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Abstract

It is known that the problem of determining consistency of a finite system of equations
in a free group or a free monoid is decidable, but the corresponding problem for systems of
equations in a free inverse monoid of rank at least two is undecidable. Any solution to a
system of equations in a free inverse monoid induces a solution to the corresponding system
of equations in the associated free group in an obvious way, but solutions to systems of
equations in free groups do not necessarily lift to solutions in free inverse monoids. In this
paper we show that the problem of determining whether a solution to a finite system of
equations in a free group can be extended to a solution of the corresponding system in the
associated free inverse monoid is decidable. We are able to use this to solve the consistency
problem for certain classes of single variable equations in free inverse monoids.

1 Introduction

An inverse monoid is a monoid M with the property that for each a € M there exists a unique
element = € M such that a = aa"'a and ¢~ ! = a~laa~'. Equivalently, M is a von-Neumann
regular monoid whose idempotents commute. The idempotents of such a monoid form a (lower)
semilattice with respect to multiplication as the meet operation, and we denote the semilattice
of idempotents of an inverse monoid M by E(M). Inverse monoids arise naturally as monoids
of partial symmetries (partial one-one structure-preserving maps) throughout mathematics. We
refer the reader to the books by Petrich [15], Lawson [7], and Patterson [14] for much information
about the structure of inverse monoids and their connections with other branches of mathematics.

Inverse monoids form a variety of algebras (in the sense of universal algebra) with respect to the
operations of multiplication, inversion, and choosing the identity. As such, free inverse monoids
exist. We denote the free inverse monoid on a set A by FIM(A). The free monoid on A will be
denoted by A* and the free group on A will be denoted by FFG(A). It is convenient to denote
the alphabet AU A~! by A (and the free monoid on this alphabet by A*). It is easy to see that
FG(A) is the maximal group homomorphic image of FIM(A). The structure of FIM(A) is
determined by considering finite subtrees of the Cayley tree of the free group (with respect to
the usual presentation of F'G(A)).

Denote the Cayley tree of FG(A) by I'(A). The vertices of I'(A) may be identified with reduced
words (elements of FG(A)), and there is an edge in I'(A) labeled by an element a € A from g
to ga for each g € FG(A). Note that if a labels an edge from g to ga, then a~! labels an edge
from ga to a. For each word w € A*, let MT(w) be the Munn tree of w. Here MT(w) is the
finite subtree of I'(A) obtained when the word w is read as a path in I'(A) starting at 1 and
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ending at the reduced form r(w) of w. A theorem of Munn [13] (see also [15, 7]) states that two
words u and v in A* are equal in FIM(A) if and only if MT(u) = MT(v) and r(u) = r(v).
This provides a solution to the word problem for FIM(A). If T is any finite subtree of I'(A)
containing the vertex 1 and if g is any vertex of I, then there is at least one word u € A* (in
fact infinitely many words) such that (MT(u),r(u)) = (I',g). The monoid FIM(A) may be
identified with the set {(MT(w),r(w)) : w € A*} with multiplication

(MT(u),r(u)) x (MT(v),r(v)) = (MT(u) Ur(u)MT(v),r(uv)). (1)

The idempotents of FIM(A) consist of Dyck words in A*, i.e. words whose reduced form is
1. Two such Dyck words represent the same idempotent in F'IM(A) if and only if they have
the same Munn tree. There is a natural partial order on any inverse monoid M defined by
a < b if and only if a = eb for some idempotent e € E(M). The congruence on M induced
by this relation is denoted by o (or just ¢ if M is understood) and is the minimum group
congruence on M (i.e. M /oy is the maximum group homomorphic image of M). For FIM(A),
each o-class contains a maximum element (the reduced form of a word in the o-class) and of

course FIM(A)/o =2 FG(A).

Let X be an alphabet that is disjoint from A. We will view letters of X as variables and elements
of A* as constants. The sets A and X will be assumed to be finite and non-empty throughout
this paper. An equation in FG(A) or in FIM(A) with coefficients in F'G(A) (or in FIM(A))
is a pair (u,v), where u,v € (AU X)*. Usually we will denote such an equation by v = v: if
necessary for emphasis we will denote u and v by u(X, A) and v(X, A) if there is any possibility
of confusion about the sets of variables and constants in the equation. Similarly an equation in
A* is a pair (u,v) with u,v € (AU X)*, and again we will denote this by u = v. If needed to
distinguish where equations are being viewed, we will denote an equation u = v in A*, [resp.
FG(A), FIM(A)] by u =ps v [resp. u =g v,u =g v].

Any map ¢ : X — A* extends to a homomorphism (again denoted by ¢) from (fl ux )* in
such a way that ¢ fixes the letters of A. We say that ¢ is a solution to the equation © =¢ v in
FG(A) [resp. u =7 v in FIM(A) or u = v in A*] if ¢(u) = ¢(v) in the appropriate setting.
A solution to a set of equations u; = v; for i = 1,...n is a map ¢ that is a solution to each
equation in the set. If a set of equations has at least one solution it is called consistent: otherwise
it is called inconsistent. It is easy to give examples of equations that are inconsistent in any
of the three possible settings where we are considering such equations, and it is easy to give
examples of equations that are consistent in F'G(A) but not in FIM(A) or in A*. For example,
if A ={a,b}, then the equation ax = zb is inconsistent in all three settings, while the equation
ax = b is consistent in FG(A) but inconsistent in A* and in FIM(A). On the other hand it is
obvious that any set of equations that is consistent in F'IM(A) must be consistent in F'G(A):
if ¢ is any solution to a set of equations in FIM(A) and ¢ (z) = w, € A* for each z € X,
then ¢ : X — A* defined by ¢(z) = r(w,) is a solution to the same set of equations, viewed as
equations in FG(A).

The consistency problem for systems of equations in A* [resp. FG(A), FIM(A)] is the problem
of determining whether there is an algorithm that, on input a finite set {u; = v; : i = 1...n}
of equations in A* [resp. FG(A), FIM(A)], produces an output of “Yes” if the system is
consistent and “No” if it is inconsistent. Theorems of Makanin [11, 12] imply that the consistency
problems for systems of equations in A* and in FG(A) are decidable. Much work has been
done on solutions to systems of equations in free monoids and free groups: we refer the reader
to [9, 6, 16, 18, 4] for just some of the extensive literature on this subject. On the other



hand, a theorem of Rozenblat [19] shows that while the consistency problem for systems of
equations in FIM(A) is decidable if |A| = 1, this problem is undecidable if |A] > 1. The
consistency problem for equations of some restricted type (for example, single variable equations,
or quadratic equations) is open as far as we are aware. Some work on special cases of this problem
has been done by Deis [5]. For example, Deis [5] has shown that while the consistency problem for
single multilinear equations in FIM (A) is decidable, the consistency problem for finite systems
of multilinear equations is undecidable. We will show later in this paper that the consistency
problem for single-variable equations of a particular type is decidable.

Now consider an equation u =7 v in FIM(A), let 1 be a solution to this in FIM(A), and let ¢
be a solution to the corresponding equation in F'G(A), where ¢(z) is a reduced word for each
x € X. We say that v is an extension of ¢ (or that ¢ extends to 1) if for each x € X there is
some Dyck word e, such that ¢ (z) = ey¢(x). If 9 is a solution to an equation u = v in FIM(A)
and if ¢(x) = r(¢p(z)) for each x € X, then of course ¢ is a solution to v = v in FFG(A) and ¢
is an extension of ¢.

A given solution ¢ to an equation u = v in FG(A) may admit finitely many extended solutions,
infinitely many extended solutions, or no extended solutions, to the same equation in FTM(A).
For example, the equation bb~ 'z = aa~'bb~! has trivial solution in F'G(a, b), and this has exactly
two extensions 1 (z) = aa~'bb~! and 12(z) = aa~! in FIM (a,b). The equation bb~'z = aa ™'z
has trivial solution in F'G(a,b) that extends to infinitely many solutions .(xz) = e for any
idempotent e < aa~'bb~! in the natural order on FIM (a,b). The equation a 'az = aa™! has
trivial solution in F'G(a,b) but no solution in FIM (a,b). These facts are easy to check via the
multiplication of Munn trees in the free inverse monoid, as described in equation (1).

A natural question arises here: when does a solution to an equation u = v in F'G(A) extend
to a solution to the same equation in FIM(A)? We refer to the corresponding algorithmic
problem as the extendibility problem for equations in FIM(A). More precisely, the extendibility
problem for equations in F'IM(A) asks whether there is an algorithm that, on input a finite set
{ui =v; : 1 =1,...n} of equations in FIM(A) that is consistent in FG(A) and a solution ¢
to this system in F'G(A), produces the output “Yes” if ¢ can be extended to a solution to the
system of equations in FIM(A) and “No” if ¢ cannot be extended to a solution to this system
in FIM(A). Some special cases of the extendibility problem were considered by Deis [5]. The
main result of this paper shows that the extendibility problem is decidable.

2 The Extendibility Problem

In order to study the extendibility problem, we first reformulate it somewhat in terms of Munn
trees. Let u = v be an equation in FIM(A) and ¢ : X — A* a solution to this equation in
FG(A). Thus ¢(u) = ¢(v) in FG(A) (but not necessarily in FIM(A) of course). The edges of
MT(u) [and MT(v)] are labeled over the alphabet AU X. For each variable z that occurs in the
word u, there is at least one edge in MT'(u) labeled by x. The Munn tree MT(¢(u)) has edges
labeled over the alphabet AU A~!. It is obtained from MT(u) by replacing each (directed) edge
e labeled by a variable x € X by the tree MT(¢(x)): in this replacement, the initial root (i.e.
1) of this copy of MT(¢(x)) is identified with the initial vertex of the edge e and the terminal
root of MT(¢(x)) is identified with the terminal vertex of e. This process is well defined since
if «’ is another word with MT(u') = MT(u) and r(u’) = r(u) then v/ = v in FIM(AU X), so
o(u') = ¢(u) in FIM(A), and so MT(p(v')) = MT(é(u)). The relationship between MT(v)
and MT(¢(v)) is described in a similar fashion.



The extension of ¢ to a homomorphism (again denoted by ¢) from (A U X)* to A* naturally
induces a homomorphism ¢ from FG(A U X) to FG(A). Thus each vertex of MT(u) [resp.
MT(v)] that is the initial vertex of an edge of MT'(u) [resp. MT (v)] labeled by a letter x € X
has a unique image in MT(¢(u)) [resp. MT(¢(v))] under this homomorphism. We refer to the
vertices obtained this way as images of initial vertices of edges of MT'(u) [resp. MT(v)] labeled
by the letter x € X as designated z-vertices of MT (¢(u)) [resp. MT(¢(v))]. For example,
if w = abx1b~'bbry ta and ¢(xy) = b~' and ¢(x2) = a, then MT(¢p(w)) has two designated
vertices: namely ab is a designated z;-vertex and aba~! is a designated zp-vertex. Similarly, if
w' = abx1b~1bbroa and we take the same map ¢ as above, then ab is both a designated z1-vertex
and a designated xo-vertex.

Now suppose that (z) = ey¢(x) for all x € X, where each e, is a Dyck word. Since the
terminal root of MT(e;) is the same as its initial root (1), it follows that the designated z-
vertices of M T (¢(w)) and of MT'(1)(w)) coincide, for each word w and each x € X. Furthermore,
MT(¢(w)) is obtained from MT(¢(w)) by adjoining to MT'(¢(w)) a copy of M T (e;) rooted at
each designated z-vertex of MT(¢(w)). Recall that this map ¢ defines an extension of ¢ if ¥ is
a solution to u = v in FIM(A), i.e. if MT (¢ (u)) = MT (¢ (v)).

Now let {u; = v; : i =1,...,n} be a system of equations in FIM(A), and let ¢ be a solution
to this system in FG(A). For each variable x € X denote the set of designated z-vertices of
MT(¢(u;)) [resp. MT(¢p(vi))] by aip [resp. o] and denote the set of vertices of MT(¢(u;))
[resp. MT(¢(v;))] by Bi [resp. i]. It is convenient to denote multiplication in FG(A) by - and
to denote the union S U T of two subsets of FG(A) or (AU A=Y)* by S + T. Finally, let us
denote the set of vertices of the Munn tree MT'(e;) of some (unknown) Dyck word e, by T}, (for
each z € X).

The requirement that ¢ should be extendible to some solution 1 (z) = ey¢(x) to the system in
FIM(A) translates as follows. Consider the system of equations

Zai,x‘Tx—i—ﬁi:Za;’x-Tx—l—ﬁ;:izl,...,n (2)
x x

Here the a; 4, a;@,ﬂi,ﬂ; are finite subsets of FG(A) and the T, are unknowns. A solution of
(2) is any collection of subsets T, (x € X) of FG(A) that satisfies this system of equations. We
would like to decide whether the system of equations (2) has at least one solution such that each
T, is both finite and prefix closed. (A subset T' of F'G(A) is prefix closed if the corresponding
set of reduced words is prefix closed.) We will show that this problem is decidable by appealing
to Rabin’s tree theorem [17]. From the discussion above, this will show that the extendibility
problem is decidable.

We assume some familiarity with basic definitions and ideas of (first order) logic. See, for
example, Barwise [2]. In second order monadic logic, quantifiers refer to sets (i.e. unary or
monadic predicates) as well as to individual members of a structure. The syntax and semantics
of terms and well formed formulae are defined inductively in the usual way. Atomic formulae
include those of the form ¢t € Y where t is a term and Y is a set variable. A sentence of the form
VY v(Y) where Y is a set variable, in particular, is true in a structure M iff v(Y") is (inductively)
true in M for all subsets Y of the universe of M. If a sentence 6 is true in a structure M we
write M |= 0 and we define Tho(M) = {6 : M = 0}. The (second order monadic) theory of M
is decidable if there is an algorithm that tests whether a given sentence 6 of the language of M
is in Tha(M) or not.



Let A be a countable set and consider the structure Ty = (A*,{r, : a € A}, <). Here r, :
A* — A* is right multiplication by a, xr, = za,Vx € A* and < is the prefix order z < y iff
Ju € A*(xu = y). The theory Tha(T4) is called the theory of A-successor functions. For |A| = 2
this is often denoted by 525, and sentences in Tha(T4) can be reformulated as sentences in
525 . Rabin’s tree theorem stated below is one of the most powerful decidability results known
in model theory: the decidability of many other results can be reduced to Tho(T4) (see, for
example, [2]).

Theorem 1 (Rabin [17]) Tho(T4) is decidable.
The main theorem of this paper is the following.

Theorem 2 There is an algorithm that will decide, on input a system of equations of the form
(2), whether this system of equations has at least one solution {T,, : x € X} such that each Ty
is a finite prefiz-closed subset of FG(A).

In order to use Rabin’s theorem to prove this, we need to show that the existence of a solution
of the desired type to (2) is expressible in S25.

Step 1: View each element of each set «; ., a;,w Bi, B, and T, as a reduced word in A*. In order
to translate the equations (2) over subsets of FG(A) into similar equations, but over subsets
of A*, we decompose the coefficients Qs a; and as well, the sets T, into a finite number of
components.

T

Let us consider the set

S={(a,u) e (AU{e}) x A" |ve A"\v-ue >  ajz+a, anda=0"}
i€X,1<i<n

where v() denotes the last letter of v , if |v| > 1, and the empty word, €, otherwise.
Let us denote the elements of S by {(a;,u;) | 1 < j < k}. For every j € [1, k] we write:

Tjn= {uc A*| uj_1 -u € T, and u does not begin with letter aj_l} (if aj € A)
Tje = {uefl*\uj_l-ueTm} (ifa; =€)

Accordingly, for every 1 <i<n,1 <j <k, z € X, we define the sets
Qijr={uc A" |u-u; € a;, and ut) = a;}

and o/ . is defined similarly.

Z’]7x

The equations (2) reduce to the system of equations

k k
Z ZO&Z‘,J’@-T‘jij,BZ’ = Z Za;,j,z',fjvarﬁz{J: L...om (3)

rzeX j=1 zeX j=1

Note that the effect of our chosen decompositions of the sets o 4, a;x, T., is that all products in
the system (3) are reduced as written - so (3) may be viewed as a system of equations in the free
monoid A*, where QG oz aé—mw B and [, are prescribed finite subsets of this free monoid, and
the T}, are the unknowns. A solution to (3) is a vector of subsets {7}, :x € X,j=1,...,k} of
(reduced) words in A* that satisfies (3). We seek to decide whether (3) has a solution so that

each T} ; is a finite, prefiz-closed subset of reduced words in A*.



Step 2: For each set U of words in A*, let Pref (U) denote the set of prefixes of words in U.
Though the existence of a finite solution {F;, : x € X,j=1,...,k} to (3) does not necessarily
imply the existence of a finite prefix-closed solution to these equations, we can note that this
is in a sense “almost” the case, and we will see how to impose additional conditions to obtain
a finite prefix closed solution to this system of equations. Let N be the maximum length of a
word in any of the sets ; j ,, O‘;,j,x’ Bi, and fI.

Suppose that {E;, :x € X,j=1,...,k} is a finite solution to (3). We first prove the following
Lemma.

Lemma 1 Suppose that w € Pref(E; ;) for some j and some x, and that |u| > N. Then for
alli=1,....n, ifvE€ qjjqa, thenv-u €y, >, a;’j’m - Pref(Ej.) + 3.

Proof. There exists a reduced word s € A* such that u - s € E;; and u - s is reduced as written.
It follows that v-u-s € >, > a} ;. - Ej.+ B Since |u] > N, it follows that v-u-s ¢ 3,

/ s - / / /
Sov-u-s € Y ,> 0, Ej,. Hence there exist y,J and v' € «aj5,, € € Ej, such that
v-u-s=1v"-¢€. But again, since |u| > N, s must be a suffix of €/, so ¢’ = ' - s for some u'. So

we have v-u-s =o' -u/- s in A*. It follows that v - u = v/ - v where v’ € Pref(F;,). ]

Step 3: Lemma 1 shows that if {F;, : € X, j = 1,...,k} is a finite solution to (3), then
{Pref(Ej;) :x € X,j =1,...,k} is “almost” a solution to (3). In order to arrange for a
prefix-closed solution to (3) we need only assume some additional conditions on the “short”
prefixes of elements of each set F, ;. Since these prefixes must be included in a finite set that
we know in advance, we are able to formulate appropriate additional conditions as follows.

Denote by AV [resp. A=N] the set of words in A* of length N [resp. < N]. Let us introduce

another vector of unknowns, {P;, :z € X, j =1,...,k} and consider the additional conditions:
Pi,CFEj,,zeX,j=1,...,k (4)

Eix CPio+ (PiaNAN) A"z e X, j=1,...k (5)

P, CASN ze X, j=1,...,k (6)

We have the following two lemmas.

Lemma 2 Let {(Pj,,Ej,):x € X, j=1,...,k} be a finite solution to (3,4,5,6) such that each
P;j ;. is prefiz-closed. Then {Pref(E;.):x € X, j=1,...,k} is a finite prefiz-closed solution
to (3).

Proof. Since {Ej, :x € X, j =1,...k} is a solution to (3), it is clear that 8; C 3, >, 0427]-@ .
E;.+pB foreachi=1,...,n. Let u € Pref(Ej,) and v € q; j, for some i, j, . If |u| > N then
we already know by Lemma 1 that v-u € 35, 3>, a; ;- Fj .+ . So assume that |u[ < N. There
exists some (reduced) word s such that u-s € E;, and u- s is reduced as written. If u-s € Pj,,
then v € Pj, since we are assuming that each P;, is prefix-closed. Otherwise we must have
u-s € (Pj, NAN) - A* by (5). But then since u is a prefix of u - s of length < N, we must
have that u is a prefix of a word in Pj,, and so (again since Pj, is prefix-closed) we must have
u € Pj,. Hence v-u € a; j - Ej, by (4). Since {Ej, :x € X, j=1,...,k} is a solution to (3),
this implies that v-u € 35,3, o) ;. - Ejo + 0. 1t follows that 32, 37, a; . - Pref(Ej.) + 8 C
> w 20 Oy Pref(Eja) + B for each i = 1,...,n. The reverse inclusion follows dually and so
{Pref(Ej.):x€ X, j=1,...,k} is a solution to (3), as required. [



Lemma 3 Let {Tj, : v € X,j = 1,...,k} be a finite prefiz-closed solution to (3) and set
Ejr =T, and Pj, = T;, N ASN for each z € X and j = 1,..., k. Then {(Pjz,Ejz) : ¢ €
X, j=1,...,k} is a solution to (3,4,5,6) and each P; is prefiz-closed.

Proof. It is trivial to verify that conditions (3), (4), and (6) are satisfied by our choice of the
Pj, and Ej ;. To verify (5), simply note first that any word in Tj, of length < N is in P;, by
definition of P;,. Also, if u is a word in Tj, of length > N, then we may write u = «’ - s where
o is a prefix of u of length N and s € A*. But then since T} . is prefix-closed, v’ € T}, and so
u € (Pj, N AN) . A*. This completes the verification that (5) is satisfied. ]

Step 4 - The Decision Algorithm: By Lemmas 2 and 3, we are reduced to deciding whether,
among all the prefix-closed P;, satisfying (6), there is a collection such that (3) (where the
unknowns are renamed E; ;), (4), and (5) are also satisfied by some finite sets of reduced words.

Enumerate effectively all of the prefix-closed P;, satisfying (6). We now translate each of the
conditions (3), (4), and (5) into their “mirror” conditions in the dual semigroup to A. For each
word w = s182... 5, (With each s; € 121), we define w to be the mirror word w = s ... s9s1. For
each subset F C A* we define F' = {i : w € F}. For a given collection of prefix-closed sets
Pj.,xze€ X,j=1,...,k, one can consider the mirror versions of (3), (4) and (5).

The mirror version of (3) is

D> FraGiga+ 0= ) Fio- Gy, + 0, i=1...,n. (7)
r g T g

Notice that in these equations, the variables F; ; are on the left and the constants are on the right.
Also, the equations (7) have a solution {Fj, : z € X,j = 1,...,k} if and only if the equations
(3) have a solution {Fj, : z € X,j =1,...,k}, where F}, = Aj,x foreach v € X,j5 =1,...k.
Also notice that the existence of a solution to (7) is expressible in S2S, because right product
by given words is a finite composition of successor functions. But this implies that the existence
of a finite solution to (7) (i.e. a solution where all sets Fj, are finite) is also expressible in S28S,
simply because finiteness is expressible in S2S. [Let us recall this standard trick: by Konig’s
Lemma, a set F' C A* is infinite iff it admits a set of prefixes F” such that every element of F”
has some successor inside F”; this characterisation is expressible in S2S].

The mirror version of (4) is

PraC Fyavz€ X,j=1,....k. (®)

Here each PN is a fixed finite subset of A* (corresponding to the fixed choice of the P;, that
we are working with), and each F}, is a variable. Clearly the existence of a solution to these
conditions is expressible in S28S.

In order to express the mirror version of (5) in S2S, notice that the mirror image R; , of (Pj, N
AN) . A* is the smallest subset X of A* such that w-s € X for all w € A* and all s in the fixed
finite set consisting of mirror images of words in (P;, N AN ). Since there are again just finitely
many choices for these words s, since all variables w occur on the left, and since it is possible to
express in S2S the fact that a set X is the smallest subset satisfying some other property that
is expressible in S2S, membership in the sets R;, is expressible in S25. The mirror version of
(5) then becomes

Fin CPia+Rip,zeX,j=1,... .k (9)



where the I, are variables and the R;, are described above. Hence it is possible to express in
S52S the fact that the Fj, satisfy these conditions.

In addition, it is clear that it is possible to express in 5285 the fact that the F , consist of reduced
words only (this property is invariant by the mirror operation).

Finally, notice now that for fixed finite prefix-closed sets Pj, (v € X,j = 1,...,k) satisfying
(6), the existence of sets Ej ,(x € X,j = 1,...,k) that satisfy (3,4,5) is translated in the mirror
conditions to the existence of sets Fj, that satisfy (7),(8) and (9), and that Fj, = AJ-J for
each z and j. We can decide, using Rabin’s tree theorem, whether (7,8,9) has at least one finite
solution {Fj, :z € X,j = 1,...,k} in A*, and the answer to this decides whether (3,4,5) has
at least one finite solution {F;, : v € X,j =1,...,k} in A* (for the P;j, under scrutiny). If,
for some finite prefix-closed sets P; , satisfying (6), the answer is “Yes”, then (3) has some finite
prefix-closed solution: otherwise, (3) has no finite prefix closed solution. This completes the
proof of Theorem 2.

As an immediate corollary we obtain the following result.

Theorem 3 Let A be a finite set. Then the extendibility problem for FIM(A) is decidable.

3 The Consistency Problem for Single-variable Equations

Recall that the theorem of Rozenblat [19] shows that the consistency problem for finite systems
of equations in FIM(A) is undecidable. Deis [5] has shown that the consistency problem for
a system consisting of one multilinear equation in FIM(A) (i.e. an equation u = v in which
each variable labels exactly one edge in MT (u) U MT(v)) is decidable, but that the consistency
problem for finite systems of multilinear equations in FIM(A) is undecidable. In this section we
show how the results of the previous section may be applied to study the consistency problem
for systems consisting of one single-variable equation in FIM(A). A single-variable equation
in FIM(A) is an equation involving just one variable z (that may occur many times in the
equation, with exponent +1). We are able to solve the consistency problem for a large class of
single variable equations in FIM(A).

It is clear from Theorem 3 that the consistency problem for a class of equations in FIM(A) is
decidable if the corresponding equations in F'G(A) have only finitely many solutions. A class of
single-variable equations for which this is the case was identified in a paper of Silva [20].

In the following, we consider a single-variable equation w(z) = 1 in FG(A), where w(x) is the
reduced word

w(z) = c1x@eax® .. prtepy, (10)
with each ¢; € A* and ¢; € {—1,1}.
The proof of the following result in [20] is attributed to James Howie.
Theorem 4 Let w(x) =1 be a single-variable equation in FG(A) and suppose that the exponent

sum of the single variable x in w(z) is not zero. Then the equation w(x) =1 can have at most
one solution in FG(A).

As an immediate corollary of this and Theorem 3, we obtain the following fact.



Corollary 1 Consider the class C consisting of single-variable equations u = v in FIM(A) in
which the sum of the exponents of the variable in u is not equal to the sum of the exponents
of the variable in v. Then the consistency problem for this class is decidable. That is, there is
an algorithm such that on input one equation v = v in C, will produce the output “Yes” if the
equation is consistent in FIM(A), and “No” if it is inconsistent.

In order to extend this result to other classes of single variable equations in FTM(A), we recall
some of the established literature on single variable equations in free groups. A parametric
description of the set of all solutions to a single-variable equation w = 1 in F'G(A) was obtained
by Lyndon [10]. Lyndon’s result was refined somewhat by Appel [1] and subsequently by Lorents
[8].

Let M be twice the maximum of the lengths of the ¢; in equation (10). In the following result,
a parametric word is a word of the form v = wjwSws in which « is a parameter, wjwSws is
reduced for € € {—1,1}, and wy is cyclically reduced and not a proper power. A value of u is the
element of FFG(A) obtained by substituting an integer value for «. The refinement of Lyndon’s
and Appel’s result that we shall use (due to Lorents [8]) is the following.

Theorem 5 The set of solutions to any equation of the form w(zx) =1 in FG(A), where w(x)
is the word (10), is the union of:

(A) a finite set of solutions whose lengths are < 4M; and

(B) the set of all values of some finite set of parametric words.

We remark that the proofs of the theorems in the papers by Appel and Lorents are effective,
so the set of parametric words that can yield solutions to w(xz) = 1 in F'G(A) is effectively
constructible (in fact |wjwows| < 5M, in the notation above). This, together with the following
definition, will enable us to extend Theorem 4 to a larger class of single-variable equations for
which the consistency problem is decidable.

Define V : (AU {z,z71})* — FIM(z) by V(a) = 11if a € A and V(z) = z. Thus if u =
wiztwy - - -z wy, where w; € A* for j = 1,...,n and ¢ = £1, then V(u) = 2“2 -2 in

FIM(z).

Theorem 6 Let C be the class of single-variable equations of the form uw = v in FIM(A) for
which V(u) # V(v) as elements of FIM (x). Then the consistency problem for C is decidable.
That is there is an algorithm that on input an equation u = v in C, produces the output “Yes”
if this equation is comsistent and “No” if it is inconsistent.

Proof: Since u,v € (AU {z,77})* then we have
= u U - - - 2", and v = V12 Vw2 - - 2010y, (11)

Whereui,vjefl*forlgign,1§j§tandei,5j6{1,—1}f0r1§i§n,1§j§t.

If there are only finitely many solutions to u = v in FG(A) then there is an effective bound on
the length of all such solutions, by Theorem 5. Thus in this case we can decide whether the
equation u = v is consistent in F'IM(A) since the extendibility problem is decidable. So suppose
that there are infinitely many solutions to u = v in FG(A). Then again by Theorem 5, we may
effectively find finitely many parametric words of the form wjw$ws such that ¢, (z) = wiwy ws
is a solution to u = v in FG(A) for any integer m. We will show that there are only finitely



many values of the integer m (for each such parametric word) such that ¢,, can possibly extend
to a solution to u = v in FIM(A). Again, since the extendibility problem is decidable, this will
enable us to decide whether the equation u = v is consistent in FIM(A).

Recall that the free group on & F'G(z) is isomorphic to the additive group Z of integers. Thus
every Munn tree in the Cayley graph of FG(x) can be viewed as an integer interval containing
0

{i€eZ|p<i<s}=]Ip,s] wherep <0 <s,

and if w € FIM(x) the rooted tree (MT(w),r(w)) can be identified with the triple (p, ¢, s) with
—p,s € N and p < ¢ < s. The initial root of the corresponding birooted tree is 0 and r(w) = z1.

Let V(u) be identified with the triple (I,,nq,7,) and let V(v) be identified with the triple
(ly,my,Ty). Since V(u) # V(v) in FIM(z) it follows that (Iy,ny,74) # (ly, Ny, 7). If 1y # 0y
then the sum of the exponents of the variable x in w is not equal to the sum of the exponents
of the variable = in v. But then from [20] there exists at most one solution to u = v in FG(A).
Since we are assuming that w = v has infinitely many solutions, this does not occur. Thus
ny = ny and since (ly, Ny, ) # (ly, My, 7y) then either I, # I, or r, # r,. Without loss of
generality assume that r, # r, and r, > 7,. ( A dual argument will apply to the case when
l, # l,.) Note that there exists i such that r, = St _ e, > 0.

We will associate an integer to each reduced prefix

r(pm (U1 u2)), r(dm (w1 z usx?ug)), - - -, 7(Ppm (U1 ugx - - - 7 1uy,))

of ¢ (u). Similarly, we will do the same for the prefixes
r(Gm(012°102)), (G (012 092 03)), - -+, P (P (V127 092 - 2% Twy))

of o (v).

Let d be the maximum diameter of the Munn trees of any of the words
U1w1,ulw§17vlw1, Ulwglawi*iun-‘rla Wi M1, WV, wflvtﬂ, or

w3U;W1, wguiwgl, wl_luiwl, wl_luiwg_l, w3V W1, ’LU3’ij3_1, wl_lvjwl, wl_luvng_
fori=1,...,nand j=1,...,t, and let D =d+ 1. Choose m so that |m| > 4M D, where M is
the maximum of n and t.

1

We define a function ¥ from the set of reduced words in A* to Z in the following manner. Let
z € A* be a reduced word. Write z = zjwh' zowh?z3 . .. zp,lwg"zp where no word z; contains
wgﬂ as a subword, the k; are non-zero integers, and z; is non-empty for 2 < ¢ < p — 1. For each
ilet |k;| = sim| 4+ r; where 0 < r; < |m|. If r; < |m|—2MD, define o; = s;: if 7; > |m|—2MD
define a; = s; + 1. Then define ¥(z) = Y, Ozil%. Note that W(z) = 0 if z has no subword w}
with |k| > |m|—2MD.

We will now show that for each reduced prefix,

i

U (7 (dm (ugztugz® - - - %u;41))) = Z €j (12)
j=1
and
\I/(r(¢m(v1$51v2x62 e xéiUiJ,_l))) = Z J; (13)
j=1

10



Let pi = ¢m(urzugz® - - - x%u;yq1). Then write

me ! me: me; 1
pi = uywy'  upwy'? L uwjwy gy (14)
where u} is wqw; if ¢ = 1 or u1w3_ if e, = —1, and the u} are defined similarly for ¢ > 1.

We have r(u}) = ujws' where ¢; is an integer (possibly zero) lc1] < D and the word u1w2

is reduced as written. Similarly, we have reduced words r(uj) = ng 1u”w2] for j = 1,.

and r(uj,,) = wiul uy, 1, where each c¢;,d; is an integer (possibly zero) with |¢;|,|d;| < D. The
(possibly empty) words v are reduced and contain no subword of the form wh where |k| > D,
so no word u} contains a subword of the form wh where |k| > |m| — 2M D, by choice of m. It
follows from (14) that

(ps) = U/&/wg'bel‘f‘Cl‘f‘dl ulzlquneﬁcﬁdz ) u//wgneﬁcﬁd ul g (15)
Suppose that uj = 1 for j = s,s+1,...,s +p (some s,p with 2 < s < s +p < i) Note that
in this case r(p;) contains the corresponding subword w4 where k = Zjif_l(mej + ¢j + dj).
Denote | Zsfg L€ by E. Now E|m|—2(p+1)D < |k| < Elm|+2(p+1)D, so E|lm|—2MD <
|k| < E|m|+2MD. If |k| > E|m| then we have |k| = E|m| + r where r < 2M D < |m| —2M D
since |m| > 4MD. So in this case, \I/(w|2k|) = E, and so ¥(wh) = th’; 1 €. If |[k| < E|m| then
we have |k| = (E —1)|m|+r where r = |k| — (E —1)|m| > |m| —2M D since E|m|—2MD < |k|.

So again we have \If(w|2k|) = F and ¥(wh) = Zjii’fl €.

In general, there is some (possibly empty) sequence of integers iq,ia,...4r with 1 <4y < iy <
. < iy < i+ 1 such that u’-’_ # 1 for each j, but all other words uf (for 1 < j < i+ 1) are

empty. We must have r(p;) = uf w;“u” w§2u;’2 ... wy’ uf, |, where this word is reduced as written

and where each k; is the sum over the appropriate range on the subscript e of terms of the form
mee + cc + de. By the argument above, \Il(w];j) = (3_. €e), where the sum is taken over the same
range of values of e. Since none of the words w;; is empty or contains a subword of the form

wh with |k| > |m| — 2M D, we clearly have ¥(r(p;)) = Z;;l \I/(ng). This, combined with the
result in the previous sentence, shows that W (r(p;)) = 22‘:1 €j, as required. The proof of (13)
is similar.

We now claim that if |m| > 4M D, then the solution ¢,, of v = v in FG(A) does not extend
to a solution in FIM(A). This will show that the consistency problem reduces to checking
extendibility of finitely many solutions to u = v in FG(A), which is decidable by Theorem 3.

Define a branch of a Munn tree MT(w) of some word w to be a path b in MT(w) starting
at the initial vertex of MT(w) and labeled by a reduced word [(b). Note that according to
this definition, a branch of MT(w) does not necessarily end at an extremal vertex of the tree
MT(w). It is clear that if MT(w1) = MT(wq) for two words w; and wg, and if k is any integer
such that ¥(I(by)) = k for some branch by of MT (wy), then there must exist a branch by of
MT(w2) such that ¥(I(b2)) = k (and vice-versa).

We claim that for any word w, if w’ labels a branch of MT'(w), then there must be some prefix
p of the word w such that r(p) = w’. To see this, note that if v’ is the reduced word ajas ... as,
then the edges corresponding to aj,as, .. .as must eventually be traced out (in the order listed)
in MT(w) as we read the word w in the Cayley graph of FFG(A). Thus there must exist words
Wi, W, . .., Wst1 Such that w = wjajwaas . . . aswsyq in A* where each w; (i=1,...,s)is a Dyck
word. It follows that w' = r(p) where p = wiajwsaas . . . as is a prefix of w.
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Since V(u) # V(v) as elements of FIM (x) and since we assumed that r, > r, > 0, it follows
that there exists ¢ such that r, = 22:1 €k > Y5 0x for all j <t —1. Choose i to be maximal
with this property. Clearly we must have ¢; = 1. Let F' = U(r(¢p, (u1zugx® - - - x%u;41))). By
(12) and (13), we have

F > U(r(dm(via®voz® - % v 1)), k=1,...,t —1 (16)

Equation (16) shows that there is a branch by in MT(¢,,(u)) such that U(l(by)) = F, but we
will see that it also implies that there is no branch by in MT(¢,,(v)) for which ¥(l(bg)) = F.
To see this, note first that (13) shows that if w is any prefix of v, then the value of U(r(¢,,(w)))
depends only on the largest integer k for which uix ...x%% is a prefix of w. Thus there is no
prefix w of ¢, (v) for which ¥(r(w)) = F. By the claim above, this means that there is no
branch bg of MT (¢, (v)) such that U(I(b2)) = F. This in turn implies that ¢,,(u) # ¢ (v) in
FIM(A).

Now assume that ¢, extends to a solution 9 of u = v in FIM(A) where ¢)(x) = ep,(x) for
some idempotent e. Choose a branch b of MT'(e) for which ¥U(I(b))) is maximal. Certainly
U(i(b))) > 0.

If i <n—1, then €417 = —1. In this case let a be the designated vertex of MT(¢$(u)) corre-
sponding to the initial vertex of the edge labeled by z¢+! in MT(u). When we adjoin a copy of
MT(e) to MT(¢(u)) at the vertex o we see that we can construct a branch bg of MT (1,,(u))
such that W(I(bg)) = S%_; ex + ¥(I(b)), so there must be some branch by of MT(¢)(v)) with
U(l(bg)) = 4, ex + ¥(I(b)). But this is impossible since ¥(r(w)) < S%_; € for all prefixes
w of v by (16).

If i = n—1, then €,_1 = 1. In this case let a be the designated vertex of MT'(¢(u)) corresponding
to the initial vertex of the edge labeled by z»~1 in MT(u). When we adjoin a copy of MT(e)
to MT(¢p(u)) at the vertex a, we see that we can construct a branch bs of MT (., (u)) such
that ¥(I(bs)) = S7_7 ex + L, where L is the maximum of 1 and ¥(I(b)). But again there is
no such branch in MT(¢(v)) by (16), so we have a contradiction. Hence ¢, does not extend
to any solution to u = v in FIM(A) if |m| > 4M D. Decidability of the consistency problem
follows from Theorem 3. ]

In order to study the consistency problem for equations v = v for which V(u) = V(v), it is
convenient to note the following lemma.

Lemma 4 Let u = v be an arbitrary equation in FIM(A) and let ¢ : X — A* be a solution to
u=wv in FG(A). If the set of designated vertices in MT(¢(u)) is equal to the set of designated
vertices in MT(¢(v)), then ¢ extends to a solution in FIM(A).

Proof: Let {wi,ws, -, wk} be the set of designated vertices in MT'(¢(u)) (and in MT(¢(v))).
View each w; as a reduced word in A*. Let

9= d(u)d(u) " p(v)p(v) ™!
and note that MT(g) = MT(¢(u)) U MT(¢(v)). Let

E = (wi ! gw:)(wy ' gws) - -+ (wlzlgwk)v

and let T'= MT(E).

12



Extend the map ¢ by defining
) X — A" by () = E(w:)

for each variable x; in the content of v and in the content of v.

From the definition of a designated vertex, it follows that at each vertex labeled by w; (j =
1,...,k), the tree
w;T = UleijT(wflgwi)

is a subtree of MT(¢(u)) and that in fact
MT((u)) =wiTUwT ... w,TUMT(p(u)).

If z is an element of FG(A) that is a vertex in MT(¢(u), then ijj_lzz_lfwj labels a path in

wj(wj_lMT(g)wj) C w;T, starting at 1 and ending at w;. But then wj_lzz_le labels a path

in w;T, starting and ending at wj, so z is a vertex in w;T. It follows that MT (¢(u)) € w;T for
all j, and so MT((u)) = wiT UwT ... wiT. Similarly, MT (¢(v)) = wiT UwT ... wiT, and
so MT(y(u)) = MT(¢(v)), whence ® is a solution to u = v in FIM(A) that extends ¢. [

We will introduce the concept of a standard factorization or a Choffrut factorization of an
element in FIM(A). Let u € FIM(A). A reduced factorization of r(u) is r(u) = ujug - - uy,
where u1, us, - - -, 4, are nonempty words and ujus - - - uy, is reduced as written. Fort =1,2,---,n
set u; = ubc; where ¢; is the last letter of u;. Note that while r(u) has many different possible
reduced factorizations, there are only finitely many such factorizations.

Theorem 7 (Choffrut [3]) Let u € FIM(A) and let ujug - - - uy, be a reduced factorization of
r(u). Then there exists a unique factorization (which we call a Choffrut factorization) of u in
FIM(A) such that

U = egU1e1U2 " * - En—1UnCn
where eg, e1, €, -, €, are idempotents satisfying the conditions:
(i) foralli=1,2,---,n, wu; " # ei_1 and ugug_l >ei 1
(ii) foralli=1,2,---,n, cl-_lci 7 e
For more information on this decomposition, see [3].

The following theorem will use the well known parameterization of the solution set to the
equation z1xe = xex3 in the free monoid (see, for example, [9]). All solutions ¢ : X — A* to
this equation can be parameterized as:

o(x1) = rs
P(zz) = r(sr)™
d(x3) = sr.

where 7, s € A* and m € N.

Theorem 8 The consistency problem for equations of the form w1z us = v12%2vy where u;, v; €

(AUAY* and ¢; = 1 fori=1,2 in FIM(A) is decidable.
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Proof: The extendibility problem for w1 ug = v12%209 is decidable by Theorem 3. If {1 # (o
then there is at most one solution to ujz¢us = v12%vy in the setting of FG(A), which implies
that the consistency problem is decidable.

We will assume that (; = (5. Without loss of generality assume that (; = (o = 1. The case
when (4 = (o = —1 will follow similarly. If there are finitely many solutions to the equation
uizug = vizve in FG(A) then the consistency problem is decidable for ujzus = vizvy in
FIM(A) since the extendibility problem is decidable.

So we suppose that ujxus = vizvy has infinitely many solutions in F'G(A). From Theorem 5 we
know that there exists a finite set of parametric words defining the solution set to this equation

in FG(A). Choose one such parametric word: there are corresponding reduced words w1, wo and
ws so that wlwflwg is reduced as written, wq is cyclically reduced and primitive, and w;wjws
is a solution in FFG(A) for all n € Z.

Let E = ulufluzuglvlvflvgvgl. Assume that for some value of n, the solution wywjws extends
to a solution to the equation in FIM (A). Without loss of generality we may assume that n > 0
(Replace wy by wy ! if necessary.) Choose N € N minimal such that ¢(z) = wjwdws extends
to a solution ¢ (x) in FIM(A). We will show that

N < 3Diam(MT(E)) + 2.
It follows that we need to check extendability of only finitely many solutions to u = v in FG(A).
By Theorem 3, this implies that the consistency problem is decidable.

Suppose on the contrary that
N > 3Diam(MT(E)) + 2.

Factor v(x) using the Chouffrut factorization based on the reduced word wiwd w3 to get

w(.%') = €_1wWi1eQW2€1 -+ EN_1W2ENWIEN 41 - (17)
Let a, [resp. a,] be the largest integer k such that ujwiw5 [resp. viwiwh] labels a path starting
at 1 in MT(ujwy) [resp. MT(viwy)]. Dually, let 3, [resp. (3,] denote the largest integer k
such that uy 'wz 'ws® [resp. vy 'wy 'wy¥] labels a path starting at 1 in MT (uy w3 ') [resp.
MT (v; twy )],
Let a = maz{ay,ay} + 1 and 8 = max{fBy, Bv} + 1.
Thus by choice of N, the length of the geodesic [wg“ﬂ,wév_ﬂ_l] in MT(¢(u)) N MT(p(v)) is
greater than the diameter of MT'(E). Consider a Choffrut factorization of ¢ (u) = 9 (v) relative
to the reduced factorization

r(ujwiws) we - - - wo r(wgwqu) (18)
N—(a+p)
of r(p(u)) = r(¢p(v). We will get

P(u) = ¥(v) = for(wrwiws) frwafa - fa—(ars)WofN— (ot (W wsu2) fa—(arpray  (19)
where f; are idempotents for 0 <i < N — (a+ § + 2).

Either r(u1) = r(v1) or r(u1) # r(v1) in FG(A). When r(u1) = r(v1), then the designated u-
vertex and designated v-vertex are the same and so by Lemma 4 the equation © = v is consistent,
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so we may suppose that r(u1) # 7(v1) in FG(A). But this implies that r(ujwiwg) # r(viwiwg)
in A*. (In general if r(u12) = r(v12) in A*, then w1z = v1z in FG(A), so we obtain u; = v; in
FG(A), a contradiction.) Thus the reduced factorizations (18) and

r(viwwg) we - - - wo 7“(’11)511]31}2) (20)
N—(at)
of r(¢(u)) = r(4(v)) are not identical.

Without loss of generality assume that r(vjwi;w§) is a proper initial segment of r(ujwiws).
Then there exists w’ € A* such that r(ujwiws) = r(viwiw$)w’ in A*. By choice of N, w’ is
a proper initial segment of wj ~(5) and we may write v’ wy ~(ath) wh ~@FB " for some
w” € A*. By examining overlaps between the two factorizations of the word above, we see
that if w’ is not a power of ws, then there must exist non-trivial words ¢,t,¢ € A* such that
wy = gt = tq', where ¢ is also a prefix of wy. But |g| + [¢t| = |wa| = |t| + |¢'], so |g| = |¢'|, and
since both are prefixes of wy this forces ¢ = ¢/. So wy = ¢t = tq. But it is well-known (see [9])
that this implies that ¢ = p’ and t = p’ for some word p, which contradicts the fact that wsy is
primitive. Hence w’ must be a power of ws, say w’ = w$ for some d > 1. A similar argument

shows that w” = w§ for some e > 1. Note that d,e < a.

We now compare the Choffrut factorizations of 1(u) = 1(v) relative to the factorizations (18)
and (20), and the Choffrut Factorization (17) of ¥ (z). Note that the observation above about w’

and w” implies that the segment of N —(a+[-+e) occurrences of wy occurring after r(ujwiw) in

(18) coincides with the segment of N — (a4 34€) occurrences of wy occurring after r(viwws )wg

in the factorization (20). Let k = N — (a+ $+ 1) and consider fiwsafs--- frws as being a word
in the free monoid generated by {f1, f2,- -, fx, w2}. We will denote this free monoid by F'.

By definition of o we must have
€at1W2Ea+2W2Ea+3W2 "+ * Eq kW2 = frwafa - frws

as words in F'. But we also must have

Catd+1W2Ca+4d+2W2Ca+d+3W2 - * - Eqyk—dW2 = frwafa -+ frws
as words in F.
This implies that
€a+1€a+2€a+3 " €atk—d = Ca+td+1€a+d+2€a+d+3 " " €atk-

Since d < a then a + k — d > 0. Denote this sequence by X. It follows that

(€a+1€a+2 .- '€a+d)X = X(€a+k+1—d€a+k+2—d s ea+l<:)'

We will denote (eq+1 - €arq) by Y and the sequence (€q1kt1-d€atkt2—d" " €atk) DY Z.

We now consider the equation
YX=XZ

in the setting of the free monoid on the alphabet {eqt1,€q+2,...,€qt+k}. Recall the equation
Y X = XZ has a parameterized solution of the form

Y =UV,Z=VU and X = U(VU)™
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where m € N. It follows that there exists [ € N where a+1 < | < o+ k — d and
U = eqt+1€a+2 €. Then the equation YU = UZ holds in the free monoid on the alphabet

{eat1s€at2, - s Catk}-

If p(z) = wiwdws is a solution to the equation in FG(A) then ¢'(z) = wlwév_l/wg where
I' = m|UV| is also a solution to the equation in FG(A) by Theorem 5. Now ¢(x) = wiwd w3
extends to a solution

Y(x) = e_1wiegwaer - - Wa 41+ W2Caq kW2t k41 " - EN—1W2E NWIEN 41
in FIM(A).

We then consider an extension of ¢/(z) defined by

/
P (x) = e_qwiegwae] - -+ €t 1W2Ea42 * - WICIWLE ot k41 * * - WIEN—1W2E NWIEN +1-

Since
Cat1W2eq2W3 - - - Waewa = frws fows - - - wa fws
and
Cartdt1W2Ca+d+2W2  * W2l qW2 = frws fows - - - wa flws
then

for(urwyws) frwsfo - frwsfa—(arprnr(wy  Cwsue) f—(atpre)

corresponds to the elements ¢'(u) and ¥'(v) in FIM(A). Thus this substitution is a solution in
FIM(A). Since N — 1’ < N, this contradicts the minimality of N. Hence if there is any integer
such that wiwjws extends to a solution in F'IM(A), then there must be such an integer n with
n < 3Diam(MT(FE))+2. By Theorem 3, this implies that the consistency problem is decidable.
]

It seems plausible that the argument involved in the proof of this theorem may be extended to
show decidability of the consistency problem for all single-variable equations in FIM(A), but
we have not carried out this technical argument.
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