
MATH 817 Notes
JD Nir

jnir@huskers.unl.edu
www.math.unl.edu/∼jnir2/817.html

October 30, 2015

(e.g., if p | #G, p is prime, G is simple ⇒ G cannot act non-trivially on a set of n elements with
n < p)

Products and Semi-direct products

Let G1, G2, . . . , Gn be a list of groups. Then G := G1 ∗G2 ∗ · · · ∗Gn is a group under

(x1, x2, . . . , xn) · (y1, y2, . . . , yn) := (x1y1, x2y2, . . . , xnyn)

with identity element (e, . . . , e) and

(x1, . . . , xn)−1 = (x−1
1 , x−1

2 , . . . , x−1
n )

G = “product” of G1, G2, . . . , Gn.

Notation: G =
n∏

i=1
Gi

G has the following properties:

1 G̃i :=

{
(e, e, . . . , e, x

ith
, e, . . . , e) | x ∈ Gi

}
≤ G.

2 Gi
∼= G̃i via x 7→ (e, . . . , e, x

i
, e, . . . , e)

3 If v ∈ G̃i and w ∈ G̃j for i 6= j, v · w = w · v

4 G̃i E G,∀i [NG(g̃i) ⊇ G̃i, NG(G̃i) ⊇ G̃j ,∀j, 〈G̃1, . . . , G̃n〉 = G]

5 The projection function πi : G → Gi, defined by πi(x1, . . . , xn) = xi, is a surjective group
homomorphism.

6 For any group H, there is a bijection

{ϕ : H → G | ϕ is a group homomorphism} 1-1←→
onto
{(ϕ1, ϕ2, . . . , ϕn) | ϕi : H → Gi is a group homomorphism}

given by
ϕ 7→ (π1 ◦ ϕ, . . . , πn ◦ ϕ)

(the map h 7→ (ϕ1(h), . . . , ϕn(h))) ←[ (ϕ1, . . . , ϕn)

n = 2: G = G1 ×G2

Let H = G̃1 = {(x, e) | x ∈ G1}
K = G̃2 = {e, y) | y ∈ G2}
Then

• H E G

• K E G

• H ∩K = {e}
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• HK = G

Prop If H is a group and H, K are subgroups so that H E G, K E G and H ∩ K = {e}, then
the function ϕ : H × K → G by ϕ(h, k) = h · k is an injective group homomorphism and thus
H ×K = HK ≤ G.
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