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1: Integrate each of the following without using an integration table.
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Simplify your answer as much as possible.

(a) You may recognize this integral as the derivative of arcsin(z). While we’ll hope to get this
answer, let’s use a trig substitution to find it.

Because we have the form a? — 22 (where a = 1 and = u) we should use

U
inf = — =u.
sin ;= U

Substituting gives
[ == | =
u = u.
1—wu? 1 — (sinf)?

Notice that we have mixed variables: our integral is in terms of # but our differential is in terms of
du. So we’ll have to find an equation for du in terms of df.

d d do
—q] = — - _— = 1 =
Tu [sin 0] 7 [u] = cosf T = cosf df = du

So now we can substitute and get:

/ 1 d / cos 0 20
/1 — (sin )2 V1 —sin%6
Now we use the trig identity

sin?6 +cos’f =1 = cos’f =1—sin’0

to get

cosf cosf
——df = | —— dbO
/\/1Sin29 Vecos? 6
cos 6
_/C089 d0
:/1 4

—0+C

Now we need to change our answer from being in terms of 6 to being in terms of u. We have
sinf = u = arcsin(sinf) = arcsinu = 6 = arcsinu

SO )
/ = du = arc<in(u) - O
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As expected, both methods give us the same answer.

Now we can use our partial fraction decompostion to write

1 _ [ 3 3
/kLHMl—wdu_/1+u+1—udu

1/ 1 1/ 1
— - du+ - d
2/1+u “+2/1—u “

While these are almost of the form [ % dxr = In|z|, they aren’t quite that simple. We may be
tempted to skip the substitution step, but that would be dangerous in this case for reasons we’ll
see in a moment. Because our variable is u, we’ll do a w-substitution.

For the first substitution we get w = 1 + u. Then dw = du and

1 1 1 1 1 1
2/1+uu 2/w w=gMnfu|+Ci= gl 4ul+C

For the second substitution we use w = 1 — u. Then dw = —du. Note the minus sign! If we’d
skipped the substitution step, it’s possible we would have missed it!

1 1 1 1 1 1 1 1

Now we can combine those two equations. We can also combine the constants into one constant.

1 1
/ /du— ln\l—i—u\—fln\l—uH—C
2 1+u

Because the question asks us to simplify as much as possible, we should use some of the laws of
logs:

1
1n|1+u|—fln|1—u|+C—§(ln|1+u| Injl —u|)+C
14+u

1
~ - (1
2(“1—u>+c

1 1+u
=—1In C
2 1—u +
1/2

1+u
1—u

+C

:ln‘

=In '1+u +C

1—u

This gives us a final answer of

+C.

1 1
/ du = In tu
1—u? 1—u

This is a pretty complicated answer. Let’s make sure it’s right by taking the derivative.

d 14+u d 1+u d
o [ln ‘1—u +C _du[ln ‘1—u +%[C]
1 d 1
_ ’+“ +0
‘HJ du 1—u
\/ | T=u
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So now we can write - g
sin sin
————du= | ————-cosf db.
/,/1—(sin0)2 V1 —sin?6
We can use the trig identity cos?6 = 1 — sin? # again to get

sin 0 sin 6 cos 6

— .cosfdf = | —
V1 —sin?6 Veos? f
:/sin00050 "

cosf

= /sin@ de

= —cosf+C

do

Now we solve for 0:
sinf = u = arcsin(sin @) = arcsin(u) = 6 = arcsin(u)

and get
—cosf + C' = — cos(arcsin(u)) + C.

We can simplify this answer further. Remember that the definition of arcsin(u) is “the angle whose
sine is u.” We can look at what that angle must look like. Lets call that angle (. Remember that
the sine of an angle is the ratio of the side of the triangle opposite the angle over the hypotenues
of the triangle. Then we can use the Pythagorean Theorem to fill in the last side of the triangle.

s=+v1—u?

Now let’s return to simplifying cos(arcsin(u)). Since we set arcsin(u) = ¢, we can look at the
triangle to find

cos(arcsin(u)) = cos(¢) = V1 —u?
giving us a final answer of

U
/1 _ .2
/mdU— 1—u?+C.

Pretty amazing! Even though we used a trig substitution, the final answer has nothing to do with
trig functions. Just to make sure we got it right, let’s take the derivative to check.

i eo] = L]+ L
d 1/
:@[(1_%)/]4—0
:_% (1- 2)—1/2-%[1—@02]
1
= 201 — u2)E (—2u)
—2u
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p. 378 #7: Find

1
/ Inz dx
0

Note that In(0) is not defined so we need to treat this as an indefinite integral. So if this integral
does converge we will have

or explain why it does not converge.

1 1
/ In(z) de = lim In(z) dz.
0

a—0t% J,

Now let’s look at the integral. We don’t have an integration rule that solves this integral, but we
can solve it with integration by parts.

While we don’t know how to take the integral of Inx, it is easy to take the derivative. Therefore
we’ll let w =Inz and dv = dzx. Then du = % dx and v = z. Thus

/lnxdx::cln:c—/ac-idm
:xlnx—/dx

=zlher—-—z+C

Since we have a definite integral, we can drop the “4+C” and say

a =

/llnx = [zlnz —z]l = ((1)In(1) = 1) — (¢lna—a) =a —alna —1

Now we want to take this limit:

lim a —alna—1= lim a— lim alna— lim 1 =0— lim alna—1
a—0t a—0t a—0t a—0t a—0t

In order to calculate the last limit, we note that it is of the form 0 - (—oc). To solve this type of
integral we first rewrite it as

. . Ina
lim alna = lim -
a—0t a—0t 3

—0

Now that it is in the form —2° we can apply L’Hopital’s Rule to get

d
lim B¢y dal2
a0+ 1 a0+ & [l]
a da La
1
= lim —%
a—0+ -3
a
2
) a
= lim ——
a—0t a
= lim a
a—0t
=0

Now that we have solved this limit we have

1 1
/ Inz dr = lim Inz dr= lim a—alna—1= -1
0 a—0t J, a—07t

Doec thie anewer make cence? Tet’e look at the oranh!
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p.378 #49: The gamma funciton is defined for all z > 0 by the rule
o
I'(x) :/ t*te=t dt.
0

(a) Find I'(1) and T'(2).
(b) Integrate by parts with respect to ¢ to show that, for positive n,

I'(n+1)=nl(n).

(c¢) Find a simple expression for I'(n) for positive integers n.

(a) Plugging in x = 1 we need to solve

F(l):/ tile dt:/ tOet dt:/ et dt.
0 0 0

This is an improper integral because the upper bound is co. To solve it, if it does converge, we’ll
use

00 b
/ et dt = lim et dt.
0

b—o0 0
Now we can solve the integral. We’ll skip the u-substitution to get:

b

lim [ e dt= lim[—e ]}
b—oo Jg b—o0
= lim —e % — (*60)
b—oo
b—o0 e

Now plugging in x = 2 we need to solve

e e o)
F(2):/ t21le dt:/ te™t dt.
0 0

Once again we’re dealing with an improper integral. If it converges, we’ll have

o) b
/ tet dt = lim te™t dt.
0

b—oo 0

This time the integral is a little harder to solve. We’ll use integration by parts with u = ¢ and
dv =e"t dt. Then du = dt and v = —e~! dt so

b
lim te™! = lim <[—t6t]g —/—et dt)
b—o0 J b—o0
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(c) We need a function that satifies f(1) = 1 and f(2) =1 and f(n+1) = n- f(n). We can calculate
some values of f:

514-f4)=4-3-2-1=24

This looks almost like the factorial function, f(n) =n!=n-(n—1)-(n—2)-...-1. The difference
is 21=2-1=2, not 1, so we have
IF'(n+1)=n!



