Math 203 — Review for Exam 1

Your first exam covers Chaptersl-3 of your textbook. This review sheetis meantto help you study
for the exam, but is not meantto be a substitutefor studyingfrom the book. In particular | have tried to
includeall thetopicswe covered,but it is possiblel accidentlyleft somethingout. If youthink | have left
somethingout, tell me. It is not safeto assumehatarny omittedtopicsarenot coveredon the exam.

Goodluck studying!

Graphs. Youshouldbe completelycomfortablewith the following concepts.
e Know whatgraphsedgesandverticesare.

e Thevalenceof avertex is thenumberof edgesattachedo the vertex.

e A circuitis ary pathin agraphthatbeginsandendsatthe samevertex.

Onespecialtype of circuit is an Euler circuit. Thisis a circuit which passeslongeachedgeexactly
once. We have atheoremwhich tells us preciselywhenit is possibleto find an Euler circuit on a graph.
It is calledEuler’'s Theoemandit saysthata graphhasan Eulercircuit if andonly if it is connectedand
every vertex hasevenvalence.

Hereis anapplicationusingtheseconceptsiYou have somejob to do, lik e collectinggarbagegemptying
parking meters,etc. To completeyour job you needto travel down every roadin town with aslittle
backtrackingaspossible (QuickquestionWhenisit possibleo finishthejob withouthaving to backtrack
atall?) How doyou solvethis problem?Simple. Make agraphthatrepresentthe streetsaandintersections
of thetown. Then“Eulerize” the graphby addingasfew edgesaspossible.Finally, find an Euler circuit
in themodifiedgraphandusethis circuit to carry out your job. Anotherquick question:Whenyou addan
edgeto thegraphrepresentinghe town, whatdoesthatmeanin termsof backtrackingvhenyou actually
dothejob?

More Graphs: Youshouldalsoknow thefollowing terms.
e A completeggraphis agraphwhich hasanedgejoining every pair of vertices.
e A Hamiltoniancircuit is a circuit in agraphwhich passeshroughevery vertex exactly once.

Although we have no theoremlike Euler’s Theoremfor Hamiltoniancircuits, it is easyto seethata
completegraphalwayshasa Hamiltoniancircuit. In fact,if you justchoosetheverticesin arny ordet you
canfind a Hamiltoniancircuit which visits the verticesin this order
e A weightedgraphis a graphwith a numberattachedo eachedge. In applications this numbercan
representifferentthingssuchasdistancecostin dollars,etc.

e The Traveling SalesmarProblemis the problemof finding a minimal cost Hamiltoniancircuit on a
weighted(oftencomplete)graph.

In alarge graph,therearezillions of Hamiltoniancircuits,sotrying all of them(calledthe Brute Force
Methog is not a practicalway to solve a Traveling SalesmarProblem,even with a computer Unfor-
tunately thereis no known methodthat finds the Hamiltoniancircuit with leastweightin a reasonable
amountof time. Therefore we usuallytry to make do with analgorithmthatdoesnt take too muchtime
andfindsa Hamiltoniancircuit with “low” weight. We coveredthreealgorithms(including Brute Force)
for finding a low-costHamiltoniancircuit.
eBruteForce List all the possibleHamiltoniancircuitsonthegraph,find theweightof each,andchoose
thebestone. This methodalwaysgivesthe bestpossiblesolution,but it is highly impractical.

e NeaestNeighbor Pick a startingvertex, and form a circuit which startsand endsat that vertex by
alwaystraveling alongthe edgecoming out of your vertex that hasthe lowestweight, being carefulto
never visit a vertex twice until you've beento all of themonce.This methodis quick andeasy but might
not give the bestpossiblesolution. It will usuallygive a solutionwhichis prettygood,though.

e SortedEdges “Grab” edgesuntil you have a completecircuit. The edgeyou grabwill alwaysbe the
onewith thelowestweightthathasnt beengrabbedyet, aslong asgrabbingit will notcauseyouto form
acircuit thatdoesnt passthroughall the verticesor causea vertex to betouchedby athird edge.Like the



NearestNeighboralgorithm,the SortedEdgesalgorithmis quickandeasyandgivesareasonablsolution.
It may notgive the bestpossiblesolution.

Hereis atypical applicationof thesadeas:A persomeeddo travel to severallocations,n no particular
order His or her goal is to choosean orderin which to visit theselocationsthat minimizes “cost”.
(Rememberwe usethe term costloosely; it canrefer to time, distance,money, etc.) Here are some
appropriatespecificexamples:
¢ A regionalmanageneeddo visit eachstoreunderherjurisdiction periodically
¢ A phonecompaty employeeneedgo emptythe changdrom eachphoneboothin acity.

For anothettype of application,consideithe situationin which oneneedgo programa machineto drill
a bunchof holesin a metalplate. Whatis the relevantgraphto considerin this example? What “cost”
doesonemostlikely wantto minimize?

Yet more graphs. Herearesomemoregraphrelatedtermsyou needto know.

e A treeis aconnectedjraphthathasno circuits.

e A spanningtreeon a graphis a subgraphthat containsall of the verticesof the graphandis a tree.
(Remembethata subgraptof agraphis agraphformedby someof theedgesandsomeof the verticesof
theoriginal graph.)

e A minimum-cosspanningtree on a weightedgraphis a spanningtreethat hasthe lowesttotal cost—
thatis, a spanningreesuchthatthetotal of all of thenumbersontheedgesusedis assmallaspossible.

Unlike the situationwhereyou're trying to find a minimumcostHamiltoncircuit, thereis analgorithm
whichis quickandeasyandwhichwill alwaysgive theminimum-cosspanningreefor aweightedgraph.
It is calledKruskal'salgorithm, andit is very similarto the SortedEdgesalgorithmfor findingareasonable
Hamiltoniancircuit. Theideais to list the edgesoy weight, with the edgeat the top of thelist having the
lowestweight. Startingatthe top, pick anedgefrom thelist. Add this edgeto thetreeyou arebuilding if
it doesnot causeacircuit to arise. Thenmove onto thenext edgeonthelist andrepeatheprocessWhen
you have gonethroughthe wholelist, youwill have formeda minimum-costspanningree.

A typical applicationof minimum-costspanningreesariseswhenyou wantto build a phonenetwork.
Theverticesrepresenplacesyou needto hookupto the network andthe edgesepresenphonelinesyou
canbuild. Theweightsof the edgesepresenthe costsof building the correspondingdine. A minimum-
costspanningreein this exampleallows youto connecteverybodyto the network ascheaplyaspossible.

Even more graphs! Herearejustafew moreterms.

e A digraph or adirectedgraph is agraphin whichtheedgesave directionsassignedo them. They can
represenbne-way streetsfor example,or they canrepresentin orderin which sometasks(represented
by vertices)needto bedone.

e An orderrequirrmentigraphis adigraphwith anumberattachedo eachvertex. Think of thevertices
asrepresentingasksthat needto be done,the numbersas representinghe amountof time neededo
completethe giventask,andthe edgesastelling you which tasksmustbe donebeforewhich others.That
isto say if thereis anarrav from vertex A to vertex B, thentaskB cannotbe begununtil taskA hasbeen
completelyfinished.

e Thecritical pathon anorderrequirementigraphis thelongest(i.e., the mosttime consumingpathon
thegraph.lts lengthis the total amountof time neededif infinitely mary workersareavailable,to do all
thetasksin the projectrepresentetdy the orderrequirementigraph.

Scheduling Problems While finding a critical pathwill tell you the minimum amountof time neededo
completea project“in a perfectworld”, sometimesour world is not perfect. Supposefor examplethat
we don't have infinitely mary workers. Insteadwe have a certainnumberof them(machinescomputers,
people,etc.). For simplicity’s sale we assumehat eachperformat exactly the samerate. We alsohave
an orderrequirementdigraph. Eachtask can be performedby ary of the processors.The goal is to
build a schedulewith the earliestpossiblecompletiontime. As with the traveling salesmarproblem,it
is impossiblein practiceto checkevery possiblescheduldo seewhichis best,andthereforeit is usually



impossibleto find abestpossibleschedulen practice.Insteadwe mustmake dowith heuristicalgorithms
thatgive “pretty good” schedulesThealgorithmwe discussedvascalledthe List Processingilgorithm.
e The List ProcessingAlgorithm is usedto scheduletaskson a finite numberof processors.The idea
is that we assignthe first available task to the first available processar The orderin which tasksare
assigneds given by an orderrequirementdigraphand by an orderedlist of tasks. Whena processor
becomeswvailable,we setit to work on thefirst taskin thelist whichis currently“ready”, asdetermined
by theorderrequirementigraph.We continueuntil all tasksareassignedNoticethatit is possiblethata
processomayneedto rest(or beidle) if thereareno tasksavailablefor it to work on.

e If apriority list is notalreadygivento use,we canuseCritical Path Sthedulingto comeup with one.

e In somecasesthereis no orderrequirementligraphto work with becausall thetasksareindependent
This meanghatall tasksarereadyto be doneat the beginning of the project. In this case you look only
atthe orderedist of taskswhendecidinghow to schedulehe taskson the processorslif we useCritical
Path Schedulingon independentasks,the list we getjust lists the tasksin decreasingrderof time they
take to complete.

Bin Packing Onesituationwherebin packingtechniquesapply is in figuring out how muchlumberto
buy to build booksheles— this is explainedwell on pages102-103of your text. Anotherwould be the
following. Supposeyou have several differently sizeditemsto packinto boxes. You canalwaysgo out
andbuy moreboxes,but you wantto useasfew aspossible soyou wantto fill themasfull aspossible.
How do you decidewhichitemsto putin which boxes?

In fact, thereis again(asin the caseof the Traveling SalesmarProblemor SchedulingProblems)o
algorithmfor finding the bestbin packingwhich canbe donein any reasonableamountof time. (You
couldtry all possiblepackings,but this would take a very long time.) Instead,we have six “heuristic”
algorithmsto choosdrom. Eachof thesegivesareasonablyoodpackingin a shortamountof time. For
eachof thefirst three,assumegou aregivenanorderedist of sizesfor youritemswhich you needto pack
in your bins.

e Thenext fit algorithmsays:Putitemsinto thefirst bin until the next item doesnt fit. Closeoff thatbin
forever andopenup anotherone. Fill it for aslong asyou can,thencloseit off andopena third. Keep
doingthis until all itemsarepacled.

e Thefirstfit algorithmsays:Putitemsinto thefirst bin (Bin 1) until the next item doesnt fit. Thenopen
anew bin (Bin 2), but don't closeoff thefirst one.Puteachitem from your list into the lowest-numbered
bin in whichit will fit, openingnew binsonly whenanitemwon't fit into arny of thebinsyou've already
opened.

e Theworstfit algorithmbeginslik e thefirst fit one. However, insteadof putting eachitem from the list
into the lowest-numberetin in whichit will fit, putit into the bin (which is alreadyopenedand)which
hasthemostroomleft in it.

Therearealsodecreasingversionsof all thesealgorithms.Thesearejustlik e thethreediscussedbove,
but first you re-orderyour list of itemsfrom biggestto smallest,sothatyou packthe big itemsfirst and
thesmallitemslast.



