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Problem Set 2:
Prelim version posted soon
Due Thursday (9-10)

Def If G is a group 4+ X is a set, an action of G on X is a function G x X — X. usually written
(g,2)—»g-zeX

s.t.
g (g9
4

z)=(g" - g
gz*oup(/‘ )
@ action
@e-x:x,VazeX
Ex (1) F = any field e.g. F =R

- x Vg, €eGxe X

a1

a2
GL,(F) acts on F" = .| :ia; € F ) via

- ¥ =Ave F"
(nxn) (nx1) tnx1
matrix mult

VA e GL,(F) Vv e F"
o A (A7) = (AA)-Tv
o [,U=10
@Sn acts on X ={1,s,...,n} viao -z =o(x)
e o - (0-x)=(0'00)(x) vV
sec-rz=zV

@ Dy, acts X = {1,2,...,n} as follows: Label vertices of P, 1,2,...,n + for g € Doy, g-i =]
where j is the vertex that g sends i to.

n—1
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. {i—i-l 1<i<n-—1
VA A—

1 1=n
s-1 =1
$-2 = n
s-3 = n—1

Prop Let G be a group + X a set.

e Given an action - of G on X, the function ¢ : G — Perm(X) defined by ¢(g)(x) =g -z is a

group hom.

e Given a group hom. ¢ : G — Perm(X), the pairing g - = := ¢(g)(x) is a group action

e These constructions are mutual inverses:

{actions of G on X} <1—11> {group hom’s G — Perm(X)}

Pf of 1% claim Given ¢', g € G,

o

v, o(g' 9)(x)

= (¢(9) © »(9))(x)
(g 9) =wlg) o vlg)
.  is a group hom.
WAIT:
We need to check: Vg € G

Proof:
o(g)-elg™h) =wlg-g7") = @le)

@,

+ole)(z)=e-x

(r— g-x) € Perm(X)

oe(g)o Lp(gfl) = identity map on X.

Similarly, we can show ¢(g~1) o ¢(g) = ID map.

. ¢(g) is 1-1 and onto and ¢(g) "' = ¢(g7 )

More Ex’s
@ G = any group, X =G

G acts on X via “left multiplication”

g T :i=gx
4

action group law
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If #G = n < oo, by Prop, the left action of G on itself yield a group hom.

choose a numbering of G

1
¢ : G — Perm(G) = S,

1 2 3 4 5 6
cg. G=93= {e, (12),(13),(23),(123),(13 2)}

w53 — S

ople) = e
*0((12))=(12)(36)(45)
(12).6=(12)
(12)-(12) =

12). (13 =152
(12)-(23) =312
(12).(123)=(32)
(12).(152) =(1'3)

can repeat for all elements of G

Note ¢ : G — Perm(G) = S, n = #G is 1-1.

.. Every finite group is isomorphic to a subgroup of S, some n.
@ G = any group, X =G

G acts on X “by conjugation”:

Define g - x = gzg~!

g-(g-x) = g’(gxg’l)(g_’)

-1

(ab)™! = b~ lg™!
e-r=cre =z

If G is abelian, this action (by conjugation) is the trivial action g -z =z V Vg

The trivial action of G on X corresponds to the trivial homomorphism ¢ : G — Perm(X).

SO(Q) = CPerm(X) vg.

Def A Subgroup of a group G is a subset H of G s.t.
@e eH
@Ifx,y € H then zy € H. @Ifx € H, then = € H.
Notation H is a subgroup of G & H < G
Lemma Given a subset H of a group G,
H<H & (aH#0o
Vac,y € H,xy 'ecH
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Pf (=) clear
(<) Check 3 axioms:

@@éﬂer—i—soby@

-z eH recH
@eeH@ifyeH,ylzeyleH.
@Ifx,yeH, thenyileHby@. .'.by@

-y 'eH ayeH

Examples

{1,2} < Dy,
@Pickmgn

ocm+1)=m+1
Let H={ o€ S,| cm+2)=m+2

o(n)=n

=
I
"



