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PropIf H < G, K < G and HNK = {e}, then the function ¢ : H x K — G defined by p(h, k) = h-k
is a 1-1 group homomorphism with image H - K. In particular, if also H - K = G, then H x K = G.
Ex G = (2),|z| =n,n=m-l,ged(m,¢) = 1. Let a = 2™,b = 2*. (a) < G, (b) I G, (a) N (b) = {e},
since ged(m, £) = 1.

. @ (a) x (b) = G is a 1-1 group homomorphism.
#((a) x (b)) =n .. ¢isonto and G = (a) x (b)

ex Z/60 = Z/15 X L/4 2 L[3 X L[5 x L[4 2 L[3 X L/20
>Z/12XZ[5

Chinese Remainder Theorem: Z/n = Z/m x Z/¢ if n = mt, ged(m, £) = 1

Pf: Say @(h1,k1) = @(ha, k2). So, hiki = hoks = hy'hy = kek{' € HN K = {e}.
. hi =ho and k1 = ko

. pis 1-1 I've only used HN K = {e},H < G and K < G only/]

To show ¢ is a group homomorphism, first we show h-k =%k -h,Vh € H k € K.
Consider [h, k] = hkh~'k~! € H since H < G and [h, k] € K since K < G.

*. [h, k] = e and so hk = kh.

©((h1, k1) - (h2,k2)) = @©((h1he, k1k2)) = hihokiks and @((h1,k1)) - ©((he, k2)) = hiki - hoks =
go((hl, k‘l) . (hg,k‘g)) since k‘lhg = hgk‘l. |:|

Note If H <G, K 4G, HNK = {e}, HK = G, then G/u +— K and G/K «— H.
kH<+k hK<+h

Moreover, using these isomorphisms,

GiG/KxG/H%HxK
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() =2/15 > Z/3 x 25
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i (;,i is 1-1, onto
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Ty
Bxc={(; ) IseR\0).yeR} <GL®)
- 0 =z "\ you check

Iclaim G= D x U. LetDz{(”g 2) |x€R\{O}},U:{<é g{) |y€R} (U = unipotent)
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D < G,U < G are easy to check
D < G since D C Z(G).

pu-:(; )26 9 -G )
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U C Ne(U)
. z 0 L oy) [z 0

- )

MD_JXG(U% (0 x) (0 1) < 0 :c‘1>
DCZ(G)

DNU = {eg}

. G = D x U by the prop

NoteD =R~

L y\ (1 v\ _ (1 y+¥
0 1 0 1/ \o 1
Suppose H < G, K < G (not necessarily normal), HN K = {e}, H- K = G. Then the proof of the

proposition sow:
p:HxK—G

is 1-1 and onto.
But it need not be a group homomorphism:
@((h1,k2) - (ha, k2)) = hi(ha)kiks
@(hikihaky ', kiks)

©((h1,k1)) - p((ha, k2)) = hikihoks = |
hy(kyhoky V) kiko

¢ is a group homomorphism < k C Ng(H) = K I G

Idea! Make ¢ into a group homomorphism by redefining multiplication on H x K to be

(R, k1) * (ho, ko) := (hikihokT ! kike) C H x K

Say K is a group that acts on another group H via automorphisms; i.e., there is a group homo-
morphism p: K — Aut(H).

Then we define a group H x, K = H x K as follows:
The underlying set is H x K

(h1,k1) - (ho, ko) = (hih5, kiks), where hE' := p(k1)(ha).



