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e Final version of problem set 3 is posted
e I'll have pset 2 graded by tomorrow

Recall If N < G, then the equivalence relation z ~ y < N = yN & Nz = Ny respects
multiplication and thus G/N := G/~

Exercise: If ~ represents multiplication then ~ “comes from” some N < G.
Ex Say G = (z) is cyclic.

What can we say about quotients of G7

N <G < N <G (G is abelian) and N < G = N = (™), some m

o G/N={N,zN,2*N, ..., N} (if m # 0) and G/N = (zN) is cyclic

.. Quotient groups of cyclics are cyclic

Fact 4@ _ 1™ |z| = 00

Hact #W [ - |z| < oo
ged(m,Jz])

Z4Q

Yz ={q+Z|0<q<1,qeQ}

qZ # ¢Z for 0 < g<q <1

q="m,n€Zn>0

n(qg+Z)=m+7Z=17

g+ 7Z) <nin Qz

Qz={z]|z€C* 2" =1 for some n} < C* via ¢+7Z > e?™ (well defined since 2™ = 1 Vn € 7Z)
R=(R,+)

Bz {z € C | ||a]| = 1} < C*

r 4 Z s e

Lagrange

Lemma H < G. Va,y € G #(zH) = #(yH) and #(Hz) = #(Hy)
(Valid even if those are infinite)

Pf Define o : tH — yH by
a(rh) = (yz~')(xh) = yh,Yh € H

Define 5 : yH — xH by (yh) = xh
Then (o B)(yh) = yh Vh
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(Boa)(xh) =ah Yh. . #xH = #yH

Langrange’s Theorem If H < G and #G < oo then #H | #G and i—g = the number of left cosets
of H in G and the number of cosets of H in G.

Pf The left cosets of H in GG partition G into subsets each of size #H.

G =g HUgHY. .. Ug,H, for some gi,...,dy € G with g HNg;H =3 Vi # j
By lemma, #g;H = #g,H = #H
.. #G =/{-#H and ¢ = the number of left cosets of H in G.
Similarly, G = Hy1W...UHy,, r = # of right cosets and #Hy; = #H Vi
L H#HG=r-#H O
Note: In any group H, given H < G
# of left cosets of H = # of right cosers of H
{zH |z € G} <5 {Hy |y € G}
onto
xtH +— Hz™!
y 'H < Hy

rH=2'H= (Y "2 e H= H(z')"! = Hz!
Def H < G, |G : H| := # of left cosets of H in G (no:te # of right cosets)
It’s called the index of H in G.
Lagrange: H < G, #G < o0 = #G = #H - [G : H]

(G + H] = £§)
Cor If x € G and #G < oo, then |z| | #G
Pf (z) < G and #(z) = |z|. Apply Lagrange. O

Cor If G is a group of prime order then G is cyclic. In fact, G = (x) for any =z € G,z # e.
Prop If H < G and [G : H|] = 2 then H < G. (Valid even if #G = o0)

Pf: Pick any g € G\ H. Then HNgH = @. So, [G: H| =2 G = HJgH.

Likewise G = HWUHg (by the Note).

o.gH=G\H=HgandsogH=HgVgeG\H

Iftge HgH=H=Hg. .. gH=HgVgeG. HG. g
Q>T>SD2n

Lagrange
#(r) TESE Doy (r)) =2

= <’I”> g DQn

Note If #G < oo and p is the mallest prime divisor of #G, then if H < G and [G : H] = p, then
HG.



