MATH 817 Notes
JD Nir
jnir@huskers.unl.edu
www.math.unl.edu/~jnir2/817.html
August 28, 2015

274 yersion of 15 problem set is posted. Final revision today. To hand it in, print off (or write)
solutions + put it in my box/hand it to me.

G group, x € G, n € Z

r---x n>0
(z=Hl"l n <o

Lemma (1) 2 - 27 = 271V, j € Z

©

Sp = bijections from {1,2,...,n} to itself

It’s a group under o

If 0 € Sy, support(o) == {i € {1,...,n} |o(i) # i}
eg. (137) €8s

support((1 3 7)) ={1,3,7}

If o,7 € S,,, 0 + 7 are disjoint if
support(o) N support(r) # @

OOT =TOCO

Prop @ The order of an m-cycle is m.

@ Disjoint permutations commute.

Theorem Every permutation is a product of pairwise disjoint cycles + such a factorization is unique

up to ordering.
1 6 7
7= ( 3 16 ) € 51

Ex:
c=(1376)0(24)
=(24)0(1376)

3 45
7T 2 5

NI

Pf of existence Algorithm: Given ¢ € 5,

e Pick a € min(support(o))

e Let m = minpos in s.t.c™(a) = a
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e Form (a o(a) 0%(a) o™ (a)) =7
e Let b = min(support(o) \ {a, o(a),..., a"_l(a)})

form (b a(b) ---0"1(b)) = 7
n = min pos int s.t. 0"(b) =b

Continue until ¢
Theno =1 0mo...

Notes @ e = empty product
(2)(123)=(312)=(231)

Nt Ao . )
these are the same elt of S,,, using different notation

Prop If o =1 o -7, 7;’s are pairwise disjoint cycles, then

|U| = 1C1’I1{‘T1|, ceey |Tk3|}

Pf: By HW, 0" =7{'0---07!,Vn
Claim: 7{'o---o7! =e & 7' = ¢,Vi
(<) obvious

(=) Note that 77", ..., 7 are pairwise disjoint permutations. ETS if a1,. .., oy are pairwise disjoin
+ 01,...,0, = e, then alpha; = e Vi

Pick a € support(«;). Then a = (ag - - ag)(a) = aq(a).
Car=e Soay--ra, =€+ thusas =e,...ap =e.
This proves the Claim.

So,

|o| =min{n € N| 7" = e, Vi}

=min{n € N| || | n,Vi} = lem {|m1],..., ||}

So far: GL,(F), Doy, Sy,
One more basic example: Qg = {1,—-1,4, —1,j,—7,k, —k}
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ij =k = (ij) = ik = (=1)j = ik = —j = ik

ik=—j
Similarly, ji = —k
kj = —i

Realize Qg as a “subgroup” of GLo(C) = a group, C=R+R-/—1
Let ¢ := [' -1 0 ]

0 —v-1
.10 1
R )
10 -1
V=1 0
-1 0
1.—12—1.—[0 _1}
. |=v-1 0 .
_z[ 0 a1 etc for —j, —k

Check that all the relations hold

‘Qg: Every subgroup is normal, but QJg is not abelian

Def’n If GH are two groups, a group homomorphism fromG to H is a function

0:G—>H

s.t. w(:ﬁy) = w(w)y(y),w?y €qG
-=mult. in G -=mult. in H

Lemma If ¢ : G — H is a group hom. then p(eq) = ep.
Pf: pleq) = plec - ec) = p(ec) - p(ec)

IfeeH + xz=2a%thenaz ' - z2=0"122 +soeyg =2x.
" pleg) =en). O
Ex (1) det: GL,(F) — F*, F = field.

det(A - B) = det(A) - det(B)
@ exp: (R,+) = R” exp(r) :=¢€"
exp(r + s) = exp(r) - exp(s)

(3)In: (Rsg,-) = (R, +)
In(r - s) = 1In(r) + In(s)



