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e I’ll return pset 2 to your boxes
e pset 3 due today

Lagrange: #G < oo.

If H < G, then #H | #G.

Does converse hold? No

Variation: Does

If d | #G, then 3H < G s.t. #H =d.
hold?

No. But:
e If G is cyclic of finite order, then if d | #G, then 'H < G with #H = d.
we will e If G is finite, p = d is prime, and p | #G, then Iz € G s.t. |z| = p, + thus #(z) = p [Cauchy]
prove these{ e G finite, p prime, if p™ | #G but p™t! { #G, then IH < G with #H = p™ [Sylow]

Theorem [Universal mapping property of a quotient group]

If N 9G,p: G — H is a group homomorphism such that N < ker ¢, then 3! group homomorphism
@ : G/N — H such that

) G/N commutes; i.e.

pom =@ where m: G — G/N is the canonical map.
Pf Define ¢ : G/N — H by (g - N) = »(9).

Well-defined: gN = ¢'N = ¢g'g~' € N C kerp
=o(dg ) =e=0d) g == o) =09

P(xN-yN) =p(xyN) = ¢(zy) = ¢(x)-¢(y) = @(xN)-@(yN) .. ¢ is a group homomorphism.

e pom = is obvious from definition of ¥

e ¥ is unique since 7 is onto. U
A\g“ A, B, C sets
cY onto
fon
e
B
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Ve € C,3a such that ¢ = g(a)

If hog= f, then h(g(a)) = f(a) = h(a) = f(a).

Lemma ¢ : G — H is a group homomorphism.

pis 1-1 & kerp = {eg}

Pf: (=) ¢leq) =en v

(<) Say ¢(z) = ¢(y). Then p(zy™") = p(x)p(y) ' =e=ay™!

Theorem [1* Isomorphism Theorem for Groups]

=e=>z=y.

Given a group homomorphism ¢ : G — H, the map
[ G/kerap — H

given by
?(g - ker @) = (g)
is an injective group homomorphism with im@ = im ¢. So
Pf: UMP with N = ker ¢ gives 3 group homomorphism @ : G/kerp — H, given by @(g-ker ¢) = ¢(g).
im® = im ¢ is obvious
D(x-kerp)=eg = p(r) =eyg =z € kerp
= x - ker ¢ = ker p = ey, ,. .. By Lemma, @ is 1-1. O
@ det : GL,(R) — R* is an O%to group homomorphism with kernel SL,,(R).

x 0
(Vz,det . =x)
0 1
oL GLa®)/sL,(R) 2 R via A SL,(R) — det(A)
r 0]
1

“SLp(R) <=7

0 1

@ Define ¢ : (R, +) — C* by p(t) = €27

© is a group homomorphism by laws of exponents.

imyp = {z|||z|]| = 1} = unit circle in C
kero =7Z <R
SRz ={z]]l7|| =1} <C*

VI VI

Qz =~  {z]z"=1,s0me n}
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Lo 5 8
Ls 7
3
6
Ly /4
)

LiLsLsL4 = lines of symmetry passing through verticies

G acts on {Ly, Ly, L3, Ly} and hence 3 group homomorphism ¢ : G — Sj.

E.g.
o(r)=(1234)
o(s) = (2 4)

ime = ((1234),(24)) <S4
ker ¢ = {e,r4} = Z(D1)

" Z(Dle@') = <(1 23 4)’ (2 4)> < 51

D Iav)
In fact, Z(Tlfa) = Dg

2

Dig = (r,s | %, 5%, srsr)

Dis/{es*} = (r,s \}{ 52, srsr,rt) = Dg
@ Define ¢ : C* — C* by ¢(z) = 212

o p(zw) = (zw)'? = 2?0 = ¢(2) - p(w)

e imp = C*, by Fundamental Theorem of Algebra

2mi ;2 ;11
o keryp = {1,6 12 ,627”12,...,627”12}
X
. C g(CX
{z]22=1}

w - ker ¢ — w'?



