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0: Introduction

Through our study of register machines, we have seen with only two instructions it is possible to
design a universal register machine that can, for example, simulate a C program, satisfying any
reasonable definition of completeness of computation. The natural question is whether we can
reduce further to a language with a single instruction that can simulate a register machine. This
paper claims such a language exists.
Similar to a register machine, our OIL machine (One Instruction Language machine) has a finite
number of registers. These registers are initially zero, except for those specifically initialized by
the programmer, and register zero, the incremental register, a special reserved register explained
below. Unlike register machines, however, our OIL registers hold unbounded integers, both positive
and negative.
Initially we will define our instruction as follows:

l, x, y, j

Assume our OIL program has n lines of code. Each line has the form above. The first value, l, is
a label between 1 and n, inclusive. Each l uniquely describes the nth line of code. The next two
arguments, x and y, are registers. The final argument is j, for jump, a label between 0 and n + 1,
inclusive.
We execute our instruction as follows:

x -= y;

if (x == 0)

goto j;

else

goto l+1;

If we try to access instruction n+1, the program halts. Registers greater than zero can be initialized.
Register 1 is the output register. Register 0, as mentioned above, is a reserved register. It contains
the value 1. This value cannot be changed during the course of the program (i.e., x 6= 0 in any
instruction).

1: Examples

The following examples show how to write simple programs using OIL. The C style comments are
not a part of the program; they are meant to make the code more human-readable.
The first few lines provide the interpreter information about the program. The first line is the
number of instructions in the program. The second contains the number of registers the program
requires, followed by the number of initializations the programmer wishes to specify. Finally, we
find the register initializations of the form reg = value, followed by the code itself.
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3 5

5,2 5,2

2=15300 2=1515

3=54 3=10

1,4,2,2; 1,3,4,6; /* b-=0. If 0, halt */

2,4,3,3; 2,4,2,3; /* aux -= a */

3,1,4,4; 3,1,4,4; /* output -= aux */

Adds register 2 to register 3 4,3,0,6; /* b--. If 0, halt */

5,4,4,2; /* loop back to 2 */

Multiples registers 2 and 3

23

8,2

2=122 /* register 2 contains a */

3=4 /* register 3 contains b */

1,7,0,2; /* output = 1

2,1,7,3; */

3,7,7,4; /* clear aux4 */

4,7,3,5; /* aux1 = b

5,4,7,6; */

6,7,7,7; /* clear aux4 */

7,4,7,24; /* if aux1 = 0, halt */

8,6,6,9; /* aux3 = 0 */

9,7,2,10; /* aux2 = a

10,5,7,11; */

11,7,7,12; /* clear aux4 */

12,5,7,19; /* if aux2 = 0, end inner loop */

13,7,6,14; /*

14,7,1,15; * aux3 += output;

15,6,6,16; *

16,6,7,17; */

17,5,0,18; /* aux2 -- */

18,7,7,12; /* inner loop, clear aux4 */

19,1,1,20; /*

20,7,6,21; * output = aux3;

21,1,7,22; */

22,4,0,23; /* aux1-- */

23,7,7,7; /* outer loop, clear aux4 */

Raises register 2 to the power of register 3

These, and other examples, can be found in the /code folder, along with the code for oil.c, an
OIL interpreter. The mult.code, div.code, mod.code and exp.code programs multiply, divide, take
the modulus of, and exponentiate positive numbers. The restriction to positive numbers makes
the code easier to write and understand. If one wanted to expand to negative values, one method
would be to case based on the sign of the input. One way to test sign is to start two registers at
zero, at every step increment one register and decrement the other and then test for equality.
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2: Improvements

In the introduction, we defined our instruction as

l, x, y, j.

After looking at some example problems, however, we see that the jump input is rarely used.
Furthermore, in writing OIL programs, adding one line can cause a huge headache as every label
and jump command must be updated.
An alternate, more elegant instruction is

x, y, s.

The registers x and y remain unchanged, but we replace labels and jumps with the integer step, s.
Here we take advantage of a program counter, pc. Our instruction is now executed as

x -= y;

pc = (x == 0) ? pc + j : pc + 1;

If the program counter tries to execute a command that does not exists, it simply halts. This
instruction is shorter, it allows for much easier editting of code, and improves readability. When
jumps are necessary it can be difficult for the programmer to determine how many steps forward or
backward the jump should occur. This paper makes use of both forms of the instruction, utilizing
whichever is more convenient, but the form above will be refferred to as the “alternate instruction.”

3: Composing OIL functions

One of the advantages of the alternate instruction is it is very easy to prove that OIL func-
tions are closed under composition. Suppose we have two OIL functions, f(x1, x2, . . . , xn) and
g(x1, x2, . . . , xn) and we wish to compose them in some fashion, say g(x1, f(x1, x2, . . . , xn), . . . , xn).
If g requires m registers and f requires n registers, we create a new machine with n + m− 2 regis-
ters, with the output of f feeding into the input of g, and allowing f and g to share the immutable
incremental register 0. We then simply append the code for g to the end of that of f and the
instruction in f which previously would cause the program to halt now simply switches into the
code for g whose registers are now properly initialized.

4: Completeness

Now that we are familiar with OIL programs, it is time to show that our one instruction language
is computationally complete. We have seen that Register Machines are computationally complete
with only two instructions, inc x k, which increments register x and jumps to instruction k, and
dec x k l, which decrements register x and jumps to instruction k unless register x is now zero,
in which case we jump to instruction l. To show OIL is computationally complete, we must only
show that it can implement these two instructions. Furthermore, it can be done with only one
extra register and the incremental register, meaning we only need one register that holds infinite
precision integers; the others need only contain natural numbers.
Let I be the incremental register and Z be the bi-infinite integer register. Assume m, k and l are
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the correctly calculated labels for the translation from the register machine to the OIL machine.
Then

inc x k m,Z,I,m+1;

m+1,Z,x,m+2;

m+2,x,x,m+3;

m+3,x,Z,m+4;

m+4,Z,Z,k;

and

dec x k l ≡ m,x,I,l;

m+1,Z,Z,k;

We’ve just shown that OIL programs are closed under composition. Thus, we can translate our
Universal Register Machine into a Universal Oil Machine with the functionality, for instance, to sim-
ulate C programs. Thus, even with a single instruction, we’ve shown OILs can be computationally
complete.

5: Further Questions

One of the fundamental components of the OIL architecture is the special incremental register 0.
Thus far we’ve assumed it contains an immutable 1. We now consider what happens if we use a
different value in this register. Obviously, the programmer could merely initialize another register
to 1 and ignore the incremental register altogether. For the remainder of the discussion, as in the
sample code provided, we require all input registers be specifically used as an input for the function.
First, it is clear if we initialize the register to −1 very little changes. With a single subtraction you
can always reach a constant of 1 again.
One of the most important uses of the incremental register is in looping. If we know our incremental
register contains n > 1, we can hard code a multiplication of all loop counters by n, so looping is
still possible. However, all arithmetic is restricted to the ideal of the integer ring generated by n.
This makes, for instance, incrementing by one impossible.
Similarly, we gain no added functionality from using n < −1, for the same reason using −1 is no
different computationally from using 1.
The interesting question, then, is what functions can be computed when the incremental register
has value 0? Without a constant to subtract, we lose a lot of computability. In particular, looping
becomes impossible as you cannot reliably decrement by any set constant value.

Another question we could consider is what happens when our registers hold natural numbers
instead of integers. This reduces our power of computation to that of recursively enumerable func-
tions. If we can bound all searches for a given program, we can initialize registers to some finite
number instead of zero, and then the register works like an integer as far as distance from the initial
value as long as we stick to the forementioned bound.
Alternatively, we could consider redefing subtraction. By mapping positive numbers to even natu-
rals and negative numbers to the odds, we could represent the integers on just the naturals. This
increases the complexity of the single instruction, however, to the point where one could argue it
is no longer one instruction but a small program. We must be wary of increasing the complexity
of our instruction; as complexity increases, we get closer to our one instruction becoming “run a
universal machine on this input” which is hardly an impressive feat.
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6: Conclusion

Pushing the concept of computability to the minimum, we’ve seen it only takes a single instruction
to write programs as complex and varied as any other language. By looking at some basic programs,
we derived an alternative OIL with only three arguments. Using this alternative form, we saw that
OIL functions are closed under composition. Using this fact we showed how to translate a universal
register machine into a universal OIL machine and concluded that our OIL is computationally
complete. Finally we considered some interesting questions about what parts of our OIL are
strictly necessary and how altering or removing components affects how we can compute.
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