torf (Toqu(M, R),k)) = Tor®, (M, k)

pt+a
of Cartan-Eilenberg [29]. Isomorphisms

M if ¢g=0,1

Toqu (M,R) = .
0  otherwise

are easily obtained using the resolution 0 = @ = @ — 0 of R over Q. As ?E, , = 0
for ¢ # 0,1, the spectral sequence collapses to a long exact sequence

—— Tor/* (M, k) — Tor®(M, k) — Tor® (M, k)

—" Torfl_y(M, k) — Tor?_, (M, k) —
Estimates of vector space dimensions yield the desired inequalities. O

Clearly, the first (respectively, second) inequality in the lemma becomes an equal-
ity if the map X, in the exact sequence above is trivial for all n (respectively, surjec-
tive for all n). Sufficient conditions are given in the next result; the original proofs
proceed by explicit constructions of a minimal resolution of M over R, starting
from a minimal resolution of M over ().

6.1.2. Theorem. Assume R = Q/(z), where (Q,n,k) is a local ring and z is a
Q-regular element.

(1) (Nagata [53]) If = ¢ n?, then cxg M = cxg M.

(2) (Shamash [65]) If z € nanng M, then cxgp M = cxg M + 1.

Complete intersections take their turn for a homological characterization.

6.2. Complete intersection local rings. The next characterization of the com-
plete intersection property parallels that of regularity in Theorem (1.2.1).

6.2.1. Theorem (Gulliksen [46]). The following are equivalent.
(i) R is complete intersection.
(ii) cxg N < edim R — depth R for every finite R-module N .
(iii) cxp k < co.

Proof. (i) = (ii). Remark (5.3.2) yields cxg N = cxz(N ®r ﬁ), while for trivial
reasons we have edim R = edim R and depthﬁ = depth R. Thus, we may assume
R is complete, and hence R = @) /(x) for a regular local ring with edim Q = edim R
and a Q-regular sequence x, cf. Remark (B.4.4). Theorem (1.2.1) yields cxg N = 0,
so Lemma (6.1.1) gives the inequality below:

cxp N < card(x) = depth ) — depth R
= edim @) — depth R = edim R — depth R

The equalities come from the definitions of depth and of regularity.
(ili) = (i) is proved by very different arguments, cf. Section 7. O

As already noted, a module has complexity 0 if and only if it has finite projective
dimension, that is, its Betti numbers eventually vanish. The next simplest class,
that of complexity at most 1, consists of those modules whose Betti numbers are
bounded. Over complete intersections the minimal resolution of such a module is
described by
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6.2.2. Theorem (Eisenbud [34]). If R is complete intersection, cxp M < 1 and
F — M is a minimal free resolution, then F' has the form

1e) 2]
SN RN AT NG (AN RN REN N N RN

where g = depth R — depth M and F', G are free R-modules of the same rank.
Next we describe complete intersections in the spirit of Theorem (1.1.1).

6.3. Lower complete intersection dimension. Let (R,m, k) be a local ring.
Recall from Section 3 that G denotes the category of totally reflexive R-modules, and
let B denote its subcategory consisting of those modules that have finite complexity.
Clearly, B contains all finite free R-modules. Using free resolutions constructed
via mapping cones and the Horseshoe Lemma, and the fact that G is a resolving
subcategory for the category F of finite R-modules, cf. Lemma (3.1.1), one obtains:

6.3.1. Lemma. The subcategory B is resolving for F.

Following [43] (but changing terminology and notation), we use (2.2.2) to define
a lower complete intersection dimension of M over R by the formula

CL.-dimp M = B-dim(M)
6.3.2. Theorem (Gerko [43]). The following are equivalent.

(i) R is complete intersection.
(ii) Cl.-dimgzN < depth R for every finite R-module N .
(ifi) CI.-dimpk < oo.

Proof. Assume first R is complete intersection. By Remark (B.2.1) it is Gorenstein,
so for every finite R-module N Theorem (3.5.1) yields G-dimg N < d where d =
depth R. If F — N is a minimal free resolution, then the R-module Q?F is totally
reflexive by Theorem (2.2.2). On the other hand, cxg(Q¢F) = cxg N < oo, with
the equality holding by definition, and the inequality by Theorem (6.2.1). Thus,
we have shown Q?F is in B, hence CL.-dimyN < d by Proposition (2.2.2).
Assume next Cl,-dimgk = g < co. If P — k is a free resolutions, then QIP
is in B by Lemma (6.3.1) and Proposition (2.2.2), hence cxg k = cxp( P) < 0.
From Theorem (6.2.1) we conclude that R is complete intersection. O

Modules of finite lower complete intersection dimension over general rings may
lack some of the nice properties of modules over complete intersections. One such
discrepancy can be seen by comparing Theorem (6.2.2) with the following coun-
terexample to a conjecture of Eisenbud [34].

6.3.3. Example (Gasharov-Peeva [42]). Let k be a field, let ¢1,...,t4; be indeter-
minates over k, fix a € k < {0}, and set
R _ k[t17t27t37t4]
(a) = 2 12 42 42
(atits + tats , tits + tata, tsts, t1, t3, t2, £3)

It is easy to check that the minimal complex of R,)-modules

t1 a3+ 1ty
0 to

T = - — R, » Ry — -+
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is exact, and so is the complex (T'(,))*. Thus, the R(,)-module

t1 t3+ t4)

M(a) = Coker (0 t

has Bf(“)(M(a)) =2for alln >0, and is in G by Theorem (3.3.1).

It is proved in [42] that T'(,) is periodic of period ¢ if and only if ¢ is the
multiplicative order of a. Thus, k and a may be chosen so that the artinian (and
hence Cohen-Macaulay) ring R(,) has a module M, with CI*—dimR(a)M(a) =0
and cxg,,, M(,) = 1, whose minimal resolution is periodic of period ¢ for any integer
q > 1, or is not periodic.

Similar examples are constructed in [42] also over Gorenstein rings.

Expositions. The survey [14] contains proofs for the results in this section.

7. COMPLETE INTERSECTION DIMENSION

In this section (R, m, k) is a local ring and M a finite R-module.

We describe a dimension whose finiteness for all modules characterizes complete
intersection rings, and whose finiteness for an individual module imposes strict
conditions on the structure of its minimal resolutions.

7.1. Complete intersection dimension. A diagram of homomorphisms R —
R' + @Q of local rings is a quasi-deformation if R — R’ is faithfully flat and R’ « Q
is surjective with kernel generated by a regular sequence. We set

R— R +Qis a}

. . T AN <1 !
CI-dimp M = inf {pro_] dimg (M ®g R') — projdimg R quasi-deformation

This invariant, introduced in [17], is called the complete intersection dimension, or
CI-dimension, of M over R. Here is one of its basic properties.

7.1.1. Remark. If CI-dimg M is finite, then so is cxg M by Lemma (5.3.1) and
Remark (6.1.1). In fact, there is a common upper bound on the complexities of all
R-modules of finite CI-dimension, cf. Theorem (7.3.3).

The next easy consequence of Theorem (6.2.1) is noted in [11], [17].

7.1.2. Theorem. The following are equivalent.

(i) R is complete intersection.
(ii) CI-dimg N < depth R for every finite R-module N.
(iii) CL-dimg k < oo.

Proof. (i) = (ii) Remark (B.4.4) yields a quasi-deformation R — R + Q with
@ a regular local ring, so projdimg (N ®g R) < oo by Theorem (1.2.1).

(ili) = (i) Remark (7.1.1) yields cxg k < 00, so R is complete intersection by
Theorem (6.2.1). O

The study of modules of finite CI-dimension depends on the use of classical
multiplicative structures carried by homology and cohomology over such rings.

7.2. Cohomology operators. Let ) be a commutative ring, let € = x1,...,2,
be a Q-regular sequence, set J = (x), and R = Q/J. For the canonical action of R,
the module J/J? is free and the residue classes z; + J?,...,z. + J* form a basis.
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Let z},...,z} denote the dual basis of the free R-module Hompg(J/J?, R). We
identify the symmetric algebra of this module with the polynomial ring

S = R[z},...,a]

graded by assigning cohomological degree 2 to the indeterminates. We call 7, ..., z}
the cohomology operators defined by the regular sequence .

The next result subsumes the work of several authors, cf. [21] for details, and
(A.3) for the algebra and module structures in cohomology used in it.

7.2.1. Theorem (Avramov-Sun [21]). For every R-module N there exist homo-
morphisms of graded R-algebras

Ext},(N, N) <2 Rz}, ..., 27 =2 Ext} (M, M)
with images in the centers of the respective Ext algebras, and such that
(n(xl) e =€ Cu(x)) for all € € Extx(M,N) andfor i=1,...,c
Cn(@) T = —Cu(z) T forall 7€ Tor®(M,N) andfor i=1,...,c
For applications, it is crucial to understand the non-triviality of the action of
the polynomial ring, resulting from the preceding result.

7.2.2. Theorem (Gulliksen [45]; Avramov-Gasharov-Peeva [17]). The
R[x%,...,z%]-module ExtR(M, N) is finite if and only if Extg,(M,N) = 0 for all
n > 0.

Combining the preceding results, one gets

7.2.3. Corollary. If CI-dimg M < oo, then ExtR(M, k) is a finite graded module
over a polynomial Ting generated by central elements in Ext%% (k, k).

One of the reasons for introducing CI-dimension was to find, over arbitrary rings,
modules whose resolutions have patterns of growth similar to that of resolutions
over complete intersection rings.

7.3. Betti numbers. Assume CI-dimg M is finite. The proofs of the next two
theorems use the results in (7.2). The first one extends Theorem (6.2.2).

7.3.1. Theorem (Avramov [11]). Ifcxg M < 1, then each minimal free resolution
F — M is periodic of period 2 after depth R — depth M steps and

B (M) =BE(M) for all n > depth R — depth M

7.3.2. Theorem (Avramov-Gasharov-Peeva [17]). If cxp M = d > 2, then there
ezist integers b > 0 and 0 < e < d—1 and polynomials

- b d—1
by (t) = mt + lower order terms € Q[t]
such that for all n > 0 there are equalities
BR(M) = by (n) when n z.s even
b_(n) when n is odd

Furthermore, both difference polynomials by (t + 1) — b+(t) have degree d — 2 and
positive (but possibly different) leading coefficient, hence there are inequalities

BE (M) > BE(M)  forall n>>0
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The next result extends the implication (i) = (ii) of Theorem (6.2.1).

7.3.3. Theorem (Avramov-Gasharov-Peeva [17]). There is an inequality
cxp M < edim R — depth R

Over complete intersections the inequality above follows from the fairly elemen-
tary Lemma (6.1.1), but the proof of the general case relies on deep structural
properties of the algebra Exty (k, k), cf. Remark (9.4).

7.4. Support varieties. Let (R, m, k) be a local complete intersection with
edim R — depth R = ¢

Let k denote an algebraic closure of k, and let M, N be finite R-modules.

By Theorem (7.2.1), ExtR (M, N)®g k is a finite graded module over the graded
polynomial ring k[z},...,z%]. The support variety of the pair (M, N) is the alge-
braic set Vi5(M,N) C k¢ defined by the vanishing of all polynomials f (xF,...,2%)
that annihilate Exty (M, N) ® g k. The annihilator of a graded module is a graded
ideal, so VR(M, N) is a cone with vertex at the origin. We set Vi(M) = Vi(M, k).
The construction in two variables was introduced in [15]. It extends a direct con-
struction of Vx(M) in [11], itself partly inspired by support varieties associated to
representations of finite groups; Benson’s book [23] provides a systematic account of
the use of varieties in representation theory. We list three (among many) properties
of support varieties.

7.4.1. Theorem (Avramov-Buchweitz [15]). Support varieties satisfy:

(1) Vr(M, M) = V(M) = Vi(k, M).

(2) VR(M,N) = {0} if and only if Ext}x(M,N) =0 for n > 0.

(3) VR(M,N) = VR(M)NVE(N) = VR(N, M).

The dimension of the variety Vi (M, N) measures ‘the size’ of Extp (M, N). To
make this precise, we define the complezity of the pair (M, N) by

vr(Ext}(M,N)) < an’™" for some }

cxg(M, N) = inf { beN real number a and for all n >> 0

where vg(E) denotes the minimal number of generators of an R-module E. Ele-
mentary facts from dimension theory of algebraic varieties give
cxp(M,N) =dim Vi (M, N)

On the other hand, cxg(M, k) = cxg M holds by definition, so basic results on in-
tersection of homogeneous varieties turn the structural statements of the preceding
theorem into numerical data on the growth of resolutions.

7.4.2. Corollary. The following (in)equalities hold:
(].) CXR(M, M) = CXR M.
(2) cxr(M,N) =0 if and only if Extx(M,N) =0 for n > 0.
(3) cxp M + cxgp N — codim R < cxg(M, N)
= cxp(N, M) < min{cxg M,cxp N}.
The statements above are purely algebraic, but their proofs—and even the
guess that they might hold—came from the geometric intuition provided by sup-

port varieties. The same remark applies to the following vanishing theorem for
(co)homological functors over complete intersections.
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7.4.3. Theorem (Avramov-Buchweitz [15]). The following are equivalent.
(i) Ext(M,N) =0 for h <n < h+c and some h > dim R.
(i) Extp(N,M) =0 fori <n <i+c and somei > dimR.
(iii) Tor®(M,N) =0 for j <n < j+c and some j > 0.
(iv) Exth(M,N) = Ext}s(N, M) = Tor®(M,N) = 0 for all n > dim R.

7.4.4. Remark. The theorem above yields an unexpected and remarkable feature
of complete intersection local rings:
(ee) Every pair (M, N) of finite R-modules has the following property:
if Extp(M,N) =0 for all n > 0 then Extx(N, M) =0 for all n > 0.

On the other hand, if condition (ee) holds for a local ring (R, m, k), then ap-
plied to the pair (R, k) it yields pk(R) = 0 for all n > 0, so R is Gorenstein by
Theorems (5.2.2) and (1.4.1). Thus, the class of rings satisfying condition (ee)
lies between the complete intersection rings and the Gorenstein rings, cf. (B.2.1).
Very recently, Huneke-Jorgensen [48] and Sega [63] have provided examples of non-
complete-intersection Gorenstein rings that satisfy (ee). It is not known whether
all Gorenstein rings have this property.

8. DIMENSIONS FROM DEFORMATIONS

In this section (R,m, k) denotes a local ring and M a finite R-module.

We describe new homological dimensions whose definitions involve two choices—
that of a classical homological dimension, and that of a class of ring homomorphisms
allowing descent without increasing the classical dimension. The procedure extends
the one used for CI-dimension in (7.1). It partly formalizes the existence of Co-
hen presentations from Theorem (B.4.3), and the characterizations of properties
of residue rings of regular local rings in terms of the defining ideal from Theorem
(B.2.2).

8.1. Resolving categories and homomorphisms. Let C(R) be a resolving
subcategory of the category F(R) a finite R-modules, for which the following holds:
Whenever R — R’ is a faithfully flat homomorphism of local rings, M belongs to
C(R) if and only if M ®g R' belongs to C(R'). The categories P(R) of projective
R-modules, G(R) of totally reflexive R-modules, and B(R) of totally reflexive R-
modules of finite complexity all have this property.

Fixing a class h of surjective homomorphisms of local rings, we say that a diagram
of local homomorphisms R — R' < @ is a h-quasi-deformation if R — R' is flat
extension and R' + @ belongs to h. We now set

R— R «(Qisan

. . . A ;i ’

h||C-dim M = inf {C(Q)—dlm (M ®rR')—-C(Q)-dim R h—qua,si—deformation}

Note that if h consists of isomorphisms, then h||C-dim M = C-dim M, so the new
batch of dimensions comprises those defined solely in terms of resolutions.

The dimension described in (7.1) also fits this mold.

8.2. Complete intersection dimension. If ¢ denotes the class of surjective
homomorphisms with kernel generated by a regular sequence, then

Cl-dimg M = ¢||P-dim M

To introduce the next concept we use the notation of (B.1.3).
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8.3. Upper Gorenstein dimension. Let g denote the class of surjective homo-
morphisms Q — R’ such that R’ is a perfect -module with R’ 22 ~R.
Veliche [68] introduces the upper Gorenstein dimension of M over R by

G*-dimg M = g||P-dim M
Below we use the notion of G-perfect module from (3.5).

8.4. Cohen-Macaulay dimension. Let p denote the class of all surjective ho-
momorphisms  — R’ making R’ into a G-perfect @-module.
Gerko [43] defines the Cohen-Macaulay dimension of M over R to be

CM-dimg M = p||G-dim M

The new homological dimensions can be computed from any h-quasi-deformation
that establishes its finiteness: this follows from standard change-of-rings results for
depth, projective dimension, and G-dimension:

8.5. Lemma. If (h||C) equals (c||P) (respectively, (g||P) or (p||G)) and there is a
h-quasi-deformation R — R' <+ Q with C(Q)-dim(M ®g R') < oo, then
h||C-dim M = C(Q)-dim(M ®g R') — C(Q)-dim R’

We now have a homological dimension of M over R, denoted H-dimpg M, defined
forH= CIin (7.1),H=CI,in (6.3), H=Gin (3.1), H = G" in (8.3), and H = CM
(8.4). For uniformity of notation, in this section we set Reg-dim M = projdimpg M.
We say that the ring R has property Reg (respectively, CI, CI,, G, G*, CM) if
it is regular (respectively, complete intersection, complete intersection, Gorenstein,
Gorenstein, Cohen-Macaulay).

A feature common to all these dimensions is recorded in the next theorem: cf.
Theorems (1.2.1), (7.1.2), (6.3.2), and (3.5.1) for the first four values of H, [68] for
H = G*, and [43] for H = CM.

8.6. Theorem. For H equal to Reg (respectively, CI, Cl,., G, G*, CM) the fol-
lowing conditions are equivalent.
(i) R has property H.
(ii) H-dimg N < depth R for every finite R-module N .
(ifi) H-dimp k < oo.
In an omnibus statement, we collect properties common to most dimensions.

They are textbook fare for H = Reg and come from [3] for H = G; once again,
proofs for the remaining values of H are given in [17], [43], [68].

8.7. Theorem. Let (R, m, k) be a local ring.
For H equal to Reg (respectively, CI, Cl,, G*, G, or CM) the homological di-
mension H-dimg(M) has the following properties.

(0) H-dimg M = —c0 if and only if M = 0.
(1) H-dimp M = depth R — depthy M if H-dimg M < oo.
(2) H-dimgp M < H-dimp k.

If F — M is a free resolution, then
(3) H-dimg M = max{H-dimg(Q'F) — 1,0} if M # 0.
(4) H-dimg M > H-dimg, M, for every prime ideal p of R.
(5) H-dimg M = H-dimps(M @ R).
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If a local Ting S is o faithfully flat R-algebra, then M' = M Qg S satisfies
(6) H-dimg M < H-dimg M'
with equality if H-dimg(M') < oo or H € {Reg, CI ., G}.
For an element y € m the module M = M /yM and ring R = R/(y) satisfy
(7) H-dimg M = H-dimg(M) — 1 when y is M -regular.
(8) H-dimp M > H-dimyz(M) when y is M-regular and R-regular
with equality if H-dimg M < oo or H € {Reg, CI.,G}.
(9) H-dimg M > H-dimz M + 1 when y is R-regular, yM =0, H # Reg
with equality if H-dimg M < oo or H € {CI,, G}.
H-dimg M < H-dimp M + 1 when y is R-regular, yM = 0, H = Reg
with equality if H-dimz M < oo.

The two parts of (9) underscore the difference between projective and Gorenstein
dimensions, recorded in Theorem (3.5.3). It is desirable to know if equalities always
hold in (6), (8), and (9) for H equal to CI, G*, or CM, and whether these dimensions
satisfy the inequality in Proposition (2.2.4). Next we bring the hierarchy of local
rings (B.2.1) to the level of individual modules.

8.8. Theorem. Homological dimensions satisfy the inequalities
CM-dimgp M < G-dimp M < Cl,-dimpM < Cl-dimg M < projdimp M
G-dimg M < G*-dimg M < CI-dimg M
If any one of these dimensions is finite, then it is equal to those to its left.

The inequalities follow from the definitions, except for the upper bound for
CL.-dimpM and the lower bound for G*-dimpg M; they are proved in [17] and [68],
respectively. The inequalities imply that if one of these dimensions is finite, then
so are those to its left, which then are equal by Theorem (8.7.1). The next result
illustrates the usefulness of various dimensions for classifying modules over general
local rings (a different proof of (1) is given in [17]).

8.9. Theorem (Veliche [68]). Let (Q),n, k) be a local ring, which in part (n) below
is assumed to satisfy depth@ > n. There exists then a pair (J,N), where J is
ideal contained in n? such that the Q-module R = Q/.J is perfect and N is a finite
R-module, with the following property:

(1) gradeg R > 1 and 0 = Cl-dimg N < projdimp N = oo.

(2) gradeg R =2 and 0 = CM-dimp N < G-dimp N = oo.

(3) gradeg R =3, and 0 = G*-dimg N < CL.-dimpN = oo.
If Q is equicharacteristic, then furthermore

(4) gradeg R =4 and 0 = Cl.-dimgpN < CI-dimg N = co.

(5) gradeg R =5 and 0 = G*-dimg M = ClL,-dimp N < CI-dimg N = oco.

No example of module N with CIL.-dimzgN < G*-dimg N or, more generally,
with G-dimg N < G*-dimg N is known at present.

9. CURVATURE

In this section (R, m, k) denotes a local ring and M a finite R-module.
We first note that no sequence of Betti numbers can grow faster than expo-
nentially, then exhibit classes of modules whose Betti sequences admit also an
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exponential lower bound. Many results on exponential growth have counterparts
in rational homotopy theory, cf. Remark (9.4).

9.1. Upper bounds. We start with an easy computation.

9.1.1. Example. If R is artinian and lengthp R =, then
BE(M) < g (M)(1 —1)™ foreach n>1

Indeed, if F — M is a minimal free resolution, then F, /mF,, = (Q"F)/m(Q"F)
forn > 0 and Q"F C mF,,_; for all n > 1, hence

BE (M) = length(F,, /mF,) < lengthg(Q"F)
< length(mF,_1) = (1 — 1)BF_, (M)
Iterating the inequality above, we obtain the desired exponential bound.

For non-artinian rings, the first inequality in the next proposition is somewhat
harder to establish. For the second inequality, note that Proposition (5.3.4) with
L = m°M yields BE(M) < BE(M/m*M) for all n, so it suffices to prove the
assertion for modules of finite length. In that case a simple induction on lengthp M
shows that the desired inequality holds with A = lengthp M.

9.1.2. Proposition. The Betti numbers of M are bounded above as follows.

(1) BE(M) < a™ for some real number a and each n > 1.
(2) BE(M) < X-BE(k) for some real number X and each n > 0.

The inequality in Proposition (9.1.2.1) suggests the use of an exponential scale
to measure the growth of Betti numbers over arbitrary local rings.

9.2. Curvature. The curvature of M over R is defined in [13] to be

curvg M = limsup /BE(M)

9.2.1. Remark. The first three relations below follow directly from the definitions,
while the last one results from Proposition (9.1.2.2):
(1) projdimp M <00 <= cxpM =0 < curvg M =0.
(2) projdimpM =00 <= cxgM >1 < curvg M > 1.
(3) cxpM <00 = curvg M < 1.
(4) cxp M <cxgk and curvg M < curvgk < co.

A main open problem on the asymptotic behavior of Betti numbers is whether
the converse of (3) holds. Whenever an answer is available, it is a consequence of
some more precise statement on the growth of Betti numbers.

9.2.2. Theorem (Avramov [10], [14]). If p is o prime ideal of R such that R, is
not a complete intersection, then

BE(R/p) > pB™ for some [ >1 and forall n>0

The converse may fail: for R = k[ty,ts,t3]/(t3t3,t5t3) and p = (t1,t2) the ring
R, is a complete intersection, but curvg(R/p) > 1.

An immediate application of the theorem is a characterization of complete in-
tersections in terms of curvature, paralleling the one in terms of complexity in
Proposition (6.2.1): that proposition provides the implication (i) = (ii) below,
while the theorem yields (iii) = (i).
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9.2.3. Corollary. The following conditions are equivalent:
(i) R is complete intersection.
(ii) curvg N <1 for every finite R-module N .
(i) curvgk < 1. O

Over some classes of rings, the Betti numbers of all modules are known to satisfy
the polynomial/exponential dichotomy.

9.2.4. Theorem (Avramov [12], Sun [67]). Set ¢ = edim R — depth R.
If ¢ < 3, orif R is Gorenstein and ¢ < 4, then either cxg M < ¢, or

BRE(M)>pB-BE (M) forsome B>1 and foral n>0

9.2.5. Theorem (Peeva [55]). If lengthp R < 8, or if R is Gorenstein and
lengthy, R < 11, then either BE(M) is eventually constant, or

BE(M) > B-BE (M) for some B>1 and forall n>0

9.3. Extremal modules. Motivated by Proposition (9.1.2.2), we say that a mod-
ule L over alocal ring (R, m, k) is extremal if cxg L = cxg k and curvg L = curvg k.
By the next theorem, such modules are plentyful.

9.3.1. Theorem (Avramov [13]). Ifi > 1 and m*M # 0, then the module méM
is extremal.

The theorem is a quantitative sharpening of Theorem (1.2.2). It also implies
that the Grothendieck group of R is generated by extremal R-modules:

9.3.2. Corollary. Setl =lengthp M. Ifl =1, then M is extremal. Ifl > 1, then
there is an ezact sequence 0 - L — M — N — 0 with extremal L, N.

Proof. Assume first mM = 0, so that M = k!; if | = 1 then M is extremal by
definition; if I > 1 then there is an exact sequence 0 = k — M — ki=' = 0
with the desired properties. Assuming mM # 0, the theorem shows that mM is
extremal, and the preceding discussion shows that so is M/mM. |

9.4. Remark. The proofs of many results in this section hinge on obtaining non-
trivial information on the algebra Exty(k,k) and on its action on Exty(M, k),
cf. (A.3). The cohomology algebra is itself the universal enveloping algebra of a
functorial in R graded Lie algebra 7*(R), called the homotopy Lie algebra of R. It
shares many properties with the graded Lie algebra of rational homotopy groups of
a finite CW complex. This analogy is described in the papers [10], [18], along with
applications of rational homotopy to local algebra, and vice versa.

Expositions. The survey [14] contains proofs of the results above.

10. CASTELNUOVO-MUMFORD REGULARITY

We say that an algebra R over a field k is graded if R = @
space, Ry, - R; C Rp4; for all h,i, and Ry = k.
10.1. Graded modules. An R-module M is graded if M = @, M; with R; -
Mj; C My for all 4,5 € Z. For each s € Z, form the graded submodule M3, =
®,>, M; of M, and define a graded module M(s) by setting M(s); = M, for all
j € Z and endowing it with the obvious action of R. Set

inf M =inf{j € Z| M; #0} and supM =sup{j € Z|M; # 0}

nen Bon @s a k-vector
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We say that M is locally finite if rank, Mj is finite for all j. Abusing notation, we
set k = R/R>1; up to shift, this is the only simple graded R-module.

Let M?" denote the category of graded R-modules with morphisms the R-linear
maps 8: M — N satisfying 8(M;) C N; for all 1 € Z.

It is easy to produce for every M € MS8" a graded free resolution F — M, with
each F; a direct sum of copies of R(—j). In some cases, more is known.

10.2. Minimal resolutions. Let M € M&" be a module with inf M > —oc.

10.2.1. Graded projective covers. Choose a k-linear section ¢ of the canonical
projection M — M /R, M and form the map

R®p (M/Rx1M) — M by setting a®x+— ao(x)
It is easy to see that it is a projective cover of M in M8,

10.2.2. Minimal graded resolutions. Iterating the construction above, one
obtains a free resolution F' — M in which F; — Ker(9;_1) is a graded projective
cover for each i. By the graded version of Corollary (4.2.3) such a resolution is
unique up to an isomorphism of complexes of graded R-modules.

It follows from the existence of minimal free resolutions that the global dimension
of R is finite if and only if the projective dimension of & is finite. In the finitely
generated commutative case, the algebras of finite global dimension are completely
described by the next result, where (i) = (ii) is Hilbert’s Syzygy Theorem, while
(iii) = (i) is a consequence of Theorem (1.2.1).

10.2.3. Theorem. If R is commutative and noetherian, then the following condi-
tions are equivalent.
(i) R is a polynomial ring over k.
(ii) projdimgz N < oo for every finite graded R-module N.
(i) projdimpgk < oo. O

The uniqueness of minimal free resolutions yields new numerical invariants.

10.2.4. Graded Betti numbers. The number Bﬁ-(M) of summands of F; iso-
morphic to R(—j) is an invariant of M, its ijth graded Betti number, so each graded
R-module M module has a Betti diagram (not just a Betti sequence).

From the construction of graded projective covers one obtains equalities

M(M)=0  forall j<i+infM
and, if R and M are locally finite, inequalities ﬂf}(M ) < oo foralli,jeZ.
If R is noetherian and M is finite, then every module in a minimal free resolution

of M has finite rank, so 5£(M) =0 for all j > 0.
The next notion originates in algebraic geometry.
10.2.5. Castelnuovo-Mumford regularity. The number
regp M =sup {n € Z | B, (M) # 0 for some i € N}

is known as the Castelnuovo-Mumford regularity of M over R.

In view of Hilbert’s Syzygy Theorem and the last remark in (10.2.4), finite graded
modules over a graded polynomial ring have finite regularity. This invariant plays
important role in computational commutative algebra, cf. [34].



HOMOLOGICAL DIMENSIONS 27

The next result shows some respects in which regularity behaves like a homolog-
ical dimension, cf. Theorem (8.7.2) and Proposition (2.2.4).

10.2.6. Proposition. There is an inequality regp M < regp k - sup M
If0> M — M' — M" — 0 is an exact sequence in M (R), then

regp M < max{regy M', regy M" — 1}
with equality if regp M' # regp M".

Proof. The second assertion is obtained by standard use of mapping cones and
the Horseshoe Lemma. For the first assertion, one may assume both regp k and
s = sup M are finite, then induce on s by applying the already proven statement
to the exact sequence 0 = My(—s) - M — M/M, — 0. O

10.3. Koszul algebras. The algebra R is said to be Koszul if regp k = 0.

This is a simplification, widely adopted in texts on commutative algebra and
algebraic geometry, of a notion introduced by Priddy [57]. Under this definition, a
Koszul algebra is generated in degree 1 and has a set of quadratic defining relations.
However, the Koszul property is much subtler and cannot be inferred from the
knowledge of any finite number of Betti numbers of k.

10.3.1. Example (Roos [62]). Let t1,...,ts be commuting indeterminates of de-
gree 1 over k. For each integer n form the graded algebra
k[t13t2at3,t47t57t6]
(t1t3 + ntgt(; - t4t6 s t1tqg + t3t6 + (TL - 2)t4t6 s
t,15 83,11 85, tg , tat , tats , tata , tats , tste )

Ry =

If k£ has characteristic 0 and n > 3, then there are equalities
B (k) =0 forall j#i<n and o), (k) #0
A graded resolution F — M is linear if there is an integer s, such that for each
n > 0 the free R-module F;, is generated in degree n + s. For instance, the Koszul
property of R can be described by the condition that the residue field has a linear
resolution. The following was conjectured by Kempf.

10.3.2. Theorem (Avramov-Eisenbud [16]). If R is commutative, noetherian,
and Koszul, then for every finite R-module N there exists an integer m such that
for each s > m the module N>, has a linear resolution.

It follows that M itself has finite regularity: the graded module L = My, has
regp L < s by the theorem, so one obtains regp M < s by applying Proposition
(10.2.6) to the exact sequence 0 - L - M — M/L — 0.

The last observation is generalized below.

10.4. Finite regularity. Let R be a commutative graded algebra.
The proof of the next result uses a graded version of Proposition (5.3.4).

10.4.1. Theorem (Avramov-Peeva [20]). If R is noetherian and regpk < oo,
then regp N < oo for every finite graded module N.

The next theorem, which does not require finite generation of R over k, pinpoints
the relation of the Koszul property of R and the finiteness of regg, k.
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10.4.2. Theorem (Avramov-Peeva [20]). If regpk < oo, then S = Ek[R1] is a
Koszul algebra and R is a polynomial ring in finitely many indeterminates over S.

Conversely, if R is a polynomial ring in indeterminates t1,...,t; over a Koszul
algebra, then regp k = Z£:1 (deg(tp) —1).

Combining the theorems above, we obtain a complete characterization of graded
algebras over which all modules have finite regularity.

10.4.3. Corollary. If R is finitely generated as a k-algebra, then the following
conditions are equivalent.

(i) R is a polynomial ring over a Koszul algebra.
(ii) regr N < oo for every finite R-module N .
(iil) regpk < oo. O

The form of the corollary brings to mind several results in this survey.

APPENDIX A. COMPLEXES

Let R denote an associative ring, assumed to act on its modules from the left;
right R-modules are treated as modules over the opposite ring, R°.

A.1. Categories. We write M or M(R) for the category of R-modules. We only
consider full additive subcategories of M, closed under isomorphisms.
For any module M, left or right, the dual M* = Hompg(M, R) is given the
canonical action on the other side. We let ( )* denote either functor
Hompg( ,R)

M(R)P —————>= M(R°)°P

HOmRo ( ,R)

A.2. Complexes. A complex of R-modules is a sequence of R-linear maps
8B 8B
B= ...— B, —% B, —— Bp_; —---

with 9B o 8f+1 = 0 for all n. We call "B = Coker 85’“ the nth syzygy module
of B. Whenever convenient, we identify a module M with the complex having
My = M and M,, =0 for n # 0.

Every complex B of R-modules determines a complex of R°-modules

X (82,)* (82, 11)"

B*= ---.— (B, 1) ———— (B_,)* ———»
where the module (B_,)* appears in degree n.

A morphism 3: B — C of complexes is a sequence of R-linear maps 8,: B, —
Cn with 8¢ B, = B,—10B for all n € Z. Tt is a quasiisomorphism if the induced
map H,(8): H,(B) = H,(C) is bijective for every n.

If 3,8': B — C are morphisms, then a homotopy from 3 to ' is a sequence
0 of R-linear maps 6,: B, — Cp41 such that 8/, = Bn + 6,?“0” + 60,-10F for all
n € Z. If such a homotopy exists, then 8’ is said to be homotopic to 3, denoted
B' ~ 8; when this is the case, H,(8) = H,(8") for all n € Z.

A complex A is said to be contractible (or split exact) if ida ~ 04.

A morphism S is a homotopy equivalence if it has a homotopy inverse, that is,
a morphism v such that 8y ~ id¢c and 73 ~ idg. The following implications,
non-invertible in general, obviously hold for every morphism:

(BZnt1)” — -+

isomorphism = homotopy equivalence =—> quasiisomorphism
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Let M be an R-moduled and let C be a subcategory of M(R). A C-resolution
(respectively, C-coresolution) of M is a quasiisomorphism v: C — M (respectively,
M — C) where C a complex C with C,, € Cforalln € Z and C,, =0 for alln < 0
(respectively, for all n > 0).

A.3. Products in (co)homology. Let L, M, N be R-modules.

Comparison morphisms for projective resolutions provide natural maps

Exth(M, N) @z Exth (L, M) — Ext (L, N)

These pairings are associative, and so give Exty (N, N) Exty(M,M) structures
of graded R-algebras, and Exty (M, N) a structure of bimodule with Exty (N, N)
acting from the left and Exty (M, M) from the right.

Comparison morphisms also define natural homomorphisms of R-modules

Ext (M, M) ®z Torj (M, N) — Torj* ;(M,N)
Tor}'(M, N) ®z Extjy(N, N) — Tor}* ;(M,N)
that turn Torf(M ,N) into a bimodule.

APPENDIX B. LOCAL RINGS

In this Appendix (R,m,k) denotes a local ring, that is, R is a commutative
noetherian ring, m is its unique maximal ideal, and k is its residue field R/m.
Furthermore, M denotes an R-module which is assumed to be finite, in the sense
that it is finitely generated over R. We define some basic numerical invariants
attached to M and R, and to use them to give concise definitions of the main
classes of commutative local rings.

B.1. Depth. This concept extends the notion of non-invertible-non-zero-divisor:
A sequence y = yi1,...,y, of elements of R is M-reqular if yM # M, and for
i =1,...,r multiplication with y; gives an injective map

M/(y1,- - 9i1)M = M/(ys, .. 4i1)M

Let I be an ideal of R. Due to the noetherian character of R, every M-regular
sequence y contained in I can be extended to one which is mazimal with respect
to inclusion. The depth of I on M is the number

depthz (I, M) = sup{r € N | I contains an M-regular sequence of length r}

B.1.1. Theorem (Rees [58]). Let I be an ideal of R, let L be some finite R-module
with rad(anng (L)) = rad(I), and let y be a mazimal M-regular sequence in I. If
depth (I, M) = g, then the following then hold.

(1) y contains g elements.

(2) g =inf {n € N| Ext}(L, M) #0}.
(3) Ext%(R/I,M) = Hompg(R/I,M/yM).
(4) Every sequence of elements of R minimally generating (y) is M-regular.

A useful way to compute the depth of the ideal generated by a subset y =
{y1,---,yr} C R is by using the Koszul complex K(y; M). It is concentrated in
degrees 0 through r and may be defined in two steps as follows:

i=1

The next result is obvious for r = 1; the general case is obtained by induction.
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B.1.2. Theorem (Auslander-Buchsbaum [6]). If y = {y1,...,yr}, then
depthg((y), M) =r —sup{n € Z | H, (K(y; R) ®g M) # 0}

The number depth(m, M) is called the depth of M over R, denoted depthy M
(the subscript is dropped if M = R). By the convention sup{@} = —oo and
Nakayama’s Lemma, depthp M = —oo if and only if M = 0.

B.1.3. Grade. The grade of M over R, denoted gradep M, is defined to be the
number gradep M = depthy(anng M, R) if anng M = 0, and to be 0 otherwise; we
set M}, = Ext% (M, R), where g = gradep M.

By Theorem (B.1.1.2), if M # then gradep M < projdimp M. If equality holds,
then M is said to be perfect. A P-resolution P — M of length g = projdimg M
then yields Exty (M, R) = H"Hompg(P,R) = 0 for n # g. It follows that the
R-module M}; = HYHompg (P, R) is perfect, has proj dimR(M;'z) = g, and satisfies

Mt =M.

B.2. Hierarchy of local rings. Let (R, m, k) be a local ring.
If there exists an R-regular sequence y such that the residue ring R/(y)

e is a field, then R is called regular.

e isisomorphic to R'/(y') for some regular ring R’ and some R’-regular sequence
y', then R is called complete intersection.

e has finite length and Hompg(k, R/(y)) = k, then R is called Gorenstein.

e has finite length, then R is called Cohen-Macaulay.

These properties can be introduced in several equivalent ways. Our choice of defi-
nitions is tailored to the needs of the survey.

B.2.1. Remark. The following implications hold:
regular = complete intersection —> Gorenstein = Cohen-Macaulay

To verify the first implication set R' = R and y' = @. For the middle one, note
the isomorphisms Hompg(k, R/(y)) = Hompg: (k, R'/(y')) = Homp: (k, k) = k, where
the second one is given by Theorem (B.1.1.3) because the maximal ideal m’ of R’
is generated by an R'-regular sequence. The last implication holds tautologically.

Local rings often appear as homomorphic images of regular local rings. In alge-
braic geometry, these are localizations of polynomial rings over a field. In analytic
geometry, these are rings of convergent power series (usually over C or R). Theorem
(B.4.3) yields a third source of such presentations. It is therefore important to be
able to recognize when a residue ring of a regular ring belongs to one of the basic
classes.

B.2.2. Theorem. If (Q,n,k) is a regular local ring, J C @ an ideal, T a minimal
set of generators of J and R = Q/J, then the following hold.

(1) R is regular if and only if x is linearly independent modulo n?.

(2) R is complete intersection if and only if x is a regular sequence.

(3) R is Gorenstein if and only if the Q-module R is perfect and R;'Q =~ R.

(4) R is Cohen-Macaulay if and only if the Q-module R is perfect.

B.3. Dimension. The primary measure of the size of M is its (Krull) dimension
dimg M, equal to the least d € N for which there is a set b = {b1,...,bq} C m,
such that the R-module M/bM has finite length. One sets dim R = dimpg R. Note
that dim R = 0 if and only if R is artinian.
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The cornerstone of dimension theory is Krull’s Principal Ideal Theorem. Here is
a generalization for modules:

B.3.1. Theorem. If M has finite length and R° — R"™ — M — 0 is an ezxact
sequence, then dim R =0 ordimR < s—1r + 1.

Inequalities link depth, dimension, and the number edim R = rank(m/m?),
called the embedding dimensionnequalities of R; the last one comes by applying
Theorem (B.3.1) to an exact sequence R* - R — k — 0 with s = edim R.

B.3.2. Theorem. depthp M < dimp M < dim R < edim .

We can now give standard definitions of two of the concepts defined in (B.2); for
the other two, cf. Remark (B.4.4) and Theorem (1.4.1).

B.3.3. Remark. R is regular if and only if dim R = edim R.
R is Cohen-Macaulay if and only if dim R = depth R.

B.4. Completion. The m-adic topology is the linear topology in which a basis of
neighborhoods of 0 is given by the family of ideals {m"},>0. The completion R, as
usual, consists of equivalence classes of Cauchy sequences, and the completion map
R — R sends each element to the class of the constant sequence it determines.

B.4.1. Theorem. R is a local ring with maximal ideal mR and residue field k; its
depth, dimension, and embedding dimension are equal to those of R.

The compl/e\tion map is a faithfully flat homomorphism, and so injective.

The ring R is regular (respectively, complete intersection, Gorenstein, Cohen-
Macaulay) if and only R has the corresponding property.

The completion map is bijective if and only if R is complete.

B.4.2. Examples. If R is artinian, then m is nilpotent, so the m-adic topology
is discrete, hence R is trivially complete. If R is complete, then so is the ring
RJ[t]] of formal power series in any finite set of indeterminates ¢. For every R, the
completion of R[t](y ¢ is isomorphic to ﬁ[[t]]

A local ring is called equicharacteristic if it is an algebra over some field.

B.4.3. Theorem (Cohen [30]). If (R, m, k) is any local ring, then R~ Q/J for
some complete regular local ring (Q,n, k), which can be chosen to be a ring of formal
power series over the field k if R is equicharacteristic, and over a complete discrete
valuation ring with residue field k otherwise.

Any isomorphism R~ Q/J where @ ia a complete regular local ring is called
a Cohen presentation of R. There always exists a Cohen presentation R = Q/J
which is minimal, in the sense that edim @) = edim R.

As an application of Cohen’s Theorem, we give the standard definition of the
complete intersection property.

B.4.4. Remark. If R is complete intersection, then in every Cohen presentation
= Q@/J the ideal J can be generated by a regular sequence. Conversely, if in
some presentation R~ @/J the ideal J is generated by a regular sequence, then R
is a complete intersection.

Indeed, by Theorem (B.4.1), R is complete intersection if and only if so is R.
By Theorem (B.2.2.2), Ris complete intersection if and only if J is generated by a
regular sequence * = 21, ..., Z..
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Expositions. Modern accounts of commutative ring theory are built around the
concepts discussed above. The books of Matsumura [52], Bruns and Herzog [26],
and Eisenbud [35] provide complementary approaches to the material.

(1]

[2

19]
(20]

(21]

REFERENCES

J. Alperin, L. Evens, Representations, resolutions, and Quillen’s dimension theorem, J. Pure
Appl. Algebra 22 (1981), 1-9.

M. Auslander, Anneauz de Gorenstein et torsion en algébre commutative, Séminaire d’algebre
commutative dirigé par P. Samuel, Secrétariat math., Paris, 1967.

M. Auslander, M. Bridger, Stable module theory, Mem. Amer. Math. Soc. 94, AMS, Provi-
dence, RI, 1969.

M. Auslander, D. A. Buchsbaum, Homological dimension in Noetherian rings, Proc. Nat.
Acad. Sci. U.S.A. 42 (1956) 36-38.

M. Auslander, D. A. Buchsbaum, Homological dimension in local rings, Trans. Amer. Math.
Soc. 85 (1957), 390-405.

M. Auslander, D. A. Buchsbaum, Codimension and multiplicity, Ann. of Math. (2) 68 (1958),
625-657; Corrections, ibid, 70 (1959), 395-397.

M. Auslander, R.-O. Buchweitz, Cohen-Macaulay approzimation and multiplicity, Mém. Soc.
Math. France. (N.S.) 38 (1989), 5-37.

M. Auslander, S. Ding, @. Solberg, Liftings and weak liftings of modules, J. Algebra 156
(1993), 273-317.

L. L. Avramov, Small homomorphisms of local rings, J. Algebra 50 (1978), 400-453.

L. L. Avramov, Local algebra and rational homotopy, Homotopie algébrique et algebre locale
(Luminy, 1982), Astérisque 113-114, Soc. Math. France, Paris, 1984; pp. 15-43.

L. L. Avramov, Modules of finite virtual projective dimension, Invent. Math. 96 (1989),
71-101.

L. L. Avramov, Homological asymptotics of modules over local rings, Commutative algebra
(Berkeley, 1987), MSRI Publ. 15, Springer, New York, 1989; pp. 33-62.

L. L. Avramov, Modules with extremal resolutions, Math. Res. Lett. 3 (1996), 319-328.

L. L. Avramov, Infinite free resolutions, Six lectures in commutative algebra (Bellaterra,
1996), Progress in Math. 166, Birkhiuser, Boston, 1998; pp. 1-118.

L. L. Avramov, R.-O. Buchweitz, Support varieties and cohomology over complete intersec-
tions, Invent. Math. 142 (2000), 285-318.

L. L. Avramov, D. Eisenbud, Regularity of modules over a Koszul algebra, J. Algebra 153
(1992), 85-90.

L. L. Avramov, V. N. Gasharov, I. V. Peeva, Complete intersection dimension, LH.E.S. Publ.
Math. 86 (1997), 67-114.

L. L. Avramov, S. Halperin, Through the looking glass: A dictionary between rational homo-
topy theory and local algebra, Algebra, algebraic topology, and their interactions (Stockholm,
1983), Lecture Notes in Math. 1183, Springer, Berlin, 1986; pp. 1-27.

L. L. Avramov, A. Martsinkovsky, Absolute, relative, and Tate cohomology of modules of
finite Gorenstein dimension, Proc. London Math. Soc., to appear.

L. L. Avramov, I. Peeva, Finite regularity and Koszul algebras, Amer. J. Math. 123 (2001),
275-281.

L. L. Avramov, L.-C. Sun, Cohomology operators defined by a deformation, J. Algebra 204
(1998), 684-710.

H. Bass, On the ubiquity of Gorenstein rings, Math. Z. 82 (1963), 8-18.

D. J. Benson, Representations and cohomology. I, II, (Second edition), Cambridge Studies
in Adv. Math. 30, 31, University Press, Cambridge, 1998.

W. Bruns, “Jede” endliche freie Aufiésung ist freie Auflosung eines von drei Elementen
erzeugten Ideals, J. Algebra 39 (1976), 429-439.

W. Bruns, The Evans-Griffith syzygy theorem and Bass numbers, Proc. Amer. Math. Soc.
115 (1992), 939-946.

W. Bruns, J. Herzog, Cohen-Macaulay rings (Revised edition) Cambridge Studies in Adv.
Math. 39, Univ. Press, Cambridge, 1998.

D. A. Buchsbaum, D. Eisenbud, Algebra structures for finite free resolutions, and some
structure theorems for ideals of codimension 3, Amer. J. Math. 99 (1977), 447-485.



(28]

[29]
(30]

(31]

[33

ot
=

HOMOLOGICAL DIMENSIONS 33

R.-O. Buchweitz, Mazimal Cohen-Macaulay modules and Tate cohomology over Gorenstein
rings, Preprint, Univ. Hannover, 1986.

H. Cartan, S. Eilenberg, Homological Algebra, Princeton Univ. Press, Princeton, NJ, 1956.
1. S. Cohen On the structure and ideal theory of complete local rings, Trans. Amer. Math.
Soc. 59 (1946), 54-106.

L. W. Christensen, Gorenstein dimensions, Lecture Notes in Math. 1747, Springer, Berlin,
2000.

S. Eilenberg, Homological dimension and syzygies, Ann. of Math. (2) 64 (1956), 328-336.
S. Eilenberg, J. C. Moore, Foundations of relative homological algebra, Mem. Amer. Math.
Soc. 55, AMS, Providence, RI, 1965.

D. Eisenbud, Homological algebra on a complete intersection, with an application to group
representations, Trans. Amer. Math. Soc. 260 (1980), 35-64.

D. Eisenbud, Commutative algebra, with a view towards algebraic geometry, Graduate Texts
in Math. 150, Springer, Berlin, 1995.

E. J. Enochs, O. M. G. Jenda, Relative homological algebra, de Gruyter Expositions in Math.
30, de Gruyter, Berlin, 2000.

E. G. Evans, P. Griffith, The syzygy problem, Ann. of Math. (2) 114 (1956), 323-333.

E. G. Evans, P. Griffith, Syzygies, London Math. Soc. Lecture Notes Ser. 106, Univ. Press,
Cambridge, 1985.

R. Fossum, H.-B. Foxby, P. Griffith, I. Reiten, Minimal injective resolutions with applications
to dualizing modules and Gorenstein modules, IL.H.E.S. Publ. Math. 45 (1975), 193-215.
H.-B. Foxby, Isomorphisms between complezes with applications to the homological theory of
modules, Math. Scand. 40 (1977), 5-19.

H.-B. Foxby, On the u’ in a minimal injective resolution. IT, Math. Scand. 41 (1977), 19-44.
V. N. Gasharov, I. V. Peeva, Boundedness versus periodicity over commutative local rings,
Trans. Amer. Math. Soc, 320 (1990), 569-580.

A. A. Gerko, On homological dimensions, Mat. Sb. (N.S.) 192 (2001), no. 8, 79-94 [Russian];
[English translation: Sb. Math. 192 (2001), no. 7-8, to appear].

E.S. Golod G-dimension and generalized perfect ideals, Proc. Steklov Inst. Math. 165 (1984),
67-71.

T. H. Gulliksen, A change of ring theorem with applications to Poincaré series and intersec-
tion multiplicity, Math. Scand. 34 (1974), 167-183.

T. H. Gulliksen, On the deviations of a local ring, Math. Scand. 47 (1980), 5-20.

M. Hochster, Topics in the homological study of modules over commutative rings, CBMS
Regional Conf. Ser. in Math. 24, AMS, Providence, RI, 1975.

C. Huneke, D. Jorgensen, Symmetry of vanishing of Ext over Gorenstein rings, Preprint,
2001.

G. Levin, W. V. Vasconcelos, Homological dimensions and Macaulay rings, Pacific J. Math.
25 (1968), 315-323.

S. MacLane, Homology, Grundlehren Math. Wiss. 114, Springer, Berlin, 1967.

V. Magek, Gorenstein dimension and torsion of modules over commutative Noetherian rings,
Comm. Algebra 28 (2000), 5783-5811.

H. Matsumura, Commutative ming theory, Cambridge Studies in Adv. Math. 8, Univ. Press,
Cambridge, 1986.

M. Nagata, Local rings, Wiley, New York, 1962.

D. G. Northcott, Finite free resolutions, Cambridge Tracts in Pure Math. 71, Univ. Press,
Cambridge, 1976.

1. Peeva, Ezponential growth of Betti numbers, J. Pure. Appl. Algebra 126 (1998), 317-323.
C. Peskine, L. Szpiro, Dimension projective finie et cohomologie locale, I.H.E.S. Publ. Math.
42 (1973), 47-119.

S. Priddy, Koszul resolutions, Trans. Amer. Math. Soc. 152 (1970), 39-60.

D. Rees, The grade of an ideal or module, Proc. Cambridge Phil. Soc. 53 (1957), 28-42.

P. Roberts, Homological invariants of modules over commutative rings, Sém. Math. Sup.,
72, Presses Univ. Montréal, Montréal, 1980.

P. Roberts, Le théoréme d’intersection, C. R. Acad. Sci. Paris Sér. I 304 (1987), 177-180.
P. Roberts, Multiplicities and Chern classes in local algebra, Cambridge Tracts in Pure Math.
133, Univ. Press, Cambridge, 1998.



34

62

[63
64
[65
[66
[67
[68

[69

L. L. AVRAMOV

] J.-E. Roos, Commutative non Koszul algebras having a linear resolution of arbitrary high
order. Applications to torsion in loop space homology, C. R. Acad. Sci. Paris Sér. I 316
(1993), 1123-1128.

] L. M. Sega, Vanishing of cohomology over Gorenstein rings of small codimension, Preprint,
2001.

| J.-P. Serre, Sur la dimension homologique des anneauz et des modules noethériens, Proc.
int. symp. algebraic number theory (Tokyo & Nikko, 1956), Science Council of Japan, Tokyo,
1956; pp. 175-189.

| J. Shamash, The Poincaré series of a local ring, J. Algebra 12 (1969), 453-470.

| J. R. Strooker Homological questions in local algebra, London Math. Soc. Lecture Notes Ser.
145, Univ. Press, Cambridge, 1990.

] L. C. Sun, Growth of Betti numbers of modules over local rings of small embedding codimen-
sion or small linkage number, J. Pure Appl. Algebra 96 (1994), 57-71.

] O. Veliche, Construction of modules with finite homological dimensions, J. Algebra, to ap-
pear.

| A. Zaks, Injective dimension of semi-primary rings, J. Algebra 13 (1969), 73-86.

DEPARTMENT OF MATHEMATICS, PURDUE UNIVERSITY, WEST LAFAYETTE, INDIANA 47907
E-mail address: avramov@math.purdue.edu



