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Problem Set #1 is due tomorrow, by 5pm.

Group homomorphisms.

Ex
¢ Dop — ({£1},)
1 if f is orientation preserving
So(g) = 2 2 7 ” :
-1 reversing
e(goh)=wp(g)-p(h)
p(r') =1
p(srt) = -1

Ex sgn:s, — ({£1},-)

(o) {1 if o can be writter as a product of an even # of transpositions
sgn(o) =
—1 else

sgn(o o7) =sgn(o) - sgn(7)
If o = (1 2)(3 4),sgn(7') =—1. SO, T = (a1 bl) PN (a2i+1 b2i+1)
Then co7T = (1 2)(3 4)(&1 bl) N ((I21'+1 b2i+1)

2i+ 3 is odd

Fact If 7 is a product of an odd # of transpositions, then it cannot be expresssed as a product of an even #

sgn(7)=—1

o € S, Associated to o we have a permutation matrix:

1 2 n
P,= 1 0 0
0
o(2) 1
0 0

€ GL,(F)
o(1) 1
0
n 0 0
nxn
Fact: det(P,) = sgn(o)
Sp, % GLn(R) p(o) =P,
J sgn J det  is a group homomorphism
({£1},) < (R*,) + this square commutes.
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Def G, H groups. A group isomorphism from G to H is a homomorphism ¢ : G — H that is 1-1 +
onto.

Lemma If ¢ : G — H is a group isomorphism, so is ¢~ : H — G
PfNTS o Ha-b) == ¢ a) - o (b),Va,b e H.

Note ple i (a-b) =ab z ggg_igzg) Spgo_(lcpzb)l)(a)) , since ¢ is a homomorphism.
Since ¢ is 1-1, (*) holds

Def Two groups G + H are isomorphic if 3 an isomorphism fromG to H (or vice versa).
Ex @ exp(R,+) — (R, -) is an isomporhism.

exp(z) = e

It’s inverse is In : (Rso, ) — (R, +)

expoln = identity on R+

Inoexp=" " R

@ Dg ~ S3. Define ¢ : Dg — S3 by ¢(y) = the permutation of {1,2,3} given by what g does to
the verticies of Ps.

e.g. p(r)=(123)

p(s) = (23)

If p(g9) = ¢(h) g and h do the same thing to the vertices and hence g = h.
.. is 1-1 4 thus onto because #Dg = #S3

Analogue 1 ¢ : Doy — Sh
forn >3
2 no 2 1
3
|
3 4

Is Doy ~ 547 ¢ won’t work

@ GLy(F2) ~ S5, not obvious

Fy = field with 2 elements, Fy = Z/2
@ Are Dg and Qg isomorphic?

I
{1, 44,45, +£k}
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No! Say ¢ : Qg — Dg were an isomorphism.
Then ¢(i), o(—1),0(j), p(—7), p(k), p(—k) would be 6 elements of Dg each having order 4.
=<
Lemma If ¢ : G — H is an isomorphism of groups,
lp(9)l = lgl Vg € G

Pf: Omitted
If G + H are isomorphic, then they share all “group theoretic” properties.

e cardinality of groups
e carfinality of centers

e # of elements of a given order

@ If x is any set,
(Sx =)Perm(X) ={0: X - X | 0 is a 1-1 + onto function}

Then Perm is a group under o.
Eg X ={1,2,...,n},Perm|X| = S,.

If f: X - Y isal-1 and onto funciton between sets X and Y, then ¢ : Perm(X) — Perm(Y)
defined by

p(0)=fooof!

is a group isomporhism.



