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e Problem set #7 id due today
o We'll start linear algebra Monday

— Dummit-Foote, Ch. 11
— Friedberg-Insel-Spence, Linear Algebra, 4" ed

K = (k)
p1,p2: K — Aut(H)
opro! = pa(K)
apr(k)o~" = pa(k)*
Hx, K - H x,, K
(h.k) (o(h),k®)
Tpa(k)T™! = pi(k)°
#K < oo=kerp; =kerps =N
= p1, p2 both factor as K — K/N 2 Aut(H)
#p1(K) = #p2(K)
= #ker pi = #ker py
= ker p1 = ker py (K is cyclic)
Prop Given H,K,p: K — Aut(H),let G = H x, K
(1) H :={(h,e) |he H} Q G, H= H via h — (h,e).
(2) K = {(e,k) |k e K} <G, K = K via k> (e, k).
(3) HNK = {ec}
(WH-K=G
@ The action of K on H via conjugation corresponds to p via H = H K~K.

Pt @ - @ ommitted

@ (e,k) - (h,ye)-(e,k)™ = (W* k) - (e, k™) = (hF - e,k - k=) = (h*,¢€)
p(k)(h) = ¥

Cor H x, K is abelian < H is abelian, K is abelian and p is trivial.
Note p is trivial & K<G

& Hx,K=HXxK.
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Cor Every automorphism of a group H occurs as conjugation by some element g € G where G is a
group such that H < G.

Pf Given H, o € Aut(H), let G = H %, Z, where p : Z — Aut(H)
p(l) = o

Then H < G and conjugation on H by (e, 1) € G is a. O
classifying all groups of order 18 = 2 - 32

Say #G = 18. ng = 1

dH < G,#H =9

K < G, #K = 2 (Cauchy)

K = (z),|z|=2

G=Hx,K,p: K— Aut(H)

a=p(z) € Aut(H)

#H =9 = H is abelian and H = Z/9 or H =~ Z/3 x Z/3

I. H=2%Z/9 H = (z),|z| =9

Aut(H) 2 (7o)

“ lor—1

a=idor a(zr) =z}

G=1Z9x1Z2 G= (xz\:z 22 ezt =27 h)

II: H =7%/x2/3 H = (x,y
z4>(1,0)
y+(0,1)

HZ

23,3, ey ly 1)

Auwt(H) =  GLy(%3)
J

« s A
#Aut(H):8-6:24-3

|a|——1:‘G——Z/3><Z/3><Z/2‘

-1 0 1 0 -1 0 01
2 _ _ _ _ _
A —IQ,A;&Ige.g.A—<O —1>’A_<O _1>A—<0 1) orA—<1 0)

or A= (_01 01>...

Fact from linear algebra

If A€ GLy(%/3) and A? = I,

then A ~ B I} or A~ [_01 _Ol] or A~ [(1) _OJ
HG=75=32-5n5=1

h 2 %5 x Lfs = # Aut(H) = 24-20 = 2° - (3) - 5

K =17/3
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K= (2),|z|=3
p: K — Aut(H)
1
p(k) = (p(2)), #p(K) = or
3

If p,p’ are any two non-trivial homomorphism from K to Aut(H), p(K) and p'(K) are conjguate
since they are Sylow 3-subgroups.



