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Your first exam coversChapters1-3 of your textbook. This review sheetis meantto help you study
for theexam,but is not meantto bea substitutefor studyingfrom thebook. In particular, I have tried to
includeall thetopicswecovered,but it is possibleI accidentlyleft somethingout. If you think I have left
somethingout, tell me. It is not safeto assumethatany omittedtopicsarenotcoveredon theexam.

Goodluck studying!

Graphs: You shouldbecompletelycomfortablewith thefollowing concepts.
$ Know whatgraphs,edgesandverticesare.
$ Thevalenceof avertex is thenumberof edgesattachedto thevertex.
$ A circuit is any pathin a graphthatbeginsandendsat thesamevertex.

Onespecialtypeof circuit is an Euler circuit. This is a circuit which passesalongeachedgeexactly
once.We have a theoremwhich tells uspreciselywhenit is possibleto find anEulercircuit on a graph.
It is calledEuler’s Theoremandit saysthata graphhasanEulercircuit if andonly if it is connectedand
everyvertex hasevenvalence.

Hereis anapplicationusingtheseconcepts:Youhavesomejob to do,likecollectinggarbage,emptying
parking meters,etc. To completeyour job you needto travel down every road in town with as little
backtrackingaspossible.(Quickquestion:Whenis it possibleto finishthejob withouthaving to backtrack
atall?) How doyousolvethisproblem?Simple.Makeagraphthatrepresentsthestreetsandintersections
of thetown. Then“Eulerize” thegraphby addingasfew edgesaspossible.Finally, find anEulercircuit
in themodifiedgraphandusethiscircuit to carryoutyour job. Anotherquickquestion:Whenyouaddan
edgeto thegraphrepresentingthetown, whatdoesthatmeanin termsof backtrackingwhenyou actually
do thejob?

More Graphs: Youshouldalsoknow thefollowing terms.
$ A completegraph is agraphwhichhasanedgejoining everypair of vertices.
$ A Hamiltoniancircuit is acircuit in agraphwhichpassesthrougheveryvertex exactlyonce.

Although we have no theoremlike Euler’s Theoremfor Hamiltoniancircuits, it is easyto seethat a
completegraphalwayshasa Hamiltoniancircuit. In fact,if you just choosetheverticesin any order, you
canfind aHamiltoniancircuit whichvisits theverticesin this order.
$ A weightedgraph is a graphwith a numberattachedto eachedge. In applications,this numbercan
representdifferentthingssuchasdistance,costin dollars,etc.
$ The TravelingSalesmanProblem is the problemof finding a minimal cost Hamiltoniancircuit on a
weighted(oftencomplete)graph.

In a largegraph,therearezillions of Hamiltoniancircuits,sotrying all of them(calledtheBruteForce
Method) is not a practicalway to solve a Traveling SalesmanProblem,even with a computer. Unfor-
tunately, thereis no known methodthat finds the Hamiltoniancircuit with leastweight in a reasonable
amountof time. Therefore,we usuallytry to make do with analgorithmthatdoesn’t take too muchtime
andfindsa Hamiltoniancircuit with “low” weight. We coveredthreealgorithms(includingBruteForce)
for findinga low-costHamiltoniancircuit.
$ BruteForce: List all thepossibleHamiltoniancircuitson thegraph,find theweightof each,andchoose
thebestone.Thismethodalwaysgivesthebestpossiblesolution,but it is highly impractical.
$ Nearest Neighbor: Pick a startingvertex, and form a circuit which startsandendsat that vertex by
alwaystraveling alongthe edgecomingout of your vertex that hasthe lowestweight, beingcareful to
nevervisit a vertex twice until you’ve beento all of themonce.This methodis quick andeasy, but might
notgive thebestpossiblesolution.It will usuallygiveasolutionwhich is prettygood,though.
$ SortedEdges: “Grab” edgesuntil you have a completecircuit. The edgeyou grabwill alwaysbe the
onewith thelowestweightthathasn’t beengrabbedyet,aslongasgrabbingit will not causeyou to form
acircuit thatdoesn’t passthroughall theverticesor causeavertex to betouchedby a third edge.Like the



NearestNeighboralgorithm,theSortedEdgesalgorithmis quickandeasyandgivesareasonablesolution.
It maynotgive thebestpossiblesolution.

Hereis atypicalapplicationof theseideas:A personneedsto travel to severallocations,in noparticular
order. His or her goal is to choosean order in which to visit theselocationsthat minimizes“cost”.
(Remember, we usethe term cost loosely; it can refer to time, distance,money, etc.) Here are some
appropriatespecificexamples:
% A regionalmanagerneedsto visit eachstoreunderherjurisdictionperiodically.
% A phonecompany employeeneedsto emptythechangefrom eachphoneboothin acity.

For anothertypeof application,considerthesituationin whichoneneedsto programamachineto drill
a bunchof holesin a metalplate. What is the relevantgraphto considerin this example?What “cost”
doesonemostlikely wantto minimize?

Yet more graphs: Herearesomemoregraphrelatedtermsyouneedto know.
% A treeis aconnectedgraphthathasnocircuits.
% A spanningtreeon a graphis a subgraphthat containsall of the verticesof the graphand is a tree.
(Rememberthatasubgraphof agraphis agraphformedby someof theedgesandsomeof theverticesof
theoriginalgraph.)
% A minimum-costspanningtreeon a weightedgraphis a spanningtreethathasthe lowesttotal cost–
thatis, aspanningtreesuchthatthetotal of all of thenumberson theedgesusedis assmallaspossible.

Unlike thesituationwhereyou’re trying to find a minimumcostHamiltoncircuit, thereis analgorithm
whichis quickandeasyandwhichwill alwaysgivetheminimum-costspanningtreefor aweightedgraph.
It is calledKruskal’salgorithm, andit is verysimilarto theSortedEdgesalgorithmfor findingareasonable
Hamiltoniancircuit. Theideais to list theedgesby weight,with theedgeat thetop of thelist having the
lowestweight. Startingat thetop,pick anedgefrom thelist. Add this edgeto thetreeyou arebuilding if
it doesnotcauseacircuit to arise.Thenmoveonto thenext edgeonthelist andrepeattheprocess.When
youhavegonethroughthewholelist, youwill have formeda minimum-costspanningtree.

A typical applicationof minimum-costspanningtreesariseswhenyou wantto build a phonenetwork.
Theverticesrepresentplacesyouneedto hookup to thenetwork andtheedgesrepresentphonelinesyou
canbuild. Theweightsof theedgesrepresentthecostsof building thecorrespondingline. A minimum-
costspanningtreein thisexampleallowsyou to connecteverybodyto thenetwork ascheaplyaspossible.

Even more graphs! Herearejust a few moreterms.
% A digraph, or adirectedgraph, is agraphin whichtheedgeshavedirectionsassignedto them.They can
representone-way streets,for example,or they canrepresentanorderin which sometasks(represented
by vertices)needto bedone.
% An order-requirementdigraph is adigraphwith anumberattachedto eachvertex. Think of thevertices
as representingtasksthat needto be done,the numbersas representingthe amountof time neededto
completethegiventask,andtheedgesastelling you which tasksmustbedonebeforewhich others.That
is to say, if thereis anarrow from vertex A to vertex B, thentaskB cannotbebegununtil taskA hasbeen
completelyfinished.
% Thecritical pathon anorder-requirementdigraphis thelongest(i.e., themosttimeconsuming)pathon
thegraph.Its lengthis thetotal amountof time needed,if infinitely many workersareavailable,to do all
thetasksin theprojectrepresentedby theorder-requirementdigraph.

Scheduling Problems While finding a critical pathwill tell you theminimumamountof time neededto
completea project“in a perfectworld”, sometimesour world is not perfect. Suppose,for examplethat
wedon’t have infinitely many workers.Instead,wehaveacertainnumberof them(machines,computers,
people,etc.). For simplicity’s sake we assumethateachperformat exactly thesamerate. We alsohave
an order-requirementdigraph. Eachtask can be performedby any of the processors.The goal is to
build a schedulewith the earliestpossiblecompletiontime. As with the traveling salesmanproblem,it
is impossiblein practiceto checkevery possiblescheduleto seewhich is best,andthereforeit is usually



impossibleto find abestpossibleschedulein practice.Instead,wemustmakedowith heuristicalgorithms
thatgive “pretty good” schedules.ThealgorithmwediscussedwascalledtheList ProcessingAlgorithm.
& The List ProcessingAlgorithm is usedto scheduletaskson a finite numberof processors.The idea
is that we assignthe first available task to the first available processor. The order in which tasksare
assignedis given by an order-requirementdigraphand by an orderedlist of tasks. Whena processor
becomesavailable,we setit to work on thefirst taskin thelist which is currently“ready”, asdetermined
by theorder-requirementdigraph.Wecontinueuntil all tasksareassigned.Noticethatit is possiblethata
processormayneedto rest(or beidle) if thereareno tasksavailablefor it to work on.
& If apriority list is notalreadygivento use,wecanuseCritical PathSchedulingto comeupwith one.
& In somecases,thereis noorder-requirementdigraphto work with becauseall thetasksareindependent.
This meansthatall tasksarereadyto bedoneat thebeginningof theproject. In this case,you look only
at theorderedlist of taskswhendecidinghow to schedulethetaskson theprocessors.If we useCritical
PathSchedulingon independenttasks,the list we get just lists the tasksin decreasingorderof time they
take to complete.

Bin Packing Onesituationwherebin packingtechniquesapply is in figuring out how muchlumberto
buy to build bookshelves– this is explainedwell on pages102-103of your text. Anotherwould be the
following. Supposeyou have severaldifferentlysizeditemsto packinto boxes. You canalwaysgo out
andbuy moreboxes,but you want to useasfew aspossible,soyou want to fill themasfull aspossible.
How do youdecidewhich itemsto put in which boxes?

In fact, thereis again(asin the caseof the Traveling SalesmanProblemor SchedulingProblems)no
algorithmfor finding the bestbin packingwhich canbe donein any reasonableamountof time. (You
could try all possiblepackings,but this would take a very long time.) Instead,we have six “heuristic”
algorithmsto choosefrom. Eachof thesegivesa reasonablygoodpackingin a shortamountof time. For
eachof thefirst three,assumeyouaregivenanorderedlist of sizesfor your itemswhichyouneedto pack
in your bins.
& Thenext fit algorithmsays:Put itemsinto thefirst bin until thenext item doesn’t fit. Closeoff thatbin
forever andopenup anotherone. Fill it for aslong asyou can,thencloseit off andopena third. Keep
doingthis until all itemsarepacked.
& Thefirst fit algorithmsays:Putitemsinto thefirst bin (Bin 1) until thenext item doesn’t fit. Thenopen
a new bin (Bin 2), but don’t closeoff thefirst one.Puteachitem from your list into thelowest-numbered
bin in which it will fit, openingnew binsonly whenanitem won’t fit into any of thebinsyou’ve already
opened.
& Theworst fit algorithmbegins like thefirst fit one. However, insteadof puttingeachitem from the list
into the lowest-numberedbin in which it will fit, put it into thebin (which is alreadyopenedand)which
hasthemostroomleft in it.

Therearealsodecreasingversionsof all thesealgorithms.Thesearejust likethethreediscussedabove,
but first you re-orderyour list of itemsfrom biggestto smallest,so thatyou packthebig itemsfirst and
thesmallitemslast.


