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composition series

normal series

refinement of a normal series

equivalence of two normal series (of same group)

Lemma Any two normal series of a group G admit equivalent refinements.

Theorem[J-H| Any two composition series of a group G are equivalent.

Why does Lemma = Theorem?

Pf of Theorem granting Lemma:

Say {e} = No < N; <... I Ny=G and {e} = My I M; < ... I M, = G are two composition
series.

By the lemma, they have equivalent refinements. The quotients for the refinement of the 15 are,
in some order,

No/Ni, No/Ny, ..., Ne/N,_y,{e}, {e}, ..., {e}

some # of copies

and the quotients of the refinement of the 2" are
Mo/ny, M2/ny, ..oy Me/M,_y,{e}, ..., {e}.
Since Ni/N;_, and M;j/Mm;_, are not trivial, it follows ¢ = k and
Ni/N;_y = Mo(i)/M, ;1,30 € Sp.

0

Sketch of Pf of Lemma: Say {e} =Ny I Ny Q... I Ny=Gand{e} =My M <... I M, =G
aare any two normal series. Refine the 15 by replacing N; < N;,1 with

Ni'(Ni+1ﬂM0) SINi'(Ni—l-lli) <...dN;- (Ni+1ﬂMk),Vz‘:O,1,...,€—1
11'72‘ Nz”+1
It’s true that each inclusion really is < and each of these really is a subgroup of G.
Do the same with roles reversed: Replace M; < M1 with

Mj . (Mj+1 N N()) < Mj . (Mj+1 N Nl) <...d Mj . (Mj+1 N Nk)

I I
M; M1

Zassenhaus Butterfly Lemma: B< A D <QC, A,C <G
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N BNC —_ AND

\ (BNC)(AND)—
\/ 5
B(AN D)

D(BNC)
ANC
B(ANCQC) D(ANC)
A/ \ C

B(AND)<B)ANC),D(BNC)<D(ANC), and

B(ANC) _ D(ANC)
B(AnD) D(BNC)

The quotients of 15 refinement are:

Ni(Ni+1ﬂMj+1) - 1=0,...,0—1
N/L'(NiJrlﬂMj) 7=0,....k—1

and of the 2" are
Mj(Mj+1ﬂNi+1) 1=0,...,0—1
Mj(Mj_HﬁNi) 7=0,....k—1

For a given i, j, these are isomporhic by Zassenhaus’ Lemma.

Theorem [Feit-Thompson| Every group of odd order is solvable.

Fix n. R[z1,x9,...,x,] = ring of all R-valued polynomial function in n variables.

e.g. 322 — yz € R, y, 2]

S, acts on R via

o - f(l‘l, .. .,Qj‘m) = f(.tg(l),aj‘a(g), - ,J?J(n)) Yo € S,,Vf € R(xl, .

=(123) 0 (323 — mwoxs) = 323 — w371

o7 (0-f)=(r0)f
cef=1f

So, it’s a group action.

In fact, S, acts on R(z1,...,z,) as an algebra:

x ce(f-g)=(cef) (ceg)

,Tp)
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xoce(f+g)=ceftoey
x cge(rf)y=r(cef)

Vo € Sn, f,9 € Rlzy,...,z,], 7 €R

Fix n. Define
A= H (l‘i—.%'j)ER[xl,...
1<i<j<n
eg. n=3: (@1 = x2)(21 = ) (2 = 3)

= LU%ZCQ N

Consider 0 - A = [[ o (zi — zj) = [[(2o@) — To(j))
i<j 1<j

Lemma o - A = A, Vo € 5,

s T



