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Abstract—The role of pseudocodewords in causing non-
codeword outputs in linear programming (LP) decoding,
graph cover decoding, and iterative message-passing de-
coding is investigated. The three main types of pseudocode-
words in the literature — linear programming pseudocode-
words, graph cover pseudocodewords, and computation tree
pseudocodewords — are reviewed and connections between
them are explored. Some discrepancies in the literature on
minimal and irreducible pseudocodewords are highlighted
and clarified, and a value for the minimal degree cover
necessary to realize an LP pseudocodeword is found.
Additionally, some conditions for the existence of connected
realizations of graph cover pseudocodewords are given. This
allows for further analysis of when graph cover pseudocode-
words induce computation tree pseudocodewords. Finally,
an example is offered that shows that existing theories on
the distinction between graph cover pseudocodewords and
computation tree pseudocodewords are incomplete.

Index Terms—LDPC codes, linear programming de-
coding, graph cover decoding, iterative message-passing
decoding, pseudocodewords

I. I NTRODUCTION

The discovery of turbo codes [2] and the subsequent
rediscovery of low-density parity-check (LDPC) codes
[6], [13] represent a major milestone in the field of
coding theory. These two classes of codes can achieve
bit error rates between10−5 and 10−12 on the additive
white Gaussian noise (AWGN) and related channels
with signal-to-noise ratios that are only slightly above
the minimum possible for a given channel and code
rate established by Shannon’s original capacity theorems
[17]. Perhaps the most important commonality between
turbo and low density parity check codes is that each
utilizes iterative message-passing decoding algorithms
for practical decoding of large codes. Thus it is of pri-
mary importance to understand the behavior of iterative
message-passing decoding algorithms and, in particu-
lar, to understand the noncodeword outputs that occur
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in computer simulations of LDPC codes with iterative
message-passing algorithms.

Motivated by empirical observations of the noncode-
word output of LDPC decoders, the notion of stopping
sets was first introduced by Forney,et al. [5] in 2001.
Two years later, a formal definition of stopping sets was
given by Changyan,et al. [3]. They demonstrated that
the bit and block error probabilities of iteratively decoded
LDPC codes on the binary erasure channel (BEC) can
be determined exactly from the stopping sets of the
parity check matrix. Work relating pseudocodewords to
stopping sets for the BEC [5], the binary symmetric
channel (BSC) and the AWGN channel [9] has re-
vealed a relationship between pseudocodeword weight
and stopping set size. However, the current notions of
stopping sets and pseudocodewords do not completely
characterize the performance and noncodeword outputs
of iterative decoders on the BSC and AWGN channels.

In his dissertation [19], Wiberg provides the founda-
tion for analyzing these errors by turning to an analysis of
computation trees. Even with these insights, theoretical
analyses of the convergence of iterative message-passing
decoding have thus far been scarce. (A notable excep-
tion is the work done ondensity evolution[15], [16],
which considers ensembles of LDPC codes rather than
individual codes.) Meanwhile, linear programming (LP)
decoding has strong heuristic ties to iterative message-
passing decoding by way of graph cover decoding, and
its analysis has proven much more attractive from a
theoretical standpoint [18]. The common finding across
all analyses of these decoders is that pseudocodewords
play a significant role in determining convergence of the
decoder and in understanding the noncodeword outputs
that arise.

The focus of this paper is to further examine the three
common notions of pseudocodewords — linear program-
ming pseudocodewords, graph cover pseudocodewords,
and computation tree pseudocodewords — and further
elucidate relationships between these pseudocodewords.
In particular, we examine properties of graph cover
pseudocodewords and LP pseudocodewords that allow
the translation of findings from this significant body
of research to the analysis of the behavior of iterative
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message-passing decoders and computation tree pseu-
docodewords.

The remainder of the paper is organized as follows.
In Section II, we give some relevant definitions and
terminology. In Section III, we motivate our analysis of
pseudocodewords by demonstrating their important role
in decoding; Theorem 3.2 expands upon the fact that LP
decoding has theML-certificate property[4] by establish-
ing that the fundamental difference between LP decoding
and maximum likelihood (ML) decoding is the result
of LP pseudocodewords. Additionally in this section we
review known characterizations of the sets of LP and
graph cover pseudocodewords. Section IV then examines
the influence of minimal and irreducible graph cover
pseudocodewords and provides a counterexample to an
assertion in the literature regarding the equivalence of
these two kinds of pseudocodewords. We also establish
the value of the minimal degree cover necessary to realize
an LP pseudocodeword. Section V turns toward finding
graphical realizations of graph cover pseudocodewords
that may impact the performance of iterative message-
passing decoders. Finally, we connect these graphical
realizations back to iterative message-passing decoding
in Section VI.

II. BACKGROUND AND MATHEMATICAL

PRELIMINARIES

The formal study of pseudocodewords and their role
in iterative message-passing decoders necessarily begins
with several definitions.

Definition 2.1: A graph G is a pair(V,E), whereV

is a nonempty set of elements calledverticesand E is
a (possibly empty) set of elements callededges, such
that each edgee ∈ E is assigned an unordered pair of
vertices{u, v} called theendpointsof e. The graphG is
finite if V is a finite set. The graphG is simple if, for
eache ∈ E, the two endpoints ofE are distinct and, for
any two distinct verticesu, v of G, there is at most one
edge ofe with endpoints{u, v}.

For the remainder of this paper, we assume our graphs
are finite and simple. In particular, we can uniquely
identify any edgee with its endpoints, and we write
e = (u, v).

Definition 2.2: Let G = (V,E) be a simple graph.
For v ∈ V , the neighborhoodof v is the setN(v) of
verticesu ∈ V such that(u, v) ∈ E. Elements ofN(v)
are calledneighborsof v, and thedegreeof v is the
number of neighborsv has. We sayG is d-regular if
every vertex inG has degreed. A path in G is a finite
sequence of distinct verticesv0, . . . , vk of G such that
vi−1 and vi are neighbors for1 ≤ i ≤ k. A cycle in G

is a pathv0, . . . , vk in G with v0 = vk. We sayG is
connectedif, for any two verticesu, v of G, there is a

pathu = v0, v1, . . . , vk = v from u to v in G. We say
G is bipartite if there is a partitionV = X ∪ F of V

into nonempty disjoint sets such that eache ∈ E has one
endpoint inX and the other inF . If G is bipartite, we
say it is(dv, dc)-regular if the degree of every vertex in
X is dv and the degree of every vertex inF is dc. We
sayG is a tree if G is connected and has no cycles.

The success of low density parity codes stems from
the fact that these codes come equipped with a bipartite
graph on which the extremely efficient iterative message-
passing algorithms operate. This graph is called the
Tanner graphof the code, a notion whose definition we
now recall.

Definition 2.3: A Tanner graph is a finite bipartite
graphT = (X ∪ F,E). We call X the set ofvariable
nodesof T andF the set ofcheck nodesof T . A (valid)
configuration on a Tanner graphT is an assignment
c = (cx)x∈X of 0’s and 1’s to the variable nodes of
T such that, at each check nodef of T , the binary sum
of the values at the neighbors off is 0. The collection of
configurations on a Tanner graphT is called the(LDPC)
code determined byT .

Let T = (X ∪ F,E) be a Tanner graph. SinceT is
finite, we can identify a configuration onT with a vector
in F

n
2 , wheren := |X|. The codeC determined byT is

the collection of all such vectors, and it is easy to check
that this code is linear of lengthn and dimension at least
n − r, wherer := |F |.

Given a binary linear code, i.e., a subspaceC ⊆ F
n
2 ,

there is a one-to-one correspondence between Tanner
graphs forC and parity check matrices forC. Indeed, if
H = (hji) is anr × n binary matrix, then we associate
a Tanner graphT = T (H) = (X(H)∪F (H), E(H)) to
H by setting

X(H) = {x1, . . . , xn},

F (H) = {f1, . . . , fr}, and

E(H) = {(xi, fj) |hji = 1}.

Note that the set of valid configurations onT (H)
is precisely the nullspace ofH. Conversely, ifT =
({x1, . . . , xn}∪{f1, . . . , fr}, E) is a Tanner graph, then
we associate a binaryr × n matrix H = (hji) to T ,
wherehji = 1 if and only if (xi, fj) ∈ E; note that the
kernel ofH(T ) is precisely the set of valid configurations
on T . Since T = T (H(T )) for any Tanner graphT
and H = H(T (H)) for any binary matrixH, these
operations give the desired one-to-one correspondence.

A significant problem of practical interest is to trans-
mit a codewordc of some codeC across a noisy channel
and then to compute an estimateĉ based on the channel
output. For the remainder of this paper, the codeword
is assumed to be transmitted using binary antipodal
modulation across the AWGN channel. The process of
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computing the estimatêc based on the channel output
and knowledge of the code is calleddecoding. Decoding
can result in the following three outcomes:

1) ĉ = c, called adecoding success
2) ĉ = c′ 6= c, called adecoding error
3) ĉ = r, wherer 6∈ C, called adecoding failure.

When a decoding failure occurs, the decoder is said
to have anoncodeword outputand, depending on the
decoder,r may have binary, rational or real entries.

Wiberg [19] showed that iterative message-passing
decoders such as sum-product (SP) and min-sum (MS)
actually operate on finitecomputation treesassociated to
the Tanner graph. Ascomputation tree pseudocodewords
will be one major focus of this paper, we now make these
notions precise.

Definition 2.4 ([19]): Let T be a Tanner graph, and
assume an iterative message-passing algorithm has been
run on T for a total of m iterations, where a single
iteration consists of message-passing from the variable
nodes to the check nodes and then back to the variable
nodes. Thedepth m computation treefor T with root
nodev is the tree obtained by tracing the computation
of the final cost function of the algorithm at the variable
nodev of T recursively back through time.

It should be noted that the structure of the computation
tree depends upon the particular choice of scheduling
used in the iterative message-passing algorithm. How-
ever, a computation tree of depthm can always be
drawn as a tree with2m + 1 levels, labeled from 0
to 2m, where the0th level consists only of the root
node, each even-numbered level contains only variable
nodes, and each odd-numbered level contains only check
nodes. Moreover, except for the variable nodes at level
2m + 1, the computation tree locally looks like the
original Tanner graphT : if (x, f) is an edge inT , then
every copy ofx (above level2m+1) in the computation
tree is adjacent to exactly one copy off and every copy
of f in the computation tree is adjacent to exactly one
copy of x.

For min-sum and sum-product decoding, the decoder
considers as competitors all valid configurations on
n := |X(T )| computation trees [19] and outputs a vector
whoseith entry is the value assigned to the root node by a
minimal cost configuration on a computation tree rooted
at variable nodexi; the precise cost function depends on
the particular iterative message-passing decoder chosen,
and Wiberg gives explicit definitions for the cost func-
tions for both MS and SP decoding. Note that, for each
codewordc = (c1, . . . , cn) and for each computation
treeR of T , the assignment ofci to each copy ofxi in
R determines a configuration onR. However, there are
also configurations that do not correspond to codewords.
This motivates the next definition.

Definition 2.5 ([19]): Let T be a Tanner graph. A
computation tree pseudocodewordfor T is any valid
configuration on any computation tree forT . A nontrivial
computation tree pseudocodewordis a computation tree
pseudocodeword that does not correspond to a codeword.

Because iterative message-passing decoders operate
on computation trees that, above the bottom level, are
locally identical to the original Tanner graph, these
decoders do not distinguish between the Tanner graph
itself and any finite, unramified cover of the Tanner
graph. This intuition leads one to considergraph cover
pseudocodewords. To make this precise, we first must
define what we mean by acover of the Tanner graph.

Definition 2.6: An unramified cover, or simply a
cover, of a finite graphG is a graphG̃ along with a
surjective graph homomorphismπ : G̃ → G, called
a covering map, such that for eachv ∈ V and each
ṽ ∈ π−1(v), the neighborhood of̃v is mapped bijectively
to the neighborhood ofv. For a positive integerM , an
M -cover of G is coverπ : G̃ → G such that for each
vertexv of G, π−1(v) contains exactlyM vertices ofG̃.
If G̃ is anM -cover ofG, we say thedegreeof G̃ is M .

Given a Tanner graphT with variable nodesx1, . . . ,
xn and an M -cover π : T̃ → T of T , we label
the elements ofπ−1(xi) as xi,1, . . . , xi,M . The code
C̃ determined byT̃ has lengthnM , and we write a
codewordc̃ ∈ C̃ in terms of its coordinates as

c̃ = (c11, . . . , c1M : · · · : cn1, . . . , cnM ).

Definition 2.7: Let T be a Tanner graph for a binary
linear code C and let c̃ = (c11, . . . , c1M : · · · :
cn1, . . . , cnM ) be a codeword in some codẽC corre-
sponding to someM -coverT̃ of T . The(unscaled) graph
cover pseudocodewordcorresponding tõc is the vector

p(c̃) = (p1, . . . , pn)

of nonnegative integers, where, for1 ≤ i ≤ n,

pi = #{j | cij = 1}.

The (normalized) graph cover pseudocodewordcorre-
sponding tõc is the vector

ω(c̃) =
1

M
p(c̃).

A nontrivial graph cover pseudocodewordis a graph
cover pseudocodeword that is not a codeword.

Intuitively, all codewords on all covers of the Tan-
ner graph are competitors in iterative message-passing
decoding algorithms. In this vein, Vontobel and Koetter
[18] define graph cover decoding; this decoder simul-
taneously considers all codewords on all covers of the
Tanner graph and then returns the normalized graph cover
pseudocodeword corresponding to the one which, in a
certain precise sense, provides the best explanation of
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the channel output. They show that graph cover decoding
is equivalent tolinear programming (LP) decoding, as
defined by Feldman [4]. We now turn to the formal
definition of LP decoding.

Definition 2.8 ([4]): Let H = (hj,i) be the r × n

parity check matrix with corresponding Tanner graphT ,
and, for1 ≤ j ≤ r, set

N(j) = {i |hj,i = 1} ⊆ {1, . . . , n}

so thatN(j) is the set of variable nodes adjacent to check
node j in T . The fundamental polytopeP = P(H) is
the subset of the unit hypercube[0, 1]n ⊂ Rn consisting
of all vectorsx = (x1, . . . , xn) such that for1 ≤ i ≤ n,
1 ≤ j ≤ r, and each subsetS ⊆ N(j) with |S| odd, we
have

∑

i∈S

xi +
∑

i∈N(j)\S

(1 − xi) ≤ |N(j)| − 1.

For a given vector of log-likelihoodsλ = (λ1, . . . , λn)
determined by the channel output and for anyx =
(x1, . . . , xn) ∈ R

n, the costγ(x) of x is given by

γ(x) = λ · x =

n∑

i=1

λixi.

Linear programming (LP) decodingis defined to be the
task of minimizingγ(x) over all x ∈ P.

Since the cost function is linear and the polytope
is defined by linear inequalities, the output of linear
programming decoding may always be taken to be a
vertex of the fundamental polytope. Feldman [4] shows
that a vector in{0, 1}n is a vertex of the fundamental
polytope if and only if it is a codeword. This motivates
the following definition.

Definition 2.9: A linear programming pseudocode-
word of a code defined by the parity check matrixH

is any vertex of the fundamental polytopeP(H). A non-
trivial linear programming pseudocodeword is a linear
programming pseudocodeword that is not a codeword.

Vontobel and Koetter [18] show that the collection of
rational points in the fundamental polytope is precisely
the collection of graph cover pseudocodewords. Thus,
with the definitions here, every linear programming pseu-
docodeword is a normalized graph cover pseudocode-
word, but not vice versa.

III. C ONNECTIONSBETWEEN LP AND ML
DECODING

Feldman shows in [4] that linear programming decod-
ing has theML-certificate property, which guarantees
that if LP decoding returns a codeword, this codeword
is an ML codeword; however, this does not imply that
LP decoding is equivalent to ML decoding in general,
as is illustrated by Theorem 3.2 in the special case of

the AWGN channel. One might conjecture that these two
decoders can give different outputs because ML decoding
only considers codewords as outputs, whereas if the
fundamental polytope contains nontrivial pseudocode-
words, then the LP decoder considers these in addition
to the codewords. In the case of the AWGN channel,
however, we find that the difference between LP and
ML decoding goes deeper than the set of configurations
that each considers. To expand on this, we first describe a
reasonable extension of the ML decoder over the AWGN
channel that considers all vertices of the fundamental
polytope.

Over the additive white Gaussian noise channel, maxi-
mum likelihood decoding is based on squared Euclidean
distance between modulated points, where the modula-
tion map is given bym(x) = 2x−1 with 1 = (1, . . . , 1)
[12]. For a received vectory ∈ R

n, the outputx̂ML of
ML decoding is given by

x̂ML = m
−1

(
argmin
x∈m(C)

n∑

i=1

(yi − xi)
2

)
,

wheren is the length of the code. LetV = V(P) denote
the set of vertices of the fundamental polytope. Then a
natural extension of the ML decision rule in this case is

x̂
GML = m

−1

 

argmin
v∈m(V)

n
X

i=1

(yi − vi)
2

!

(III.1)

= m
−1

 

argmin
v∈m(V)

n
X

i=1

(y2
i − 2yivi + v2

i )

!

, (III.2)

which considers all vertices of the polytope, instead of
just the codewords.

We compare these notions of the maximum likelihood
decoder and the generalized maximum likelihood (GML)
decoder to linear programming decoding in Theorem 3.2.
The proof of this proposition requires a result found in
[10].

Proposition 3.1 ([10], Proposition 2.12):Let C be
the code determined by the Tanner graphT with n

variable nodes. Suppose thatω is a nontrivial LP pseu-
docodeword ofC. Then, for some vectorλ of log-
likelihood ratios, the cost

∑n

i=1 λiωi is smaller than the
cost

∑n

i=1 λici of any codewordc ∈ C.
Theorem 3.2:Suppose the codeC defined by the

parity check matrixH is used on the additive white
Gaussian noise channel. Then the following are equiva-
lent:

1) C has no nontrivial linear programming pseu-
docodewords with respect toH.

2) Linear programming decoding forC with respect
to H is equivalent to maximum likelihood decod-
ing for C.

3) Linear programming decoding forC with respect
to H and generalized maximum likelihood decod-
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ing for C with respect toH, as in Equation (III.2),
use the same decision rule.

Proof: As before, letV = V(P) be the set of
vertices of the fundamental polytope. We consider the
setm(V) of all n-dimensional vertices of the modulated
fundamental polytopem(P) as possible outputs of ML
decoding, GML decoding and LP decoding. This is not a
natural setting for the LP decoder, which considers only
vectors in some subset of[0, 1]n. However, the decision
rule for the LP decoder is to output

x̂LP = argmin
w∈V

n∑

i=1

λiwi,

and since the modulation map is coordinate-wise linear
and strictly increasing, we have

argmin
w∈V

n∑

i=1

λiwi = m
−1

(
argmin
v∈m(V)

n∑

i=1

λivi

)
.

The log-likelihood ratios for a given a received vectory

on the AWGN channel with noise varianceσ2 are given
by

λi = ln

(
Pr[yi|xi = 0]

Pr[yi|xi = 1]

)

= ln




1√
2πσ2

e
−(yi+1)2

2σ2

1√
2πσ2

e
−(yi−1)2

2σ2




= ln
(
e

−4yi

2σ2

)

=
−2yi

σ2
.

Hence the decision rule for LP decoding can be
reformulated as

x̂LP = m
−1

(
argmin
v∈m(V)

n∑

i=1

−2yi

σ2
vi

)

= m
−1

(
argmin
v∈m(V)

n∑

i=1

−2yivi

)
,

sinceσ is independent ofv ∈ m(V). Finally, notice that
addingy2

i to theith entry inside the sum will not change
the minimization, and thus

x̂LP = m
−1

(
argmin
v∈m(V)

n∑

i=1

(y2
i − 2yivi)

)
. (III.3)

If C has no nontrivial linear programming pseu-
docodewords with respect toH, thenm(V) = m(C) and∑n

i=1 v2
i = n, sincevi = ±1 for all v ∈ m(C). Thus,

addingv2
i to theith term in the sum does not change the

minimization problem, and

x̂LP = m
−1

(
argmin
v∈m(V)

n∑

i=1

(y2
i − 2yivi + v2

i )

)

= m
−1

(
argmin
v∈m(C)

n∑

i=1

(y2
i − 2yivi + v2

i )

)
,

which is the same decision rule used to computex̂GML

in generalized maximum likelihood decoding andx̂ML

in maximum likelihood decoding. Thus, whenC has no
nontrivial LP pseudocodewords with respect toH, we
have that LP decoding is equivalent to both ML decoding
and GML decoding.

Conversely, ifC has a nontrivial linear programming
pseudocodeword with respect toH, then there is a
vector λ of log-likelihood ratios such that

∑n

i=1 λiωi

is smaller than the cost
∑n

i=1 λici of any codeword
c ∈ C, by Proposition 3.1. Over the AWGN channel
the received vector may be any vector inR

n, so we can
construct a received vectory such that the resulting log-
likelihood vector isλ. Thus, ify is received, LP decoding
will return a nontrivial pseudocodeword, whereas ML
decoding will always return a codeword. Therefore, LP
and ML are not equivalent. Furthermore, becauseC

has a nontrivial LP pseudocodeword with respect toH,∑n

i=1 v2
i is not constant overv ∈ m(V), and hence

the LP decision rule as given in Equation III.3 differs
from the GML decision rule as given in Equation III.2.
Therefore, LP and GML are not equivalent either.

Remark 3.3:The proof of Theorem 3.2 cannot be ap-
plied to show similar results about when linear program-
ming decoding is not equivalent to maximum likelihood
decoding or generalized maximum likelihood decoding
for the binary symmetric channel or the binary erasure
channel because the set of possible received vectors for
either of these channels is finite, and hence the set of
possible log-likelihood ratios is also finite. Given a target
vector of log-likelihood ratiosλ ∈ R

n it is impossible
to guarantee that there is a received vector which yields
λ. For more discussion on this issue, see [14].

Theorem 3.2 shows that linear programming decoding
differs from maximum likelihood decoding due to the
presence of nontrivial pseudocodewords. Furthermore, as
mentioned above, Vontobel and Koetter [18] show that
LP decoding and graph cover decoding are equivalent;
hence, Theorem 3.2 illustrates the difference between
graph cover decoding and ML decoding as well. It is
therefore essential to better understand the properties of
pseudocodewords of these decoders in order to further
analyze the noncodeword decoder errors of these de-
coders and iterative message-passing decoding.

One characterization of graph cover pseudocodewords
is given by Koetter, Li, Vontobel, and Walker [11]: a
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vector p of nonnegative integers is an unscaled graph
cover pseudocodeword if and only if it reduces modulo
2 to a codeword and it lies within thefundamental cone
K ⊆ R

n where

K = K(H) =

8

>

<

>

:

(v1, . . . , vn) ∈ R
n

˛

˛

˛

˛

˛

vi ≥ 0 for all i,
X

i′ 6=i

h
ji′

v
i′

≥ hjivi for all i, j

9

>

=

>

;

.

Vontobel and Koetter provide a different characteriza-
tion of graph cover pseudocodewords in [18]: a vector
ω = (ω1, . . . , ωn) of rational numbers between zero
and one lies in the fundamental polytope if and only
if it is a normalized graph cover pseudocodeword. It is
worthwhile to note that the fundamental cone is the conic
hull of the fundamental polytope [18].

IV. M INIMAL AND IRREDUCIBLE

PSEUDOCODEWORDS

To further examine the impact of graph cover pseu-
docodewords, we will mimic the consideration in the
classical coding case ofminimal codewords, i.e., code-
words whose supports do not properly contain the sup-
port of any non-zero codeword. In particular, we examine
different extensions of the theory of minimal codewords
to graph cover (and hence LP) pseudocodewords.

Definition 4.1 ([18]): A minimal pseudocodewordis
a pseudocodewordp such that{αp|α ∈ R, α ≥ 0} is an
edge of the fundamental cone.

Here, byedges of the fundamental cone, we mean a
set of half-rays through the origin whose conic hull is
the fundamental cone, with the property that no proper
subset of this set has the fundamental cone as its conic
hull.

A similar generalization is presented in [8]:
Definition 4.2 ([8]): An unscaled pseudocodeword is

irreducible if it cannot be written as a (nontrivial) sum
of other unscaled pseudocodewords.

Note that while aminimal pseudocodewordcan refer
to either a normalized or unscaled pseudocodeword,
an irreducible pseudocodewordcan only refer to an
unscaled pseudocodeword.

Remark 4.3:If an irreducible pseudocodewordp is
actually a codeword, thenp cannot be written as a
(nontrivial) sum of codewords and we will callp an
irreducible codeword. With this terminology, irreducible
codewords coincide precisely with minimal codewords.
Additionally, if p is irreducible as a codeword, thenp
is also irreducible as a pseudocodeword because ifp

were the sum of pseudocodewords then each of those
pseudocodewords must consist of only zeros and ones
and thus must be codewords themselves [11], which
contradicts the irreducibility ofp. Hence a vectorp is
an irreducible codeword if and only if it is a minimal

codeword, if and only if it is a trivial irreducible pseu-
docodeword.

It is important to note that although the termsirre-
ducible pseudocodewordand minimal pseudocodeword
are sometimes used interchangeably, the notions do not
necessarily coincide. Ifp is a minimal pseudocodeword,
then 2p is also a minimal pseudocodeword but it is
not irreducible. Conversely, irreducible pseudocodewords
may not be minimal, as seen in the next example.

Example 4.4:Let C be the null space of

H =




0 1 1 0
0 0 1 1
1 1 1 1




so thatC = {(0, 0, 0, 0), (1, 1, 1, 1)}. The fundamental
cone is given by

K(H) =

(

(x1, x2, x3, x4) ∈ R
4

˛

˛

˛

˛

˛

xi ≥ 0 for all i,

x2 = x3 = x4, and3x2 ≥ x1

)

.

The cone can be seen as a two-dimensional cone
embedded inR

4, and the edges are the half-rays
{α(3, 1, 1, 1)|α ∈ R≥0} and{α(0, 2, 2, 2)|α ∈ R≥0}.

If (1, 1, 1, 1) = x + y with x and y being nonzero
nonnegative integer vectors, thenx must have at least one
coordinate which is 0 and one coordinate which is 1, and
hence is not a pseudocodeword since it will not reduce
modulo 2 to a codeword [11]. This means that(1, 1, 1, 1)
is an irreducible pseudocodeword, but it is not a minimal
pseudocodeword, since it does not lie on an edge of the
fundamental cone. Additionally, since(1, 1, 1, 1) is an
irreducible pseudocodeword that is also a codeword, it
is actually a minimal codeword, even though it is not a
minimal pseudocodeword.

Thus, we see that while the notions of minimal and
irreducible pseudocodewords may prove important in
different contexts, such as in determining which pseu-
docodewords are more likely to cause errors [8], the con-
flation of these terms is inaccurate and may hinder further
analysis of the set of graph cover pseudocodewords.

As mentioned above, Kelley and Sridhara [8] sug-
gest that irreducible pseudocodewords are more likely
than other pseudocodewords to cause linear program-
ming/graph cover decoding to fail to converge. Motivated
by this, they examine bounds on the smallest degree
cover needed to realize an irreducible pseudocodeword.
With this question in mind, we make the following
definition.

Definition 4.5: A normalized graph cover pseu-
docodewordω for the Tanner graphT is minimially
realizableon the coverT̃ of T if there is a configuration
c̃ on T̃ such that

1) ω = ω(c̃), and
2) wheneverω has a realization on anN -cover ofT ,

we haveM ≤ N , whereM is the degree of̃T .
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We find an exact value for the degree of a minimal
realization of a normalized graph cover pseudocodeword
Proposition 4.7 below, under the assumption we are given
the coordinates of the graph over pseudocodeword as
a point in Feldman’sextended polytope[4], rather than
simply in the fundamental polytope. We first recall the
definition of the extended polytope.

Definition 4.6 ([4]): Let H = (hj,i) be anr×n parity
check matrix and letP = P(H) be the fundamental
polytope ofH, as described in Definition 2.8 above. For
1 ≤ j ≤ r, set

Ej = {S ⊆ N(j) : |S| is even},

where, as before,

N(j) = {i |hj,i = 1} ⊆ {1, . . . , n},

and write ej = |Ej |. Label the coordinates of
R

n+e1+···+er as{1, . . . , n}∪ {wj,S | 1 ≤ j ≤ r andS ∈
Ej}, and letEj(i) be the subset ofEj consisting of those
even-sized subsets ofN(j) that containi. The jth local
extended polytopeof H is the polytope

Qj(H) =

8

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

:

(x|w) ∈ [0, 1]
n+e1+···+er

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

x ∈ P
wj′,S = 0 if j′ 6= j

X

S∈Ej

wj,S = 1

xi =
X

S∈Ej(i)

wj,S

9

>

>

>

>

>

>

>

>

>

=

>

>

>

>

>

>

>

>

>

;

and theextended polytopeof H is the polytope

Q = Q(H) =
⋂

1≤j≤r

Qj(H) ⊆ [0, 1]n+e1+···+er .

We define aminimal realization of a point in the
extended polytopeQ in an analogous fashion to Defi-
nition 4.5 above.

Proposition 4.7:Let ω̄ be a rational point in the
extended polytope and letM be the degree of a minimal
realization ofω̄. ThenM is the smallest positive integer
such that each coordinate ofM ω̄ is a non-negative
integer.

Proof: For any positive integert such thattω̄ is
a vector of integers, Feldman [4] gives a construction
that yields a realization oftω̄. We will show that this
realization occurs on at-cover.

Since ∑

S∈Ej

wj,S = 1,

we have ∑

S∈Ej

aj,S = t,

where eachaj,S := twj,S is an integer. Feldman’s
construction gives that for eachS ∈ Ej , there are
aj,S copies of check nodej which are satisfied via the

configurationS. This constraint implies that there are
t total copies of check nodej, i.e., that the realization
occurs on at-cover.

By hypothesis,̄ω is realizable on anM -cover soM ω̄

must be a vector of integers. Furthermore,M must be the
smallest number such thatM ω̄ is a vector of integers,
since if this held for somet < M then, by the argument
above,ω̄ would be realizable on at-cover, contradicting
the minimality ofM .

Proposition 4.7 can be extended to describe the min-
imum degree realization of any vectorω with rational
entries in the fundamental polytope whenever we can
construct a correspondinḡω in the extended polytope.
Feldman [4] establishes that such anω̄ always exists, and
Vontobel and Koetter [18] give a method for constructing
ω̄ under particular circumstances, namely when it is
already known how to expressω as a convex linear
combination of vectors inFn

2 that satisfy a given check
node.

V. REALIZING PSEUDOCODEWORDS ON CONNECTED

GRAPH COVERS

In addition to examining minimal realizations of pseu-
docodewords, we must also explore when connected
realizations of normalized pseudocodewords exist. Con-
nectivity of the cover is vital in order to analyze the
relationship between LP/graph cover decoding and iter-
ative message-passing decoding algorithms, because the
latter operate on computation trees, which are inherently
connected. The following example illustrates that not
every graph cover pseudocodeword can be realized on
a connected cover, and thus not all graph cover pseu-
docodewords may influence iterative message-passing
decoders.

Example 5.1:Consider the Tanner graphT which is
an8-cycle with vertices alternating between being check
nodes and variable nodes. The code determined byT

is the binary[4, 1, 4] repetition code, with parity check
matrix

H =




1 1 0 0
0 1 1 0
0 0 1 1
1 0 0 1


 ,

and the fundamental polytope is

P = P(H) =
{
(ω, ω, ω, ω) ∈ R

4 | 0 ≤ ω ≤ 1
}

.

The only connected covers ofT are 8M -cycles for
M ≥ 1, so the only unscaled graph cover pseudocode-
words that have connected realizations are those of the
form (0, 0, 0, 0) and (M,M,M,M) for M ≥ 1. Thus
the only normalized graph cover pseudocodewords with
connected realizations are(0, 0, 0, 0) and (1, 1, 1, 1). In
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particular, no rational point ofP that is not a vertex of
P has a connected graph cover realization.

Although Example 5.1 shows that there are situations
in which some points in the interior of the polytope
cannot be realized on a connected cover of the original
Tanner graph, we know that linear programming decod-
ing (and hence graph cover decoding) will always output
a vertex of the fundamental polytope. In Example 5.1,
these vertices do have connected realizations. This phe-
nomenon happens in general, as shown by the next
proposition which originally appeared in the conference
paper [1].

Proposition 5.2 ([1], Proposition 3.3):Let T be a
Tanner graph with corresponding fundamental polytope
P. Supposeω is a vertex ofP, and let(T̃ , c̃) be a realiza-
tion of ω. Let T̃1, . . . , T̃k be the connected components
of T̃ , so thatT̃i is an Mi-cover of T for 1 ≤ i ≤ k,
with M1 + · · ·+ Mk = M , and c̃ = (c̃1| . . . |c̃k), where
c̃i is a configuration oñTi. Then(T̃i, c̃i) is a connected
realization ofω for i = 1, . . . , k. In other words, every
graph cover realization ofω is either connected or the
disjoint union of connected graph cover realizations of
ω.

Proof: Setαi = ω(c̃i) for 1 ≤ i ≤ k. Then, looking
at the unscaled graph cover pseudocodewords, we have

Mω = M1α1 + · · · + Mkαk.

Dividing through byM gives

ω =
M1

M
α1 + · · · +

Mk

M
αk.

Since Mi

M
≥ 0 for eachi and

M1

M
+ · · · +

Mk

M
=

M1 + · · · + Mk

M
=

M

M
= 1,

we have writtenω as a convex combination ofα1, . . . ,
αk. But eachαi is in P by [18] and so eachMi

M
αi is

too sinceMi

M
≤ 1. Sinceω is a vertex of the polytope,

this forces eachαi to lie on the line segment from the
origin to ω, i.e., αi = γiω for some rational numbers
0 < γi ≤ 1. So we have

Mω = (M1γ1 + · · · + Mkγk)ω,

which meansM1+· · ·+Mk = M = M1γ1+· · ·+Mkγk.
Henceγi = 1 for eachi, i.e., αi = ω for all i.

Theorem 5.4 below gives another sufficient condition
for connected realizations of graph cover pseudocode-
words to exist. The next lemma will be used in the proof.

Lemma 5.3:Let T be a Tanner graph, letT ′ be a
spanning tree ofT , and supposee1, . . . , et are edges
in T not in T ′. Let π : T̃ → T be any finite connected
cover of T , and let ẽi ∈ π−1(ei) be a fixed lift of ei

to T̃ for each i = 1, . . . , t. Then T̃ − {ẽ1, . . . , ẽt} is
connected.

Proof: Let notation be as in the statement of the
lemma for i = 1, . . . , t. Notice that to show that̃T −
{ẽ1, . . . , ẽt} is connected, it suffices to show that there
is a path inT̃−{ẽ1, . . . , ẽt} from x̃ to f̃ for any ẽi = x̃f̃ .
So fix i and letẽi = x̃f̃ .

SinceT ′ is a spanning tree forT , there is a pathp on
T ′ from x = π(x̃) to f = π(f̃). Thenpei is a cycle on
T containingx andf . By [7, Theorem 2.4.3],π−1(pei)
consists of a disjoint union of cycles which project onto
pei. Since ẽi ∈ π−1(ei) ⊂ π−1(pei), there is a cycle
Γ in π−1(pei) containingẽi. SinceΓ projects ontopei

and p is contained inT ′, we see thatπ(Γ) does not
containej for any j 6= i and henceΓ does not contain
ẽj for any j 6= i. Thus,Γ−{ẽ1, . . . , ẽt} = Γ− ẽi is still
connected, and soΓ− ẽi contains a path from̃x to f̃ in
T̃ − {ẽ1, . . . , ẽt}.

Theorem 5.4:Let T be a Tanner graph with average
variable node degreeav and average check node degree
ac. Suppose that eitherav ≥ 3 and ac ≥ 3, or av ≥ 2
andac ≥ 4. Then any rational point in the fundamental
polytope ofT can be minimally realized on a connected
cover.

Proof: Let ω be a rational point in the fundamental
polytope of T . Then ω is a normalized graph cover
pseudocodeword [18] and so is minimally realizable on
an M -cover for someM . Let (T̃ , c̃) be a realization
on an M -cover with a minimal number of connected
components. By way of contradiction, supposeT̃ is not
connected, and letπR : R̃ → T and πS : S̃ → T be
distinct connected components of̃T . We will give an
algorithm for connecting these two componentsR̃ and
S̃, demonstrating thatω is, in fact, realizable on a cover
with fewer connected components.

Let T ′ be any spanning tree ofT . We will first show
that there exists a check nodef ∈ F (T ) that is incident
to at least two edges not onT ′. Assume, for the purpose
of contradiction, that every check node is incident to at
most one edge that is not onT ′. If the check nodes are
{f1, . . . , fr}, then we see the number of edges onT ′ is
at least

r∑

i=1

(deg(fi) − 1) =

(
r∑

i=1

deg(fi)

)
− r (V.1)

= rac − r (V.2)

= r(ac − 1), (V.3)

since the sum of the check node degrees must be the
total number of edges inT , which is equal torac .

On the other hand, if there aren variable nodes andr
check nodes onT , thenT hasn + r vertices and so the
number of edges on any spanning tree forT is n+r−1.
The number of edges inT is nav = rac, so n = r ac

av
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and we have that the number of edges onT ′ is

r
ac

av

+ r − 1 = r

(
ac

av

+ 1

)
− 1.

Putting this together with the bound on the number of
edges inT ′ given in (V.3), we see that

r

(
ac

av

+ 1

)
− 1 ≥ r(ac − 1).

Thus,

r

(
ac

av

+ 1

)
> r

(
ac

av

+ 1

)
− 1 ≥ r(ac − 1),

and so
ac

av

+ 1 > ac − 1.

Rearranging this we see

2 > ac

(
1 −

1

av

)
.

In the case whereac, av ≥ 3, we have1− 1
av

≥ 2
3 , hence

2 >
2

3
ac,

which implies that3 > ac. By assumption,ac ≥ 3, so we
have a contradiction. A similar contradiction is reached
in the case whereav ≥ 2 andac ≥ 4.

Thus, there is some check nodef of T such that at
least two edgese = (f, x), e′ = (f, x′) incident tof are
not on T ′. Let ẽR = (f̃R, x̃R) and ẽ′R = (f̃R, x̃′

R) be
fixed lifts of e and e′, respectively, toR̃ and let ẽS =
(f̃S , x̃S) and ẽ′S = (f̃S , x̃′

S) be fixed lifts of e and e′,
respectively, toS̃. By Lemma 5.3,R̃ − {ẽR, ẽ′R} and
S̃ − {ẽS , ẽ′S} are connected.

For any variable nodẽv of T̃ , let c̃(ṽ) denote the bit
assignment̃v receives from the configuration(T̃ , c̃). If
c̃(x̃R) = c̃(x̃S), then crossing the edges̃eR and ẽS does
not change the check sum at̃fR or f̃S and results in
R̃ and S̃ becoming a single connected component. In
other words,(T̃ − {ẽR, ẽS} + {f̃Rx̃S , f̃S x̃R}, c̃) is a
minimal realization ofω with fewer components than
T̃ , a contradiction. We get a similar contradiction if
c̃(x̃′

R) = c̃(x̃′
S).

Finally, assumẽc(x̃R) 6= c̃(x̃S) and c̃(x̃′
R) 6= c̃(x̃′

S).
Then (c̃(x̃R) + c̃(x̃′

S)) ≡ (c̃(x̃S) + c̃(x̃′
R)) (mod 2).

This means that crossing both̃eR with ẽS and ẽ′R
with ẽ′S does not change the binary check sum atf̃R

or at f̃S , and again results iñR and S̃ becoming a
single connected component, i.e.,(T̃−{ẽR, ẽ′R, ẽS , ẽ′S}+
{f̃Rx̃S , f̃Rx̃′

S , f̃S x̃R, f̃S x̃′
R}, c̃) is a minimal realization

of ω on a cover with fewer connected components than
T̃ , a contradiction.

Since, in any case, assuming̃R andS̃ are distinct con-
nected components of̃T leads to a minimal realization of

ω on a cover with fewer connected components thanT̃ ,
there must be a minimal realization ofω on a connected
cover ofT .

VI. GRAPH COVERS AND COMPUTATION TREES

While intuitive links between linear program-
ming/graph cover decoding and iterative message-
passing decoding have been proposed, the only proven
analysis of iterative message-passing decoding on finite-
length LDPC codes hails from the fundamental work
of Wiberg [19]. He establishes that iterative message-
passing algorithms actually work by finding minimal cost
configurations on computation trees, so it is essential to
further examine computation tree pseudocodewords to
gain a more precise understanding of the errors that arise
in iterative message-passing decoding. To make use of
the body of literature on graph cover pseudocodewords,
though, we examine potential connections between graph
cover pseudocodewords (including linear programming
pseudocodewords) and computation tree pseudocode-
words. In particular, every graph cover pseudocodeword
that has a connected realization induces a computa-
tion tree pseudocodeword. It is not known, however,
whether every computation tree configuration is the result
of a truncated graph cover configuration. Thus there
may be computation tree pseudocodewords that cause
errors in iterative message-passing decoding that are
unrelated to graph cover configurations. This may yield
one explanation for the inconsistent behavior of min-
sum decoding versus LP/graph cover decoding observed
across simulations [1]. Kelley and Sridhara [8] give a
characterization of computation tree pseudocodewords
that arise from graph cover pseudocodewords. As we
will see, this characterization is not complete. We first
give a brief review the work of Kelley and Sridhara [8]
in this direction, starting with the notion of aconsistent
configuration on a computation tree for the Tanner graph
T .

Definition 6.1 ([8]): Let R be a computation tree of
T and letc be a configuration onR. For a variable node
x ∈ X(T ) and for a check nodef ∈ N(x), define the
local assignment ofx at f by the configurationc, denoted
Lc(x, f), to be the average of the valuesc assigns to all
copies ofx in R that are adjacent to a copy off in R.
The configurationc is calledconsistentif, for eachx ∈
X(T ), we haveLc(x, fi) = Lc(x, fj) for all fi, fj ∈
N(x).

Suppose thatR is a computation tree ofT that contains
at least one copy of each check node ofT , and suppose
that T has variable nodesx1, . . . , xn. A consistent con-
figurationc onR gives rise to a vectorω ∈ [0, 1]n, where
ωi = Lc(xi, f) for arbitraryf ∈ N(xi). Note thatωi is
well-defined by the consistency ofc [8]. The consistency
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of c also gives us thatω satisfies each of the local check
constraints in the fundamental polytope, sinceLc(x, f)
comes from an average of valid local configurations on
N(f) for any check nodef that is adjacent tox. As the
fundamental polytope is the intersection of all vectors
satisfying all of the local check constraints, we see that
ω is an element of the fundamental polytope, and hence
realizable on a finite cover ofT [8]. An example of
a valid configuration on a computation tree that is not
consistent is shown in Example 6.2 below.

Example 6.2 (See also [8]):Let T be the Tanner
graph of Figure 1. Then the code determined byT

is the [4, 1, 4] repetition code. This realization of the
repetition code allows for both nontrivial computation
tree pseudocodewords as well as connected realizations
of graph cover pseudocodewords that are not vertices
of the fundamental polytope. Figure 2 below shows one
such nontrivial computation tree pseudocodeword forT .

x1

x2

x3

x4

f1

f2f3

f4

f5

Fig. 1. The Tanner graphT1 of Example 6.2.

x1x1x1x1

x1

x2x2

x2x2

x3

x3 x3x3x3x3 x3

x4

x4 x4

x4

Fig. 2. A computation tree of depth 2 rooted atx1 for the Tanner
graphT in Figure 1. Labels on the check nodes are omitted for clarity.
An inconsistent binary assignmentc is shown on the tree, where the
ringed variable nodes are set to “1” and the others to “0”.

Table I gives values ofLc(x, f) for i = 1, 2, 3, 4 and
j = 1, 2, 3, 4, 5. If the variable nodexi is not adjacent to
the check nodefj , no value ofLc(xi, fj) is given. Since
there is at least one column in this table that contains
differing values, the configuration given in Figure 2 is
not consistent.

Since the configuration in Figure 2 is not consistent,
Kelley and Sridhara [8] point out that there is no mean-

x1 x2 x3 x4

f1
1
2

1
2 — —

f2 — 2
3

2
3 —

f3 — — 2
3

2
3

f4
1
2 — — 1

2

f5
1
3

1
3

2
3

2
3

TABLE I
VALUES OF Lc(xi, fj), WITH c AS GIVEN IN FIGURE 2.

ingful vector of length four that we may associate to it
and hence no graph cover pseudocodeword corresponds
to it in this manner. In a different sense, however, the
configuration in Figure 2 can be considered as being
induced by a graph cover pseudocodeword. More specif-
ically, the Tanner graph in Figure 3 is a 4-cover of the
Tanner graph in Figure 1, so the configuration in Figure 3
is a realization of a graph cover pseudocodeword. By
rooting a computation tree at the top-left variable node in
Figure 3, one can derive the inconsistent computation tree
configuration of Figure 2 from the configuration given in
Figure 3. Thus, the computation tree pseudocodeword of
Figure 2 is, in this sense, induced by a graph cover pseu-
docodeword. We see then that the criterion of consistency
gives an incomplete characterization of the distinction
between computation tree pseudocodewords and graph
cover pseudocodewords.

It is clear that in order to study the relationship
between linear programming/graph cover decoding and
iterative message-passing decoders, one must better un-
derstand the relationship between graph covers and com-
putation trees, and thus the notion of consistency or other
characterizations of the distinctions between computation
tree and graph cover pseudocodewords must be further
explored.

VII. C ONCLUSION

This paper has examined relationships between the
three main types of pseudocodewords in the literature:
linear programming pseudocodewords, graph cover pseu-
docodewords, and computation tree pseudocodewords.
We have established the fundamental importance of
these pseudocodewords by showing that LP pseudocode-
words are the root cause of the discrepancy between
LP and ML decoding. We further explored the role
of particular subsets of graph cover pseudocodewords,
namely minimal and irreducible pseudocodewords, and
elucidated a discrepancy in the literature that resulted
from the conflation of these terms. Additionally, we
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x1 x1

x1 x1

x2 x2

x2 x2

x3 x3

x3 x3

x4 x4

x4 x4

Fig. 3. A configuration on a 4-cover of the Tanner graphT given in Figure 1. Circled nodes have a binary value of “1,” and other nodes have
a binary value of “0.”

presented results describing conditions under which con-
nected realizations of graph cover pseudocodewords ex-
ist and utilized these results to examine when graph
cover pseudocodewords correspond to computation tree
pseudocodewords and vice versa. A number of open
questions still remain as highlighted by this analysis.
Further investigation is necessary to determine the roles
of minimal and irreducible pseudocodewords, keeping
in mind that these notions are distinct. The relationship
between graph cover pseudocodewords and computation
tree pseudocodewords must also be further examined in
order to reach our final goal of fully understanding the
noncodeword decoder errors of iterative message-passing
decoders.
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