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Chapter 1

Algebraic Geometric Codes over Rings

Katherine G. Bartley and Judy L. Walker∗

Department of Mathematics, University of Nebraska,
Lincoln, NE 68588–0130,

jwalker@math.unl.edu

In this chapter, algebraic geometric codes over local, Artinian rings are
defined and studied. Decoding algorithms for these codes are also pre-
sented.

1.1. Introduction

Whenever information is transmitted across a channel, errors are likely to
occur. Since Shannon’s groundbreaking paper [36], coding theorists have
sought to construct codes that have many codewords, that are easy to
encode and decode, and that correct errors. While the main tools used in
coding theory have traditionally been those of combinatorics and group the-
ory, this volume is dedicated to codes constructed using algebraic geometry.
Such codes were first introduced by Goppa [13] in 1977; see Definition 1.1
below. Soon after Goppa’s original paper, Tsfasman, Vlăduţ and Zink [43]
used modular curves to construct a sequence of codes with asymptotically
better parameters than any previously known codes. Thus, the study of
algebraic geometric codes took on great significance.

The field of coding theory took another major turn with the 1994 pa-
per of Hammons, Kumar, Calderbank, Sloane and Solé [15] that shows
that certain nonlinear binary codes are, in fact, nonlinear images of linear
codes over the ring Z/4Z. The study of linear codes over rings has contin-
ued to mature into a mathematical field of study in its own right, causing
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University of Maryland, to state at an AMS meeting in October 2006, “We
do not have to pretend that what we are doing has anything to do with
information transfer any more.”

The object of this chapter is to combine these areas of coding theory
by introducing and studying algebraic geometric codes over rings. The re-
mainder of this chapter is structured as follows: In Section 1.1.1, we review
the required notions from the study of linear codes over rings, and the
required background on curves over rings is found in Section 1.1.2. Alge-
braic geometric codes over rings are defined in Section 1.2 and their basic
properties are given there. Section 1.3 considers these codes with respect
to weight measures other than the Hamming weight. Three decoding al-
gorithms for algebraic geometric codes over rings are given in Section 1.4:
the so-called basic algorithm in Section 1.4.1, a list-decoding algorithm in
Section 1.4.2, and a variation of the list-decoding algorithm that allows for
decoding with respect to weight measures other than the Hamming weight
in Section 1.4.3.

For future reference, we end this section with the definition and main
theorem on algebraic geometric codes over finite fields.

Definition 1.1 (Goppa, [13]; see also [40], [42]). Let X be a smooth,
absolutely irreducible, projective curve over the finite field Fq. Let P =
{P1, . . . , Pn} ⊆ X(Fq) be a set of n distinct Fq-rational points on X and
let D be a divisor on X such that SuppD∩P = ∅. The algebraic geometric
codes associated to X, P and D are

CL(X,P, D) = {(f(P1), . . . , f(Pn)) | f ∈ L(D)}

and

CΩ(X,P, D) = {(resP1(v), . . . , resPn(v)) | v ∈ Ω(D)}

where L(D) is the vector space of rational functions associated to D and
Ω(D) is the vector space of rational differential forms associated to D.

The following theorem gives the basic properties of algebraic geometric
codes over finite fields.

Theorem 1.2 (Goppa, [13]; see also [40], [42]).
Let X, P = {P1, . . . , Pn} and D be as in Definition 1.1, and assume
2g − 2 < degD < n, where g is the genus of X. Then

(1) CL(X,P, D) is a linear code of length n, dimension degD+ 1− g and
minimum distance at least δL := n− degD.
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(2) CΩ(X,P, D) is a linear code of length n, dimension n− (degD+1−g)
and minimum distance at least δΩ := degD − 2g + 2.

(3) CL(X,P, D)⊥ = CΩ(X,P, D).
(4) For some canonical divisor K on X, we have CΩ(X,P, D) =

CL(X,P,K + P − D), where P is being used here to mean the Weil
divisor P1 + · · ·+ Pn.

Definition 1.3. The quantities δL and δΩ are called the designed minimum
distances of CL(X,P, D) and CΩ(X,P, D), respectively.

1.1.1. Codes over Rings

Recall that a code of minimum (Hamming) distance d can correct any error
pattern of weight at most bd−1

2 c. Thus one wants to find codes with high
minimum distance. On the other hand, the efficiency of a code can be mea-
sured in terms of its dimension, which, in the case of a possibly nonlinear
code with M codewords over an alphabet of size q, can be interpreted as
logq(M). Hence one wants to find codes with many codewords. These two
goals are at odds with one another, leading one to consider them together:
Over a fixed alphabet, what is the largest number of codewords that a code
of length n and minimum distance d can have?

This question, of course, is part of what makes algebraic geometry codes
so interesting. Soon after the introduction of algebraic geometry codes by
Goppa [13], Tsfasman, Vlăduţ and Zink [43] showed that, for q ≥ 49 a
perfect square, there is a sequence of algebraic geometry codes that asymp-
totically beats the Gilbert-Varshamov bound; this was the first time such a
sequence had been shown to exist even though the bound had been known
since 1952 [12]. Moreover, this result was a bit of a triumph for mathemati-
cians, who tend to hold dear the belief that structure is good: though many
different methods, both algebraic and random, had been used in an effort
to construct codes beating the asymptotic Gilbert-Varshamov bound, no
attempt was successful until the powerful tools of algebraic geometry were
brought into play.

On the other hand, it has long been known that, for certain lengths
and minimum distances, there are nonlinear binary codes with more code-
words than any linear code of the same length and minimum distance. One
example of this is the Nordstrom-Robinson code [34], a code of length 16
with minimum distance 8 and 256 codewords. The Nordstrom-Robinson
code lies at the base of two families of nonlinear codes that have more
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codewords than all known linear codes with the same length and minimum
distance: the Kerdock codes [21] and the Preparata [35] codes. The fact
that these good codes are nonlinear was very troubling to many mathe-
maticians. In a breakthrough paper [15], Hammons, Kumar, Calderbank,
Sloane and Solé showed that these codes do indeed have a linear structure,
when viewed as codes over the ring of integers modulo 4 rather than as
binary codes.

We begin with the (standard) definition.

Definition 1.4. Let A be a ring. A code of length n over A is a subset C
of An. If C is a submodule of An, we say C is a linear code over A. If C
is a free A-module, we say that C is free and define the dimension of C to
be dimC = rankA(C).

Although some work on codes over rings was done as early as 1972 [6],
interest in these codes did not become widespread until the 1994 paper of
Hammons, et al. [15]. In that paper, it was shown that many good nonlinear
binary codes, including the Kerdock and Preparata codes (and in particular
the Nordstrom-Robinson code) can be obtained as images of linear codes
over the ring Z/4Z under the Gray map. The Gray map φ : Z/4Z → F2×F2

can be defined by

φ(0) = (0, 0)

φ(1) = (0, 1)

φ(2) = (1, 1)

φ(3) = (1, 0)

and then extended to a map φ : (Z/4Z)n → F2n
2 by declaring

φ ((x1, x2, . . . , xn)) = (φ(x1), φ(x2), . . . , φ(xn)) .

The study of codes over rings has exploded, with many authors ex-
ploring many different aspects of the topic. For example, different rings
have been considered. Hammons, et al. [15] moved beyond the ring Z/4Z
and considered codes over Galois rings, which are rings formed by adjoin-
ing to Z/peZ, for some prime p and some positive integer e, a root of a
monic irreducible polynomial that remains irreducible over the residue field
Fp. Further generalizations followed, including to finite chain rings—finite
commutative local rings in which the unique maximal ideal is principal.

The point of the comment of Barg’s quoted in the introduction to this
chapter was that the questions about codes over rings have become more
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theoretical, often with the following flavor: “Here’s a fundamental property
of codes over finite fields. What is the largest class of rings for which this
property holds?” A major achievement in this direction came in 1999,
when Wood [51] showed that every code C over a fixed ring R satisfies
|C|

∣∣C⊥
∣∣ = |Rn| if and only if R is a finite quasi-Frobenius ring. In the

same paper, Wood also showed that the MacWilliams Identities [30] hold
for all codes over a fixed ring R if and only if R is a finite Frobenius ring.

The original work [48], [50] of Walker on algebraic geometric codes over
rings required that the ring be locala and Artinianb and, in some instances,
Gorensteinc. On the other hand, much of the literature on general codes
over rings assumes the rings are Frobenius or quasi-Frobenius. In fact, the
conditions Gorenstein, Frobenius and quasi-Frobenius coincide for commu-
tative Artinian rings [8]. We note, in particular, that Galois rings and, more
generally, finite chain rings are finite, local, Artinian, Gorenstein (hence
Frobenius and quasi-Frobenius) rings.

1.1.2. Curves over Rings

This section gives some properties of curves over rings that will be needed
for the remainder of the chapter. Let A be a local Artinian ring with
maximal ideal m and finite residue field Fq. Let X ⊂ Pr

A be a curve over A,
by which we mean that X is a smooth irreducible projective scheme over
SpecA of relative dimension one. The natural map f : X → Spec(A) is
called the structure morphism of X over A. Let

X = X×Spec A Spec Fq

be the fibre of X over m and let φ : X → X be the canonical embedding. As
in [50], we assume that X is absolutely irreducible. Additional information
on curves over rings can be found in [16] and [17].

In the field case, the group Div(X) of Weil divisors modulo linear equiva-
lence, the group CaCl(X) of Cartier divisors modulo linear equivalence and
the Picard group Pic(X) of isomorphism classes of line bundles are all three
isomorphic. In particular, the fact that Div(X) ' Pic(X) is used implicitly
in Definition 1.1 to associate the vector spaces L(D) and Ω(D), which are
really global sections of line bundles, to the Weil divisor D. Although this
aSee, e.g., [31] for general algebraic background. A local ring is a finite commutative
ring with a unique maximal ideal.
bA ring is Artinian if it satisfies the descending chain condition: any descending chain
I1 ⊇ I2 ⊇ . . . of ideals must eventually stabilize.
cA local Artinian ring is Gorenstein if it is injective as a module over itself.
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isomorphism does not hold in the more general setting of curves over local
Artinian rings, it is still true that CaCl(X) ' Pic(X). As the notion of a
Cartier divisor is less familiar to many readers than is that of a Weil divisor,
we include the definition and essential ingredients of the isomorphism next.

Definition 1.5 (See, e.g., [17]). Let X be a scheme and let K denote
the sheaf of total quotient rings on X. Denote by K∗ the sheaf of invertible
elements in K and let O∗ be the sheaf of invertible elements of OX. A
Cartier divisor D is a global section of the sheaf K∗/O∗. If a Cartier
divisor D is in the image of the natural map Γ(X,K∗) → Γ(X,K∗/O∗),
then D is said to be principal. Two Cartier divisors D and D′ are linearly
equivalent if their difference is principal. The Cartier divisor class group
CaCl(X) is the group of Cartier divisors modulo linear equivalence.

A Cartier divisor can be represented in the form D = {(Ui, fi)} where
{Ui} is an open cover of X and fi is an element of Γ(Ui,K∗) such that for
each i and j,

fi/fj ∈ Γ(Ui ∩ Uj ,O∗).

Although the group operation on K∗/O∗ is multiplication, it is standard
(see, e.g., [17]) to use the language of additive groups when talking about
Cartier divisors in order to preserve the analogy of Cartier divisors with
Weil divisors; we have done this already in Definition 1.5 in using the
difference of two divisors to define linear equivalence.

The next definition shows how to associate a line bundle to a Cartier
divisor; the subsequent proposition indicates how the isomorphism between
CaCl(X) and Pic(X) works.

Definition 1.6. Let D = {(Ui, fi)} be a Cartier divisor on X. The sub-
sheaf OX(D) of K is given by

Γ(Ui,OX(D)) = f−1
i Γ(Ui,OX) =

1
fi
OX(Ui).

Proposition 1.7 (Proposition II.6.13, [17]). Let X be a curve over a
local Artinian ring. Then

(1) For any Cartier divisor D, OX(D) is an invertible sheaf on X. The
map D 7→ OX(D) gives a 1-1 correspondence between Cartier divisors
and invertible subsheaves of K.

(2) OX(D1 −D2) ' OX(D1)⊗OX(D2)−1

(3) D1 ∼ D2 if and only if OX(D1) ' OX(D2) as sheaves.
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As seen in Definition 1.1, an important ingredient in the construction
of algebraic geometry codes over finite fields is the notion of Fq-rational
points. The analog in the ring case is the notion of A-points, which we
define next.

Definition 1.8 (Definition 4.3, [50]). Let X be a curve over A and let
Z be a zero-dimensional closed subscheme of X. Let i : Z → X be inclusion
and f : X → SpecA be the structure morphism. Then Z is an A-point of
X if the composition f ◦ i is an isomorphism of schemes.

From Definition 1.8, it follows that Γ(Z,OX|Z) ' A for any A-point Z
of X. It is noted in [50] that every closed point P ∈ X that is an Fq-rational
point of X is contained in an A-point of X. Furthermore, since A/m ' Fq,
the unique closed point of any A-point Z is an Fq-rational point of X. If Z1

and Z2 are A-points containing Fq-rational points P1 and P2 respectively,
then Z1 and Z2 are disjoint if P1 6= P2.

Given an A-point Z on X, there is a unique, well-defined Cartier divisor
(which we will also denote by Z) associated to Z. We can express this
divisor explicitly in terms of a local parameter for Z in a neighborhood of
the unique closed point P contained in Z; see [16] for the original statement
(proof omitted) that these local parameters exist and [48] for a detailed
proof. Letting U = SpecB be an affine open neighborhood of P on which
the ideal for Z is principal and letting t be a local parameter for Z on U ,
one can show that B/(t) ' A and that t is a unit on the set U \ {P}. Let
V=X \ {P}. Then t is a unit on U ∩ V = U \ {P} and the Cartier divisor
for Z can be expressed as {(U, t), (V, 1)}.

In Section 1.2 below, we will give two constructions of algebraic geo-
metric codes over local Artinian rings. As in the field case of Definition 1.1,
one of these constructions will amount to evaluating rational functions, and
the other will amount to taking residues of rational differential forms. To
analyze these constructions, versions of the Riemann-Roch Theorem and
the Residue Theorem, both of which are well-known in the field case, will
be needed. A complete discussion is given in [50]; here we give only the
statements of these theorems and the definitions necessary to do so. We
treat the Riemann-Roch Theorem first.

Definition 1.9. Let L be a line bundle on the curve X defined over the
local Artinian ring A with residue field Fq, let X = X×Spec A Spec Fq, and
let φ : X → X be the canonical embedding. Let D′ be a Weil divisor on X
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such that φ∗(L) = OX(D′). Then the degree of L is defined to be

degL = degD′.

Definition 1.10. With X and X as above, the genus of X is defined to be
the genus of X.

Let L1 and L2 be line bundles on a curve X of genus g. Then φ∗(L1 ⊗
L2) = φ∗(L1)⊗φ∗(L2) and deg (L1 ⊗ L2) = degL1+degL2. Furthermore, if
ω is the canonical line bundle on X (see Section II.8 of [17] for a definition),
then since X is smooth, φ∗(ω) is the canonical line bundle on X. Hence,
in this situation, degω = deg φ∗(ω) = 2g − 2.

We can now state the required version of the Riemann-Roch Theorem.

Theorem 1.11 (Theorem 4.7, [50]). Let X be a curve of genus g over
the local Artinian ring A with residue field Fq and let L be a line bundle on
X. Let X = X×Spec A Spec Fq and let L′ = φ∗(L), where φ : X → X is the
canonical embedding. If degL > 2g− 2, then Γ(X,L) is a free A-module of
rank degL+ 1− g.

Next, we turn our attention to the Residue Theorem. For more details
on the following discussion, see [50]; the treatment there is based on [16].
For the remainder of this section, we assume A is a Frobenius (equivalently,
Gorenstein) ring.

Definition 1.12. Let η be the generic point of X, let ω be the canonical
sheaf on X, and let ωη be the stalk of ω at η. Any element of ωη is called
a rational differential form on X.

Proposition 1.13. Let Z be an A-point on the curve X defined over the
ring A, let P be the unique closed point contained in Z and let t be a
local parameter for Z. For any rational differential form v ∈ ωη, let v̄ be
the image of v in ωη/ωP , where ωP is the stalk of ω at P . Then, in a
neighborhood of Z, v̄ has an expansion of the form

v̄ =
∑
j<0

ajt
j dt

with each aj in A. Moreover, if Y is another A-point on X containing the
same closed point P , s is a local parameter for Y and

v̄ =
∑
j<0

bjs
j ds

is the expansion of v̄ in a neighborhood of Y , then a−1 = b−1.
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Definition 1.14. With notation as in Proposition 1.13, the residue of v at
Z is defined to be resZ(v) = a−1 and the residue of v at P is defined to be
ResP (v) = resZ(v) for any A-point Z containing P .

Theorem 1.15 (Corollary 4.14, [50]). Let A be a local, Artinian,
Frobenius (Gorenstein) ring, let X be a curve over A, and let S be the
set of closed points on X. Then for any rational differential form v on X,∑

P∈S

ResP (v) = 0.

1.2. Algebraic Geometric Codes over Rings

Algebraic geometric codes over rings were first studied by Walker in [48],
[50]. Let A be a local Artinian ring and let X be a curve over A. Let
Z = {Z1, . . . , Zn} be a set of disjoint A-points on X and let L be a line
bundle on X. For each i, let γi : Γ(Zi,L|Zi

) → A be an isomorphism, and
let γ = {γ1, . . . , γn} be the system of these isomorphisms.

Definition 1.16 (Definition 5.1, [50]). Let A, X, Z, L, and γ be as
above and let CL(X,Z,L, γ) be the image of the composition α

Γ(X,L)
?> =<α

��
// ⊕Γ(Zi,L|Zi)

γ // An (1.1)

where the map Γ(X,L) → ⊕Γ(Zi,L|Zi) is given by restriction. Then
CL(X,Z,L, γ) is called an algebraic geometric code over A.

It should be noted that this definition of algebraic geometric codes over
rings is motivated by the “H” construction [42], which gives a generaliza-
tion of algebraic geometric codes to allow for algebraic varieties of dimension
greater than one. In the case that the ring A is a field, the two definitions of
algebraic geometric codes coincide. In fact, we can use the fact mentioned
in Section 1.1.2 above that Pic(X) ' CaCl(X) to interpret the system γ of
isomorphisms as evaluation, thus making Definition 1.16 a direct general-
ization of Definition 1.1 from the field case to the ring case. To do this, we
first need to define what it means for an A-point to be not in the support
of a Cartier divisor.

Definition 1.17 (Definition 5.3, [50]). LetD be a Cartier divisor on X,
and let P ∈ X be a closed point that is a rational point of X = X×Spec A

Spec Fq. We say that P is not in the support of D if we can write D =
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{(Ui, fi)}, where fi ∈ OX(Ui)× for some i such that P ∈ Ui. If Z is an
A-point containing P and P is not in the support of D, we say Z is not in
the support of D as well.

Now let A, X ⊂ Pr, Z, L and γ be as in Definition 1.16 above, and
suppose we can find a Cartier divisor D such that OX(D) = L and Z

is not in the support of D for every Z ∈ Z. Let P be the closed point
contained in some Z ∈ Z and write D = {(Ui, fi)} where {Ui = SpecBi}
is an open cover of X and, for some i, we have that P ∈ Ui and that fi

is a unit of OX(Ui). Write U = Ui and B = Bi. Since P ∈ U , we have
Z ⊂ U and so Z = SpecB/J for some ideal J of B such that B/J ' A.
Let s ∈ Γ(X,OX(D)). Since Γ(U,OX(D)) = 1

fB, we have s|U = h
f for

some h ∈ B ⊂ K(X). Suppose Z is given in projective coordinates by
Z = (z0 : . . . : zr). Since A is local and z0, . . . , zr generate the unit ideal
of A, some zj is a unit. Without loss of generality, we may assume that
z0 = 1 and U is contained in the standard affine open subset of Pr defined
by z0 = 1. Then J is the ideal generated by z1 − x1, . . . , zn − xn, and the
map of (1.1) on the the coordinate corresponding to Z becomes

Γ(X,OX(D)) // Γ(Z,OX(D)|Z)
γ // A (1.2)

and is given by

s 7→ h(1, z1, . . . , zn)
f(1, z1, . . . , zn)

∈ A.

In other words, this map may be thought of as merely evaluating s at
Z. When we wish to think of things in this way, we will write s(Z) to
represent the image of s ∈ Γ(X,OX(D)) under the composite map (1.2),
i.e., s(Z) = γ(s|Z).

The relationship between algebraic geometric codes over finite fields and
algebraic geometric codes over rings is further strengthened in the next
theorem.

Theorem 1.18 (Theorem 5.5, [50]). Let X, Z and P be as before. Let
L be a line bundle on X and let L′ = φ∗(L), where φ : X → X is the
canonical embedding. Let γ = {γi : Γ(Zi,L|Zi) → A} be any system of
isomorphisms and let γ′ = {γ′i} be the induced system of isomorphisms

γ′i : Γ(Pi,L′|Pi) = Γ(Zi,L|Zi)⊗A Fq → Fq.

Setting C = CL(X,Z,L, γ), C ′ = CFq (X,P,L′, γ′) and C = π(C), where
π : An → Fn

q denotes coordinatewise projection, we have C = C ′.
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The next theorem summarizes the fundamental properties of the codes
CL(X,Z,L, γ). The proof, which we include for completeness, uses Theo-
rem 1.18 above and mimics the proof of the field case.

Theorem 1.19 (Theorem 5.4 and Corollary 5.7, [50]). Let A, X, L,
Z = {Z1, . . . , Zn} and γ be as above. Assume that the residue field of A is
finite. Let g denote the genus of X, and suppose 2g − 2 < degL < n. The
CL(X,Z,L, γ) is a free code of length n, dimension k = degL+ 1− g and
minimum Hamming distance at least δL := n− degL.

Proof. Set C = CL(X,Z,L, γ). It is clear that C has length n. We will
show that it is free of dimension k = degL + 1 − g by showing that the
composite map α : Γ(X,L) → An of Definition 1.16 is injective and then
applying Theorem 1.11.

Let s ∈ Γ(X,L) such that α(s) = 0. Let D be any Cartier divisor
such that OX(D) ' L. Write D = {(Uj , gj)} and Zi = {(Uj , gij)} where
refinements have been taken if necessary. We may then write the divisor
D − Z1 − · · · − Zn as {Uj ,

gi

g1j ...gnj
}. We first show that s ∈ Γ(X,OX(D −

Z1 − · · · − Zn)), i.e., s ∈ gi

g1j ...gnj
OX(Uj) for each j.

Since s ∈ Γ(X,L), we have s ∈ 1
gj
OX(Uj) for each j, i.e., gjs ∈ OX(Uj).

Since α(s) = 0 for i = 1, . . . , n, gjs ∈ gijOX(Uj) ⊆ OX(Uj) for each i and
j. Because the Zi are disjoint, we have⋂

i

gijOX(Uj) = g1j . . . gnjOX(Uj),

which shows ker(α) = Γ(X,OX(D−Z1−· · ·−Zn)). Let φ : X → X be the
canonical embedding. Since deg φ∗OX(D−Z1− · · · −Zn) = deg(D−Z1−
· · · − Zn) < 0, we have Γ(X,OX(D − Z1 − · · · − Zn)) = 0 by Nakayama’s
Lemma [31]. Thus α : Γ(X,L) → A is an injection. Since C is the image of
α, this means that C ' Γ(X,L). By Theorem 1.11, C is free of dimension
(rank) k = degL+ 1− g as desired.

Since we now know that C is a free code, Theorem 3.4 of [50] says
that the minimum distance of C is precisely that of C, where C is the
coordinate-wise projection to C ⊂ An to Fn

q , where Fq is the residue field
of A. By Theorem 1.18, C is the algebraic geometric code CL(X,P,L′, γ′)
over Fq, where P is the set of closed points contained in the A-points of Z,
L′ = φ∗(L), and γ′ = {γ′i} is the induced system of isomorphisms

γ′i : Γ(Pi,L′|Pi) = Γ(Zi,L|Zi)⊗A Fq → Fq.
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The result is now immediate from Theorem 1.2, which says that
CL(X,P,L′, γ′) has minimum distance at least n− degL′ = n− degL. �

Definition 1.20. The quantity δL := n− degL in Theorem 1.19 is called
the designed minimum distance of CL(X,Z,L, γ).

One very nice property of algebraic geometric codes over finite fields
is that they are closed under taking duals. This property also holds for
algebraic geometric codes over local Artinian rings that are also Frobenius
(or, equivalently, Gorenstein), as we will now show. In an analogous manner
to what is done in the field case, we first define residue codes.

Let E = ω ⊗OX(Z), where Z is the Cartier divisor obtained by taking
the sum of the Cartier divisors Z1, ..., Zn. From Lemma 5.8 of [50], we have
Γ(X, E) ⊂ ωη. By Lemma 5.9 of [50], for each i, the map resZi

factors
through Γ(Zi, E|Zi

) and there exists an isomorphism ρi : Γ(Zi, E|Zi
) → A

that makes the following diagram commute:

Γ(X, E)

resZi
##GG

GG
GG

GG
G

// Γ(Zi, E|Zi
)

ρi

zzuuuuuuuuuu

A ,

where the map Γ(X, E) → Γ(Zi, E|Zi
) is given by restriction.

Definition 1.21. Let A be a local, Artinian, Frobenius ring, let X be a
curve over A, let Z = {Z1, . . . , Zn} be a set of disjoint A-points on X and
let L be a line bundle on X. Let ω be the canonical line bundle on X. For
each i, let γi : Γ(Zi,L|Zi) → A be an isomorphism, and let

ξi : Γ(Zi, ω ⊗OX(Z)⊗ L−1|Zi) → A

be the isomorphism given by the rule

ξi(v|Zi) = ρi(γ−1
i (1)v|Zi),

where ρ = {ρi} is the system of isomorphisms described above. Let γ = {γi}
and ξ = {ξi}. The residue code CΩ(X,Z,L, γ) over A is defined to be

CΩ(X,Z,L, γ) = CL(X,Z, ω ⊗OX(Z)⊗ L−1, ξ).

Remark 1.22. If a Cartier divisorD can be chosen so that L ' OX(D) and
no Z ∈ Z is in the support of D, then γ can be thought of as the evaluation
map (as mentioned earlier) and ξ can be thought of as the residue map.
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The next theorem gives the basic properties of the codes CΩ(X,Z,L, γ).
Its proof follows immediately from the definitions and Theorem 1.19.

Theorem 1.23. Let X, Z, L and γ be as before. If 2g − 2 < degL < n

then CΩ(X,Z,L, γ) is a free code of dimension kΩ = n+ g− 1− degL and
minimum Hamming distance at least δΩ := degL − 2g + 2.

Theorem 1.24 (See Theorem 5.12 of [50]). Let X, L, Z, γ, and ξ be
described as above. Then

CL(X,Z,L, γ)⊥ = CL(X,Z, ω ⊗OX(Z)⊗ L−1, ξ).

Proof. For 1 ≤ i ≤ n, let si ∈ Γ(Zi,L|Zi) be the restriction of s ∈
Γ(X,L), and let vi ∈ Γ(Zi, (ω ⊗ OX(Z) ⊗ L−1)|Zi

) be the image of v ∈
Γ(X, ω ⊗OX(Z)⊗ L−1).

As in Theorem 1.15, let S be the set of closed points on X and let
P = {P1, . . . , Pn} be the set of closed points contained in Z = {Z1, . . . , Zn}.
We claim that if P ∈ S with ResP (sv) 6= 0, then P ∈ P. To see this, let
U = X \P and choose open subsets V1, . . . , Vn of X such that Pi ∈ Vi and,
for j 6= i, Pj 6∈ Vi. Then U ∪ V1 ∪ · · · ∪ Vn is an open cover of X, and
we may express the Cartier divisor Z, i.e., the Cartier divisor that is the
sum of the points in Z as {(U, 1), (V1, t1), . . . , (Vn, tn)}, where ti is a local
parameter for Zi on Vi. If P ∈ S \ P, then P ∈ U and so sv|U ∈ Γ(U, ω),
which means that ResP (sv) = 0.

Using this, we have
n∑

i=1

γi(si)ξi(vi) =
n∑

i=1

γi(si)ρi(γ−1
i (1)vi) =

n∑
i=1

ρi(γi(si)γ−1
i (1)vi)

=
n∑

i=1

ρi(γ−1
i (γi(si) · 1)vi) =

n∑
i=1

ρi(sivi)

=
n∑

i=1

resZi
(sv) =

n∑
i=1

ResPi
(sv) =

∑
P∈S

ResP (sv)

= 0

by Theorem 1.15. �

Remark 1.25. For X, Z, L and γ as before, CL(X,Z,L, γ) is equivalent
to a residue code. To see this, note that

ω ⊗OX(Z)⊗ (OX(Z)⊗ ω ⊗ L−1)−1 ' L.
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Thus CL(X,Z,L, γ) is equivalent to CΩ(X,Z,OX(Z)⊗ω⊗L−1, ψ), where

ψ = {ψi : Γ(X,OX(Z)⊗ ω ⊗ L−1|Zi) → A}

is any system of isomorphisms.

As an application of the construction of algebraic geometric codes over
rings, Walker [49] showed that the Nordstrom-Robinson code, a nonlinear
binary code of length 16 with 256 codewords and minimum distance 6 that
has more codewords than any linear code of the same length and minimum
distance, is the image under the Gray map (see Section 1.1.1) of an algebraic
geometric code over the ring Z/4Z. To do this, she gave explicit equations
defining a curve X over Z/4Z, an explicit set Z of Z/4Z points on the
curve, an explicit Cartier divisor D on X, and a basis for the Z/4Z-module
Γ(X,OX(D)) so that the image under the Gray map of CL(X,Z,L, γ) is
the Nordstrom-Robinson code.

1.3. Non-Hamming Weights and Exponential Sums

Recall that one motivation for considering codes over rings other than fields
is the paper [15] of Hammons, et al., which showed that certain nonlin-
ear binary codes can be realized as images under the Gray map of linear
codes over the ring Z/4Z. The Lee weight on Z/4Z is the weight measure
that makes the Gray map an isometry between Z/4Z and F2

2: wL(0) = 0,
wL(1) = wL(3) = 1, wL(2) = 2. More generally, we consider the Euclidean
weight on the ring Z/plZ, which we define as follows.

Definition 1.26 (See [46]). Let x ∈ Z/plZ. The Euclidean weight of x
is the distance in the complex plane between e2πix/pl

and the point (1, 0):

wE(x) =

√
sin2

(
2πx
pl

)
+

(
1− cos

(
2πx
pl

))2

=

√
2− 2 cos

(
2πx
pl

)
.

Notice that the square of the Euclidean weight of x ∈ Z/4Z is precisely
twice the Lee weight of x.

For simplicity, we consider the square of the Euclidean weight rather
than the Euclidean weight itself. For a vector x = (x1, . . . , xn) ∈ (Z/plZ)n,
we define the squared Euclidean weight of x to be

w2
E(x) =

n∑
j=1

w2
E(xj).
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The observation (see [46]) that allows one to find bounds on the mini-
mum squared Euclidean weight of an algebraic geometric code over Z/plZ
is that there is a close relationship between the squared Euclidean weight
and the modulus of a certain exponential sum. More precisely, since
cos( 2πx

pl ) = Re(e2πix/pl

), we have for x ∈ (Z/plZ)n,

w2
E(x) =

n∑
j=1

(
2− 2 Re(e2πixj/pl

)
)

= 2n− 2 Re
n∑

j=1

e2πixj/pl

≥ 2n− 2

∣∣∣∣∣∣
n∑

j=1

e2πixj/pl

∣∣∣∣∣∣ ,
and so, to find a lower bound on the minimum Euclidean weight of a linear
code over Z/plZ, it is enough to find an upper bound on the modulus of
the exponential sum

n∑
j=1

e2πixj/pl

over all vectors x = (x1, . . . , xn) in the code.
Now consider the case where the code in question is CL(X,Z,L, γ),

where X is a curve over the ring A = Z/plZ. Then the exponential sum
above becomes ∑

Z∈Z
e2πif(Z)/pl

where f ∈ Γ(X,L).
It is not clear how to get a handle on this exponential sum in the most

general case. However, in situations where the A-points are chosen to be
algebraic liftings of the closed points, some progress has been made. To
explain this progress, we must move to the language of Witt vectors [27].
For a field k of characteristic p, we write Wl(k) for the ring of Witt vectors
of length l over k. This ring is local with maximal ideal generated by p,
such that pl = 0. In the case that k = Fpm , we have Wl(k) ' GR(pl,m)
and, in particular, Wl(Fp) ' Z/plZ.

Definition 1.27. Let A = Wl(Fpm). The Frobenius map F : A → A is
given by

F ((x0, . . . , xl−1)) = (xp
0, . . . , x

p
l−1)
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and the trace map T : A→Wl(Fp) ' Z/plZ is given by

T (x) = x+ F (x) + · · ·+ Fm−1(x).

In light of this definition, we can consider a slightly more general class
of codes. As usual, let X be a curve defined over A = Wl(Fq) ' GR(pl,m)
where q = pm and let X = X×Spec A Spec Fq, so that X is a curve defined
over Fq. Let Z be a set of disjoint A-points on X, let D be a Cartier divisor
on X such that no Z ∈ Z is in the support of D and let f ∈ Γ(X,OX(D)).
As described above, in order to get a lower bound on the squared Euclidean
weight of T (CL(X,Z,L, γ)), where L = OX(D), it suffices to find an upper
bound on the modulus of the sum∑

Z∈Z
e2πiT (f(Z))/pl

(1.3)

where f ∈ Γ(X,L). Sums of this type were considered in the case of the
projective line by Li [28] and by Kumar, Helleseth and Calderbank [26].

In certain situations, one can transform the sum of (1.3) into a sum of
the form ∑

P∈P
e2πiT (f(P ))/pl

where P ⊆ X(Fq) is the set of closed points contained in the A-points of
Z and f is a Witt vector of rational functions on X associated to f . Then
one applies the following theorem, due to Voloch and Walker in [46].

Theorem 1.28 (Theorem 3.1, [46]). Let q = pm where p is prime and
m ≥ 1. Let X be a curve of genus g defined over the finite field Fq with
function field K := Fq(X). Let Q ∈ X(Fq) and suppose f0, . . . , fl−1

have poles only at Q. Consider the Witt vector of rational functions f :=
(f0, . . . , fl−1) ∈Wl(K). Set X0 = X \ {Q} and assume that f is not of the
form F (g)− g + c for any g ∈Wl(K) and any c ∈Wl(Fq). For 1 ≤ i ≤ n,
let deg fi = −vQ(fi) be the order of the pole of fi at Q. Then∣∣∣∣∣∣

∑
P∈X0(Fq)

e2πiT (f(P ))/pl

∣∣∣∣∣∣ ≤ (
2g − 1 + max{pl−1−i deg fi | 0 ≤ i ≤ l − 1}

)√
q.

Remark 1.29. This theorem easily extends to the case where the set of
poles of f0, . . . , fl−1 does not consist of a single Fq-rational point on X;
the more general version is actually what is given in [46].
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The crux of the matter, then, is to be able to transform the sum that
involves a rational function on X and runs over a set of A-points on X into
a sum that involves a Witt vector of rational functions on X and runs over
a set of Fq-rational points on X. Voloch and Walker do exactly this in two
situations: the case of canonical lifts [29] of ordinary [38] elliptic curves
[46], [44]; and the case of plane curves with a unique point at infinity [45].
In each case, the trick is to find an algebraic lifting of points from X(Fq)
to X(A). This work is extended in [47] to find bounds on the homogeneous
weight of T (C), where C = CL(X,Z,L, γ) is defined over GR(pl,m) using
either the projective line, the canonical lift of an ordinary elliptic curve, or
a plane curve with a unique point at infinity.

Though motivated by the applications to coding theory, the results on
exponential sums in [44], [45], [46] and [47] have proven to be of independent
interest. Blache [4], [5] extended this work by considering other exponen-
tial sums along these and other curves defined over rings. Some of the
results were also improved upon by Finotti [9], [10], [11], who used work of
Mochizuki [33] to get better bounds on the degrees of the liftings of points.

1.4. Decoding Algebraic Geometric Codes over Rings

Whenever a new class of codes is proposed, it is important to also propose
decoding algorithms for the codes in the class. In this section, we present
three methods of decoding algebraic geometric codes over rings. First, we
give a generalization of the so-called Basic Algorithm for decoding alge-
braic geometric codes over finite fields. This generalization allows for the
decoding of algebraic geometric codes over rings, given by the “residue con-
struction” of Definition 1.21 above, with respect to the Hamming distance
and can correct any error pattern of weight up to b δΩ−g−1

2 c, where δΩ is the
designed minimum distance of the code. As such codes should really be able
to correct any error pattern of weight up to bd−1

2 c errors, we next provide a
generalization of the Guruswami-Sudan [14] list decoding algorithm. Again,
this algorithm decodes with respect to the Hamming distance. Since other
weight measures, such as the Lee weight, or, more generally, the squared
Euclidean weight, are often of interest when codes over rings are considered,
we offer a third decoding algorithm — a modification of the second algo-
rithm which, using ideas of Koetter and Vardy [25], works for an arbitrary
weight measure.

The results of this section are from the first author’s Ph.D. thesis [3]
and are previously unpublished.
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1.4.1. The Basic Algorithm for the Hamming Metric

This section describes a decoding algorithm for a residue code over a finite,
local, Artinian, Gorenstein (Frobenius) ring A with respect to the Hamming
distance. By Remark 1.25, any algebraic geometric code over A is equiva-
lent to a residue code, so the algorithm decodes all algebraic geometric codes
over A. The algorithm is a generalization of the basic algorithm for decoding
algebraic geometric codes over finite fields. Presentations of the basic al-
gorithm, which itself is a generalization of the Arimoto-Peterson algorithm
for decoding Reed-Solomon codes, can be found in [18], [20] and [39].

We begin this section with a proposition that provides motivation for
the basic algorithm.

Proposition 1.30 (Compare to Proposition 2.4 of [18]). Let C ⊂
An be a free code with parity check matrix H and let ~y ∈ An. If there
exist ~c ∈ C and ~e ∈ An such that ~y = ~c+ ~e with |{j | ej 6= 0}| < d(C), then
~x = ~e is the unique solution of the system of linear equations given by

H~xT = H~yT

and

xj = 0 for j 6∈ J.

As before, let A be a finite, local, Artinian, Gorenstein (Frobenius) ring
with maximal ideal m and finite residue field Fq, and let X be a curve
over A of genus g. Let D be a Cartier divisor on X such that 2g − 2 <

degOX(D) < n, let Z = {Z1, . . . , Zn} be a set of pairwise disjoint A-
points on X, and let γ = {γi : Γ(Zi,OX(D)|Zi) → A} be a system of
isomorphisms. For 1 ≤ i ≤ n, let Pi be the closed point contained in Zi,
and let P = {P1, . . . , Pn}. We will assume that, for each Pi ∈ P, Pi is not
in the support of D. We omit most proofs in this section, as many of the
results in this section follow from the definition of a Cartier divisor. The
omitted proofs can be found in [3].

Let CΩ = CΩ(X,Z,OX(D), γ). Since 2g − 2 < degOX(D) < n, by
Theorem 1.23, CΩ is a free code with minimum distance at least δΩ =
degOX(D)−2g+2. Hence, by Proposition 1.30, a received word ~y = ~c+~e,
where ~c ∈ CΩ and ~e ∈ An, can be correctly decoded if we can find a set
J ⊂ {1, . . . , n} such that j ∈ J if ej 6= 0 and |J | < δΩ. We shall find this
set under that condition that wt(~e) ≤

⌊
δΩ−1

2

⌋
by finding an error locator

function for ~y.
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Definition 1.31 (See also [18]). Let ~y = ~c + ~e, where ~c ∈ CΩ and
wt(~e) ≤

⌊
δΩ−1

2

⌋
. Set

I = {i | 1 ≤ i ≤ n and ei 6= 0}.

Let F be a Cartier divisor on X and let δ = {δi : Γ(Zi,OX(F )|Zi
) → A}

be a system of isomorphisms. A function

s ∈ Γ(X,OX(F )) \mΓ(X,OX(F ))

is an error locator function for ~y if δi(s|Zi
) ∈ m for all i ∈ I.

If A is a field, then an error locator function for ~y is simply a rational
function that is zero at all error positions. For the rest of this section,
unless otherwise stated, let ~y = ~c + ~e be a received word with ~c ∈ CΩ and
wt(~e) ≤

⌊
δΩ−1

2

⌋
, let F be Cartier divisor on X with support disjoint from

P, and let δ = {δi : Γ(Zi,OX(F )|Zi) → A} be a system of isomorphisms.
The following lemma is needed to describe the set of error locator functions
for ~y.

Lemma 1.32. Let A, X, Z, F , γ = {γi} and δ = {δi} be as before. Then,
for each Zi ∈ Z, there exists an isomorphism

τi : Γ(Zi,OX(D − F )|Zi
) → A

such that, for s ∈ Γ(X,OX(F )) and v ∈ Γ(X,OX(D − F )),

δi(s|Zi
)τi(v|Zi

) = γi(sv|Zi
).

Proof. Let Zi ∈ Z. Let s ∈ Γ(X,OX(F )) and let v ∈ Γ(X,OX(D−F )).
Write F = {(Uj , fj)} and D = {(Uj , gj)}, where {Uj} is an open affine
cover of X and refinements have been taken if necessary. For each j, we have
s ∈ 1

fj
OX(Uj) and v ∈ fj

gj
OX(Uj), and so sv ∈ 1

gj
OX(Uj) for all j. Choose

Uj such that Pi ∈ Uj . Then, as discussed in Section 1.2, Uj = SpecB and
Zi = SpecB/J for some ideal J of B such that B/J ' A. Therefore,

Γ(Zi,OX(D − F )|Zi
) =

f̄j

ḡj
B/J,

where ḡj and f̄j are the images in B/J of gj and fj respectively. Since
Zi is neither in the support of F nor in the support of D, we may assume
both gj and fj are units of B. Thus γi( 1

ḡj
) = aD and δi( 1

f̄j
) = aF for some

aD, aF ∈ A×. Define the isomorphism τi : Γ(Zi,OX(D − F )|Zi) → A by
the rule

τi

(
f̄j

ḡj

)
=
aD

aF
.

�
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Definition 1.33 (See also [18]). Let X, Z, P, CΩ(X,Z,OX(D), γ), F
and δ = {δi} be as before. Let ~y ∈ An be any received word. The set
K(~y, F, δ) is defined to be

K(~y, F, δ) =
{
s ∈ Γ(X,OX(F )) \mΓ(X,OX(F ))

∣∣∑n
i=1 yiδi(s|Zi

)τi(v|Zi
) = 0 for all v ∈ Γ(X,OX(D − F ))

}
where {τi} is the system of isomorphisms given in Lemma 1.32.

We shall show that, under certain conditions, the elements of K(~y, F, δ)
are error locator functions for ~y (see Theorem 1.35 below). Note that since
A is finite and both Γ(X,OX(F )) and Γ(X,OX(D − F )) are finitely gen-
erated, the A-modules Γ(X,OX(F )) and Γ(X,OX(D−F )) contain finitely
many elements. Therefore we may calculateK(~y, F, δ) by exhaustive search.
If A is a field, then it is shown in [39] that the elements of K(~y, F, δ) can be
found by solving a system of linear equations. At this time, however, it has
not been investigated whether this method of finding elements of K(~y, F, δ)
holds when A is not a field.

The following lemma is needed to show that K(~y, F, δ) is a nonempty
set of error locator functions for ~y. A proof can be found in [3].

Lemma 1.34. Let X, Z, P, CΩ(X,Z,OX(D), γ) and ~y = ~c + ~e be as
before. Let t = wt(~e), and let I = {i | ei 6= 0} be the set of error positions
for ~y. Let Q = {Zi | i ∈ I}, and let Q be the Cartier divisor obtained by
adding up the points of Q. Let F be a Cartier divisor on X. Then

(1) If degOX(D − F ) > t + 2g − 2, then CΩ(X,Q,OX(D − F ), τ) = {~0},
where τ = {τi : Γ(Zi,OX(D − F )|Zi) → A} is any system of isomor-
phisms.

(2) If degOX(D) > t+g, then Γ(X,OX(F −Q))\mΓ(X,OX(F −Q)) 6= ∅.

If F has support disjoint from P, then

(3) For any s ∈ Γ(X,OX(F −Q)) and i ∈ I, we have δi(s|Zi
) = 0 for any

system of isomorphisms {δi : Γ(Zi,OX(F −Q)|Zi
) → A}.

(4) If s ∈ Γ(X,OX(F − Q)) \ mΓ(X,OX(F − Q)), then s ∈ K(~y, F, δ),
where δ = {δi : Γ(Zi,OX(F )|Zi

) → A} is any system of isomorphisms.

We now show that K(~y, F, δ) is a nonempty set of error locator functions
for ~y.
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Theorem 1.35 (Compare to [18]). With notation as above, assume
deg(OX(F )) ≥ t+ g and degOX(D − F ) > t+ 2g − 2. Then K(~y, F, δ) is
a nonempty set of error locator functions for ~y.

Proof. Let s ∈ K(~y, F, δ). Then for all v ∈ Γ(X,OX(D − F )), we have
n∑

i=1

yiδi(s|Zi)τi(v|Zi) =
∑
i∈I

eiδi(s|Zi)τi(v|Zi) = 0,

where {τi : Γ(Zi,OX(D−F )|Zi) → A} is the system of isomorphisms from
Lemma 1.32. Hence the word ~w ∈ A|I| with entries wi = eiδi(s|Zi

), i ∈ I, is
a codeword of CL(X,Q,OX(D−F ), τ)⊥ = CΩ(X,Q,OX(D−F ), τ). On the
other hand, by part (1) of Lemma 1.34, CΩ(X,Q,OX(D−F ), τ) = {~0}. We
conclude ~w = ~0, and hence eiδi(s|Zi

) = 0 for all i ∈ I. Note eiδi(s|Zi
) = 0

if either δi(s|Zi
) = 0 or δi(s|Zi

) and ei are both nonzero zero divisors whose
product is zero. In either case, this implies that δi(s|Zi

) is an element of
m, and thus s is an error locator function for ~y.

By part (4) of Lemma 1.34,

Γ(X,OX(F −Q)) \mΓ(X,OX(F −Q)) ⊂ K(~y, F, δ).

Since degOX(F ) ≥ t+g, we have Γ(X,OX(F−Q))\mΓ(X,OX(F−Q)) 6= ∅
by part (2) of Lemma 1.34. Therefore K(~y, F, δ) is nonempty. �

Let s ∈ K(~y, F, δ). Before we can use Proposition 1.30 to decode ~y,
we need an upper bound on the number of A-points Zi ∈ Z such that
δi(s|Zi

) ∈ m.

Proposition 1.36. With notation as above, let

s ∈ Γ(X,OX(F )) \mΓ(X,OX(F )).

Then δi(s|Zi) ∈ m for at most degOX(F ) of the A-points in Z.

Proof. Let s ∈ Γ(X,OX(F )) \ mΓ(X,OX(F )) and consider the word
~s ∈ An defined by si = δi(s|Zi

). By Theorem 1.18, there exists
s̄ ∈ Γ(X,φ∗(OX(F ))) such that si ≡ δ′i(s̄|Pi) (mod m) for all i. Hence
si ∈ m if and only if δ′i(s̄|Pi) = 0, if and only if s̄|Pi = 0. Because
s ∈ Γ(X,OX(F )) \ mΓ(X,OX(F )), we know s̄ 6= 0. Since s is a nonzero
element of Γ(X,φ∗(OX(F ))) and F has support disjoint from P, we con-
clude that s̄|Pi = 0 for at most deg φ∗(OX(F )) = degOX(F ) of the points
in P. Hence, δi(s|Zi

) ∈ m for at most degOX(F ) of the A-points in Z. �

Using Proposition 1.36, we immediately obtain the following bounds.
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Lemma 1.37 (Compare to [18]). Suppose that degOX(F ) = t + g and
degOX(D − F ) > 2g− 2 + t. For s ∈ K(~y, F, δ), define J = {j | δj(s|Zj

) ∈
m}. Then t ≤

⌊
δΩ−g−1

2

⌋
and |J | < δΩ.

We now describe the basic algorithm for decoding the code
CΩ(X,Z,OX(D), γ) with respect to the Hamming metric. Let F be a
Cartier divisor of X with support disjoint from P such that degOX(F ) =
t + g, where t =

⌊
δΩ−g−1

2

⌋
. For example, if there exists an Fq-rational

point P0 of X with P0 6∈ P, then we may let F = OX((t + g)Z0) for any
A-point Z0 containing P0. As before, let δ = {δi : Γ(Zi,OX(F )|Zi

) → A}
be a system of isomorphisms, and let H be the parity check matrix for
CΩ(X,Z,OX(D), γ). The input to the algorithm is a received word ~y. The
basic algorithm (compare to Algorithm 4.1 of [18]) is then as follows:

Step 1. Compute K(~y, F, δ).
Step 2. If K(~y, F, δ) = ∅ stop and output “?”.
Step 3. Select an element s of K(~y, F, δ) and compute

J = {j | δj(s|Zj ) ∈ m}.

Step 4. Solve the system of equations

H~xT = H~yT

and

xj = 0 for j 6∈ J.

If a unique solution ~e exists output ~y − ~e, otherwise output “?”.

Putting everything together, we have the following theorem. The proof
follows from Theorem 1.35, Lemma 1.37 and Proposition 1.30.

Theorem 1.38 (Compare to Theorem 4.2 of [18]). The basic algo-
rithm corrects

⌊
δΩ−g−1

2

⌋
errors.

1.4.2. List Decoding for the Hamming Metric

Let C be a linear code over a ring A with minimum Hamming distance
d. Let ~y be a received vector. It well known that, if at most

⌊
d−1
2

⌋
errors

occurred during transmission, then there exists a unique closest codeword
to ~y with respect to the Hamming distance. If more than

⌊
d−1
2

⌋
errors

occurred, then there may or may not be a unique closest codeword to ~y,
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and many classical decoding algorithms may fail to correctly decode ~y in
this case. This is the motivation for the list decoding problem. That is,
given a received word ~y and an error bound e, we want to find all codewords
~c ∈ C such that d(~c, ~y) ≤ e, where d(~c, ~y) denotes the Hamming distance
between ~c and ~y. If a list decoding algorithm finds all codewords within
distance e of any received word, then the algorithm is said to be an e

error-correcting algorithm.
In 1997, Sudan [41] presented a list decoding algorithm for generalized

Reed-Solomon codes over finite fields. Shokrollahi and Wasserman [37]
showed that Sudan’s algorithm could be extended to one-point algebraic
geometric codes over finite fields. Guruswami and Sudan [14] then presented
an improved algorithm that corrects more errors than the original algorithm
and showed that this improved algorithm could also be extended to the case
of one-point algebraic geometric codes over finite fields. In [2], Armand
showed that the algorithm holds for Generalized Reed-Solomon codes over
commutative rings. In this section, we show that the Guruswami-Sudan
algorithm works for one-point algebraic geometric codes over rings, which
are defined in Definition 1.39 below.

As before, let A be a local Artinian ring with principal maximal ideal
m and finite residue field Fq. Let X ⊂ Pr

A be a curve over A, and let
X = X×Spec A Spec Fq be the fibre of X over m. As before, assume that X
is absolutely irreducible. Let Z = {Z1, . . . , Zn} be a set of pairwise disjoint
A-points of X, and let Z be an A-point of X such that Z is disjoint from
all the points of Z. For 1 ≤ i ≤ n, let Pi be the closed point contained in
Zi and let P = {P1, . . . , Pn}. Let P be the closed point contained in Z.

Definition 1.39. Let X, Z and Z be as above and let m be a positive
integer with 2g − 2 < m < n, where n = |Z| and g is the genus of X.
Let γ = {γi}, where γi : Γ(Zi,OX(mZ)|Zi) → A is the evaluation map
for 1 ≤ i ≤ n. Then the algebraic geometric code CL(X,Z,OX(mZ), γ) is
called a one-point code.

Remark 1.40. Using Theorem 1.19, we see that the algebraic geometric
code CL(X,Z,OX(mZ), γ) of Definition 1.39 is a free A-code of length |Z|,
dimension m+ 1− g and minimum distance at least n−m.

Before we can describe the decoding algorithm we must define valuations
for A-points on X. Let K be the sheaf of total quotient rings on X, write
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K(X) = Γ(X,K), and let Z be an A-point of X. Set

MZ =
∞⋃

j=0

Γ(X,OX(jZ)) ⊂ K(X),

so that MZ is the collection of all functions on X that have poles only at
Z.

Definition 1.41. Let Z be an A-point on X and f ∈ MZ . The valuation
νZ : MZ → {−n |n ∈ N} ∪ {∞, 0} is given by

νZ(f) =

{
∞, if f = 0

−m, if f 6∈ Γ(X,OX((m− 1)Z)) but f ∈ Γ(X,OX(mZ)).

If f 6= 0 and νZ(f) = −m, we say that f has a pole of order m at Z. For
any A-point W on X disjoint from Z, define the valuation νZ,W : MZ →
N ∪ {∞, 0} by

νZ,W (f) =

{
∞, if f = 0

l, if f ∈ Γ(X,OX(mZ − lW )) \ Γ(X,OX(mZ − (l + 1)W ))

where νZ(f) = −m. If f 6= 0 and νZ(f) = l, we say that f has a zero of
order l at W .

If A is a field, then on the set MZ , the functions defined in Defini-
tion 1.41 are equivalent to the discrete valuations defined in Definition
I.1.11 of [40].

Remark 1.42. Let Z be an A-point of X, let f ∈ MZ and let W be an
A-point on X disjoint from Z. Then f ∈ Γ(X,OX(jZ − iW )) if and only
if 0 ≤ i ≤ νZ,W (f) and j ≥ −νZ(f).

The functions νZ and νZ,W have properties similar to those found in
the field case. A proof of the following lemma can be found in [3].

Lemma 1.43. Let Z be an A-point of X and let W be an A-point of X
disjoint from Z. Let r, s ∈MZ and let a ∈ A \ {0}. Then

(1) νZ(a) = 0 and νZ,W (a) = 0.
(2) νZ(r + s) ≥ min {νZ(r), νZ(s)}.
(3) νZ(rs) ≥ νZ(r) + νZ(s).
(4) νZ,W (r + s) ≥ min {νZ,W (r), νZ,W (s)}.
(5) νZ,W (rs) ≥ νZ,W (r) + νZ,W (s).
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The proof of the following proposition follows the spirit of the proof of
Theorem 5.4 of [50] and is therefore omitted.

Proposition 1.44. Let Z be an A-point of X and let {Z1, . . . Zn} be a
set of pairwise disjoint A-points of X, all disjoint from Z. Let h ∈ MZ .
If νZ(h) ≥ −m and νZ,Zi(h) ≥ ri for 1 ≤ i ≤ n, for some nonnegative
integers m, r1,..., rn, then

h ∈ Γ(X,OX(mZ − r1Z1 − · · · − rnZn)).

For each A-point W disjoint from Z and each nonnegative integer j, we
have an evaluation map

γW,j : Γ(W,OX(jZ)|W ) → A.

By the explicit formulation of the evaluation maps given in Section 1.2, the
maps γW,j are compatible, i.e. if h ∈ Γ(X,OX(iZ)) ⊂MZ , then

γW,j(h) = γW,i(h)

for all j ≥ i. For h ∈ MZ , we abuse notation and write h(W ) to mean
γW,j(h|W ) for any nonnegative integer j such that h ∈ Γ(X,OX(jZ)).

Let ~y = ~c+~e be a received word, where ~c ∈ CL(X,Z,OX(mZ), γ), and
let e be a positive integer. To list-decode ~y with error bound e, we want to
find all of the functions h ∈ Γ(X,OX(mZ)) such that h(Zi) = yi for at least
n − e points of Z. As in the case of algebraic geometric codes over fields
[14], the problem of decoding CL(X,Z,OX(mZ), γ) can be reduced to a
reconstruction problem. In this context, the reconstruction problem will be
solved by constructing a nonzero polynomial Q(y) ∈MZ [y] ⊂ K(X)[y] such
that Q(h) ∈ Γ(X,OX(lZ)) for all h ∈ Γ(X,OX(mZ)), and such that each
ordered pair (Zi, yi) is a zero of multiplicity at least r (a notion to be defined
shortly) of Q(y), where l and r are parameters of the algorithm. In order to
find the desired polynomial Q(y), generating sets with specific properties
are needed for Γ(X,OX(lZ)). The next proposition follows immediately
from Nakayama’s Lemma [31].

Proposition 1.45 (See page 413 of [19]). Let R be a commutative
ring, M a finitely generated R-module and J the Jacobson radical of R.
Let x1, . . . , xn ∈ M . Then x1, . . . , xn generate M if and only if x1, . . . , xn

generate M/JM , where xi is the image in M/JM of xi.

Since A is a local Artinian ring, the Jacobson radical of A is equal to
m. Let l > 2g − 2 be an integer. We know that Γ(X,OX(lZ)) is a free
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A-module of rank l + 1− g, that φ∗(OX(lZ)) = OX(lP ) where φ : X → X
is the canonical embedding and P is the unique closed point contained
in Z, and that Γ(X,OX(lZ)) ⊗A Fq ' Γ(X,OX(lP )). Hence, to find a
generating set for Γ(X,OX(lZ)) it is sufficient, by Proposition 1.45, to find
a generating set for Γ(X,OX(lP )).

In order to define what it means for an ordered pair to be a zero of
multiplicity r of Q(y), a “shifted” generating set is also needed.

Remark 1.46. For an Fq-rational point P and an integer l > 2g− 2 there
exist functions f̄1,. . . ,f̄l+1−g ∈ Γ(X,OX(lP )) and integers 0 ≤ n1 < n2 <

. . . < nl+1−g ≤ l such that f̄i has a pole of order ni at P . Thus, for
1 ≤ i ≤ l + 1− g, we have νP (f̄i) = −ni and fi ∈ Γ(X,OX((i+ g − 1)P ).

The next lemma is a restatement of Lemma 21 of [14], using the above
remark. It is used to find the “shifted” generating set in Corollary 1.48
below.

Lemma 1.47. Let P be an Fq-rational point of X and fix an integer l >
2g − 2. Set p = dim Γ(X,OX(lP )) = l + 1 − g. Then for any Fq-rational
point R 6= P of X, there is a basis {ψ̄R,1, . . . , ψ̄R,p} of Γ(X,OX(lP )) such
that νR(ψ̄R,j) ≥ j − 1 for 1 ≤ j ≤ p.

Corollary 1.48 (Compare to Lemma 21 of [14]). Let Z be an A-
point of X, let l > 2g − 2 be an integer, and set p = l + 1− g. Then

(1) There is a generating set {f1, . . . , fp} for Γ(X,OX(lZ)) such that, for
1 ≤ i ≤ p, fi ∈ Γ(X,OX((i+ g − 1)Z)).

(2) For any A-point W of X disjoint from Z, there is a generating set
{ψW,1, . . . , ψW,p} for Γ(X,OX(lZ)) such that νZ,W (ψW,j) ≥ j − 1 for
1 ≤ j ≤ p.

Proof. Let P and R be the closed points contained in Z and W respec-
tively. Let {f̄1, . . . , f̄p} be as in Remark 1.46.

(1) Since

Γ(X,OX((i+ g − 1)Z))⊗A Fq ' Γ(X,OX((i+ g − 1)P )),

for each i with 1 ≤ i ≤ p, there exists fi ∈ Γ(X,OX((i+ g−1)Z)) such
that fi (mod m) = f̄i.

(2) By Lemma 1.47, there exists a basis {ψ̄R,1, . . . ψ̄R,p} of Γ(X,OX(lP ))
such that νR(ψR,j) ≥ j − 1 for all j. Hence, ψ̄R,j ∈ Γ(X,OX(lP − (j −



June 19, 2008 13:44 World Scientific Review Volume - 9in x 6in agcodesoverrings

Algebraic Geometric Codes over Rings 27

1)R) for 1 ≤ j ≤ p. Choose ψW,j ∈ Γ(X,OX(lZ− (j−1)W )) such that
ψW,j reduces modulo m to ψ̄R,j . �

Remark 1.49. Let {f1, . . . , fp} ⊂ Γ(X,OX(lZ)) be a generating set for
Γ(X,OX(lZ)), as given by Corollary 1.48. Then for any choice of qk,j ∈ A,
the polynomial

Q(y) =
b l−g

m c∑
k=0

p−mk∑
j=1

qk,jfjy
k ∈ Γ(X,OX(lZ))[y]

satisfies Q(h) ∈ Γ(X,OX(lZ)) for all h ∈ Γ(X,OX(mZ)).

Our goal is to find coefficients qk,j such that each ordered pair (Zi, yi) is

a zero of multiplicity of at least r of Q(y) =
∑b l−g

m c
k=0

∑p−mk
j=1 qk,jfjy

k, where
r is a parameter of the algorithm; see (1.5) below.

Let W be an A-point of X disjoint from Z. Let {ψW,1, . . . , ψW,p} ⊂
Γ(X,OX(lZ)) be a generating set for Γ(X,OX(lZ)), as described in Corol-
lary 1.48, so that νZ,W (ψW,j) ≥ j − 1 for 1 ≤ j ≤ p. Then, for each i with
1 ≤ i ≤ p, there are scalars ΛW,i,1, . . . ,ΛW,i,p ⊂ A such that

fi = ΛW,i,1ψW,1 + · · ·+ ΛW,i,pψW,p.

Then

Q(y) =
b l−g

m c∑
k1=0

p∑
j2=1

p−mk1∑
j1=1

qk1,j1ΛW,j1,j2ψW,j2y
k1 . (1.4)

For any a ∈ A,

Q(y + a) =
b l−g

m c∑
k2=0

p∑
j2=1

q
(a)
k2,j2

ψW,j2y
k2

with coefficients q(a)
k2,j2

given by

q
(a)
k2,j2

=
b l−g

m c∑
k1=k2

p−mk1∑
j1=1

(
k1

k2

)
ak1−k2qk1,j1ΛW,j1,j2 .

Definition 1.50 (See Section IV of [14]). Let W be an A-point on X
disjoint from Z, let a ∈ A and let Q(y) be as in Equation 1.4. If q(a)

k2,j2
= 0

for all j2 +k2 ≤ r, where j2 ≥ 1, k2 ≥ 0, and qk2,j2 6= 0 for some k2, j2 such
that k2+j2 = r+1, then (W,a) is a zero of multiplicity r of Q(y) ∈ K(X)[y].
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We are now ready to describe the algorithm for solving the reconstruc-
tion problem. We assume that the algorithm has access to the following
information:

(1) The generating set {f1, . . . , fp} for Γ(X,OX(lZ)) such that, for j with
1 ≤ j ≤ p, fj ∈ Γ(X,OX((j+g−1)Z)) (as described in Corollary 1.48).

(2) For each Zi ∈ Z, the generating set {ψZi,1, . . . , ψZi,p} for Γ(X,OX(lZ))
(as described in Corollary 1.48), and, for 1 ≤ j ≤ p, the scalars
{ΛZi,j,1, . . . ,ΛZi,j,p} such that fj = ΛZi,j,1ψZi,1 + · · ·+ ΛZi,j,pψZi,p.

The input for the algorithm is a set of ordered pairs {(Z1, y1), . . . , (Zn, yn)},
where Z,Z1, . . . Zn are pairwise disjoint A-points of X and {y1, . . . , yn} ⊂
A, and positive integers m and t with 2g − 2 < m < n and t < n. The
algorithm is as follows:

Step 0. Set

r = 1 +

⌊
2gt+mn+

√
(2gt+mn)2 − 4(g2 − 1)(t2 −mn)

2(t2 −mn)

⌋
(1.5)

and

l = rt− 1. (1.6)

Step 1. Find a polynomial

Q(y) =
b l−g

m c∑
k1=0

p−mk1∑
j1=1

qk1,j1fj1y
k1 ∈ Γ(X,OX(lZ))[y]

such that Q(y) 6≡ 0 (mod m) and Q(y) has a zero of multiplicity at
least r at each ordered pair (Zi, yi) for 1 ≤ i ≤ n. (Lemma 1.51 below
shows when this is possible.)

Step 2. Find all functions h ∈ Γ(X,OX(mZ)) such that y − h is a factor
of Q(y). For each such h, check to see if h(Zi) = yi for at least t values
of i with 1 ≤ i ≤ n. If so, output h.

We now show that the algorithm solves the polynomial reconstruction
problem. We begin by showing that, under certain conditions, the polyno-
mial Q(y) sought in Step 1 of the algorithm exists.

Lemma 1.51 (Compare to Lemma 25 of [14]).
If n

(
r+1
2

)
< (l−g)(l−g+2)

2m , then the polynomial Q(y) sought in Step 1 of the
algorithm exists.
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Proof. As in Lemma 25 of [14] we are solving a system of homogeneous
linear equations. It is shown in Chapter 4 of [3] that there exists a solution
such that Q(y) 6≡ 0 (mod m) if the number of unknowns is larger than the
number of constraints. In the proof of Lemma 25 of [14], it is shown that
there are n

(
r+1
2

)
constraints and at least (l−g)(l−g+2)

2m unknown coefficients.
�

Remark 1.52. The proof of Lemma 5 in [2], which uses the McCoy rank
of a matrix over A, can be used to show that a non-zero polynomial Q(y)
exists, but it is unclear whether this method guarantees that Q(y) 6≡ 0
(mod m).

Now that we have proved that Q(y) exists, we will show that, if h ∈
Γ(X,OX(mZ)) and h(Zi) = yi for at least t values of y, then y − h is a
factor of Q(y). The following lemma, which follows from the properties
of valuations given in Lemma 1.43, is needed. Its proof parallels that of
Lemma 23 of [14].

Lemma 1.53 (Compare to Lemma 23 of [14]). Let Q(y) be the poly-
nomial found in Step 1. For 1 ≤ i ≤ n, if h ∈ MZ satisfies h(Zi) = yi,
then νZ,Zi

(Q(h)) ≥ r.

Lemma 1.54 (Compare to Lemma 24 of [14]).
Let h ∈ Γ(X,OX(mZ)) and let Q(y) be the polynomial found in Step 1.
If rt > l and h(Zi) = 0 for at least t values of i with 1 ≤ i ≤ n, then y − h

is a factor of Q(y).

Proof. By reindexing if necessary, we may assume that h(Z1) = y1, . . . ,
h(Zt) = yt. By Remark 1.49, Q(h) ∈ Γ(X,OX(lZ)). By Lemma 1.53,
we have νZ,Zi(Q(h)) ≥ r for 1 ≤ i ≤ t. Since Z,Z1, . . . , Zt are pairwise
disjoint,

Q(h) ∈ Γ(X,OX(lZ − rZ1 − · · · − rZt))

by Proposition 1.44. We know

degOX(lZ − rZ1 − · · · − rZt) = l − rt,

and, since l < rt, we have l − rt < 0. Hence

Γ(X,OX(lZ − rZ1 − · · · − rZt)) = {0},

and so Q(h) = 0. It follows that y − h is a factor of Q(y). �

The proof of the next lemma is omitted, as it can be found in [14].
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Lemma 1.55 (Lemma 26, [14]). If n, m and t satisfy t2 > mn, then
for the choice of r and l made in the algorithm, (l−g)(l−g+2)

2m > n
(
r+1
2

)
and

rt > l both hold.

Finally, putting everything together, we have the following theorem.

Theorem 1.56 (Compare to Theorem 27 of [14]).
The algorithm given above solves the polynomial reconstruction problem for
one-point algebraic geometric codes over rings with inputs m, t and points
{(Zi, yi)}n

i=1, provided that t >
√
mn.

Proof. If t >
√
mn, then, by Lemma 1.55, rt > l and (l−g)(l−g+2)

2m >

n
(
r+1
2

)
. Hence, by Lemma 1.51, the polynomial Q(y) sought in Step 1

of the algorithm exists. By Lemma 1.54, if h ∈ Γ(X,OX(mZ)) satisfies
h(Zi) = yi for at least t of the points {(Z1, y1), . . . (Zn, yn)}, then y − h is
a factor of Q(y). �

Remark 1.57. For generalized Reed-Solomon codes over a Galois ring,
Armand [1] proposed a two-stage decoder for C that improves upon the
performance of the Guruswami-Sudan algorithm. Armand noted that his
two-stage decoding approach could be applied to a one-point algebraic code
C = CL(X,Z,OX(mZ), γ) if

(1) C is an algebraic geometric code over Fq with the same minimum dis-
tance as C and

(2) an errors-and-erasure decoding algorithm exists for C.

By Theorem 1.18, C is a one-point algebraic geometric code over Fq.
Furthermore, since C is a free code, the minimum distances of C and C are
equal by Theorem 3.4 of [50]. Thus, the first condition is satisfied. Since
we can still use the Guruswami-Sudan algorithm when erasures occur [14],
there exists an errors-and-erasure decoding algorithm for C.

1.4.3. The Koetter-Vardy Algorithm for Decoding with

Other Metrics

As discussed above, the Hamming distance is often not the weight measure
of interest when studying codes over rings. In this section, we follow the
work of Koetter and Vardy in [23] and [25] to show how the Guruswami-
Sudan algorithm may be used to decode an algebraic geometric code over
a local Artinian ring with respect to any given weight measure on the ring.
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Let A be a local Artinian ring with principal maximal ideal m and finite
residue field Fq. Let X be a curve over A, and let X = X×Spec ASpec Fq be
the fibre of X over m. As before, assume that X is absolutely irreducible,
and let C = CL(X,Z,OX(mZ), γ) be a one-point algebraic geometric code
over A, where Z = {Z1, . . . , Zn} is a set of pairwise disjoint A-points of X,
Z is an A-point of X disjoint from all the points of Z, m is a nonnegative
integer such that 2g − 2 < m < n and γ = {γi : Γ(Zi,OX(mZ)|Zi) → A}
is the system of evaluation maps. For 1 ≤ i ≤ n, let Pi be the closed
point contained in Zi, and let P = {P1, . . . , Pn}. Let P be the closed point
contained in Z and fix an ordering on the elements of A, say a1, . . . , as,
where s = |A|.

Although the Koetter-Vardy algorithm was originally developed for soft-
decision decoding of Reed-Solomon codes over finite fields, Koetter and
Vardy also showed that their algorithm could be extended to one-point
algebraic geometric codes over finite fields [22]. Due to length constraints,
these results were not included in [25]. Many of the results presented in
this section are the analogs in the ring case of results of Koetter and Vardy
for algebraic geometric codes over finite fields. We begin with the following
definitions.

Definition 1.58 (Compare to [23]). Let R : A × A → R be a function
such that R(a, b) ≥ 0 for all a, b ∈ A. Let ~x, ~y ∈ An. The cost of ~x given
~y, dR(~x, ~y), is defined by

dR(~x, ~y) = R(x1, y1) + · · ·+R(xn, yn).

Let e be a nonnegative integer. The set A(~y, e) is defined by

A(~y, e) = {~x ∈ An | dR(~x, ~y) ≤ e}.

Definition 1.59 (Compare to Definition 3 of [25]). A multiplicity
matrix M = (mi,j) over the ring A with |A| = s is an s × n matrix of
nonnegative integers. The rows of M are indexed by the elements of A and
the columns of M are indexed by the elements of Z. The cost C(M) of M
is defined by

C(M) =
1
2

s∑
i=1

n∑
j=1

mi,j(mi,j + 1).

For a received word ~y, the first step of the Koetter-Vardy algorithm
is to compute a multiplicity matrix M~y for ~y and the given cost function
dR. More information about computing M~y will be given at the end of
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this section. In the meantime, we will let M denote a given multiplicity
matrix with the understanding that when implementing the Koetter-Vardy
algorithm, the multiplicity matrix M used must first be computed and
depends on the received word ~y.

Recall that

MZ =
∞⋃

j=0

Γ(X,OX(jZ)) ⊂ K(X)

is the A-module of functions on X with poles only at the A-point Z. Given
a multiplicity matrix M , we will construct a polynomial QM (y) ∈ MZ [y]
such that QM(y) has a zero of multiplicity at least mj,i at each ordered
pair (Zi, aj) ∈ Z ×A. The following definitions are useful.

Definition 1.60 (See [22], [25]). Let wZ and wy be nonnegative real
numbers. For any integer l, define NwZ ,wy

(l) by

NwZ ,wy (l) = |{j, k | j ≥ 1, k ≥ 0, (j + g − 1)wZ + kwy ≤ l}|

and, for any integer δ, define ∆wZ ,wy (δ) by

∆wZ ,wy (δ) = min
{
l ∈ Z |NwZ ,wy

(l) > δ
}
.

Note that if {f1, . . . , fl+1−g} is a generating set for Γ(X,OX(lZ)), as
described in Corollary 1.48, then N1,m is the number of (unknown) coeffi-
cients qk,j in the polynomial

Q(y) =
b l−g

m c∑
k=0

l−g+1−mk∑
j=1

qk,jfjy
k ∈ Γ(X,OX(lZ))[y],

i.e.,

N1,m(l) =
b l−g

m c∑
k=0

l−g+1−mk∑
j=1

1 =
(⌊

l − g

m

⌋
+ 1

)
(l − g + 1−mk) .

The following bounds on N1,m(l) and ∆1,m(δ) are derived in [22]. A proof
can be found in [3].

Lemma 1.61 (Koetter and Vardy, [22]; see also [3]). Let l, δ ∈ Z.
Then

N1,m(l) >
l2

2m
− g

(
l

m
+ 1

)
and

∆1,m(δ) ≤ g + 1 +
√

2m(δ + g) + g2.
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Let M be a multiplicity matrix and let l = ∆1,m(C(M)). Note that
l > 2g − 2. Let {f1, . . . , fl−g+1} be a generating set for Γ(X,OX(lZ)),
as described by Corollary 1.48. As before, our goal is to find coefficients
qk,j ∈ A such that the polynomial

QM (y) =
b l−g

m c∑
k=0

l−g+1−mk∑
j=1

qk,jfjy
k ∈ Γ(X,OX(lZ))[y]

has a zero of multiplicity at least mj,i at the ordered pair (Zi, aj) for 1 ≤
i ≤ n, 1 ≤ j ≤ s.

For each i, 1 ≤ i ≤ n, let {ψZi,1, . . . , ψZi,l−g+1} ⊂ Γ(X,OX(lZ)) be a
generating set of Γ(X,OX(lZ)), as described in Corollary 1.48. Then for
each i, 1 ≤ i ≤ n, and for each j1, 1 ≤ j1 ≤ l − g + 1, there are coefficients
ΛZi,j1,1, . . . ,ΛZi,j1,l−g+1 ∈ A such that

fj1 = ΛZi,j1,1ψZi,1 + · · ·+ ΛZi,j1,l−g+1ψZi,l−g+1.

Hence, we may write QM (y) in the form

QM (y) =
b l−g

m c∑
k1=0

l−g+1∑
j2=1

l−g+1−mk1∑
j1=1

qk1,j1ΛZi,j1,j2ψZi,j2y
k1 . (1.7)

Let (Zi, aj) ∈ Z × A. The polynomial QM (y) has a zero of multiplicity
at least mj,i at (Zi, aj) if q(aj)

i,k2,j2
= 0 for all j2 ≥ 1, k2 ≥ 0 such that

j2 + k2 ≤ mj,i, where

q
(aj)
i,k2,j2

=
b l−g

m c∑
k1=k2

l−g+1−mk1∑
j1=1

(
k1

k2

)
ak1−k2

j qk1,j1ΛZi,j1,j2 .

Therefore, the coefficients of QM (y) must satisfy mi,j(mi,j+1)
2 linear con-

straints. Repeating this argument for all ordered pairs of Z ×A, it follows
that the coefficients of QM (y) must satisfy C(M) linear constraints.

Lemma 1.62 (See also [22], [25]). Let M be a multiplicity matrix and
let l = ∆1,m(C(M)). Then there exists a polynomial QM (y) ∈
Γ(X,OX(lZ))[y] such that

(1) QM (y) =
∑b l−g

m c
k1=0

∑l−g+1−mk1
j1=1 qk1,j1fj1y

k1 for some qk1,j1 ∈ A.
(2) QM (y) has zero of multiplicity at least mj,i at each ordered pair (Zi, aj)

for 1 ≤ i ≤ n, 1 ≤ j ≤ s.
(3) QM (y) 6≡ 0 (mod m).
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Proof. As in the Guruswami-Sudan algorithm, we are solving a system
of linear equations. As before, there exists a solution such that QM (y) 6≡ 0
(mod m) if the number of unknowns is larger than the number of con-
straints. There are C(M) constraints and N1,m(l) unknown coefficients.
Since l = ∆1,m(C(M)), it follows from the definition of ∆1,m(C(M)) that
QM (y) exists. �

Given a multiplicity matrix M , we shall call a polynomial QM (y) that
satisfies the conditions described in Lemma 1.62 a polynomial associated
to M . As in the Guruswami-Sudan algorithm, the next step is to factor
QM (y). The following definitions are needed in order to describe the roots
of QM (y) contained in Γ(X,OX(mZ)).

Definition 1.63 (Compare to [25]). Let ~v ∈ An. Define the s × n ma-
trix [~v] = (vi,j) by

vi,j =
{

1, if ai = vj

0, otherwise.

Let B = (bi,j) and D = (di,j) be s × n matrices over A. Define the inner
product 〈B,D〉 by

〈B,D〉 = trace(BDT ) =
s∑

i=1

n∑
j=1

bi,jdi,j .

Definition 1.64 (Compare to Definition 4 of [25]). Let ~v ∈ An and
let M be a multiplicity matrix. The score SM (~v) of ~v with respect to M is
given by

SM (~v) = 〈M, [~v]〉.

Using the above definitions, we can describe the roots of QM (y) in
Γ(X,OX(mZ)). The proof of the next theorem is similar to the proof of
Lemma 1.54 and is therefore omitted.

Theorem 1.65 (Compare to Theorem 3 of [25]; see also [22]). Let
M be a multiplicity matrix and let QM (y) be a polynomial associated to
M . Let h ∈ Γ(X,OX(mZ)). Then y − h is a factor of QM (y) if

SM (~h) > ∆1,m(C(M)),

where ~h = (h(Z1), . . . , h(Zn)).
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Let ~y be a received word and let e be an error bound. Recall A(~y, e) is
the set of codewords ~c ∈ CL(X,Z,OX(mZ), γ) such that dR(~c, ~y) ≤ e. We
decode ~y as follows.

Step 1. Compute a multiplicity matrix M = M~y such that SM (~c) >

∆1,m(C(M~y)) for all ~c ∈ A(~y, e). (See Remark 1.66 below).
Step 2. Given M = M~y from Step 1, find a polynomial

QM (y) =
b l−g

m c∑
k1=0

l−g+1−mk1∑
j1=1

qk1,j1fj1y
k1

for some qk1,j1 ∈ A such that QM (y) has zero of multiplicity at least
mj,i at each ordered pair (Zi, aj) for 1 ≤ i ≤ n, 1 ≤ j ≤ s.

Step 3. Find all functions h ∈ Γ(X,OX(mZ)) such that y − h is a factor
of Q(y). For each such h, check to see if dR(~y,~h) ≤ e, where ~h =
(h(Z1), . . . , h(Zn)) as in Theorem 1.65. If dR(~y,~h) ≤ e, then output h.

.

Remark 1.66. In Section IV of [24] it is shown how to find M~y in the
case of Reed Solomon codes over fields. Theorem 7 of [24] shows when
the computation of M~y is possible. As this computation does not change
significantly for CL(X,Z,OX(mZ), γ), we omit the details of this step.
Information about finding M~y can be found in Section IV of [24] and in [23].
An example for the case of the Lee weight can be found in [3].

1.5. Conclusion

In this chapter we have introduced and explored algebraic geometric codes
over local Artinian rings. In particular, we have shown that algebraic codes
over rings have dimension and minimum distance properties similar to those
of algebraic geometric codes over fields, and that, as in the field case, the
codes are closed under duals. In the second half of the chapter, three
decoding algorithms were presented. The basic algorithm and Gurusawmi-
Sudan algorithm both decode with respect to the Hamming distance, while
the Koetter-Vardy algorithm can be used to decode with respect to other
weight measures.

There is still interesting work to be done in the area of algebraic geomet-
ric codes over rings. For example, in the basic algorithm the set K(~y, F, δ)
is computed by exhaustion. For algebraic geometric codes over finite fields,
this set can by found by solving a linear system of equations [39]. One
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may ask if the same is true when working over a local Artinian ring. In
the case of the Guruswami-Sudan and the Koetter-Vardy algorithms, we
assume that we are able to factor a polynomial Q(y) ∈ MZ [y]. As we are
no longer factoring Q(y) over a unique factorization domain, it is likely that
this step is harder to perform than it is in the field case.

As new properties and algorithms are discovered or developed for alge-
braic geometric codes over fields, it is hoped that these concepts and algo-
rithms hold in the ring case. For example, Drake and Matthews [32], [7]
have shown how the Guruswami-Sudan algorithm can be used to decode
so-called multi-point codes, i.e., codes where the divisor in question is of
the form m1Q1 + · · · +mtQt rather than simply mQ, over finite fields. It
seems plausible that their methods will extend to the case of multi-point
codes over local Artinian rings as well, though the details have not yet been
worked out.
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