p. 360, #45: Calculate

xr—2
/:L'2—|—:1:4 dx

First, note that
T —2 T —2
—dr = | ——— dz.
/x2+x4 v /x2(1+;1:2) v

This gives us the following partial fraction decomposition

x—2 A B Cz+D
r2(14+22) = 22 1422
= r—2 = A(x)(1+2%)+ B(1+2%)+ (Cx+ D)(2?)
= 022+ 022+ 1z -2 = Azx+ Az + B+ Ba? + Cz3 + Da?
= 0224+ 022 +1x -2 = (A+C)z®+(B+D)x>+ Az + B

Because of the irreducible quadratic term and the repeated factor, we have to use the system of
equations method, so

0 = A+C
0 = B+D
1 = A
-2 = B

Solving gives A =1,B = —2,C = —1, D = 2. Plugging these in gives

/ T —2 d /1+—2+—x+2d
——dr = | —+ — + ——— dx
z2(1 + 22) z 2?2 22+1

We can break these up into individual integrals to get

1 -2 —xz+42 1 1 —x 42
. de= [ ~de—2 [ —d d
/x+x2+a:2+1 o /Jc o /x2 x+/x2+1 v

The first two are easy to solve:

1 1
/dx:ln|x]+C /Qd:c:/az—2dx:x_1+0
x x

and since we still have an integral we can drop the “4+C” to get

1 1 — 2 1 — 2
/dw—2/dx+/x+dx—ln]m\—2 —= +/ s dx
x x? 22+ 1 x z2+1

2 — 2
:1n|:c|+—|—/ vt dx
x

2 +1
—x+2
dx.
/x2+1 v

The naive approach is to use a trig substitution. We’ll do that first. Because the denominator is
22 + 1, we will use tané = z. Then

/—x+2d /—tan9+2d
r= | ——— dz.
2 +1 tan26 + 1

Now we just need to solve




Note that we need to change our dz into a df, so

d d
@[tanﬁ] = —e[x]
I
160826 - do
= dd = d
cos? 6 v
and we get
/tan9+2 dm_/tan¢9+2 1 a0
tanZ6 + 1 N tan20 +1 cos26
)
Remember that tan? 6 = M SO
cos2 6
—tanf + 2 1 —tanf + 2
/a2n+-2d0:/ _tanfrs g
tan’0 4+ 1 cos?6 (3222§+1> cos2 0

—tanf + 2
— /Qan—k do
sin® 6 + cos? 0
Now recall that sin? 6 + cos? 6 = 1, so

—tanf + 2
———df = | —tanf + 2 d6.
/sin2 0 + cos2 0 / ant -+

We can break this integral up into two parts to get

/—tan9+2d0:—/tan9 d9+2/d0

:—/Sme d0+2/d0.

cos 6
We can solve the first integral by using u substitution to with u = cos# (so du = —sin 8 df) to get
—/Sme d9+2/d9:—/8m0- du +2/d9

cosf u  —siné

:/1 du+2/d«9

u

=Inul+20+C
=In|cosf| + 20+ C

Now we have to change our s into zs:
In|cosf| + 20 + C = In| cos(arctan(zx))| + 2 arctan(z) + C.

We can simplify cos(arctan(z)) by setting ¢ = arctan(x) and drawing the triangle below:

_ p)
c=V1l+zx 12 4 22 = (2
T soc=+v1+22
¢




1

i o

Then it is clear that cos(arctan(z)) = cos(p) =

In | cos(arctan(x))| + 2arctan(z) + C = In + 2arctan(z) + C

1
V14 2?2
=1In|(1 + 22)""?| + 2arctan(z) + C

1
=-3 In |14 2?| + 2arctan(z) + C
1
=-3 In(1 + 2%) + 2arctan(z) + C Because 1+ x* > 0 for all z.

So we found

— 2 1
/ x;rj—_l dr = ) In(1 + z?) + 2arctan(z) + C

but it was a lot of work.

There is a more clever way to solve this intregral. Note that

—x + 2 1 —x 2
Pt = | (= Y .
/3:2+1 du /x2+1( T+2) do /x2+1 x+/x2+1 o

Breaking the integral into two integrals reveals that each is pretty easy to solve. For the first, we
use a u substitution with u = 22 + 1 (so du = 2z dx) to get

—x 2 —x du 2
d ——dr = [ — — —d
/ac2—|—1 $+/x2+1 o U 2:L‘+/:L'2+1 o
1 1 2
- - [Za d
2/u u+/m2+1 v
1 2

1, 2
:—§1n|x —|—1|—|—/$2_|_1 dx

1 2
:—21n(a:2+1)+/gcz+1da: Asz?+1>0for all z

For the second integral we notice that / dx = arctan(x) + C so we can pull out the two

1+ 22
and get

— 2 1
/ xg:i:l dr = ) In(z? + 1) + 2arctan(z) + C

which is just what we got with the trig substitution.

Finally, remember that all of this was just to solve the smaller integral in our main problem, so our
final answer is

/;2;+g;4 dx_1n1x+x+/:;:1 dv=nlz|+ = — SIn(z” +1) + 2arctan(z) + C.



